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Abstract

Graph entropy is an emerging concept in graph theory that has not yet been exten-
sively explored. Most research focuses on figuring out this parameter for different graph
families. In this paper, the eigenvalue-based entropies, the first Zagreb entropy, the
second Zagreb entropy, and the sum-connectivity entropy are introduced. The impor-
tance of graph energy and entropy in comprehending molecular activity in the context
of alkanes is emphasized. By employing linear regression, the correlation between the
adjacency energy, first and second Zagreb energy, sum-connectivity energy, and molec-
ular properties of 72 alkane isomers starting from butane to nonane are explored.
Multicollinearity is addressed using double regression, which shows that energy and
entropy descriptors act as independent variables with variance inflation factors below
2.5, ensuring minimal redundancy. Our findings indicate a strong correlation between
energy-entropy pairs and the physicochemical properties, reinforcing their predic-
tive significance. Additionally, a 10-fold cross-validation approach is implemented to
validate model robustness and predictive reliability. Entropy, when included as an inde-
pendent variable in double regression, exhibits a moderate positive correlation with
melting point and a strong positive correlation with respect to critical pressure and
vapor pressure, which is not observed in linear regression. Further, sum-connectivity
spectral radius and spectral spread exhibit high correlations with density and refrac-
tive index with correlation values of 0.92456 and 0.89765, respectively. The dataset,
spectral parameters, and regression models presented in this study offer a structured
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framework for property prediction in hydrocarbons, with potential applications in
chemical informatics.

1 Introduction

The primary focus of organic chemistry is the study of molecules that contain car-
bon, including their compositions, structures, properties, reactions, and synthesis. In
organic chemistry, alkanes [? ], are a fundamental class of hydrocarbons composed
entirely of carbon and hydrogen atoms. They are known as saturated hydrocarbons
because each carbon atom in them is only connected by a single bond, allowing for the
maximum number of hydrogen atoms to be bound to each carbon. The formula for
alkanes is CnH2n+2 , where n is the number of carbon atoms. Single bonds between
the hydrogen and carbon atoms make alkanes nonpolar, unreactive, and comparatively
stable molecules.

Alkanes exist in multiple structural configurations called isomers, in addition to
their stability. This is pertinent when a carbon chain has four or more atoms. Despite
having the same molecular formula, isomers differ in their structural configurations,
giving them unique physical and chemical characteristics. Alkanes are important for
understanding functionalized organic molecules and complicated hydrocarbons. As
alkanes have well-defined structures, it is beneficial to learn about the fundamentals
of molecular structure, bonding, and reactivity in organic chemistry. Chemical graph
theory [? ] denotes molecules as graphs with bonds as edges and atoms as vertices.
This representation helps to predict molecular properties based on structure. Graph
spectral parameters are one of the important tools in understanding the properties of
molecular graphs. Graph entropies [? ], based on the eigenvalues of these graphs, help
to measure the complexity and stability of molecular structures.

In this paper, QSPR analysis on 72 isomers from butane to nonane is conducted
to determine the correlation between molecular structure and various physiochemical
properties. The main objective is to develop predictive models that could accurately
estimate properties such as boiling point, melting point, critical temperature, critical
pressure, molar volume, molar refraction, the heat of vaporization, density, refractive
index, surface tension, vapor pressure, logP, complexity, flash point, and polarizability
based on the molecular structure of the alkanes. Double regression analysis enables
us to assess the impact of various structural factors while simultaneously mitigating
the effects of multicollinearity, a common issue in regression models. This statistical
method helps us to establish a relationship between the independent variables and a
dependent variable that allows for prediction and an evaluation of how variations in
input factors influence the outcome. The coefficient of determination R2 helps us to
assess how well the independent variables account for the variability in the dependent
variable. The F -test is used to determine whether the overall regression model is
significant or not. It helps to evaluate whether the independent variables explain a
significant amount of variance in the dependent variable. A high F -value with a low
p-value < 0.05 expresses that the model is statistically significant. Multicollinearity
occurs when independent variables in a regression model exhibit strong correlations,
making it difficult to interpret their individual effects. To quantify the extent of this
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issue, the Variance Inflation Factor (VIF) is utilized. VIF measures how much the
variance of a regression coefficient is increased due to collinearity among predictors.
A VIF > 10 indicates a serious multicollinearity problem, whereas a VIF between 1
and 5 suggests minimal impact on the model’s reliability and is considered acceptable,
and a VIF equal to 1 indicates no multicollinearity.

