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Abstract

Inspired by a chessboard puzzle of Dudeney, the general position problem in
graph theory asks for a largest set S of vertices in a graph such that no three
elements of S lie on a common shortest path. The number of vertices in such a
largest set is the general position number of the graph. This paper provides a
survey of this rapidly growing problem, which now has an extensive literature.
We cover exact results for various graph classes and the behaviour of the general
position number under graph products and operations. We also discuss interest-
ing variations of the general position problem, including those corresponding to
different graph convexities, as well as dynamic, fractional, colouring and game
versions of the problem.
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1 Introduction

Many significant mathematical problems involve several objects lying on a line, or else
how to avoid such configurations. For example, a collection of vectors is in general po-
sition if no three lie on a common line, so that such problems relate to the fundamental
notions of dimension and independence. The Hales-Jewett Theorem and other results
from Ramsey theory on the integers and combinatorial set theory can be interpreted
as no-k-in-line problems, and the study of points with no k£ on a line has a long history
in discrete geometry.

No-three-in-line problems are also familiar from games that span multiple cultures
from the start of recorded history to the modern day. The ancient Egyptians and
Romans played games in which the winner had to get three in a line [126|, leading
up to our modern day games Tic-Tac-Toe (known to the third author in the UK as
‘Noughts and Crosses’) and ‘Nine Men’s Morris’ (also known as ‘Mill’). For Tic-Tac-
Toe and Nine Men’s Morris, optimal play leads to a draw [50|, i.e. a configuration
with no three counters in line to which no further counters can be added. The game
‘Connect Four’ requires a player to get four counters in a line to win, whereas in the
Japanese game Gomoku the winner must achieve five in a row (the former game is a
first player win |5] and the latter is a first player win on a 15 x 15 board [6]). We could
mention many other examples. Some mathematical discussion of these games can be
found in [59).

The mathematical investigation of such problems in combinatorics can be dated to
a puzzle of the famous recreational mathematician Henry Dudeney (1857-1930). As a
keen chess player, many of his puzzles are set on a chessboard, and one such problem
from 1900 (see [40]) can be regarded as the origin of the general position problem. The
puzzle asks for the largest number of pawns that can be placed on an 8 x 8 chessboard
without three pawns lying on any straight line in the plane (not just rows, columns
or diagonals of the board). The answer is 16. The more general No-Three-In-Line
Problem for an n x n chessboard has been called by Brass, Moser and Pach “one of the
oldest and most extensively studied geometric questions concerning lattice points” |16].



For the n x n board, since any row or column can contain at most two pawns,
2n pawns is a trivial upper bound. For many values of n this upper bound can be
achieved [45,46,54], including all n in the range 2 < n < 46 (more generally, it was
recently shown in [75] that kn pawns can be positioned without creating k-in-a-line
for k > Cy/nlogn, where C' = %ﬁ) 62,563 different configurations meeting the
2n upper bound can be found at [33], one of which is the solution with 104 pawns
in general position on a 52 x 52 board from [46| displayed in Figure . There are
typically many maximum configurations (the number of solutions with 2n pawns is
given in OEIS entry A000769), and the aforementioned computational results are often
concerned with finding maximum configurations with certain symmetry properties.
Applications of the problem include optimal graph drawings with edges as straight
line segments [15}/123].

For a lower bound on the nxn board, Erdés gave a construction containing n—o(n)
pawns in general position, published by Roth in [102] (interestingly Erdés investigated
this as a way to attack the Heilbronn triangle problem). This estimate was later
improved to 37" — o(n) pawns by Hall et al. [55]. A probabilistic argument by Guy
and Kelly [53,54] (with a subsequent slight correction by Guy) suggests that the true
answer is 7% + O(n), although see [52| for the summary of a talk by Kaplan that gives

a counterargument.

The No-Three-In-Line Problem has been investigated in other geometrical settings.
The article |86] examines the density of No-Three-In-Line sets on the infinite grid;

they give a construction that contains © <bg+n> vertices from [1, n)? for every n and

conjecture that this can be improved to a linear lower bound. The paper [95] treats
the No-Three-In-Line Problem on a three-dimensional grid and a higher dimensional
version can be found in [106], whereas the papers [31}/78,[85] treat the problem on a
torus. The number of ways to arrange k points in an n X n x n triangular grid is given
in OEIS sequence A194136. Other geometrical investigations into general position sets
include [9,27,42]. The general position subset selection problem in discrete geometry
also has an extensive literature, including [48}93|, of which we will not attempt to give
an exhaustive overview.

Figure 1: A configuration of 104 pawns in general position on a 52 x 52 chessboard [46|



Figure 2: A gp-set in the Clebsch graph

In this paper we give a survey of the general position problem in the context
of graph theory. We are therefore interested in sets of vertices of a graph G =
(V(G), E(G)) which have a no-three-in-line property. This raises the question of what
we mean by a ‘line’ in a graph. As will be seen in Sections [3|and [4] this ambiguity has
led to many interesting variations on the general position problem for graphs. The
‘classical’” definition of the general position problem for graphs takes ‘line’ to mean
‘shortest path.’

Definition 1.1. For a graph G, a subset S C V(G) is in general position, or is a
general position set, if no three vertices of S are contained in a common shortest path
of G. The general position number gp(G) of G is the number of vertices in a largest
general position set of G. A general position set of G' containing gp(G) vertices is a

gp-set.

For example, largest general position sets for the Clebsch graph and Frucht graph
are shown in Figures [2| and [3| respectively (in both cases, the vertices of the set are in
red; the gp-sets were verified computationally by G. Erskine).

The general position problem for a graph G therefore consists in finding the largest
number of vertices of G such that any shortest path of G contains at most two vertices
of S. We will regard as the origin of the general position problem for graphs the
article [72| by Korner from 1995, which concerns the general position problem in
the hypercube. However, the article notes that “this problem has been known for
a long time in a different form” and shows that it is related to several problems in



Figure 3: A gp-set in the Frucht graph

combinatorial set theory. Interestingly, the authors also note that “ours is not the only
possible definition of a line in a combinatorial setting”; for example, another natural
definition of ‘line’ in a hypercube leads to the fascinating world of Ramsey problems
on arithmetic progressions.

At the time, the article |72 did not lead to further work on the general position
problem for general graphs. This problem started to gain wider attention twenty
years later with the appearance of two independent articles, |22] by Chandran and
Parthasarathy in 2016 (under the name geodetic irredundant sets), and [80] by Manuel
and Klavzar in 2018 under the present name.

The arXiv version [81] of [80] illustrates the general position problem in a useful
and suggestive form. Suppose that a collection of robots is stationed on the nodes
of a network. The robots communicate with each other by sending signals along the
shortest paths between them. To ensure that these signals are not blocked, we wish
that no shortest path between a pair of robots should be occupied by a third robot.
This theory has important applications in robotic navigation. For example, there is
an extensive literature in computer science on how a swarm of robots can reach a
configuration in which they are mutually visible (see for example [3}|10-12,28|34}35]).

The general position problem and its relatives are also connected to graph con-
vexities, as discussed in [8]. The study of convexities in graph theory has a longer
history than the general position problem, and has a correspondingly larger literature;
we refer the reader to the book [94] for more details. Given a collection II of paths of a
graph G, the interval I[u, v] is {u, v} together with the set of vertices that lie on some
u, v-path belonging to II. The closure In[S] of a subset S C V(G) is U, g Inlu, v]
and S is conver if Ig[S] = S. The convex hull of a subset S is the smallest convex
set containing S. The main question of graph convexity is then to find the small-
est subsets with closure or convex hull equal to V(G). The family of convex subsets
constitutes a convexity with associated interval function I; these notions can also be



defined axiomatically in a more abstract setting. Associated with each convexity is a
position problem, namely to find large subsets S C V(G) such that for any u,v € S
the interval Irj[u, v] does not contain any vertices of S apart from v and v. This con-
nection has served as the inspiration for several developments in position problems,
including the monophonic position problem defined in Subsection and the all-path
position number in Subsection [4.2]

The plan of this survey is as follows. In the following Subsection we briefly
define some terminology that will be used in our discussion. Section [2| deals with the
‘classical” general position problem, covering bounds for the general position number
in Subsection complexity results in Subsection [2.2] exact results for various graph
classes in Subsection and behaviour of the general position number under graph
products in Subsection and other graph operations in Subsection [2.5] Section
describes some of the variations on the general position number that are based on
distance, whilst Section {4| deals with variations that are not based on distance (princi-
pally the monophonic position problem, in which ‘shortest path’ is replaced by ‘induced
path’). Section [p| surveys some of the recent new directions for research into position
problems, including a dynamic version of the general position problem, smallest max-
imal general position sets, general position colourings, fractional general position and
general position games. Finally Section [0 gives a list of important open problems.

There is one important variation on the general position problem for which we
do not give a survey here, namely the mutual visibility problem. This problem was
introduced to graph theory in |36] by Di Stefano and was inspired by the applications
to robotic navigation discussed above. Whereas in the general position problem we
require all shortest paths between a pair of robots to be free of a third robot, in the
mutual visibility problem we demand only that at least one shortest path is left free
for communication. This field has such a wealth of literature and is growing so quickly
that it merits its own survey paper.

1.1 Terminology

In this subsection we define terminology that is peculiar to the general position prob-
lem. For standard graph theory notation we refer the reader to [23].

For a positive integer k we will use the notation [k] = {1,...,k}. We will denote
the order and the size of a graph G by n(G) and m(G) respectively. If u € V(G),
then Ng(u) denotes the open neighbourhood of v and Ng[u] its closed neighbourhood.
Vertices u and v of a graph G are true twins if Ng[u] = Ng[v]. A vertex is a support
vertex if it is adjacent to a leaf. A vertex w of G is simplicial if its neighbourhood
induces a clique. The set of all simplicial vertices of a graph will be denoted by S(G)
and their number by s(G). The number of leaves of a tree 7" will be written as ¢(7T')
(so ¢(T) =s(T)). The join of G and H is denoted by G V H. For X C V(G), G[X] is
the subgraph of GG induced by X. By a(G) and w(G) we represent the independence
number and the clique number of G respectively.

Unless stated otherwise, the graph distance considered here is the shortest-path
distance; for u,v € V(G), their distance in G is denoted by dg(u,v). A subgraph H



of G is isometric if dy(u,v) = dg(u,v) holds for any u,v € V(H). H is convez if for
all u,v € V(H) any shortest u,v-path in G lies in H. The interval between vertices u
and v of a graph G is defined as Ig(u,v) = {w : dg(u,v) = dg(u, w) + dg(w,v)}. A
subset S C V(G) is a geodetic set if for any vertex x € V(G) — S there are u,v € S
such that x lies on a shortest u, v-path. The number of vertices in a smallest geodetic
set is the geodetic number g(G).

The complete multipartite graph K,,, ., t > 2, ny > --- > ny, is the graph of
order >_'_, n; with vertex set | J._, Vi, where |V;| = n;, i € [t] and VNV = () for i # j,
where two vertices u € V; and v € V; are adjacent if and only if ¢ # 7.

If G and H are graphs, then their Cartesian product, direct product, strong product,
and lexicographic product are respectively denoted by G 0 H, Gx H, GKH, and GoH.
Each of these products has the vertex set V(G) x V(H). Vertices (g, h) and (¢', ')
are adjacent in G [0 H if either ¢ = ¢’ and hh' € E(H), or g¢' € E(G) and h = K.
Vertices (g, h) and (¢, h') are adjacent in G x H if g¢’ € E(G) and hh' € E(H). For
the strong product we have E(GX H) = E(G O H) U E(G x H). Finally, vertices
(g9,h) and (¢, h') are adjacent in Go H if either g¢’ € E(G), or g = ¢’ and hh' € E(H).
If he V(H) and x € {0, x,X, o}, then the subgraph of G * H induced by the vertex
set {(g,h) : g € V(G)} is called an G-layer of G* H and denoted by G". For g € V(G)
the H-layer YH is defined analogously.

Given two graphs G and H with V(G) = {vy,...,v,}, the corona product graph
G ® H is formed by taking one copy of G and n disjoint copies of H, call them
H',...,H" and for each i € [n] adding all the possible edges between v; € V(G) and
every vertex of H'.

If G =(V(G),E(G)) is a graph and X C V(G), then we say that vertices u,v €
V(G) are X -positionable if for any shortest u, v-path P we have V(P) N X = {u,v}.
Note that if uv € F(G), then w and v are X-positionable. Using this terminology we
can say that the set X is a general position set if every pair u, v € X is X-positionable.

2 General Position Number

General position sets have a structure that can be characterised. To do this, we
need the following definitions. Let G be a connected graph, X C V(G), and P =
{X1,...,X,} apartition of X. Then P is distance-constant if for any i, j € [p], i # j,
the distance dg(u,v), u € X;, v € Xj, is independent of the selection of u and v. If
P is a distance-constant partition, and ¢,j € [p], ¢ # j, then the distance dg(X;, X;)
can be defined as the distance between a vertex of X; and a vertex of X;. A distance-
constant partition P is in-transitive if dg(X;, Xy) # da(X;, X;) +da(X;, Xi) holds for
arbitrary pairwise distinct 7, j, k € [p].

Theorem 2.1. |7, Theorem 3.1| Let G be a connected graph. Then X C V(G) is a
general position set if and only if the components of G[X| are cliques, the vertices of
which form an in-transitive, distance-constant partition of X.



2.1 Bounds

An obvious upper bound for the general position number of a graph is the total number
of its vertices. Since any pair of vertices is always in general position in a graph G,
we have 2 < gp(G) < n(G). Both of these bounds are sharp. Graphs with gp(G) €
{2,n(G),n(G) — 1} are characterised in the paper [22]. In particular, gp(G) = n(G)
if and only if G = K,,, and gp(G) = 2 if and only if G € {C4, P,} [22, Theorem 2.10].
By [22, Theorem 2.4], for any connected graph G we have gp(G) < n(G)—diam(G)+1.
Consequently, [22, Theorem 3.1] proves that gp(G) = n(G) — 1 if and only if G =
Ky +U;myK; with 3 m; > 2 or G = K, —{eq,...,ex} with k € [n — 3], where the
e;’s are edges in K, that are all incident to a common vertex.

The paper [108] characterises graphs G satisfying gp(G) = n(G) — 2 by defining
eight families of graphs. Four families (F; to F4) consist of graphs with diameter
three, while the other four (F5 to Fg) have diameter two. These families are formed
by modifying cycles, paths, and complete graphs. The main theorem reads as follows.

Theorem 2.2. [108, Theorem 3.1] If G is a connected graph of order at least four,
then gp(G) = n(G) — 2 if and only if G € U5_ F;.

Returning our attention to upper bounds on the general position number, we need
the following concepts. A set of subgraphs {Hq,..., H} of a graph G is an isometric
cover of G if each H; (i € [k]) is isometric in G, and U\, V(H;) = V(G). Each
isometric cover of G provides the following upper bound on gp(G).

Theorem 2.3. [80, Theorem 3.1] (Isometric Cover Lemma) If {Hy,..., Hy} is
an isometric cover of G, then

gp(@) < ng (H,).

The isometric-path number of a graph G, which we will write as p(G), is the
smallest number of isometric paths (shortest paths) needed to cover all the vertices of
G (note that ip(G) is often used for this invariant, but we wish to avoid a notation
clash with the independent position number). Similarly, the isometric cycle number
of G, written as pc(G), is the smallest number of isometric cycles required to cover all
the vertices of G. If G cannot admit a cover by isometric cycles, we set po(G) = 0.
Then, the Isometric Cover Lemma yields that for any graph G, gp(G) < 2p(G), and
gp(G) < 3pc (@) (see [80, Corollary 3.2]).

If v is a vertex of a graph G, let p(v, G) denote the minimum number of isometric
paths, all starting at v, that cover V(G). With this concept in hand, we have the
following implicit bound in [80].

Theorem 2.4. [80, Theorem 3.3| If R is a general position set of a graph G and
v € R, then
1R < p(v,G) +1

In particular, if v belongs to some gp-set, then gp(G) < p(v,G) + 1.

9



Note that if X is a general position set of G, and W and W’ are two cliques from
the induced subgraph G[X], then dg(W, W’) > 2, that is, W and W’ are independent
cliques. We set a(G) to be the maximum number of vertices in a union of pairwise
independent cliques of G. Here we allow the union of cliques to consist of a single
clique, so a¥(G) > w(G).

Corollary 2.5. |51, Theorem 4.1| If G is a connected graph, then gp(G) < o¥(G).
Moreover, if diam(G) € [2], then gp(G) = a*(G).

Since a join G V H has diameter at most two, by Corollary the gp-number of
G V H is given by max{a“(G),a*(H),w(G) + w(H)}. If G is bipartite and X is a
general position set of G with |X| > 3, then Theorem implies that X must be
independent. For small diameter graphs more can be concluded as the next result
asserts.

Theorem 2.6. |7, Theorem 5.1| If G is a connected, bipartite graph on at least three
vertices, then gp(G) < a(G). Moreover, if diam(G) € {2,3}, then gp(G) = a(G).

2.1.1 Strong resolving graphs

A vertex x of a connected graph G is maximally distant from a vertex y if every
z € Ng(z) satisfies dg(y, 2) < dg(y,x). If z is maximally distant from y, and y is
maximally distant from z, then x and y are mutually mazimally distant (MMD for
short). The strong resolving graph G sg of G has V(G gsr) = V(G) and two vertices
are adjacent in G gg if they are MMD in G, see [88|. The basic connection between
general position sets and strong resolving graphs is the following.

Theorem 2.7. |71, Theorem 3.1| If G is a connected graph, then gp(G) > w(G sRr).
Moreover, equality holds if and only if G contains a gp-set that induces a complete
subgraph of G gg.

For diameter two graphs with no true twins, Theorem can be strengthened as
follows.

Proposition 2.8. |71, Proposition 2.4] If G has no true twins and diam(G) = 2,
then gp(G) = w(G sr) if and only if gp(G) = a(Q).

On the other hand, as demonstrated in |71, Proposition 3.5|, for any integers r >
t > 2, there exists a graph G such that gp(G) = r and w(G sr) = t.

A structural characterisation of graphs achieving equality in Theorem is not
known and seems to be elusive because of the great variety of different structures that
can appear. Among other classes of graphs, it contains block graphs (so in particular
complete graphs and trees), complete multipartite graphs, special corona products,
and direct products of complete graphs.

10



2.2 Complexity

The basic complexity question concerning the decision problem for the general position
number is formally defined as follows:

Definition 2.9. GENERAL POSITION SET
INSTANCE: A graph G, a positive integer k£ < |V(G)|.
QUESTION: Is there a general position set S for G such that |S| > k7

The general position subset selection problem from discrete geometry has been
proven to be NP-hard (see [48,93]). Manuel and Klavzar [80] showed that the GEN-
ERAL POSITION SET problem is NP-complete for arbitrary graphs. The proof of this is
based on a reduction from the NP-complete MAXIMUM INDEPENDENT SET problem.

Theorem 2.10. [80, Theorem 5.1] GENERAL POSITION SET is NP-Complete.

Since determining the general position number of a graph is difficult in general,
it is reasonable to approach it in different algorithmic ways. KorZze and Vesel |73]
described a reduction from the problem of finding a general position set in a graph
to the satisfiability problem and applied the approach to the case of general position
sets of hypercubes. In [56|, three different algorithms for approaching general position
problem are prosed, integer linear programming, genetic algorithm, and simulated
annealing. These algorithm were tested on relatively large graphs from different areas
of graph theory including chemical graphs and Cayley graphs, and as a result their
general position numbers were computed.

2.3 Exact results

As the general position problem is NP-complete, it makes sense to consider the re-
striction of the problem to some simple graph classes. We recall from the seminal
papers [22,[80] the following results. If n > 2, then gp(K,) = n. If n > 5, then
gp(C,) = 3, while gp(Cy) = 2. If n > 2, then gp(P,) = 2. Further, if G is a block
graph, then gp(G) = s(G) [80, Theorem 3.6]. Hence in particular, if 7" is a tree, then
gp(T) = 4(T) |22, Theorem 2.5].

2.3.1 Kneser graphs

The Kneser graph K(n,k) is the graph whose vertex set consists of all k-subsets
of the set [n], with an edge between any two subsets if and only if they are disjoint.
Ghorbani et al. [51] computed gp(K (n,2)) and gp(K (n, 3)) for all n. In particular, |51,
Theorem 2.2| gives gp(K(n,2)) = n — 1 when n > 7, and [51, Theorem 2.4| gives
gp(K(n,3)) = (";') when n > 9. In [51, Theorem 2.3|, it is proved that for any fixed
k, if n is sufficiently large, the equality gp(K(n,k)) = (Z:}) holds. The result reads
as follows.

Theorem 2.11. |51, Theorem 2.3| Let n and k be positive integers with n > 3k — 1.
If, for all t such that 2 < t < k, the inequality kt(Zj) +t < (”_1) holds, then

ep(K(n, k) = (1), B
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For fixed k and ¢t = 2, the above inequality is satisfied when n > k* — k% +
2k — 1, while Patkos |91, Theorem 1.2] improved this result by proving that the same
conclusion holds for n > 2.5k — 0.5. The result is stated as follows.

Theorem 2.12. |91, Theorem 1.2] If n,k > 4 are integers with n > 2k + 1, then
gp(K(n,k)) < (’;j) holds. Moreover, if n > 2.5k — 0.5, then we have gp(K(n,k)) =
(5=1), while if 2k +1 < n < 2.5k — 0.5, then gp(K(n, k)) < (}-;) holds.

As noted in [91], it remains an open problem to determine gp(K (n, k)) for 2k+1 <
n < 2.5k —0.5.

2.3.2 Maximal outerplanar graphs

Outerplane graphs are planar graphs with a plane embedding such that every vertex lies
on the boundary of the exterior region. An outerplane graph is maximal outerplane
if adding any edge results in a non-outerplane graph. A straight linear 2-tree on n
vertices is a graph G,, with vertex set V' (G,) = [n], where vertices i and j are adjacent
in G, if and only if 0 < |i — j| < 2.

The paper [117] focuses on the general position number of maximal outerplane
graphs and presents several key results. It is shown in [117, Lemma 2.8| that the
general position number of a maximal outerplane graph is bounded in terms of the
maximum degree as: gp(G) > L%J In the next result, maximal outerplane
graphs with gp(G) = 3 are characterised.

Theorem 2.13. [117, Theorem 3.1| If G is a maximal outerplane graph with n(G) >
7, then gp(G) = 3 if and only if G is a straight linear 2-tree.

In [117, Theorem 3.4], it was proved that for any maximal outerplane graph G of
order n > 6, gp(G) < L%"J The paper [117] then focuses on all maximal outerplane
graphs that attain this bound.

2.3.3 Additional exact results

The general position numbers of glued binary trees GT'(r), r > 2, and of Benes
networks BN (r), r > 1, were determined in [80] and [82] respectively. We do not give
the definitions of these networks here, but recall that if r > 2, then gp(GT'(r)) = 2" 80,
Proposition 3.8|, and that if » > 1, then gp(BN(r)) = 2" |82, Theorem 4.1]. Similar
research has been done in [96H98|. In [96], the general position number is determined
for hyper trees and shuffle hyper trees. In [97], the general position number is obtained
for hexagonal networks, honeycomb networks, silicate networks, and oxide networks,
while [98] reports the general position number of butterfly networks.

Let H be a graph and let K,, — E(H) be the graph obtained from K, by deleting
a copy of H. Applying Corollary , the following exact results were presented in [7].

o op(K, — E(Ky)) = max{k,n — k+ 1}, where 2 < k < n.
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K, — E(Kix)) =max{k +1,n — 1}, where 2 < k < n.

)

Py)) = max{3,n — k + [£]}, where 3 < k < n.

o gp(K, — E(K,)) =max{r+s,n—r}, where2<r <sandr+s <n.
o gp(K, — E(Wy)) = max{3,n — k + [551]}, where 5 < k < n.

max{3,n —k+ %]}, 5<k<n;
o gp(K, — E(Cy)) _{ maxh n—2) ) k= 4.

Let G be a bipartite graph and A, B its bipartition. Furthermore set
Mo ={ueA: degglu) = BJ} UfueB: degglu) = |Af},

and let 7(G) be the maximum order of an induced complete bipartite subgraph of
G. With these concepts the general position number of the complement of a bipartite
graph can be determined as follows.

Theorem 2.14. |7, Theorem 5.2| If G is a bipartite graph with bipartition A, B, then

gp(G) is equal to

n(G); diam(G) € {1, 00},
max{a(G), 7(C) ) diam(G) = 2.
max{a(G), (G \ (Mg N A)),n(G\ (Mg N B)), |Ml}; diam(G) = 3.

Theorem implies that if T is a tree, then gp(T) = max{a(T), A(T) + 1}.
Another interesting consequence of Theorem is:

Corollary 2.15. |7, Corollary 5.4| If n,m > 2, then

4, n=m=2;

T = 1) 2] 4 3] (21, oeriie

The paper [51] also solves the general position problem for line graphs of complete
graphs L(K,,).
Theorem 2.16. |51, Theorem 4.4] If n > 3, then

e ={ S

The wheel graph W,,, n > 3, is the graph obtained from C;, by adding a new vertex
and connecting it to all vertices of C,,.

Theorem 2.17. [124] Theorem 4.1| If n > 3, then

4, n=3,
gp(Wn) = ¢ 3; n € {4,5},
L%nj ; n>6.
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The main focus of the paper [124] is on the general position number of cactus
graphs, for which lower and upper bounds are proved, as well as partial exact results.
We emphasise the following result.

Theorem 2.18. [124] Theorem 2.5] If G is a cactus graph with k cycles and t pendant
edges, then gp(G) < max{3,2k + t}.

Moreover, [124, Theorem 2.5] also characterises the class of cactus graphs that
attain equality in Theorem as the cactus graphs in which all cycles are ‘good’;
see the paper for the definition of a good cycle.

The Sierpinski triangle graphs, also called Sierpinski gasket graphs, are an inter-
esting family of graphs that converge towards the Sierpinski triangle fractal. They
can be defined iteratively as follows: the graph ST is the triangle K3, and when for
n > 1 the graph ST? has been constructed, STy can be formed from three copies
of ST} arranged into a triangle by identifying three corner vertices (see for example
mathworld.wolfram.com/SierpinskiGasketGraph.html). Hence the graph ST7 has
order wn_TLU The general position numbers of these graphs are studied (along with
the mutual visibility numbers) in [74], which shows that ST3" has a unique gp-set,

which has cardinality three for n = 1 (trivially) and cardinality 3"~! + 3 for n > 2.

2.3.4 General position polynomials

A useful graph theoretical technique is to study polynomials, the coefficients of which
count combinatorial objects of a certain type; the analytical properties of the polyno-
mial can then be used to shed light on these structures. Important examples include
chromatic polynomials, matching polynomaials, domination polynomials and indepen-
dence polynomials. Inspired by this, the general position polynomial ¥(G) of a graph
G is defined in |61] to be the polynomial ¥;>¢a;z", where a; is the number of distinct
general position sets of G with cardinality i. For any graph with order at least two,
this polynomial will begin 1 + nz + (3)a? + ---. By setting ¢(X) = (1 + 2)* for
X C V(G), this polynomial can be calculated by applying the inclusion/exclusion
principle to the maximal general position sets of G as follows.

Proposition 2.19. Let G be a graph and let X1, ..., X, be the maximal general posi-
tion sets of G. Then

V@)= (DY (XN N XG).

k=1 {21,,zk}§[n}

Using Proposition for the Petersen graph P, the article [61] reports ¢(P) =
1+102+452%2 49023 4+802* +302° +52°. The article further determines this polynomial
for some simple families of graphs, such as complete graphs, paths, cycles and grid
graphs, where for the latter family the main result reads as follows.
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Theorem 2.20. |61, Theorem 3.5] If r,s > 3, then
rs(r—1)(r—2)(s—1)(s —=2)(r(s —3) —s+7)

_ 1
W(P, O P,) = - z
1
+ 1—8(7“ —Dr(s—1)s(r(2s — 1) — s — 4) 2*
+ (25) 2+ rsr+ 1.

An interesting question is whether the general position polynomial determines a
graph. This turns out not to be the case, with Cy and P, as simple counterexamples.
Less trivially, [61] constructs a family of trees with identical general position poly-
nomials. The article also determines the general position polynomial of the disjoint
union and join of two graphs in terms of the polynomials of the factors.

A common topic in graph polynomials is unimodality. A polynomial is unimodal if
the sequence of coefficients increase to some maximum value and then decrease again.
The general position polynomial in general does not have this property. In fact, trees
in general are not guaranteed to have unimodal general position polynomials, and a
broom graph on 24 vertices is used to witness this. However, three families of graphs
are shown to have unimodal polynomials, namely Kneser graphs K(n,2), combs of
paths and complete bipartite graphs K, , with a perfect matching deleted. Finding
other families of unimodal graphs is left as an open question. In particular, it is an
open question whether the corona of a graph must always be unimodal.

2.4 Graph products

In this subsection we examine the general position numbers of Cartesian products in
Subsubsection [2.4.1], strong and direct products in Subsubsection generalised
lexicographic products in Subsubsection [2.4.3] and Sierpinski products in Subsubsec-
tion 2.4.41

2.4.1 Cartesian product

General position sets have been extensively researched so far on Cartesian products.
As a first result, it was proved in [82, Corollary 3.2| that gp(Px O Py) = 4, where
P, is the two-way infinite path. In the same paper it was further proved that
10 < gp(PY3) < 16, where G denotes the n-fold Cartesian product of G. These
results were completed by the following result, where the Erd&s-Szekeres Theorem on
monotone sequences was applied to prove the upper bound.

Theorem 2.21. |68, Theorem 1] Ifn € N, then gp(P2") = 22",
For general Cartesian products, we have the following lower bound proved in [51,
Theorem 3.1], while the equality conditions are from [115, Theorems 3.7, 3.8]. A graph

is a generalised complete graph if it is obtained by the join of an isolated vertex with
a disjoint union of one or more complete graphs.
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Theorem 2.22. If G and H are connected graphs, then
gp(G O H) > gp(G) +gp(H) — 2.

The equality holds only if gp(G) € {n(G),n(G) — 1} and gp(H) € {n(H),n(H) — 1}.
Moreover, if n(G) > 3 and n(H) > 3, then the equality holds if and only if both G and
H are generalised complete graphs.

The equality in the lower bound of Theorem for the case when one factor is
K5 has been characterised when the second factor is bipartite.

Theorem 2.23. [115, Theorem 3.5]| If G is a connected, bipartite graph with n(G) > 3,
then gp(G O K3) = gp(G) if and only if G is a complete bipartite graph.