2 Preliminaries

Given a chemical compound, the molecular graph is constructed in such a way that
the carbon atoms are considered as vertices, bonds between the atoms are considered
as edges, and hydrogen atoms are ignored. The hydrogen atoms are ignored due to the
fact that they are univalent, and their main role is in saturating the carbon atoms.

Let A(G) be the adjacency matrix of a graph G of order r, and let ξi, i ∈ [r] =
{1, 2, . . . , r} be the eigenvalues of A(G) such that ξ1 ≥ ξ2 ≥ · · · ≥ ξr. The arrangement
of distinct eigenvalues, along with their algebraic multiplicities, is called the spectrum
of G. The highest among all the eigenvalues is known as spectral radius [? ]. The
spectral gap is the difference between the largest and the second-largest eigenvalue
of A(G) and is used as an indicator of graph connectivity. The spectral spread is
the difference between the maximum and the minimum eigenvalue. It gives insight
into the overall range of the eigenvalues and can be related to the graph’s structural
diversity. The sum of absolute eigenvalues of the graph’s adjacency matrix is termed
as energy [? ] and is written as E [A(G)] =

∑r
i=1 |ξi|. This value has been proved to

be an appropriate indicator for the π-electron energy in organic compounds.
The first Zagreb matrix [? ] of a graph G is a square matrix FZ(G) such that each

entry in the matrix will be δi + δj , if the vertices νi and νj are adjacent to each other
or zero otherwise. Here δi and δj are the degrees of the vertices νi and νj respectively.
If αi, i ∈ [r], are the eigenvalues of FZ(G), then the first Zagreb energy is given by
E [FZ(G)] =

∑r
i=1 |αi|.

The second Zagreb matrix [? ] SZ(G) = [dij ] of a graph G is a square matrix of
order r defined by

dij =

{
δi · δj ; νi ∼ νj ,

0; otherwise.

If µ1, µ2, . . . , µr are the eigenvalues of SZ(G), then its corresponding energy is
E [SZ(G)] =

∑r
i=1 |µi|.

The sum connectivity matrix [? ] SC(G) = [sij ] of a graph G is defined as

sij =

{
1√

δi+δj
; (νi, νj) ∈ E(G),

0; otherwise.

The summation of the absolute values of the eigenvalues of SC(G) is the sum-
connectivity energy E [SC(G)] of G.
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The eigenvalue-based modulus adjacency entropy of G [? ] is defined as

I[A(G)] = −
r∑

i=1

|ξi|
E [A(G)]

log
|ξi|

E [A(G)]
.

In order to carry out the QSPR analysis on the physical properties of alkanes, in
parallel to the adjacency entropy we now introduce the first Zagreb entropy, the second
Zagreb entropy, and the sum-connectivity entropy as follows.

� The first Zagreb modulus entropy is

I[FZ(G)] = −
r∑

i=1

|αi|
E [FZ(G)]

log
|αi|

E [FZ(G)]
,

where αi, i ∈ [r], are the eigenvalues of FZ(G).
� The second Zagreb modulus entropy is

I[SZ(G)] = −
r∑

i=1

|µi|
E [SZ(G)]

log
|µi|

E [SZ(G)]
,

where µi are the eigenvalues of SZ(G).
� The sum-connectivity modulus entropy is

I[SC(G)] = −
r∑

i=1

|γi|
E [SC(G)]

log
|γi|

E [SC(G)]
,

where γi are the eigenvalues of SC(G).