The equality case of the following result also demonstrates that the bound of The-
orem [2.22|is sharp.

Theorem 2.24. |51, Theorem 3.2| If k > 2 and ny,...,ng > 2, then
gp(Kp, O O Ky ) >ng+--+n,—k.

Moreover, gp(K,, O K,,) =nj +ng — 2.

We have the following two exact results for the Cartesian products when trees are
involved.

Theorem 2.25. If T and T" are trees of order at least three, then the following hold.

(i) |118, Theorem 2.1] gp(T' O T") = gp(T") + gp(1").
(ii) [115, Theorem 3.2| gp(T O K,,) = gp(T) + gp(K,,) — 1.

From Theorem we can deduce that if 7 > 3 and s > 3, then gp(P, O P;) = 4.
This result has been expanded as follows, where # gp(G) indicates the number of
gp-sets of a graph G.

Theorem 2.26. |66, Theorem 2.1] If 2 <r <'s, then

6 r=s=2,
#gp(P, O P,) = 8(8_12),(8_2); T Bess
rs(r = Dr=2(s = Ds =D(r(s=3) =s+7)
144 -

For cylinders we have:
Theorem 2.27. [66, Theorem 3.2| If r > 2 and s > 3, then

3; r=2,8s=3,
gp(P, O0C) =< 5, r>5 ands=T7ors>9,
4; otherwise.
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In [66] it was also proved that if » > 3 and s > 3, then gp(C, O C;) < 7, and that
if r>s>3 s#4, and r > 6, then gp(C, O C5) € {6,7}. This research was later
concluded by Korze and Vesel as follows.

Theorem 2.28. |73, Theorem 3.4 If r and s are integers with r > s > 4, then

o; s=4,
gp(C,. OCs) =< 6; se€{5,6}orrse{810,12},
7, otherwise.

A related exact result is the following.

Theorem 2.29. [115, Theorem 3.4| If r > 4, then

2m; m < |s/2],
gp(C, O Km)Z{ m+ [55L] omo> [s/2] .

A formula for the general position number of the Cartesian product of a complete
multipartite graph with a path is also given in [115, Theorem 3.6].

The n-dimensional hypercube @),,, n > 1, is defined to be KQD " the Cartesian
product of n copies of K5. To determine gp(Q),,) is a notoriously difficult problem. The

only exact values known so far are gp(Q1) = gp(Q2) = 2, gp(Q3) = 4, gp(Q4) = 5,
gp(Qs) = 6, gp(Qs) = 8, and gp(Q7) = 9, see |73, Table 1|. Using a probabilistic

construction, Korner 72| obtained general position sets in @, of size %\3?% He also

noted that the problem of finding gp(Q,,) is equivalent to finding the largest size of a
(2, 1)-separating system in coding theory. Defining

1 n
o = lim sup 282 8P(@n)
n—00 n

the above construction yields o > 1 — % log, 3. Korner also proved that o < 1/2, while
Randriambololona [99] improved the lower bound to o > 2 log, 11 with an explicit
construction. Extending « to general Cartesian powers, the following quantity was

introduced in [66]:
lo GHn
ey (G) — lim s gn(G) gp( ) 7

Nn—00 n

and the following result proved, where p(G) is the probability that if one picks a triple
(z,y,2) € V(G)? uniformly at random, then dg(y, z) = dg(y, ) + da(z, 2) holds.

Theorem 2.30. [66, Theorem 5.1| If G is a graph, then

gpo(G) = log, ) p(G) ™2 2 1 —log,, ) (n(G)? = n(G) +1).

2.4.2 Strong product and direct product

For the strong product, we have the following general bounds.
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Theorem 2.31. |71, Theorem 4.2, Corollary 4.1] If G and H are connected graphs,
then

gp(G) gp(H) < gp(G X H) < min{n(G) gp(H),n(H) gp(G)} .

As noted in |71], if n,m > 2, then gp(F, X P,,) = 4. This demonstrates sharpness
of the lower bound of Theorem [2.31] Tightness of both bounds follows from the next
result connecting the general position number of strong products with strong resolving
graphs.

Proposition 2.32. |71} Proposition 4.3] If G is a connected graph and n > 1, then
gp(GX K,) =n-gp(G). Moreover, if gp(G) = w(Gsr), then gp(GR K,,) = w((GKX
Ky) sr)-

The paper |71] reports several additional exact results for the general position
number of strong products, such as, for instance,

gp(Km,h X Kr27t2) =nrs = w((Km,h X KT2,t2) SR) - a(Km,h X KT27t2)

for any 1 > t; > 1 and any 79 > to > 1. The paper ends with the challenging
problem whether it is true that if G and H are arbitrary connected graphs, then
gp(G X H) = gp(G) gp(H).

For the direct product of graphs, the only result found in the literature so far is

the following. Notice that this result is another case where equality is achieved in
Theorem 2.7

Proposition 2.33. |71, Proposition 3.3] If ny > ny > 3, then
gp(Km X Km) - w((Knl X an) SR) =n; = a<<Kn1 X Kﬂz) SR)?
unless ny = ny = 3, in which case gp(K3 x K3) = 4.

We add that the formula of Proposition was stated in [71] for all ny > ny > 3,
but it was pointed out by Ethan Shallcross that the case K3 x K3 is exceptional.

2.4.3 Generalised lexicographic product

Let G be a graph with V(G) = {g1,...,9,} and let H;, i € [n], be pairwise dis-
joint graphs. Then the generalised lexicographic product G[H,, ..., H,] is obtained
from G by replacing each vertex v; € V(G) with the graph H;, and each edge
gig; € E(G) with all possible edges between H; and H;. If all the graphs H;,
i € [n], are isomorphic to a fixed graph H, then the generalised lexicographic prod-
uct G[Hy,...,H,] = G[H,..., H] coincides with the standard lexicographic product
GoH.

With the use of Theorems 2.1 and [2.7] the following result was proved.

Theorem 2.34. |71, Theorem 5.1| Let G be a graph with V(G) = {g1,...,9n} and let
ki, i € [n], be positive integers. If S is a gp-set of G that induces a complete subgraph
of Gsr, and min{k; : ¢; € S} > max{k; : ¢; ¢ S}, then

ep(G[Ky, ... Ky )) = > ki=w(G[Ky,...., K] sr) -

i:g; €S
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2.4.4 Sierpinski product

Motivated by the classical Sierpiriski graphs [60], the Sierpiriski product of graphs was
introduced in |76] as follows. Let G and H be graphs and let f: V(G) — V(H) be a
function. The Sierpiiski product of G and H (with respect to f) is the graph G ®@; H
with vertices V(G ®; H) = V(G) x V(H), and with edges

e (g,h)(g,1), where g € V(G) and hh' € E(H), and
* (9,f(9))(g', f(9)), where g¢' € E(G).

In [113], the Sierpiriski general position number gps(G, H), and the lower Sierpiriski
general position number QS(G, H), were introduced as the cardinality of a largest,
resp. smallest, gp-set in G ®; H over all possible functions f: V(G) — V(H), that is,

gps(G, H) = J{Ielg[g{gp(G ®rH)}  and  gps(G,H) = frélglr};{gp(G ®p H)} .

To deal with them, the following concepts have been introduced. If u € V(G) and
S CV(G), then S is a u-colinear set if S is a general position set such that v ¢ S and
y ¢ Iglx,u| for any x,y € S. In the terminology of Section we can say that S is
u-colinear set if S is both a general position set and a u-position set. Set further

¢o(u) = max{|S|: S is a u-colinear set},
§(G) = min{éa(u) - ueV(G)},
£(G) = max{éc(u) : uweV(G)}.

The hierarchy of these invariants on an arbitrary graph is given in the next result.

Theorem 2.35. |[113| Theorem 3.2] If G is a connected graph of order at least two
and uw € V(G), then

§7(G) < &a(u) < €(G) < gp(G) <267 (G).

For Sierpinski products, the following general bounds hold.

Theorem 2.36. [113, Theorem 4.2] If G and H are two connected graphs of order at
least two, then

ep(H) < gps(G, H) < gps(G, H) < n(G)gp(H).
Moreover, gps(G, H) = n(G) gp(H) if and only if gp(H) = £(H).

If G = K; and H is a connected graph with n(H) > 2, then gps(K», H) = 2§~ (H)
and gps(Ky, H) = 26(H), see |113, Theorem 4.4]. Finally, for Sierpinski products of
complete graphs the following is true.

Theorem 2.37. |[113| Theorems 5.1 and 5.3 If m,n > 2, then

(i) gps(Kpm, K,) =m(n—1), and
(i) if n > 2m — 2, then gps(Kpm, Ky) = m(n —m +1).
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2.5 Other operations
2.5.1 Vertex- and edge-deleted subgraphs

For vertex-deleted subgraphs, the following holds.

Theorem 2.38. [38, Theorem 3.1] If = is a vertex of a graph G, then gp(G — x) <
2¢p(G). Moreover, the bound is sharp.

The sharpness examples for Theorem provided in [38| are such that G — x is
not connected. Constructions are also given which demonstrate that gp(G — z) can
be much larger than gp(G) even when G — z is connected.

On the other hand, gp(G — x) cannot be bounded from below by a function of
gp(G). For instance, consider the fan graphs F,,, n > 3, that is, the join between P,
and K. Then gp(F,) = [%] and gp(F, — x) = 2, where z is the vertex of F), of
degree n. On the positive side, if x lies in some gp-set, then gp(G) — 1 < gp(G — x),
see [38, Proposition 3.3|. For edge-deleted subgraphs we have:

Theorem 2.39. If e is an edge of a graph G, then

gp(G)
2

Moreover, both bounds are sharp.

<gp(G—e) < 2gp(G).

Stronger results than those above for vertex- and edge-deleted subgraphs are pro-
duced for graphs of diameter two.

2.5.2 Complementary prisms

If G is a graph and G its complement, then the complementary prism GG of G is the
graph formed from the disjoint union of G' and G by adding the edges of a perfect
matching between the corresponding vertices of G and G, see [58]. The paper [87]
focuses on the general position number of complementary prisms, of which the following
are some of the most significant results.

Theorem 2.40. [87, Theorem 3.1] If G is a connected graph, then gp(GG) < n(G)+1,
and if G is disconnected, then gp(GG) < n(G).

In the next result graphs are characterised for which the first upper bound of
Theorem is achieved. To state it, we need the following two concepts, where
the second represents the original idea that led to the d-positions sets which will be
considered in Section [3.I] A vertex v of a connected graph G is a central vertex of
G if eccg(v) = rad(G). A set S of vertices in a graph G is a 3-general position set if
no three vertices from S lie on a common shortest path of length at most three. By
NZ(v) we denote the set of vertices at distance two from v in G.

Theorem 2.41. [87, Theorem 3.4] Let G be a graph with n(G) > 2 and such that
both G and G are connected. Then gp(GG) = n(G) + 1 if and only if rad(G) = 2 and

there exists a central vertex v such that
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(i) Ng(v) is a 3-general position set in G and N&(v) is a 3-general position set in
G, and

(ii) for each x € Ng(v) there exists y € N&(v) such that zy ¢ E(G).

Setting
gp3(G) = max{gp;(G[V(G)\ S]) : Sis a gps-set of G},
we have the following lower bound on gp(GG).
Theorem 2.42. |87, Theorem 4.1| If G is a graph, then

gp(GG) > max{gps(G) + gps5(G), gps(G) + 8p5(G)} -

Moreover, the bound is sharp.

It follows from Theorem m that gp(GG) > max{gp;(G), gp;(G)}. In [87, The-
orem 4.2 it was proved that among connected graphs the equality holds here if and
only if G is a complete multipartite graph. The paper |87] considers several additional
classes of graphs G and the corresponding values of gp(GG): bipartite graphs (in
particular trees, hypercubes and Cartesian products of paths), split graphs and block
graphs. For instance, if T' is a tree, then

n(G); otherwise ,

_ {n(G)+1; diam(T) = 4,

and if n > 2, then gp(Q,Q,,) = 2".

2.5.3 Rooted products

By a rooted graph we mean a connected graph having one fixed vertex called the root
of the graph. Consider now a connected graph G of order n, and let H be a rooted
graph with root v. The rooted product graph G o, H is the graph obtained from G and
n copies of H, say Hi, ..., H,, by identifying the root of H; with the i** vertex of G.

Theorem 2.43. |71, Theorem 6.1| Let G be any connected graph of order n > 2, and
let H be a rooted graph with root v.

(i) gp(Go, H) =n=w((Go, H)sr) if and only if H is a path and v is a leaf of H.

(ii) If H contains a gp-set S not containing v and such that for each pair of vertices
u,w € S neither u € Iy(v,w) nor w € Iy(v,u), then gp(G o, H) = n - gp(H).
Moreover, if in addition S is a mazimum clique in H sg, then gp(G o, H) =

W((G Oy H) SR)-

(iii) Suppose H is not a path rooted in one of its leaves. If every gp-set S of H
either contains the root v, or contains two vertices x,y such that (x € Iy(v,y)
ory € Iy(v,z)), then 2n < gp(G o, H) < n(gp(H) — 1). In particular, if every
gp-set of H contains the root v, then gp(G o, H) =n(gp(H) — 1).
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2.5.4 Powers of graphs

If G is a graph and k > 1, then the k-th power G* of G is the graph with vertex set
V (@), where two vertices are adjacent in G* if and only if their distance in G is at
most k. The paper |116] investigates the general position number of graph powers.
The following result from [116] provides a lower bound for gp(G*) for an arbitrary
graph G.

Theorem 2.44. [116, Theorem 3.1| If k > 2 and G is a graph with n(G) > 3, then
gp(G*) > A(G) + k — 1.

In [116, Theorem 3.2] the result on paths is extended to gp(P¥) = k +1 for n > 4.
This demonstrates the sharpness of the bound in Theorem [2.44] As noted in [116], for
n <2k+1, C*~ K, and so gp(C*) = n. For n > 2k + 2, the following result extends
to cycles; see [116, Lemma 3.3, Theorem 3.4].

Theorem 2.45. [116] Let n > 6. Then k + 1 < gp(CF) < 2k + 1, with equality on
the left side if and only if n < 3k + 1. Moreover, for n > 3k + 2, we have

k 2k+1; ged(n—1,[5])=0 (mod k),
ep(Ch) = { 2k; icd(n, LgJ)LEJO (mod k).

In [116} Proposition 3.5] it was also proved that if n > 3k +2 and n =0 (mod k),
then gp(C*) < 2k. The paper |116] further focuses on the general position number of
the square of graphs. In the next result, graphs with gp(G?) = 3 are characterised.

Theorem 2.46. [116, Lemma 4.1| Let G be a graph of order n > 3. Then gp(G?) = 3
if and only if G € {P,,Cs, C7}.

Consequently, the general position numbers of the square of cycles are derived
in [116, Theorem 4.4].

Theorem 2.47. [116, Theorem 4.4] If n > 8, then

4: n is even orn =11
2\ ) )
gp(C) = { 5; otherwise.

The paper [116] then presents some additional results for the square of block graphs.
For instance, gp(G?) < gp(G) + 1 for any block graph G, as shown in [116, Lemma
4.6]. In addition, the following theorem provides a characterisation of block graphs for
which equality holds.

Theorem 2.48. |[116, Theorem 4.8| Let G be a block graph with 6(G) > 2 and S be
the set of simplicial vertices of G. Then gp(G?) = gp(G) + 1 if and only if there exists
a cut-vertex u such that dg(u, s) is odd for any vertex s € S.

In particular, for the square of trees the following holds.

Theorem 2.49. [116, Theorem 4.9] If T is a tree with n(T) > 3, then gp(T?) €
{ep(T),ep(T) + 1}. Moreover, gp(T?) = gp(T) if and only if T has two non-trivial
blocks Q, Q" such that d(Q, Q') is odd.
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2.5.5 Mycielskian and double graphs

The Mycielskian M(G) of a graph G = (V, F) is the graph with vertex set VUV'U{u*},
where V' = {uy, ..., u,} is the vertex set of G, V' = {u), ..., u],} is a copy of V, and u*
is the root vertez. The edge set of M(G) is defined to be {uv : wv € E} U {uv' : uv €
E}y U {v'u* : v € V'}. This construction was introduced by Mycielski as a means of
finding triangle-free graphs with arbitrarily large chromatic number, but it has been
studied in its own right in many papers.

The general position number of Mycielskians was first studied in [110]. It is shown
that there is a gp-set of M(G) containing the root vertex u* if and only if G is a
clique or G is the join of K; with a disjoint union of ¢ > 2 cliques W7y, ..., W}, where
one of the cliques has order one and all of the other cliques have order at least three.
Furthermore the root u* belongs to every gp-set only if GG is a complete graph, in which
case gp(M(G)) =n+ 1 and V U {u*} is the unique gp-set. Hence for non-complete
graphs it is sufficient to examine gp-sets not containing the root, and such gp-sets are
studied in terms of associated partitions of V' into four parts.

A simple lower bound is gp(M(G)) > max{n,2ip,(G)}, where ip,(G) is the num-
ber of vertices in a largest independent set S of GG such that no shortest path of length
at most four passes through three vertices of S. Graphs that meet this bound are called
meagre and graphs for which gp(M(G)) > max{n,2ip,(G)} are called abundant. For
n > 3 the largest size of an abundant graph is (g) + 1 and the abundant graphs that
achieve this extremal size are an (n — 1)-clique with a leaf attached and the gem graph
K, vV P,. Complete multipartite graphs are meagre, as are paths, all cycles apart
from C3 and Cj, all cubic graphs with two exceptions and all sufficiently large regular
graphs. An upper bound on gp(M(G) is gp(M(G)) < n+ max{0,ip,(G) —d + 1}, so
that a weaker upper bound is n + a — 1; the graphs meeting these upper bounds are
characterised.

The case of regular graphs is particularly interesting. If G is a d-regular graph,
then M(G) <n+ |4+ + 3]. All d-regular graphs with order > d* — 2d* + 2d + 2 are
meagre, so that there are only finitely many abundant d-regular graphs. A d-regular
abundant graph of order n = 3d — 1 and gp(M(G(d))) = n + 1 is constructed, and
this turns out to be the unique abundant d-regular graph for d € {2,3}. It is an open
question whether this construction is always the unique abundant d-regular graph and,
if not, how large the difference gp(M(G)) — n can be for d-regular graphs.

Trees and graphs with large girth are also studied in [110]. If we denote the number
of support vertices by o, then gp(M(T)) = n(T) + ¢(T) — o(T), and if all support
vertices are at distance at least three apart, then we have equality. If every vertex of a
tree T is either a leaf or a support vertex, then gp(M(G)) = 2¢(T") and T is meagre. If
G has girth at least six and matching number v, then gp(M(G)) < 2n—2v(G). Hence
any graph G with girth at least six that contains a perfect matching has gp(M(G)) =
n.

The article [103] is mainly concerned with mutual visibility, but does contain a
section on the general position problem in double graphs. The double graph D(G) of
G is formed from the disjoint union of two copies of G (the vertex sets of which we
will denote by V and V’, as for Mycielskians) by adding an edge uv’ whenever uv is
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an edge in G (where v’ is the copy of v belonging to V’). It is shown that the general
position number of D(G) lies in the range gp(G) < gp(D(G)) < 2gp(G). If the upper
bound is met, then the gp-sets of D(G) have the form SU.S’, where S is a gp-set of G
that is also an independent set. The upper bound is sharp for paths and cycles, and
the lower bound is sharp for K, and K, . It would be interesting to determine the
graphs for which the lower bound is attained.

The complexity of finding the gp-number of Mycielskian and double graphs remains
unknown.

3 Distance Based Variations on General Position

In the next three sections we give an overview of variations of the general position
problem that have been studied in the literature. In the present section, we concentrate
on variations of the general position problem that, like the ordinary general position
problem, are based on distance. In Section [1] we mentioned that an interesting source
of variants of the general position problem is to change the family of paths that should
not contain three-in-a-line; in Subsection we examine the effect of restricting the
path family to shortest paths of bounded length. In Subsection we discuss general
position sets that are required to have the additional property of being an independent
set. Subsection looks at a local version of the general position problem, i.e. how
many vertices are visible along shortest paths from some fixed vertex. It is trivial that
any clique is in general position; we can extend this by observing that if a set S has the
property that for some k£ > 1 all vertices in S are at distance k from each other, then
S is in general position. This leads us to the idea of an equidistant set, and this is the
subject of Subsection The traditional general position problem for graphs asks
for vertex subsets S such that any pair of vertices from S are S-positionable; however,
if we impose the S-positionability requirement on other pairs of vertices we obtain
the variety of general position problems discussed in Subsection [3.5 The edge general
position problem, addressed in Subsection [3.6] arises if we require that no k edges are
contained in a common shortest path. Subsection discusses the Steiner general
position problem, which arises if we move away from the ordinary graph distance and
instead use the Steiner distance for a set of vertices. Finally, Subsection reports
on one paper that uses longest paths instead of shortest paths.

An illustration of some of the different types of position sets discussed in this
section can be seen in the Petersen graph in Figure [4

3.1 d-position sets

If we restrict attention to the family of shortest paths with bounded length, we obtain
the following problem that was first investigated in [67]. The general d-position prob-
lem asks for the largest number of vertices in a set S such that if three vertices of S
lie on a common shortest path P, then P has length greater than d. The cardinality
of a largest such set is denoted by gp,(G). For any graph G we have the inequality
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Figure 4: The Petersen graph with different types of position set. On the left in red: a
largest general position set. In the centre in green: a largest monophonic position set.
On the right in blue: a largest equidistant set, independent position set and mobile
general position set, also a lower general position set.

chain
gP(G) = 8Pdiam(c)(G) < Pdiam(c)-1(G) < -+ < gpa(G)

and various examples are given in [67] to show that it is possible to have equal-
ity throughout this chain, strict inequality in exactly one case or strict inequality
throughout.

The article [67] also gives a characterisation of the structure of general d-position
sets along the lines of Theorem and shows that for d > 2 the general d-position
problem is NP-complete. The general d-position numbers of paths and cycles are
determined, and it is also shown that any infinite graph has a general d-position set of
infinite cardinality. Some connections with strong resolving graphs, the dissociation
number and independence number are also explored.

Two interesting questions left open in [67] are to find the general d-position numbers
of all grid graphs and to determine the complexity of finding the general d-position
number of trees for any d (it is known that it can be found in polynomial time for
d =2 or d = diam(T)).

A generalised version of this problem is treated in [29]. The k-general d-position
number of G, denoted gp%(G), is the largest possible number of vertices in a set
S C V(G) such that no k vertices of S lie on a common shortest path of length at
most d. Instead of the above chain of inequalities, one now has a two-dimensional
lattice of inequalities in d and k. The article gives bounds for this number in terms of
the k-general d-position numbers of isometric subgraphs of GG that are sufficiently far
apart. The article determines these numbers for paths, cycles and thin grid graphs.
Finding the k-general d-position number of other Cartesian products is left as an open
problem, along with finding the computational complexity of the k-general d-position
problem and the problem of characterising the structure of such sets.

3.2 Independent general position sets

The article [109] studies the properties of vertex subsets of graphs that are simulta-
neously independent sets and in general position. Such subsets are called independent
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position sets and the largest order of an independent position set is the indepen-
dent position number of G, denoted by ip(G). Naturally for any graph ip(G) <
max{gp(G), (G)}.

For some families of graphs, including trees, we have equality gp(G) = ip(G).
However, it is easily seen that gp(G) —ip(G) can be arbitrarily far apart (for example
complete graphs). Realisation results from [109] demonstrate that for any 2 < a <
b < n there exists a graph with ip(G) = a, gp(G) = b and order n. It is shown in [109]
that for any graph with diameter at most three we will have ip(G) = a(G), since any
independent set is in general position. We also have equality with the independence
number for bipartite graphs. The extreme values ip(G) = 1 and ip(G) = n(G) are
achieved only by cliques and nK; respectively; amongst connected graphs the largest
possible value of ip(G) is n(G) — 1 and this achieved only for star graphs.

The independent general position numbers of three graph products are discussed
in [109|, the Cartesian product, the lexicographic product and the corona product.
For the Cartesian product, the lower bound for the independent position number is
analogous to Theorem for the ordinary general position number.

Theorem 3.1. [109, Theorem 3.1| For any connected graphs G and H,
ip(G O H) >ip(G) +ip(H) — 2.
It appears to be unknown if this bound is tight, so perhaps it could be improved.
For the lexicographic product, the lower bound is as follows.

Theorem 3.2. [109, Theorem 3.3| For any connected graphs G and H,

ip(G o H) = ip(G)ip(H).

The bound in Theorem is tight, as can be seen by considering C o K5. It would
be of interest to characterise the case of equality, and to provide upper bounds for
Cartesian and lexicographic products.

Finally, the exact value of the independent position number is known for corona
products.

Theorem 3.3. [109, Theorem 3.4| For any connected graphs G and H,
ip(G©e H) =n(G)a(H).
Independent position sets are also briefly considered in the context of graph colour-
ing [19], see Subsection [5.3|
3.3 Vertex position sets

Vertex position sets, introduced in [107], are a local version of general position sets that
measure how many vertices are visible from a fixed vertex of a graph. It was initially
inspired by the classical result of analytic number theory on the density of points on
an integer lattice that are visible from the origin, as well as art gallery theorems.
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For a fixed vertex x of a graph G, an x-position set is a subset S, C V(G) such
that for any y € S, no shortest z,y-path contains a vertex of S, — {y}, and the x-
position number of G is the number of vertices in a largest x-position set. According
to this definition, # does not belong to any x-position set of order > 2. Naturally
the x-position number of G varies from vertex to vertex. The maximum value of
this position number over all vertices of G is the vertex position number vp(G) of G,
whereas the minimum value is the lower vertex position number vp~(G) of G. Note
that in this definition the word ‘lower’ is used in a slightly different sense to the ‘lower
position number’ discussed in Subsection

By choosing a vertex inside a gp-set of GG, it can be seen that vp(G) > gp(G) — 1.
It is also shown in [107] that the numbers are bounded in terms of the vertex degrees
as follows: vp~(G) > max{d, [#2]} and vp(G) > A. In terms of the diameter and
radius, we have

n(G)—1
rad(G) ’

and for graphs with rad(G) > 3, we have vp(G) < n(G) —rad(G) — 1. For any vertex
x, the boundary J(x), i.e. the set of all vertices maximally distant from z, is also an
x-position set. If G is bipartite, then vp(G) < «(G). The argument of Theorem 3.2
of [113] also implies that vp~(G) > %.

vp (G) > nlG) -1

R ol >
— diam(G) and - vp(G) =

In terms of particular graph classes, we have vp(C,,) = 2 for cycles, vp(T') = {(T)
for trees and vp(G) = s(G) when G is a block graph. For a complete multipartite
graph K,, . where ny > --- > n,, we have vp(K,, ) = n —n,. We have
vp(K(n,k)) = (”;k) for Kneser graphs with sufficiently large n. The article also
characterises graphs with very large or small values of the vertex position numbers.

An interesting question is how far apart vp~(G) and vp(G) can be in a graph. A

vp(G)
vp~ (G)

family of graphs with ratio approaching 6 is constructed, but whether this ratio

can be larger is unknown.

Regarding complexity, it is surprising in view of the fact that most position type
problems are NP-hard, that for any vertex x of a graph G the x-position number can
be determined in polynomial time. In particular, it is proven that for each x € V(G),
the z-position number can be computed as an independent set calculated on a graph
G%, which is derived from G through a transformation (see [107]).

Theorem 3.4. [107, Theorem 33| Given a graph G and a vertex x € V(G), a maz-
imum x-position set can be computed in O(nmlog(n?/m)) time, where n = |V (G?)|

and m = |E(G%)|.

Corollary 3.5. [107, Corollary 34| Given a graph G with order n, vp~(G) and vp(G)
can be computed in O(n*log(n)) time.

3.4 Equidistant numbers

One special type of general position set that merits study in its own right is equidistant
sets. A set S C V(G) is equidistant if there is a value k£ > 1 such that d(u,v) = k for
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all u,v € S. The largest number of vertices in an equidistant set of G is the equidistant
number eq(G). Such subsets have already been studied in the Hamming space in the
guise of equidistant codes in information theory. It is the discrete version of equilateral
dimension from geometry.

This can be interpreted in terms of the exact distance k-power graph G#* of G,
which has vertex set V(G) and two vertices u,v € V(G) are adjacent in GI##l if and
only if dg(u,v) = k. A clique in G#* corresponds to an equidistant set in G with
distance k. Thus we have eq(G) = max{w(G#*) : 1 < k < diam(G)}. Such cliques
were studied by Foucaud et al. in [47]. Equidistant sets are also related to the notion
of a k-independent set, otherwise known as a k-packing, which is a subset of V(G)
with all vertices at distance > k. For a given value of k£ the k-independence number
ai(G) is the number of vertices in a largest k-independent set (so that a(G) = oy (G)).
Hence, if eq,,(G) = w(G#H]), then ap_; > eq,(G) for 1 < k < diam(G) — 1.

Equidistant sets were introduced in an unpublished manuscript with contributions
from Erskine, Salia, éiréﬁ, Taranchuk, Tompkins and Tuite. Any equidistant set is
in general position, and hence for any graph eq(G) < gp(G). Also, any equidistant
set is either a clique or an independent set (depending on whether the largest value
is obtained for £k = 1 or &k > 1) and so eq(G) < max{w(G),«(G)}, with equality
when diam(G) = 2. The equidistant number of a tree T" is given by eq(T) = A(T).
Kneser graphs K (n,2) for n > 7 and line graphs of complete graphs L(K,,) when 31 n
are examples of graphs for which the equidistant number equals the general position
number. One interesting result due to Siraii is that the equidistant number of cubic
graphs can be arbitrarily large.

The major works to study this problem are [1] and [100]. These papers show
that the equidistant number cannot be approximated to within a constant factor in
polynomial time unless P = NP. They also study the growth with n of the function
AE(n, k) = max{ay_1(G) — eq,(G) : G has order n}. It turns out that

lim M — lim max{w

n—0o00 n n—oo n

: G has order n} .

This limit is known to be one when k = 1, but remains open for larger k.

The authors then give a series of bounds on the equidistant number from spectral
theory, including the two following results.