3 Literature Survey

The notion of graph energy was introduced by Gutman and Trinajstić [? ], and a num-
ber of findings pertaining to variations in energy, spectral radius, and its bounds can
be found in the literature. D H Rouvray and C Crafford [? ] applied topological invari-
ants derived from molecular graphs to study and predict physicochemical properties
of organic molecules. They examined the relationship between boiling point, refractive
index, surface tension and density with the topological indices and showed that these
structural descriptors correlate strongly with experimental property values, support-
ing the idea that molecular topology influences macroscopic behavior. Verbruggen and
Tolls [? ] carried out a literature study on the physicochemical properties of aliphatic
hydrocarbons containing ten or more carbon atoms. Raja and Anuradha [? ] performed
regression analysis with Sombor indices and its variants along with their associated
entropies in analysing the physical attributes of family of alkanes with carbon range
of four to nine. Mondal et al. [? ] developed an algorithm model to make the com-
putation of the energy and its Estrada index along with its integral representation
of energy. Sripriya and Anuradha [? ] compared first and second Zagreb energy for
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certain families of graphs and provided a criterion leading to an infinite set of non-
isomorphic Zagreb equi-energetic graphs for all r > 1 within-partite graphs. Prakasha
et al. [? ] have obtained interesting results on sum-connectivity energy for some fam-
ilies of graphs. Sripriya and Anuradha [? ] determined sum-connectivity energy on
graph operations and given spectra in terms of base graphs themselves. A survey
describing the techniques involved in measuring graph entropy and demonstrating its
broad applicability was conducted by Dehmer and Mowshowitz [? ]. Dehmer et al. [?
] have created a broad structure for determining the graph entropy based on a local
information graph and related functions derived from the graph topology. The entropy
based on eigenvalues of the directed bipartite network has been defined by Sun and
Zhao [? ]. Altassan et al. [? ] discussed the QSPR analysis and carried out statisti-
cal modeling (linear, logarithmic, and quadratic) of the physiochemical properties of
anticancer drugs with the ISI-index (energy). Bhadre et al. [? ] relate energies with
the QSPR analysis of 67 alkanes. Andrew and Anuradha [? ] found that the spectral
gap has a great correlation with the density of nonane isomers. They also established
a correlation between the spectral gap and refractive Index of the compound decane
and all its isomers [? ]. Kumar et al. [? ] computed QSPR analysis of alkanes on cer-
tain degree-based indices. Sharon et al. [? ] investigated the transmission properties
of H-naphtalenic nanosheets using graph-theoretical approaches. Raj et al. explore
the application of graph-theoretical concepts to analyze the molecular structures of
key anti-HIV drugs [? ]. Dong et al.[? ] derived Wiener-entropy and the eccentricity-
entropy and by deriving its extremal behaviour concluded that the Wiener-entropy
of graphs of a given order is more spread than the eccentricity-entropy. In addition,
numerous researchers address a wide range of QSPR analysis results on different drugs,
nanotubes, various operations, molecules, etc., employing various topological indices [?
? ? ? ? ? ].

4 Results and Discussion

The molecular graph for the 72 alkane isomers from butane to nonane is constructed.
The matrices, such as the adjacency matrix, the first Zagreb matrix, the second Zagreb
matrix, and the sum-connectivity matrix, are determined and the eigenvalues and
energies are computed using MATLAB. The eigenvalue-based entropies are calculated
using the program.
Input n (number of eigenvalues)

Initialize sum = 0, result = 0
For i = 1 to n:
Input eigenvalue γi
Add |γi| to sum
If sum = 0, print error and stop
For i = 1 to n:
If γi = 0, skip
Compute pi = |γi|/sum
Compute entropy = pi ∗ log(pi)
Add to result
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Set entropy = -result
Print entropy.
Physiochemical properties such as boiling point, melting point, critical temper-

ature, critical pressure, molar volume, molar refraction, the heat of vaporization,
density, refractive index, surface tension, vapor pressure, logP, complexity, flash point,
and polarizability are taken to find the relationship among the molecular descriptors.
All the physical properties of alkanes are taken from online resources: Chemspider[?
], National Institute of Standards and Technology[? ] and Pubchem [? ]. Table 1 gives
the energy and entropy for the 72 alkane isomers. The regression analysis for the ener-
gies found in Table 1 is shown in Tables 2-5. The linear regression is obtained using
the equation Y = a + b(MD), where Y is the physiochemical property considered,
MD represents the energy that is being examined, a and b are constant and regres-
sion coefficients, respectively. Further, r, F , p, and S.E.E. represent the correlation
coefficient, F -value, and standard error of estimate respectively.