Theorem 3.6. |1, Proposition 13, Inertial-type bound| Let G be a graph with adja-
cency eigenvalues N\ > -+ > N\, and adjacency matriz A. Let p € Ry[x] with corre-
sponding parameters W (p) := maxycv () {(P(A))uu} and w(p) = mingev @) {(P(A))uu} -
Then the (t + 1)-equidistant number of G satisfies the bound

eqy1(G) < min{[{z : p(X;) > w(p)}, {i : p(As) < Wi(p)}H}-

Theorem 3.7. |1, Proposition 14, Ratio-type bound| Let t > 1 and G be a regu-
lar graph with adjacency eigenvalues Ay > --- > X\, and adjacency matrix A. Let
p € Rylx] with corresponding parameters W (p) := maxyev(){(P(A))uw} and A(p) :=
min;epp , {p(Ni)} and assume p(A1) > A(p). Then

eqy1(G) < ”(G)m-
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The paper closes with a computational study to compare the bounds. It is an inter-
esting question whether spectral theory may have further applications in the general
position problem.

One question for future research is to find the largest size of a graph with given
order and equidistant number. For small values of n and the equidistant number, the
extremal graphs bear an intriguing resemblance to Ramsey graphs.

3.5 Variety of general position sets

If X C V(G), then the requirement that all pairs of vertices from X are X-
positionable leads to the concept of general position sets. Alternatively, we can also
require that other pairs of vertices of G are X-positionable. Considering all natural
cases leads us to the variety of general position sets as introduced in [112], which

contains the following set types in addition to general position sets. Setting X =
V(G) \ X, the set X is

e a total general position set, if every pair u,v € V(G) is X-positionable;

e an outer general position set, if every pair u,v € X is X-positionable, and every
pair u € X, v € X is X-positionable; and

e a dual general position set, if every pair u,v € X is X-positionable, and every
pair u,v € X is X-positionable.

The cardinality of a largest total general position set, a largest outer general position
set, and a largest dual general position set are denoted by gp(G), gpo(G), and gpq(G)
respectively.

Total general position sets are fully understood, as the following result holds.

Theorem 3.8. [112, Theorem 2.1] Let G be a graph and X C V(G). Then X is a
total general position set of G if and only if X C S(G). Moreover, gp:(G) = s(G).

If w and v are vertices of a graph G such that dg(u,v) = diam(G), then {u, v} is
an outer general position set. Hence, if GG is a connected graph of order at least two,
then gp,(G) > 2. Recalling from Subsection the definition of the strong resolving
graph G gg of GG, outer general position sets can be characterised as follows.

Theorem 3.9. [112, Theorem 2.3| Let G be a connected graph and X C V(G). Then
X is an outer general position set of G if and only if each pair of vertices from X is
mutually maximally distant. Moreover,

gpo(G) = w(G sr).

As for the dual general position sets, they are exactly those general position sets
which have convex complement:
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Theorem 3.10. |[112, Theorem 3.1] Let X be a general position set of a graph G.
Then X s a dual general position set if and only if G — X is convex.

The paper [112, Theorem 3.1| pays particular attention to graphs G with gp4(G) €
{0,1}, and to the variety of general position sets in Cartesian products. From the
obtained results one can deduce, among other things, that if n > 3, then

gp(K, O Ky,) =3n—2,
gpa (K, O Kyy,) = 2n,
gPo(Kpn U K2y) =1,

gpi (K, O Ka,) =0

This demonstrates that the four general position invariants can be arbitrarily far apart.

In [39], outer, dual, and total general position sets are investigated on strong prod-
ucts and on lexicographic products. For the strong product, sharp lower and upper
bounds are proved for the outer and the dual version. For the lexicographic product,
the outer general position number is determined in all cases, and the dual general
position number in many cases. Along the way some results on outer general position
sets are also derived.

3.6 Edge general position

The edge version of the general position problem was introduced in [83]; a set S
of edges of a graph G is an edge general position set if no shortest path of G' contains
three edges of S. An edge general position set of maximum cardinality is a gp.-set of
G, its cardinality is the edge general position number (for short gp.-number) of G and
denoted by gpe(G).

The edge general position problem is intrinsically different from the standard gen-
eral position problem; one outstanding example of this is the fact that one can deter-
mine the edge general position number of hypercubes exactly.

Theorem 3.11. |83, Theorem 3.2] If r > 2, then gp(Q,) = 2.

The above theorem was derived in a broader context by considering edge general
position sets in partial cubes (graphs which admit isometric embeddings into hyper-
cubes). The lower bound gp.(Q,) > 2" follows from the fact |83, Lemma 3.1] that in
a partial cube, the union of two arbitrary so-called ©-classes forms an edge general
position set. This approach was afterwards used in [69], where edge general position
sets were considered on Fibonacci cubes and on Lucas cubes (for more information
on these cubes see the book [41]), which form two important classes of partial cubes.
In particular, the union of two largest O-classes of a Fibonacci cube or a Lucas cube
forms a maximal edge general position set [69, Theorem 4.3]. For grids we have:
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Theorem 3.12. |83, Theorems 4.1, 4.2] If r > s > 2, then

r 4+ 2; 5=2,
gpe(PrDPs): 2T; 8:3,
2r+2s—8; s>4.

Moreover, if r;s > 5, then the gpe-set of P, 1 P, is unique.

It is clear that gp.(G) = m(G) if and only if diam(G) < 2. The following two
families of graphs lead to a characterisation of graphs G with gp.(G) = m(G) — 1.
The family G; consists of the graphs GG that can be obtained from an arbitrary graph
H with diam(H) = 2 by attaching a leaf to a vertex u of H with degy(u) < n(H) — 2.
The family G, consists of the graphs G constructed as follows. Let Gy, G1, and Go
be arbitrary not necessarily connected graphs. Then G is obtained from the disjoint
union of Gy, G, G, and Ky, where V(K3) = {z1, 25}, by adding all possible edges
between K, and Gy, adding the edges between z; and all vertices from G4, and adding
the edges between x5 and all vertices of GS.

Theorem 3.13. |[114, Theorems 2.2| If G is a connected graph with n(G) > 4, then
gpe(G) = m(G) — 1 if and only if G € G, U Gs.

On the other hand, it is straightforward to see that gp.(G) = 2 if and only if G
is a path. It is not much more difficult to prove that gp.(G) = 3 if and only if G is
K3 or a tree with three leaves [114, Proposition 2.4|. The article [114] also reports
that if G is a graph with gp.(G) = 4, then A(G) < 4 and, moreover, in the case when
A(G) = 4, the graph G must be bipartite. This line of research was then built upon by
Li and Gong in [79], where a complete characterisation of graphs G with gp.(G) = 4
is presented. It is first proved that if G is a graph with gp.(G) = 4, then G is a cactus
graph. The list of all graphs G with gp.(G) = 4 then consists of the following families.

e |79, Theorem 3.1] If T' is a tree, then gp.(7T") = 4 if and only if 7" contains exactly
four leaves.

e |79, Theorem 3.4] If U is a unicyclic graph, then gp.(U) = 4 if and only if U
belongs to the family U, which contains some of the unicyclic graphs with at
most four vertices of degree at least three, each of which has only one or two
leaves attached. For the exact definition of the family U, see 79} p. §].

e |79, Theorem 3.5] If B is a cactus graph with at least two cycles, then gp.(B) = 4
if and only if B belongs to the family B, where this family contains even cycle
chains in which cycles are attached at antipodal vertices, and some simple vertex
or edge deleted subgraphs of even cycle chains that contain at least three cycles.
For the exact definition of the family i, see |79, p. 11].

Recall that s(G) denotes the number of simplicial vertices of G. We further say
that an edge of G is simplicial if it is incident with at least one simplicial vertex.
Setting §'(G) for the number of simplicial edges of G, we have the following result.
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Theorem 3.14. |[114, Theorem 3.2| If G is a block graph, then s'(G) < gpe(G) <
(5(5)) + 1. Moreover, the bounds are sharp.

In [114], exact values of gp. are determined for several specific families of block
graphs. We add that the edge k-general position problem was introduced and studied
in [84]. The problem is to find a largest set S of edges of G such that at most k — 1
edges of S lie on a common geodesic.

3.7 Steiner general position

The paper [64] introduces k-Steiner general position sets and k-Steiner general position
numbers as follows.

Let G be a connected graph and X C V(G). The Steiner distance dg(X) of X is
the minimum size of a connected subgraph of G containing X [24]. Such a subgraph
is clearly a tree and is called a Steiner X-tree. For a positive integer k, we say that
A CV(Q) is a k-Steiner general position set if for every B C A, |B| = k, and for every
Steiner B-tree Tg, it follows that V(Tp) N A = B. That is, A is a k-Steiner general
position set if no k + 1 distinct vertices from A lie on a common Steiner B-tree, where
B C A and |B| = k. Clearly, if |A| < k, then A is k-Steiner general position set. The
k-Steiner general position number sgp,(G) of G is the cardinality of a largest k-Steiner
general position set in G. Note that sgp,(G) = gp(G).

In [64, Proposition 2.2] it was observed that if G is a graph and k € {2,...,n(G) —
1}, then sgp,(G) = n(G) if and only if G is (n(G) — k + 1)-connected. If T is a
tree, then sgp,(T) = ¢(T) when k < ¢(T), and sgp,(T) = k when k > ((T). The
corresponding result for cycles reads as follows.

Theorem 3.15. [64, Theorem 3.2| If n >3 and k € {2,...,n — 1}, then

_f ko ke{[F],..n-2},
sgPx(Cn) = { k+1; otherwise.

In |64, Theorem 4.2|, a formula for sgp, of the join G V H of graphs G and H is
given in terms of two related invariants which we do not explain here. Instead, we just
mention that the formula can be simplified in many cases. We extract the following
two formulas from a list of five formulas given in |64, Corollary 4.4]:

e Ifn>6and k€ {2,...,n— 1}, then

—2
sgp(Wn) = sgpy (K1 V Cpo1) = max {k +1n—-2- U;L 1J } :

o Ifr<sand ke {2,...,r+s— 1}, then

max{s, min{k — 1,r} +k—1}; k<s,

Krs == FT\/RS =
sgpy, (Kr.s) = sgpy( ) {T+3; k>s.
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The paper [64] further introduces bounds and exact results for the lexicographic prod-
uct of graphs, for split graphs, and proves in |64, Theorem 6.2| that sgp, (Ps O Py) >
2k.

Many open problems on the Steiner general position problem remain to be inves-
tigated. For instance, does the equality sgp, (P O Py) = 2k hold for k& > 27

3.8 Detour position problem

Motivated by the detour hull number (which we do not define here), rather than posi-
tion problems, the paper [32] considers the problem resulting from replacing ‘shortest
path’ in the general position problem by ‘longest path’. A longest path in a graph G
is called a detour. For any two vertices u,v € V(G) the detour distance D(u,v) is the
length of a longest path from w to v; it is known that this distance function is in fact
a metric on the graph, see [|25].

The authors of [32| define a detour irredundant set to be a subset S C V(G) such
that for any u, v € S no u, v-detour contains a third vertex of S. To fit the terminology
of the rest of the literature, we will refer to these as detour position sets and the largest
number of vertices in a detour position set of G as the detour position number of G,
which we will write as dp(G).

The authors claim in |32, Theorem 3] that any longest path in a graph can contain
at most two vertices of a detour position set, which would imply the upper bound
n—D+1, where D is the length of a longest path in D (known as the detour diameter).
However, the proof assumes that a subpath of a detour is also a detour, which is not
true in general, so at present we regard the n — D + 1 bound as a conjecture.

For any tree T, the longest paths and shortest paths coincide, so naturally dp(7") =
gp(T) = ¢(T). The paper discusses the relation between the detour position number
and the detour hull number and also shows that for any £ > 2 there is a graph with
dp(G) = k and any feasible combination of detour radius and detour diameter. It is
shown that a graph has detour position number n — 1 if and only if it is K3 or a star,
and detour position number n — 2 if and only if it is a star plus an edge or a double
star (although both of these results depend on the n — D + 1 bound).

4 Variations Not Based on Distance

In this section we examine variants of the general position problem that result from
changing the path family to paths not related to distance. The main problem in this
section is the monophonic position problem (see Subsection , for which the path
family is all induced paths. We also briefly discuss in Subsection the effect of
making the path family as large as possible.
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4.1 Monophonic position sets

Graph convexity for monophonic (i.e. induced) paths has a very wide literature. This
inspired the first investigation of the monophonic position problem in |111]: what is
the largest possible number of vertices in a subset S C V(G) such that no monophonic
path of S passes through three vertices of S?7 Such a set in a graph G is a monophonic
position set of G and the number of vertices in a largest such set is the monophonic
position number mp(G) of G. This problem was later considered independently in [§].
A largest mp-set of the Petersen graph can be seen in the centre of Figure [4]

For any distance-hereditary graph all induced paths are shortest paths, so that the
monophonic and general position numbers coincide. It follows immediately that the
monophonic position number is equal to the general position number for block graphs
(in particular trees), complete multipartite graphs, cographs, etc. However, equality
can also hold for non-distance-hereditary graphs. Straightforward upper bounds on
mp(G) include n(G) — diam, (G) + 1 (where diam,, (G) is the monophonic diameter,
that is, the length of a longest induced path in G), two times the induced path number
(the smallest number of induced paths needed to cover V(G)) and n(G) — ¢(G) (where
¢(@) is the number of cut-vertices in G, since there always exists a largest monophonic
position set that contains no cut-vertices). A lower bound for mp(G) is s(G).

Trivially any monophonic position set is also in general position, so mp(G) < gp(G)
for any graph G. However, it is shown in [111] that for any 2 < a < b there is a graph
G with mp(G) = a and gp(G) = b (the graph used is a gear graph, also known as a
bipartite wheel graph). The article [120] (and the extended abstract [119]) seeks to
optimise this result by finding the smallest graph for given a and b. If we denote the
order of this smallest graph by M (a,b), then we know that:

e M(2,3) = 5 and for b > 4, we have M(2,b) < [%] + 1, with equality for
4<b<8

e For 3<a<band 2 <a, wehave M(a,b) = b+ 2 (proven extremal).

e For 3<a <3, wehave M(a,b) <b—a+2+[2].

It is conjectured that the first and third estimates in the list above are exact. The
extremal graphs for the second item are not unique. In a similar vein, estimates are
given for the smallest size of a graph with given order, gp-number and mp-number
(the answer is n(G) + O(1), but is not known exactly).

Whilst the structure of monophonic position sets is not characterised as in the case
of general position sets, we have the following lemma.

Lemma 4.1. |[I111, Lemma 3.1] Let G be a connected graph and M C V(G) be
a monophonic position set of G. Then G[M] is a disjoint union of k > 1 cliques
G[M]| = Ule Wi. If k > 2, then for i € [k] any two vertices of W; have a common
neighbour in G\ M.

As a consequence of Lemma[4.T] the mp-number of a triangle-free graph is bounded
above by the independence number. It is shown in [111] that the monophonic posi-
tion number of a corona product is mp(G ® H) = n(G) mp(H) and the monophonic
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position number of the join of two graphs is given by mp(G V H) = max{w(G) +
w(H),mp(G), mp(H)}. The article determines the mp-numbers of unicyclic graphs,
complements of bipartite graphs and split graphs, and characterises the split graphs
that achieve equality mp(G) = max{w(G), a(G)} using Hall’s Theorem. Computa-
tional results also suggested the following two conjectures.

Conjecture 4.2. [111, Conjecture 2.9] The largest possible monophonic position num-
ber of a cubic graph with order n is § 4+ O(n).

Conjecture 4.3. |[111, Conjecture 3.4| For sufficiently large g, the monophonic po-
sition number of a (d, g)-cage G satisfies mp(G) < d.

The main topic of the paper [120] (and extended abstract [119]) is the extremal
problem of the largest possible size of a graph with given position numbers. Hence
the function mex(n;a) is defined to be the largest size of a graph with order n and
monophonic position number a, and gex(n; a) is the largest size of a graph with order
n and general position number a. The asymptotic behaviour of these functions is
completely different.

Theorem 4.4. [120, Theorems 3.5 and 3.7| If n > a, then
(i) mex(n;a) = (1 — 12 1+ O(n),
(i1) gex(n;a) < Wm

where R(a,a + 1) is a Ramsey number. The reason the first result holds is that a
graph G with mp(G) = a cannot contain a K, and so has size restrained by Turan’s
Theorem, but one can remove the edges of a linear number of copies of K, from the
Turan graph to obtain a graph with monophonic position number a. Thus in this
sense the monophonic position number is tied to the clique number. For mp-number

(n—1)
4

two the answer is known exactly: mex(n;2) = —‘ for n > 6. There is a unique

extremal graph for each order, namely the complete balanced bipartite graph of order
n with a matching of size L%J deleted.

By contrast, the best upper bounds for gex(n;a) come from Ramsey’s Theorem;
if a vertex u has large degree, then by Ramsey’s Theorem G[Ng(u)] will contain
either a large clique or a large independent set, either of which will constitute a large
general position set (and in the first case we can include the vertex u). Of course
any independent union of cliques in G[Ng(u)] will yield a general position set, so
one can improve the multiplicative constant slightly. Nevertheless, the upper bound
in Theorem seems much too large, and improving this estimate is an interesting
problem.

The final section of [120] classifies the possible diameters of a graph with mp-
number a. If a > 3, then all diameters in the range 2 < D < n — a + 1 are possible
and if a = 2, then the possible diameters are D = n — 1, the integers D in the range
3 <D < |5] and, if n € {3,4,5,8} or n > 11, diameter D = 2. The case of
graphs with mp-number two and diameter two is rather interesting, and a new graph
operation is defined that, given such a graph with order n, will produce a new graph
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b

Figure 5: A graph with order ten, gp-number three and largest size

with the same properties and order either 3n + 2, 3n + 1 or 3n. An example of this
operation applied to Cy can be seen in Figure [0l This construction may be worthy of
further study.

Figure 6: An example of the operation for making new graphs with diameter two and
mp-number two.

Computation on this problem suggested that it is always possible to find circulant
graphs with this property.

Conjecture 4.5. [120, Conjecture 4.5| For any n > 11, there is a circulant graph
with order n, monophonic position number two and diameter two.

The monophonic position numbers of the Cartesian and lexicographic product
graphs are discussed in [21]. For the Cartesian product, as noted in |21, Observa-
tion 3.1, Corollary 3.6, we have that for any graphs G and H,

max{w(G),w(H)} <mp(G O H) < max{mp(G), mp(H)}.

As these bounds coincide for products of paths and cycles, we have mp(P,, O P,) =
mp(P, O C,) = mp(C, O C5) = 2, see |21, Corollary 3.7]. As reported in |21}, Corol-
lary 3.8|, if H is a connected graph and n > mp(H), then mp(K,, 0 H) = n. This
in particular yields mp(K,, O P,,) = n for n > 2, mp(K,, O C,,) = n for n > 3, and
mp(K, O K,,) = max{n,m}.
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A vertex subset S of a graph that is simultaneously an independent set and in
monophonic position is called independent monophonic position set. The largest order
of an independent monophonic position set is the independent monophonic position
number of G, denoted by mp;(G). With this notation in hand, the paper [21] then
reports several additional structural properties of general position sets of Cartesian
products, which lead to the following improved tight bounds. To this end, we fix
0(G) = 1if G contains a simplicial vertex and o(G) = 0 otherwise.

Theorem 4.6. |21, Theorem 3.16| If G and H are connected graphs, then
max{w(G),w(H)} <mp(G O H) < max{w(G), w(H),o(G) mp,;(H), o (H) mp,(G)}.
Furthermore, if neither G nor H has simplicial vertices, then

mp(G O H) = max{w(G),w(H)} .

[21, Theorem 3.18| further provides improved bounds for the monophonic position
number of Cartesian products of triangle-free graphs.

Theorem 4.7. |21, Theorem 3.18]| If G and H are connected triangle-free graphs of
order at least three, then

mp(G O H) < max{2,0(G)A(H),c(H)A(G)} .
Moreover, the bound is tight when both G and H are star graphs.

For a monophonic position set M of G we denote the components of G[M] by
Ay, As, ... Ay, By, ..., By, where |A;| > 2 for each i € [k] and |B;| = 1 for each j € [r].
Also we fix ny; = S5, |A;| and write 73y = 7 to emphasise that 7 is a function of M.
Then for any monophonic position set M of G we have |M| = ny; + ry. Using this
notation, |21, Theorem 4.4| provides a formula for the monophonic position number
of the lexicographic product of arbitrary graphs. The result reads as follows.

Theorem 4.8. |21, Theorem 4.4 Let G be a connected graph of order at least two
and let M be the collection of all monophonic position sets of G. Then

mp(Go H) = ]\r?EaA)S[{nM ~w(H) +ry -mp(H)}.
To discuss the complexity of the monophonic position problem, we shall define the
decision version of the problem.

Definition 4.9. MONOPHONIC POSITION SET
INSTANCE: A graph G, a positive integer k < n(G).
QUESTION: Is there a monophonic position set S for G such that |S| > k?

Theorem 4.10. [111, Theorem 6.2] The MONOPHONIC POSITION SET problem is
NP-hard.
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To prove Theorem [£.10] a reduction from the well-known NP-complete CLIQUE
problem to MONOPHONIC POSITION SET was used. However, it is not clear whether
MONOPHONIC POSITION SET is NP-complete for general graphs, since proving this
would also require demonstrating that a solution can be verified in polynomial time.
As remarked in [111], for restricted classes of graphs, this verification can be performed
in polynomial time, allowing us to show the NP-completeness of the problem for these
specific cases. For example, if we restrict the problem to instances (G, k) with k& >
V(G)|/2 and G = HV K, where H is a generic graph and K is a clique graph having
the same order as H, the problem is NP-complete. In such cases, a solution can be
tested in polynomial time to verify if it forms a clique and if its order exceeds k.

Araujo et al. [8, Theorem 5.2| have independently shown that MONOPHONIC POSI-
TION SET is NP-hard even in graphs with diameter two. Consequently, it is W[1]-hard
(parameterised by the size of the solution) and n'~*-inapproximable in polynomial time
for any € > 0 unless P = NP.

4.2 All paths position number

When varying the family of paths in Definition it is natural to consider what
happens when we place no restrictions on the paths at all, i.e. we take the family of
paths to be the set of all paths. The ‘all-path position problem’ was investigated in one
article [57] from 2024 by Haponenko and Kozerenko. Most of this paper concerns the
all-path convexity problem (see [94]), and hence this is one example of the interplay
between convexity and position problems.

It turns out that the all-path position problem is intimately connected to connec-
tivity. For a 2-connected graph with order n(G) > 2 the all-path position number is
two (this can be shown using the Fan Lemma), whereas for a graph G with a cut-
vertex the all-path position number is equal to the number of leaf blocks of G (i.e.
the number of blocks of G containing a single cut-vertex of ). This result was also
proved independently in unpublished work by Sumaiyah Boshar [13]. We suggest that
it would be of interest to consider the more general no-k-in-line problem for all paths.

5 Other Directions

In this section we give an overview into some new directions taken by recent research
into position problems.

5.1 Mobile position sets

Recall that the general position problem was originally introduced in [81] using the
example of a collection of robots stationed at the vertices of a graph and communicating
with each other by sending signals along shortest paths. Observing delivery robots
that were being trialled in Milton Keynes, home to the Open University, inspired the
authors of [63] to consider a dynamic version of the general position problem, in which
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the robots must visit the vertices of the graph whilst keeping communication channels
free.

In the scenario considered in [63|, we begin with a swarm of robots stationed at
the vertices of a general position set S. At each stage, exactly one robot may move
from a vertex u € S to an adjacent unoccupied vertex v if (S — {u}) U {v} is also
in general position (note in particular that any vertex can have at most one robot
assigned to it at a time). We call this a legal move and denote this step by u ~~ wv.
We require that from the starting configuration every vertex can be visited by some
robot. Such a configuration is called a mobile general position set of G and the largest
possible number of robots in a mobile general position set is the mobile general position
number of G, denoted Moby, (G).

As any pair of robots is trivially in general position, we have Mob,,(G) > 2 for
any graph with n(G) > 2 (however, there is currently no characterisation of graphs
with mobile general position number two). By way of illustration, consider K, _n,,
ny > 2, t > 2. If at any point there are two or more robots in a partite set V;, then
there can be no robot in a set V;, where ¢ # j. Hence in this case for there to be
an available legal move there can be only two robots on the graph. Thus if there are
at least three robots on the graph, then they must all lie in different partite sets, so
that there are at most t robots. If there are t robots, then any move would result in
two robots in the same partite set, whereas it is easily seen that ¢ — 1 robots can visit
all vertices of the graph whilst remaining in different partite sets. Thus the mobile
general position number of this graph is max{2,¢ — 1} and it follows immediately that
for any 2 < a < b there is a graph G' with Mob,,(G) = @ and gp(G) = b.

For cycles with length n # 4, 6 the mobile general position number is Mob,,(C),) =
3, whereas Mobg,(Cy) = Mob,,(Cs) = 2 (in Cs a set of three vertices is in general
position only if they are at distance two from one another, and such a configuration
cannot be maintained by any legal move).

The paper [63] begins by discussing separable graphs, i.e. graphs containing a cut-
vertex. Let G be a graph with cut-vertex v. Denote the components of G — v by
Hy,...,H, and for i € [r| the subgraph induced by V(H;) U{v} by G;. At some point
a robot must visit the cut-vertex v, so at this point all robots must be contained within
some G;. Hence at any point at most two components of G — v can contain robots,
and if there are robots in two such components, then one of the components contains
just one robot; it follows that there is a component H; that contains all the robots
with one exception, a robot R that traverses the rest of the graph. This is the source
of an interesting mistake in Lemma 2.1.ii) and Corollary 2.2 of [63], which was pointed
out by Ethan Shallcross. It was assumed that whilst R is visiting other components,
the robots remaining in H; must form a mobile general position set, which would
imply that Mobg,(G) = Mob,,(Gy) for some k € [r]. In fact, this is not the case, as
can be seen by considering a cycle Cy with a leaf attached to two adjacent vertices
of the cycle. It remains an open question how much larger Mob,,(G) can be than
max{Mobg,(G;) : i € [r]}.

However, these results are not used in the rest of the paper, and the conclusion in
Theorem 2.3 that Mob,,(G) = w(G) for a block graph remains intact. In particular,
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this implies that Mob,,(7") = 2 for any tree T'. For rooted products, it is shown that
max{Mob,,(G), Mobg,(H)} < Mobg, (G o, H) < max{Moby,(H),n(G)} .

These bounds are sharp, but there are also rooted products with mobile general po-
sition number strictly between the bounds. An especially interesting case is unicyclic
graphs: if G is a unicyclic graph with cycle length ¢ and k vertices on the cycle having
degree at least three in G, then if both & and ¢ are even, we have Mob,,(G) < g + 2,
and this bound is achieved by a family of unicyclic graphs called jellyfish in |63].

The paper [63] also solves the mobile general position problem for Kneser graphs
K (n,2) and line graphs of complete graphs L(K,).

Theorem 5.1. |63, Theorem 3.1] Forn > 5,

Moby, (K (n,2)) = max {4, V > 3J } .

For n > 11 the robots in K(n,2) can begin by occupying a nearly maximum clique.

Theorem 5.2. |63, Theorem 3.2] For n > 4,

Mobg, (L(K,)) =n — 2.

The robots on L(K,) have starting configuration corresponding to all the edges
incident to a fixed vertex in K,,, with one gap left for the robots to manoeuvre.

It seems difficult to approach the complexity question for mobile general position
sets, and this remains an open problem. Obviously it would be desirable to investigate
mobile versions of other position problems, such as monophonic position.

It is observed at the end of [63] that the model of robotic navigation used there
could be made more realistic. For example, what if several robots are allowed to move
at the same time? Such sets of robots have been called hypermobile general position
sets by Shallcross. One can also ask what happens if it is required that every robot
is able to visit every vertex (whereas [63] asks only that every vertex is visited by
some robot). This is called the completely mobile general position problem and the
corresponding position number is denoted by Mobg,"(G). Small examples suggest that
the mobile and completely mobile general position numbers are close to each other;
however a construction by Shallcross et al. in a recent paper [14] shows that for any
2 < a < b there is a graph G with Mobg,"(G) = @ and Mob,,(G) = b.

The paper [62] focuses on mobile general position sets in Cartesian products, coro-
nas and joins. For the Cartesian product we have the following two lower bounds,
where interestingly in the second bound the outer general position number appears.

Proposition 5.3. [62, Proposition 2.1| For any connected graphs G and H of order
at least two, the following hold.

(1) Mobg,(G O H) > max{Mob,,(G), Mobg,(H)}.
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(ii) MObgp<G O H) > max{gp.(G), gpo(H)}.

Both lower bounds in Proposition are sharp, as demonstrated by the following
example given in |62, Proposition 2.2|: if r, s > 2, then

Mobygy, (K, O Py) = r = max{Mobyg, (K, ), Mobg, (Ps) } = max{gp,(X,), gpo(Fs)} -

The paper [62] gives exact values of Mobg, (K, O K,,) (n,m > 1), Mob,,(P, O P,,)
(n,m > 3), Mob,,(C,, O K3) (n > 3), Mobg,(Cy O Py) =3 (r > 3), Moby,(C, O Ps),
and (r =9 or r > 11 and s > 5), and proves that Mob,, (7' O K5) = ¢(T") for any
tree T' with order at least three |62, Theorem 3.1]. For the corona product, lower and
upper bounds are given on Mob,,(G' ® H) in [62, Theorem 4.1] and it is proved that
Mobg,(C,, ® K1) = [%] 41 [62, Theorem 4.3]. Bounds on the mobile general position
number of joins G V H are also given.

5.2 Lower position numbers

In 1976 the famous recreational mathematician (and modern day Henry Dudeney)
Martin Gardner posed the following ‘worst-case’ version of Dudeney’s chessboard puz-
zle in his column in Scientific American [49]: what is the smallest number of pawns
that can be placed on an n x n chessboard, such that adding any new pawn creates
three-in-a-line? The results can be found as sequence A277433 in the Online Ency-
clopedia of Integer Sequences |90]. Note that the pawns in this set do not necessarily
themselves have the no-three-in-line property; when the no-three-in-line property is
required, this is equivalent to a smallest maximal no-three-in-line set (see sequence
A219760 in OEIS). This problem is also mentioned in |2]. The problem is taken up,
under the name geometric dominating sets, in the article [4], which presents a lower
bound Q(n*?) and an upper bound 2 [2] (and the discrete torus is also investigated).
When the pawns are required to be no-three-in-line (which the authors call independent
geometric dominating sets), they find the solutions for n < 12, but do not improve on
the trivial 2n upper bound.

Whilst Dudeney’s puzzle involves any straight line in the plane, Gardner points
out that this ‘minimum’ puzzle remains difficult even if we restrict attention to the set
of lines corresponding to rows, columns and diagonals; this is often called the Queens
version of the problem. This restricted version was treated in |30], in which the authors
show using Combinatorial Nullstellensatz that the answer is at least n, except if n = 3
(mod 4), in which case the answer is at least n — 1. The authors also include some
details of Gardner’s correspondence on this problem (which show that this result was
proven earlier by John Harris, although his argument is not extant). It is shown in 89|
that n + 1 is a lower bound when n =1 (mod 4).