End
Figure 1 gives the correlation coefficient between energy and physical properties of
alkanes. Some interesting results observed in the process are listed below.

 

Observation:  

1) The pairs (I2,I3), (I5,I9,I17,I18,I23,I26,I40, I47), (I7,I38), (I8,I12) ,(I10,I24,I50),(I14,I35), 

(I15,I34,I55,I61),(I16,I52), (I25,I51), (I28,I45), (I42,I57), (I43,I60), (I66,I67,I69,I72), 

(I31,I71),(I49,I68), (I48,I56) have same adjacency spectral radius and same spectral 

spread. 

2) The pair (I2,I5), (I3,I8,I9,I15,I18,I36,I69), (I11,I12,I17,I23,I24,I34,I49,I52,I58,I61,I62, 

I63, I65,I67,I68,I72) have the same adjacency second largest eigenvalue. 

3) The pair (I1,I9,I18,I37), (I17,I23) (I67,I72)(I25,I51) (I26,I40)(I31,I71),(I49,I68),(I43,60), 

(I42,I57),(I53,I62) have same adjacency spectral gap. 

4) The pair of isomers (I2, I5),(I3,I8,I15,I18,I36,I69),(I11,I23,I27,I49,I52), 

(I17,I34,I63,I68),(I21,I43), (I25,I40), (I45,II67) have same first Zagreb eigenvalue. 

5) The pair (I2,I5), (I3,I8,I15,I18,I36,I69), (I11,I23,I49,I52), (I12,I24,I62,I72), (I17,I34,I68), 

(I54,I66) have the same second Zagreb eigenvalue. 

6) The pair (I1,I3) have the same second Zagreb spectral gap. 

7) The pair of graphs (I3, I4), (I12, I14, I17), (I13, I19), (I18, I23. I25, I66), 

(I21,I26,I28,I32),(I22,I39,I42,I47,I55),(I24,I37,I40),(I27,I33,I43,I57),(I30,34),(I31,41,44)

, (I35,I53),(I36,I51,I60), (I45,I64,I72),(I48,I59),(I49,I50),(I63,68),(I65,I67,I71) have the 

same sum-connectivity spectral radius and spectral spread. 

8) The pair of graphs (I2,I5), (I3,I8,I15,I18,I36,I69), (I11.I23,I49,I52), (I24,I61), (I62,I72), 

(I34,I63,I69),(I43,I50), (I22,I60) have the same sum-connectivity second largest 

eigenvalue. 

9) The pair (I16,I35),(I27,I29) ,(I63,I68) have the same sum-connectivity spectral gap. 

10) From the figure, except for the isomer 1, adjacency entropy is directly proportional to 

adjacency energy. 

11) From the figure, sum-connectivity energy and its corresponding entropy are not exactly 

proportional, but exhibit a strong linear relationship meaning that as energy increases, its 

entropy tends to increase in a fairly consistent way, but not exactly at the same rate every 

time. 

-1

-0.5

0

0.5

1

1.5

Correlation Coefficient between the properties  of alkanes 
and energies 

Adjacency energy first Zagreb energy second Zagreb energy sum-connectivity

Fig. 1 Correlation Coefficient between the properties of alkanes and energies.

Observation

1. The following isomer pairs (referred using serial numbers from Table 1)
(2,3), (5,9,17,18,23,26,40,47), (7,38), (8,12), (10,24,50), (14,35), (15,34,55,61),
(16,52),(25,51),(28,45), (42,57), (43,60), (66,67,69,72), (31,71), (49,68), (48,56) have
the same adjacency spectral radius and same adjacency spectral spread. The alkane
isomers (2,5), (3,8,9,15,18,36,69), (11,12,17,23,24,34,49, 52,58,61,62,63,65,67,68,72)
have the same adjacency second largest eigenvalue. Further, (1,9,18,37), (17,23),
(67,72), (25,51) (26,40), (31,71), (49,68), (43,60), (42,57), and (53,62) have the same
adjacency spectral gap.