This problem was introduced into graph theory in [37] by defining the lower general
position number gp~ (G) of a graph G to be the number of vertices in a smallest
maximal general position set of G. This can be viewed as the worst-case output of a
greedy algorithm for finding general position sets. There is an important connection
here to universal lines in graphs, as defined in [101]; these are related to the Chen-
Chvatal Conjecture for finite metric spaces [26]. It turns out that the existence of a
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universal line in a graph G is equivalent to gp~ (G) = 2; hence the lower general position
number can also be seen as quantifying how far away a graph is from containing a
universal line. It is easy to see that a graph G has a universal line if G has a bridge,
g(G) =2 or G is bipartite. It is shown in [101] that a block graph has a universal line
if and only if one of the blocks is K5. The main theorem of [101] is a characterisation
of Cartesian products with a universal line.

Theorem 5.4. [101, Theorem 4.1| Let G and H be non-trivial, connected graphs.
Then gp— (G O H) = 2 if and only if one of the following conditions holds.

(i) G or H has a maximal general position set consisting of two adjacent vertices,
or

(1) g(G) =2 and g(H) = 2.

It is not difficult to see that the lower general position number of odd cycles is
three, and for a complete r-partite graph with smallest part of size t the lower general
position number is min{r,¢}. The lower gp-numbers of Kneser graphs, line graphs of
complete graphs and rook graphs are given by [37] as follows.

Theorem 5.5. [37, Theorem 5.1] If n > 3, then

n € {3,6,7},
n € {5,8,9},
n € {10,11},
;o n=4orn>12.

gp (K(n,2)) =

D Ul W

For n > 12, a lower gp-set is the set of six 2-subsets of four symbols from [n].

Theorem 5.6. [37, Theorem 5.2] If n > 2, then

n even,

“(L(K,)) = by
gp” (L(Ky)) {n+3. n odd.

=
Lower gp-sets correspond to a perfect matching in K, for even n and a matching plus
a triangle for odd n.

Theorem 5.7. |37, Theorem 5.3| If r, s > 2, then

gp (K, O K,) = min{r, s}.

An interesting problem is to compare the lower general position number with the
geodetic number (recall the definition from Subsection [I.I)). A geodetic set has the
property that adding any vertex creates three-in-a-line, so intuition may suggest that
if a graph has a small geodetic set, then it must also have a small maximal general
position set. This turns out not to be the case, and |37] presents constructions that
demonstrate that there is a graph G with gp~(G) = a and g(G) = b if and only if
2<a<bord<b<a.
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The article [37] also considers the largest possible size of a graph with order n and
given lower gp-number k; in contrast to the extremal question for the ordinary general
position number, this problem is completely solved [37, Theorem 10|, and the unique
extremal graph is formed by deleting the edges of a copy of the star Sj from a clique
K,. Regarding complexity, [37] shows that the independent domination problem can
be polynomially reduced to the lower general position problem, so that the latter is
NP-complete.

Theorem 5.8. |37, Theorem 4.2] The LOWER GENERAL POSITION problem is NP-
complete.

The same paper also defines the lower version of the monophonic position number,
i.e. smallest maximal monophonic position sets. For example, any pair of vertices
at distance two in the Petersen graph constitute a lower mp-set. Of course for the
ordinary gp- and mp-numbers we have mp(G) < gp(G) for any graph G, and since
any mp-set is in general position, it may seem that this inequality should hold for the
lower versions of these numbers. However, an interesting feature of the lower position
numbers is that the inequality can be reversed, and indeed the lower mp-number can
be arbitrarily larger than the lower gp-number.

Theorem 5.9. [37, Theorem 6.1] For a,b > 1, there exists a graph G with mp~ (G) =
a and gp~ (G) =bif and only ifa=b,2<a<bor3 <b<a.

The lower general position problem for Cartesian products is treated in [77]. By
the result of [101], if either of the factors has a lower gp-set consisting of two adjacent
vertices (in particular this will hold if a factor is bipartite), then the lower general
position number of the product is trivially two. If G is an odd cycle or a wheel,
then |77] shows that gp~(G' O H) = 3, unless H has the form just mentioned. More
interesting results give the lower gp-numbers of Cartesian products of complete graphs
and complete multipartite graphs.

Theorem 5.10. |77, Theorem 2.6] If k > 2 and nqy > 2,...,n; > 2, then
gp (K, OK,, O---0K,,)=min{ny, ng,...,ng}.

Theorem 5.11. |77, Theorem 4.6| If G = K,y m,
my > s 2 My, Ny >0 >N, and my,ng > 2, then

and H = K, .. »,, wherer,s > 2,

min{r, s,m,,ns} < gp (G O H) < min{r, s, max{m,, ns}}.
Moreover, if either m, = ng or min{m,.,ns} > 8, then

gp (G O H) = min{r, s, m,,n,}.

The proof of Theorem [5.10] suggests the notion of orthogonal general position sets:
two (not necessarily disjoint) general position sets S; and Sy are orthogonal if any
shortest path starting in S; and ending in Sy contains just two vertices of the multiset
S1US,. In fact the vertices of a maximal general position set in the G-layers of G U K,
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correspond to orthogonal general position sets. The number of orthogonal maximal
general position sets that a graph can contain appears worthy of study.

Often the easiest way to find a small maximal general position set of a product
G O H is to look for such sets contained inside a single layer; a vertex subset of a
layer G" is a maximal general position set of G [0 H if and only if it corresponds to
a terminal set of G, where a set S C V(G) is terminal if S is a general position set
of G and adding any vertex u € V(G) — S to S would create three-in-a-line with u
as an endpoint. It is not clear that terminal sets exist for every graph. However, the
authors of |77] conjecture that such a set does always exist.

Conjecture 5.12. |77, Conjecture 3.3| Every graph has a terminal set.

Theorems 3.1 and 3.2 of [77]| provide an algorithmic proof that every graph with
diameter at most three has a terminal set (although it is not clear how close this
algorithm is to producing a smallest terminal set), and the conjecture is also proven
for cographs and chordal graphs. We close with an unexpectedly deep conjectured
lower bound for gp~ (G O H) in terms of the lower gp-numbers of the factors, which
has been verified for all pairs of graphs with order at most six by Erskine.

Conjecture 5.13. |77, Conjecture 2.10| For any graphs G and H,
gp (G U H) > min{gp™ (G),gp™ (H)}.

5.3 Colouring problems

Graph colourings in which each colour class is required to have some special property
are very common in graph theory. To give a very few examples, in proper colourings
(the foundational colouring problem) each colour class must constitute an independent
set, in cocolourings each colour class must induce either a clique or an independent set,
for 2-distance colourings any pair of vertices with the same colour must be at distance
at least two, and the domatic number of a graph is the largest possible number of
colours when each colour class is a dominating set.

A colouring version of Dudeney’s geometrical puzzle was considered in the short
note [122]. In this article Wood shows that if p is the smallest prime > n, then the
n xn chessboard can be covered by n+p—1 sets of pawns of different colours such that
each colour class has the no-three-in-line property, from which it follows that for any
€ > 0 and sufficiently large n at most (2 4 €)n colours suffice. As far as we are aware
the multiplicative constant has not been improved on since 2004. A more general
colouring conjecture for any collection of points in the plane is presented in [93] and
some progress towards this is contained in the thesis [92].

However, it seems that the first person to suggest investigating graph colourings in
which each colour class is a general position set was E. Sampathkumar, and this idea
was taken up in the recent paper [19]. The smallest number of colours needed to colour
V(@) such that each colour class is in general position is the gp-chromatic number of
G and is written y,,(G). For an example, in Figure [4] the red set on the left and the
blue set on the right together constitute a gp-colouring of the Petersen graph. Some
simple bounds on the gp-chromatic number are the following.
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Lemma 5.14. |19, Lemma 3.2| If G is a graph, then

n(G) n(G) — gp(G) + 2
[gp(G)w < Xw(0) < 2 '

Lemma 5.15. |19, Lemma 3.6] If G is a connected graph, then

[diam(QG) + 1} <O

The lower bound in Lemmal5.14] follows from the fact that any colour class contains
at most gp(G) vertices and the upper bound from a greedy colouring. The lower bound
in Lemma follows from the observation that any diametral path contains at most
two vertices from each colour class. The lower bound in Lemma is tight for
paths, cycles and cliques, and Lemma [5.15]is tight for block graphs. The article also
characterises graphs with very large or small values of the gp-chromatic number.

As any clique is in general position, x4,(G) is also bounded above by the clique
cover number. For similar reasons, the gp-chromatic number is bounded above by the
cochromatic number for graphs with diameter at most three. A more interesting bound
is that for any K -free graph, the gp-chromatic number is bounded above by the total
domination number 7;(G) (since any vertex neighbourhood is in general position and
at most v;(G) such neighbourhoods are needed to cover V(G)). However, the following
result shows that y,,(G) is not tied to v (G).

Theorem 5.16. |19, Theorem 4.10| There exists a diamond-free graph G with xq,(G) =
a and v (G) = b if and only if 1 < a <b.

The gp-chromatic numbers of complete multipartite graphs, Kneser graphs and line
graphs of complete graphs are determined. The most interesting of these is L(K,),
for which the answer is connected to the existence of Steiner triple systems and nearly
Kirkman triple systems.

Theorem 5.17. |19, Theorem 5.1| If r > 1 and ny > -+ > n,., then

Xep(Kny,on,) = min{r,n,_; .1 +i—1: i € [r]}.
Theorem 5.18. [19, Theorem 5.3 If n > 5, then xgp(K(n,2)) =n —3.
Theorem 5.19. |19, Theorem 4.10] If n > 3, then

2+1; ne{612},

otl. n =1,5mod 6,

Xep(L(EKR)) = § ,,° _ _
5 n=2,4mod 6, orn=0mod 6 and n > 18,
nl. n = 3 mod 6.

2

The article also treats the gp-chromatic number of Cartesian products of paths and
cycles. When both factors are large, maximum gp-sets nearly tessellate the vertex set
of the graph and the lower bound in Lemma holds asymptotically. In the case
of Theorem the upper bound follows from the total domination upper bound in
Theorem [5.16] A colouring of the type referred to in Theorem[5.20]is given in Figure[7]
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Theorem 5.20. [19, Theorem 7.4| If n > 4, then xqpn(Py O P,) =n+ 1.

Theorem 5.21. |19, Theorem 7.5] If ny,ny > 16, then

(n1 + 2)(ng + Q)J 4
4

ning

< Xep(Poy O Ppy) < {

Theorem 5.22. |19, Theorem 7.9] When ny > 5 and no =7 orng > 9,

Theorem 5.23. |19, Theorem 7.10] When s >t > 7,

Xgp(c7s D C7t) = 7St.

When the orders of the factors satisfy certain divisibility conditions, we can be more
precise. For example, if n; > 3 is odd and 12|ny, then g, (P, O P,,) = "2 + 2
(Theorem 7.6 of [19]).

Figure 7: A gp-colouring of a 4 x 6 Cartesian grid

However, when one of the factors is small such a ‘nearly perfect’ tessellation is not
always possible.

Theorem 5.24. [19, Theorem 7.2| If n > 3, then
2r; n = 3r,
Xep(Po O P,)=4¢2r+1; n=3r+1,
2r+2; n=3r+2.
Theorem 5.25. |19, Theorem 7.3| If n > 1, then

5n
Xep(P3 O P,) = 5 +0(1).

Moreover, if 12|n, then Xq,(P3 O P,) = 2 ezactly.

Finding the gp-chromatic number is, predictably, a computationally complex prob-
lem.
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Theorem 5.26. |19, Theorem 8.2| Deciding if a graph G has a gp-colouring with < k
colours is NP-complete even for instances (G, k) with diam(G) = 2 and k = 3.

The article [19] also discusses the analogous chromatic numbers corresponding to
colour classes that are in monophonic position, independent general position and inde-
pendent monophonic position (denoted by Xmp(G), Xep,(G) and xmp, (G) in the paper
respectively). One interesting question is finding the largest size of graphs with given
position chromatic numbers. For independent general or monophonic position colour-
ings the extremal graphs are given by Turan’s Theorem. By contrast, graphs with
fixed gp- or mp-chromatic number can have almost all edges present.

Theorem 5.27. |19, Theorem 4.12| For a > 2, the largest size of a graph with
Xep(G) = a is at least (Z) — % forn > @ and the largest size of a graph
with Xmp(G) = a is at least () — (a — 2)(2a — 1) for n > 2a.

The exact values of the extremal sizes remains an open question. Another open
problem is given in the following conjectured Nordhaus-Gaddum relation.

Conjecture 5.28. [19, Conjecture 9.3| If G is a graph and © € {gp,mp}, then

X (G) + Xy (G) < m+ 1.

5.4 Fractional position problems

The following fractional version of the general position problem turns out to be of
great interest.

Definition 5.29. A general position labelling of a connected graph G with n(G) > 2
is a non-negative real-valued function f on V(G) such that for any shortest path P
of G, the sum ZueV(P) f(u) is at most two. The fractional general position number
gp;(G) of G is the largest possible sum of labels of a general position labelling of G.

A fractional gp-labelling is obtained by assigning label one to every vertex of a
gp-set and zero to every other vertex. Furthermore, as the sum of the labels along
any shortest path is at most two, it follows that 2p(G) is an upper bound for gp,(G).
This yields the following pleasing bound.

Lemma 5.30. For any graph G, the fractional gp-number is bounded by
gp(G) < gps(G) < 20(G).

An equivalent problem was considered in [44] as the dual problem of the ‘fractional
isometric path number’, and without any connection to the general position problem.
For technical reasons our definition of fractional gp-number is always double the dual
of the fractional isometric path number, so we take the liberty of multiplying all results
of [44] by two. Note that the fractional general position problem can be construed as
a linear program, and hence the fractional general positional number is guaranteed to
be a rational number. Several of the following results were proven using properties of
the dual program.
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Firstly, since any shortest path has at most diam(G) + 1 vertices, one can assign

every vertex of a graph the label dia2—+1 to give the following lower bound.

m(G)

Lemma 5.31. [44, Theorem 1.1] If G is a graph, then gp,(G) > %.

Theorem 5.32. [44, Theorem 1.2] If n > 2 then gp;(K,) = n, and if n > 3, then

an ;
=L nois even
C,) = nt2’ ’
8ps(Ch) {—n4f1; n is odd.

Theorem 5.33. [44, Theorem 1.3] If T' is a tree, then gp,(T) = gp(T) = {(T).

2n+l
n+1 -’

Theorem 5.34. [44, Theorem 1.4] If n > 1, then gp;(Q,) =

The majority of the paper focusses on the square grid P, [ P,. Finding the frac-
tional general position number of this graph turns out to be a deep problem. The
following lower bound, which is the best known construction for even n, is obtained
by assigning label 0 to every vertex at distance < ¢ from a corner and label %fﬁ to
the remaining vertices, for some integer in the range 1 <t < 7.

Theorem 5.35. [44, Lemma 2.1] Forn >3 and 0 <t < 3,

n? —2t(t +1)

1
nt2

This construction can be improved on for odd n by labellings in which vertices
within a given distance from a corner are assigned label 0, and for the remaining
vertices the zero and non-zero labels create a chequerboard pattern.