2. The alkane isomers (2,5), (3,8,15,18,36,69), (11,23,27,49,52), (17,34,63,68), (21,43),
(25,40), (45,67) have the same first Zagreb eigenvalue.
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3. Similarly, (2,5), (3,8,15,18,36,69), (11,23,49,52), (12,24,62,72), (17,34,68), (54,66)
have the same second Zagreb eigenvalue, and (1,3) have the same second Zagreb
spectral gap.

4. The pairs of isomers (3,4), (12,14,17), (13,19), (18,23,25,66), (21,26,28,32),
(22,39,42,47,55), (24,37,40), (27,33,43,57), (30,34), (31,41,44), (35,53), (36,51,60),
(45,64,72), (48,59), (49,50), (63,68), (65,67,71) have the same sum-connectivity
spectral radius and spectral spread. Also (2,5), (3,8,15,18,36,69), (11,23,49,52),
(24,61), (62,72), (34,63,69), (43,50), (22,60) have the same sum-connectivity second
largest eigenvalue, and (16,35), (27,29), and (63,68) have the same sum-connectivity
spectral gap.

5. A comparative analysis of Tables 2-5 shows that the first Zagreb energy is highly
correlated for the properties like boiling point, critical temperature, molar vol-
ume, molar refraction, density, index of refraction, and polarizability with values
0.946, 0.944, 0.964, 0.964, 0.923, 0.945, and 0.966 respectively, whereas adjacency
energy performs relatively higher with respect to the descriptors heat of vaporiza-
tion, surface tension, logP, flash point with correlation values 0.914, 0.916, and 0.9
respectively. The second Zagreb energy exhibits a high correlation in complexity
with a correlation value of 0.916.

6. The low correlation values of −0.021, −0.18, −0.218, and −0.056 observed between
the graph-theoretical descriptors of adjacency energy, first and second Zagreb
energy, sum-connectivity energy, and the melting points of isomers stem from the
fact that these descriptors fail to identify the precise factors that influence melt-
ing points. Melting points are influenced by a solid’s molecular interactions, such
as how effectively molecules pack or adhere to one another. These descriptors pri-
marily describe the molecular structures but do not indicate the behavior of the
molecules during the transition from solid to liquid state.

7. The strong negative correlation of −0.832, −0.858, −0.793, and −0.753 suggests
that these graph energies serve as a good predictor for critical pressure, and there
is a clear relationship indicating an increase in these energy values corresponds to
a decrease in the critical pressure.

8. Also, these energy descriptors show an inverse relationship with respect to vapor
pressure (from the table), which suggests that when the structural complexity of the
molecule increases, the vapor pressure tends to decrease. This enables us to under-
stand that molecules with higher structural descriptors are less likely to evaporate
easily, and hence, they have lower vapor pressure.

9. The low p-values suggest that the correlations are not only statistically significant
but also robust and consistent. This provides a strong validation to describe the
relation between the molecular descriptors and physical properties. This enables us
to understand that these energy descriptors are likely accurate and may be trusted
for predictive purposes.

10. The low standard error of estimate suggests that the difference between the
observed and predicted values of the physical properties is small and hence makes
accurate predictions.