Theorem 5.36. |44, Lemma 2.2| For odd n > 3,

e gpi(P, OF,) > % for 0 <k < 'm, where m = "= when n =1 (mod 4)
and m = "= when n = 3 (mod 4),

ogpf(PnDPn) > %forogkgm, wherem:%whennzl

(mod 4) and m = 222 when n =3 (mod 4).

The upper bound given in [44] is quite complex, but it is asymptotically equal to
2n. Hence the ratio of the upper and lower bounds tends to approximately 1.0082
as n — o0o. Exact values are only known for n < 7; however, by making use of the
symmetry of the grid, Erskine and Tuite have shown that the lower bound is best
possible for n < 10. Some values are shown in Table [l We therefore make the
following conjecture.

Conjecture 5.37. The lower bound from Theorem is optimal for even n and the
bound from Theorem[5.30 is optimal for odd n.
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n 314156 |7 8 9 10 [ 11| 12 | 13 14 | 15 | 16 17

24 64 | 42 | 104 | 32 | 176 240 | 46 312 | 194 | 432
Lower | 4| 5 6| 5 | 5 11 3 5 | 13| 7 3 19 11 | 23 20
24 64 | 42 | 104% | 32% | 176% 128 | 1602 | 19942 96 | 101318
Upper | 4| 5| 6|5 |5 | 33 3 15 14 | 5 103 | 1108 | 18| 5 5001

Table 1: Best known bounds for gp,(P, O P,) from [44]. Entries with a * are due to
Erskine and Tuite.

5.5 Games on graphs

When subsets of a graph exhibit a special property, a common question is how to
identify optimal subsets with this property, particularly when they emerge through
adversarial play. The articles [4] and [49] suggested looking at such games in the
geometric no-three-in-line problem. Klavzar, Neethu and Chandran [65]| introduced
two games on graphs in 2021: the general position achievement game and the general
position avoidance game gp-achievement and gp-avoidance for short).

In both games, two players (A and B) take turns selecting free vertices of a graph
G such that at any time the set of selected vertices is in general position; the first
player unable to move is the loser in the achievement game, but is the winner in
the avoidance game. In game terminology, the gp-achievement game corresponds to
the normal game (where the last player to move wins), while the gp-avoidance game
corresponds to the misére game (where the last player to move loses). By the classical
Zermelo-von Neumann Theorem, in both games one of the two players must have a
winning strategy, as these are finite, perfect-information games without the possibility
of a draw.

The key question, therefore, is: given a graph in one of these general position games,
which player has a winning strategy? It is important to note that the two games
are independent, meaning that winning the gp-achievement game on a given graph
does not imply that the same player will lose the gp-avoidance game on that graph.
Additionally, both games result in a maximal general position set. This suggests that
positional games might provide an effective means of constructing maximal general
position sets. Both games were further studied in the paper [20], in addition to the
context of computational complexity.

The sequence of vertices played in the position games on a graph G is denoted by
ay, by, as, by, . ... The vertices played by player A are ay, as, ..., and the vertices played
by player B are by, bq,.... For example, we can say that player A starts the game by
playing a; = x, where x € V(G). Suppose that z1,...,z; are the vertices played so
far on G. We say that y € V(G) is a playable vertex if y ¢ {x1,...,x;} and the set
{z1,...,2;}U{y} is a general position set of G. Let P/(. .. z;) represent the set of all
playable vertices after the vertices x1, ..., x; have already been played. The following
implicit strategies for the playable vertices, as proven in [20,(65], are useful in many
contexts.

Theorem 5.38. |65, Theorem 2.2| Let G be a graph. Then the following holds.
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(i) If A has a strategy such that after the vertex ay, k > 1, is played, the set
Pla(...ar) U{a1,by,...,ar} is a general position set and |Plg(...ay)| is even, then
A wins the gp-achievement game.

(ii) If B has a strategy such that after the vertex by, k > 1, is played, the set
Plo(... b)) U{ay, by, ..., bg} is a general position set and | Plg(...bg)| is even, then B
wins the gp-achievement game.

Theorem 5.39. |20, Theorem 2.4| Let G be a graph. Then the following holds.

(i) If A has a strategy such that after the vertexr ay, k > 1, is played, the set
Pla(...ax) U{a,b1,...,ar} is a general position set and |Plg(. .. ag)| is odd, then A
wins the gp-avoidance game.

(i1) If B has a strategy such that after the vertex by, k > 1, is played, the set
Plo(...bg) U{ay, by,...,bg} is a general position set and |Plg(...by)| is odd, then B
wins the gp-avoidance game.

As a consequence of Theorem the gp-achievement game is solved for complete
multipartite graphs and bipartite graphs as follows.

Proposition 5.40. [65, Theorem 2.3| Ifk > 2 and n; > 2, i € [k], then A wins the
gp-achievement game on K, . . if and only if k is odd and at least one n; is odd.

Theorem 5.41. |65, Theorem 2.5] Let G be a bipartite graph. Then A wins the
gp-achievement game on G if and only if the number of isolated vertices in G is odd.

As an application of Theoremm the gp-avoidance game is solved in |20, Theorem
2.5] for the complete multipartite graphs.

Proposition 5.42. If k > 2 and n; > 2, i € [k], then A wins the gp-avoidance game
on Ky, . n, tf and only if k is even and at least one n; is even.

For the generalised wheel W, ,,, = K,V C,,, we have the following result for the gp-
avoidance game. This contrasts with the observation that solving the gp-achievement
game on W, ,, appears to be challenging.

Theorem 5.43. |20, Theorem 2.6] If n > 1 and m > 3, then B wins the gp-avoidance
game on W, ., if and only if m > 4.

In 65|, the gp-achievement game is further investigated on Cartesian and lexico-
graphic products. This game is resolved for Cartesian products when one factor is a
bipartite graph.

Theorem 5.44. [65, Theorem 3.6] Let G be a connected graph and let H be a con-
nected bipartite graph with at least one edge. Then B wins the gp-achievement game

on GUOH.

The gp-achievement game on rook graphs was resolved in the following theorem.

Theorem 5.45. |65, Theorem 3.7| If n,m > 2, then A wins the gp-achievement game
on K, O K,, if and only if both n and m are odd.
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As remarked in |65, Corollary 3.5], if n is even and G is a connected graph, then B
wins the gp-achievement game on K, [J G. On the other hand, if n is odd and G is a
connected graph, the outcome of the gp-achievement game on K,, [J GG appears to be
difficult. This statement is justified by the proof of the following result.

Theorem 5.46. [65, Theorem 3.8] If m > 3, then A wins the gp-achievement game
on K3 O C,, if and only if m € {3,5}.

For the lexicographic product, we have the following result for the gp-achievement
games.

Theorem 5.47. |65, Theorem 4.3| If G is a connected graph, then B wins the gp-
achievement game on G o K,, if and only if B wins on G or n is even.

The paper [20] presents several additional results for the gp-avoidance game for
Cartesian and lexicographic products. We recall that player A wins the gp-achievement
game on the rook’s graphs K, [ K,, if and only if both n and m are odd. For the
gp-avoidance game, the following holds.

Theorem 5.48. |20, Theorem 4.4] If n,m > 2, then B wins the gp-avoidance game
on K, O K,, if and only if either n =2 and m is odd, or n =3 and m is even.

Recall that player B always wins the gp-achievement game for any connected bipar-
tite graph. However, solving the gp-avoidance game for arbitrary connected bipartite
graphs presents significant challenges. This difficulty is partly supported by the fol-
lowing results obtained for grids and cylinders.

Theorem 5.49. |20, Theorem 4.5| If n > 3 and m > 2, then B wins the gp-avoidance
game on P, 1 P,,.

Theorem 5.50. |20, Theorem 4.7| If n > 3 and m > 2, then B wins the gp-avoidance
game on C,, 0 P, if and only if n is odd.

For the lexicographic product, the following result holds for the gp-avoidance game.
The game is solved for a few more classes in [20].

Theorem 5.51. [20, Theorem 5.4] If G is a connected graph and n > 1, then B wins
the gp-avoidance game on G o K,, if and only if B wins the gp-avoidance game on G
and n s odd.

A different approach is taken in [70], inspired by the domination game. In this
Builder/Blocker game, two players, called Builder and Blocker, take it in turns to
add a new vertex to a general position set and play finishes when no further vertices
can be added without creating three-in-a-line. However the goals of the players are
diametrically opposed: Builder wishes the resulting general position set to be as large
as possible, whereas Blocker wants to keep the set as small as possible. If Builder
starts the game, this is called the B-game, but if Blocker starts it is the B’-game.
The number of vertices in the set built by optimal play in the B-game on a graph
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G is the Builder-game general position number gp,(G) and in the B’-game it is the
Blocker-game general position number gpfg(G).

Note that, whilst the achievement and avoidance gp-games can result in sets of
different sizes, the number of vertices in the output of the Builder-Blocker games is
always the same. As the game finishes with a maximal general position set, both
gpg(G) and gpg (G) will lie between gp™(G) and gp(G). In fact Corollary 2.8 of [70]
shows that for any triple 2 < ¢ < b < a there exists a graph G with gp(G) = a,
gpy(G) = b and gp~(G) = c.

The article determines these game numbers for different families of graphs. For
example, if £ > 2 and ny > --- > n, > 2, then gp,(K,, ) = min{ry,t} and
8Py ( Ky, ....r,) = max{r, t}. For Kneser graphs we have

gpg(K(n, 2)) = gp/g(K(n, 2)) = 6,

so that for n > 12 the game general position numbers coincide with the lower general
position number. It is shown that for trees gpg (T') < ¢(T) — A(T') +2 and the equality
case is characterised. However, the result for L(K,,) and K (n, k) for k > 2 is at present
unknown.

It is easily seen that a graph satisfies gp,(G) = 2 if and only if every vertex is
contained in a maximal general position set of order two. This is true, for example,
of any bipartite graph or any vertex-transitive graph with gp~(G) = 2. It would be
desirable to have a more elementary characterisation of these graphs. A graph with
gp{g(G) = 2 must have a special vertex u that Blocker can take advantage of such that
{u,v} yields a universal line for any v € V(G) — {u}; these graphs are characterised
in [70] and an example is shown in Figure[§] Every member of this family also satisfies

gpg(G) =2, 50 gp’g(G) = 2 implies gpg(G) = 2.

O
O
O

Figure 8: A graph with Blocker game general position number two.

An unexpectedly interesting question is: does it matter who goes first? Based
on the domination game and its ‘Continuation Principle’; see [17,[18], intuition may
suggest that the order of the players does not make a big difference. This turns out to
be completely false. We call a pair (a, b) realisable if there is a graph G with gp,(G) = a
and gp’g(G) = b. Proving that pairs with 2 < a < b are realisable is quite simple, but
for a < b the problem is harder. A construction involving identifying 4-cycles and an
odd number of 3-cycles along an edge shows that (a, b) is realisable if @ > b and b > 3
is odd. Some such pairs with even b were also found. The article therefore raised the
question: is every pair (a,b) with a > b > 2 and even b realisable? This question was
completely settled in the affirmative in a forthcoming article [43]. Finding the smallest
graphs that realise a given pair also seems a worthwhile problem.
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5.5.1 Complexity of games

The algorithmic complexity of deciding the winning player of the general position
achievement /avoidance games of a given graph was studied in [20]. It was proved
that the complexity of deciding the winning player of the general position achieve-
ment /avoidance games is in the class of PSPACE-complete problems even in graphs
with diameter at most 4. Formally, they consider the games as decision problems:
Given a graph G, does player A have a winning strategy?

The paper |20] presents a reduction to the general position achievement game from
the clique-forming game, which is PSPACE-complete (see [104] for the complexity
result on this problem). In this game, two players alternately select vertices from
a graph G, ensuring the selected vertices form a clique. The player who plays the
last vertex of a maximal clique wins. This game is similar to Node Kayles, which is
PSPACE-complete (see [104]). In Node Kayles, the goal is to form an independent
set. The clique-forming game is Node Kayles on the complement of the graph, and
vice versa.

Theorem 5.52. |20, Theorem 3.2] The game gp-achievement is PSPACE-complete
even on graphs with diameter at most four.

An analogous result, that is, PSPACE-completeness, is true for the gp-avoidance
game even on graphs of diameter at most four. By using a similar setting as for
the gp-achievement game, a reduction to the gp-avoidance games from the misére
clique-forming game is presented in [20|. For this purpose, the PSPACE-hardness
of the misére clique-forming game and the misére Node Kayles game was used. The
misére clique-forming game is the same as the clique-forming game, but the first player
unable to play wins the game. The misére clique-forming game is strongly related to
the misére Node Kayles game, whose objective is to obtain an independent set and
the first player unable to play wins the game.

Theorem 5.53. |20, Theorem 3.3] The game gp-avoidance is PSPACE-complete even
in graphs with diameter at most four.

The complexity of the decision version of the Builder/Blocker game is completely
unknown, but [70] gives the following conjecture.

Conjecture 5.54. |70, Conjecture 5.5 The decision versions of the B- and B’-games
are PSPACE-complete.

6 Open problems

We conclude this survey with a list of what the authors consider to be some of the
most important open problems in the field of position problems. When applicable, we
refer also to the paper in which the problem is first posed.

e Find a value of n for which 2n pawns cannot be placed in general position in the
No-Three-In-Line Problem (Hard).
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[122, Problem 2] What is the smallest value of ¢ such that (c+e€)n colours suffice
for any € > 0 and sufficiently large n to cover an n x n chessboard with coloured

pawns, such that each colour class has the no-three-in-line property? It is known
that 1 <c¢ <2

[4] Are the orders of both types of ‘geometric dominating sets’ from Subsec-
tion monotone in n for the n x n grid? And are smallest geometric dom-
inating sets with the no-three-in-line property always larger than the smallest
geometric dominating sets without this property?

Investigate position problems in directed graphs and hypergraphs.

|71, Problem 4.8] Is it true that if G and H are arbitrary connected graphs,
then gp(G X H) = gp(G) gp(H)?

(G)

. wp
[107] Is the ratio O

bounded for connected graphs?

What is the largest possible size of a graph with given order and equidistant
number?

[19, Conjecture 9.3] Is it true that if G is a graph and m € {gp,mp}, then

X (G) + X (G) < n(G) + 17

Prove that the detour position number of a graph is bounded above by n— D +1,
where D is the detour diameter.

[77, Conjecture 3.3] Does every graph contain a terminal set?

|77, Conjecture 2.10] Is it true that gp~ (G O H) > min{gp (G),gp (H)} for
any graphs G, H?

[120] Find an exact formula for mex(n; k) for £ > 3, and improve the Ramsey-
theoretic upper bound for gex(n; k).

[120, Conjecture 4.5] Prove that for any n > 11 there is a circulant graph with
order n, monophonic position number two and diameter two.

Identify families of graphs with unimodal general position polynomial.

[19, Problem 9.2] (Packing problem) For a connected graph G, what is the
largest number of disjoint maximal general position sets contained in G?

[112] Characterise the graphs G with gp(G) = gpo(G) = gpa(G) = gp:(G).

Which graphs contain a dominating set that is in general position? Or a metric
resolving set that is in general position?

[70, Conjecture 11| What is the complexity of the decision version of the
Builder/Blocker general position game?

|63] What is the complexity of finding Moby,(G)?

o4



e [44] Find the fractional general position number of Cartesian grids.

e [s there a graph with general position number three and mutual visibility number
greater than seven? (It is not hard to show that there is a graph G with gp(G) =
a and u(G) =bif 4 < a < b, but what happens for a = 3, b > 7 is unknown).
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