13



5 Double Regression Analysis on Isomers

From the previous section, it can be seen that although statistical regression tech-
niques yielded interesting results for many of the physiochemical properties, they do
not give satisfactory results in some cases, such as melting point. The linear regres-
sion yielded a negative correlation for some of the properties. Hence, further detailed
analysis is warranted, and also a study to understand the role of graph entropy in
such analysis is found necessary at this stage. With this in view, our study is extended
using double regression analysis. The term double regression refers to a statistical
modeling technique where two descriptors are concurrently used to forecast the value
of a single response. Here, the four energy variants and their corresponding entropies
are considered independent variables, and each of the physical properties of 72 iso-
mers of alkanes are taken as a dependent variable, and statistical analysis is carried
out. It is observed that there is a very high correlation for all the properties of alkanes
using double regression. It is also noticed that there is a moderate positive correla-
tion in melting point while using energy and entropy as an independent variable than
linear regression. This is an interesting factor to be reckoned with since a survey of
the existing literature shows only a negative correlation for this particular property.
Critical pressure and vapor pressure also find a very high positive correlation when
entropy is introduced as one of the independent variables. This is a crucial point, as
earlier studies only yield a negative correlation for this property. This high positiv-
ity occurred only due to the presence of the indicator graph entropy. Hence, entropy
serves as a very good descriptor for understanding the relationship among the com-
pounds. The inclusion of eigenvalue-based entropy in the analysis suggests that the
complexity and distribution of energy levels within the molecular graph structure are
also being considered and hence, influence the relationship between molecular descrip-
tors and physical properties differently in multiple regression models compared to
simple linear regression. Table 6 exhibits the results obtained from the double regres-
sion using various combinations of energy and their entropy pairs. Table 7 gives the
variance inflation factor, RMSE, and MAE of the predictor variables using a 10-fold
cross-validation process, which validates our findings.

Observation

1. Physical properties like boiling point, critical temperature, heat of vaporization,
density, surface tension, logo, and flash point are highly correlated with second
Zagreb energy and its corresponding entropy with values 0.974, 0.965, 0.942, 0.933,
0.942, 0.956, and 0.924 respectively. A comparison of Tables 4 and 6 indicates the
significant role of entropy with improved correlation, validating the usage of the
double regression technique.

2. Properties like molar volume, molar refraction, index of refraction, vapor pressure,
complexity, and polarizability exhibit a strong correlation with first Zagreb energy
and its corresponding entropy with correlation values of 0.966, 0.966, 0.950, 0.768,
0.953, and 0.968 respectively. As in previous observations, the energy-entropy pair
has resulted in improved correlation (Tables 3 and 6).
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3. The correlation values are stronger, indicating a better fit and a more meaningful
relationship between the descriptors (energy and entropy) for the property: melting
point. Further, it can interpreted from Table 6 that a combination of the first
Zagreb energy and its corresponding entropy is more effective in predicting the
melting point for these alkanes compared to using individual descriptors in linear
regression (refer to Tables 2-5).

4. The correlation values are not only strong but also positive, indicating that the
combination of energy and entropy pairs is highly predictive for the critical pressure
and for vapor pressure, which is not so in the linear regression. Hence the double
regression model suggests that when energy and entropy are combined, they provide
a more accurate and positively correlated prediction.

5. The high R2 values and highly significant F -test results revealed remarkable pre-
dictive performance. A p-value < 0.05 indicates that the results are statistically
significant, meaning there is strong evidence against the null hypothesis, which
usually states that there is no relationship between the variables. Except for the
melting point, the p-values for physical properties considered here are much smaller
than 0.05, indicating that the relationship observed between the descriptors (energy
and its corresponding eigenvalue-based entropy) and the properties are highly sta-
tistically significant and highly predictive in QSPR analysis. Thus the high F -value
with significantly low p-values R2 indicates that the overall regression model is
statistically significant.

6 Validation of Model Performance Using 10-Fold
Cross-Validation

To ensure the robustness and reliability of our regression models, we employed 10-fold
cross-validation to compute Root Mean Squared Error (RMSE) and Mean Abso-
lute Error (MAE), and to assess the potential issue of multicollinearity, the Variance
Inflation Factor (VIF) was calculated. The results from Table 7 indicate that the
first Zagreb energy and second Zagreb energy descriptors, along with their entropy
parameter, provide statistically reliable models with minimal multicollinearity, as evi-
denced by VIF values less than 2.5, whereas adjacency energy and sum-connectivity,
along with their entropy parameters, exhibited a higher VIF, suggesting potential
multicollinearity concerns that may require further refinement through dimensional-
ity reduction or alternative modeling techniques. The low RMSE and MAE values
(Table 8) for a majority of the attributes indicate that the models perform extremely
well in terms of prediction. The resilience and predictive ability of the models in esti-
mating physiochemical attributes are thereby clearly demonstrated by the consistently
low RMSE and MAE values observed over 10-fold cross-validation with significantly
low p-values. Figure 2-3 illustrates the optimal regression line within the double
regression model, highlighting the model’s goodness of fit.
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Fig. 2 Best-fit line obtained through double regression
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Table 7 Variance inflation factor for independent variables

E [A(G)],I[A(G)] E [FZ(G)],I[FZ(G)] E [SZ(G)],I[SZ(G)] E [SC(G)],I[SC(G)]

8.199 2.194 1.417 14.522

Table 8 VIF, RMSE, MAE values of the predictor variables

Properties Energy and Entropy
pair

VIF RMSE MAE p-value

Boiling point E [SZ(G)], I[SZ(G)] 1.417 6.065 4.286 3.57e-45

Melting point E [FZ(G)], I[FZ(G)] 2.233 28.274 21.986 0.00752

Critical temperature E [FZ(G)], I[FZ(G)] 1.417 9.944 7.893 5.51e-41

Critical pressure E [A(G)], I[A(G)] 8.199 1.718 1.384 1.18e-24

Molar volume E [FZ(G)], I[FZ(G)] 2.194 4.658 3.404 3.62e-41

Molar refraction E [FZ(G)], I[FZ(G)] 2.194 1.286 0.952 1.63e-41

Heat of vapourisation E [SZ(G)], I[SZ(G)] 1.417 1.614 1.078 1.85e-33

Density E [SZ(G)], I[SZ(G)] 1.417 0.012 0.009 2.09e-31

Index of Refraction E [FZ(G)], I[FZ(G)] 2.194 0.004 0.004 1.86e-35

Surface tension E [SZ(G)], I[SZ(G)] 1.408 0.485 0.396 4.16e-33

logP E [SZ(G)], I[SZ(G)] 1.417 0.177 0.125 4.16e-33

complexity E [FZ(G)], I[FZ(G)] 2.194 4.532 5.243 1.59e-36

Flash point E [SZ(G)], I[SZ(G)] 1.417 10.579 8.518 1.65e-29

Polarizability E [FZ(G)], I[FZ(G)] 2.170 0.484 0.376 1.4e-41

7 Comparative analysis of other spectral
parameters for density and refractive index

In this section, the spectral properties (excluding energy and entropy) are used as
molecular descriptors to build predictive models that relate the structure of a molecule
to its physiochemical properties. Statistical analysis with properties such as den-
sity and refractive index of 72 isomers with spectral radii, second largest eigenvalue,
spectral gap, and spectral spread for the adjacency, first and second Zagreb, sum-
connectivity matrices are established in Tables 9 and 10, and Figure 4 gives the line
of best fit for the spectral parameters of SC(G).

Observation

1. It is observed from Tables 9 and 10 that the spectral radius of sum-connectivity
matrix SC(G) is highly correlated for both density and refractive index with
correlation values 0.92456 and 0.89765, respectively.

2. A notable positive linear relationship between density and the second-largest eigen-
value SC(G) is seen with a correlation of 0.75069. Similarly, a positive and high
correlation between the refractive index and the second-largest eigenvalue of the
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Fig. 3 Best-fit line obtained through double regression(Continued)

sum-connectivity matrix r = 0.71592 is noted. However, as compared to other spec-
tra, the second largest eigenvalue of the adjacency matrix is comparatively high
for both density and refractive index with correlations of 0.77167 and 0.72629,
respectively.

3. There is an inverse relation between the spectral gap SC(G) and density r =
−0.63315 as well as for refractive index with a correlation value −0.67717. This
shows that as the spectral gap increases, the density (refractive index) tends to
decrease, and vice versa.
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Fig. 4 Line of best fit for the spectral parameters of SC(G)
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Table 11 Comparison of r values with other graph-based indices

Index BP CT CP MV MR HV ST

ZM1 0.848 0.896 -0.645 0.778 0.833 0.740 0.802
ZM2 0.875 0.909 -0.698 0.819 0.862 0.803 0.830
ABC 0.748 0.815 -0.451 0.585 0.656 0.638 0.756
R 0.486 0.518 -0.474 0.528 0.546 0.301 0.336
SCI 0.625 0.657 -0.579 0.649 0.673 0.450 0.471
RR 0.879 0.917 -0.705 0.832 0.879 0.783 0.820
GO1 0.867 0.908 -0.675 0.804 0.854 0.777 0.822
GO2 0.806 0.844 -0.639 0.759 0.800 0.727 0.746
GA 0.751 0.789 -0.680 0.771 0.799 0.612 0.620
SO 0.728 0.906 -0.133 0.829 0.983 0.975 0.845
SOred 0.260 0.629 0.647 -0.62 -0.537 0.356 0.62
Mij 0.743 0.817 -0.734 0.794 0.816 0.689 0.670
mij 0.879 0.910 -0.828 0.822 0.824 0.912 0.869
A(G) 0.940 0.919 -0.832 0.897 0.901 0.914 0.916
FZ(G) 0.946 0.944 -0.858 0.964 0.964 0.903 0.817
SZ(G) 0.908 0.921 -0.793 0.926 0.925 0.856 0.734
SC(G) 0.871 0.845 -0.753 0.798 0.804 0.850 0.895
A(G), I[A(G)] 0.953 0.926 0.893 0.947 0.950 0.927 0.916
FZ(G), I[FZ(G)] 0.969 0.962 0.863 0.966 0.966 0.933 0.917
SZ(G), I[SZ(G)] 0.974 0.965 0.861 0.957 0.959 0.942 0.942
SC(G), I[SC(G)] 0.874 0.845 0.799 0.815 0.821 0.857 0.898

4. The strong positive correlation with r = 0.92456 and 0.89765 suggests that density
and refractive index is closely related to the spectral spread of SC(G) with density
(refractive index) increases as spectral spread increases.

5. A p-values of 0.000 suggest that there is strong statistical evidence to reject the null
hypothesis, claiming there is no relationship between the spectral properties such as
spectral radius, second-largest eigenvalue, spectral gap, and spectral spread. This
implies that these spectral properties are highly relevant and serve as significant
predictors for the property of interest.

6. The smaller the standard error, the better the model’s fit to the data. This indicates
that the spectral properties are effectively capturing the underlying relationship
with the properties.

8 Comparison with other correlation values for
various descriptors

The correlation analysis presented in Table 11 reveals a comprehensive comparison
between various topological indices and key physicochemical properties of molecular
structures, highlighting the effectiveness of different descriptors in QSPR modeling.
Among all the indices, such as the first Zagreb ZM1, second Zagreb ZM2 index, ABC
index, Randić index R, Reciprocal Randić RR, sum-connectivity index SCI, Gourava
indices GO1 and GO2, GA index, Sombor index SO and its variants, maximum
degree energy index Mij , minimum degree energy index mij , the composite descrip-
tors that integrate with entropy namely (SZ(G), I[SZ(G)]), (FZ(G), I[FZ(G)]), and
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(A(G), I[A(G)]), exhibit the highest overall correlation values across most prop-
erties. Specifically, the energy-entropy descriptor (SZ(G), I[SZ(G))] demonstrates
the strongest correlations with boiling point BP (0.974), critical temperature CT
(0.965), molar volume MV (0.957), molar refraction MR (0.959), enthalpy of vapor-
ization HV (0.942), and surface tension ST (0.942), underscoring its robustness as
a predictive tool. Similarly, (FZ(G), I[FZ(G)]) show excellent performance, particu-
larly in predicting properties like molar volume, molar refraction, boiling point and
(A(G), I[A(G)]) is high in critical pressure, suggesting that these indices capture struc-
tural and energetic information. In contrast, individual descriptors such as R, SCI,
and SOred display generally weak or inconsistent correlations, with SOred even show-
ing negative values for molar volume and molar Refraction, indicating their limited
standalone utility. Interestingly, while the SO index without entropy enhancement
performs poorly for critical pressure (-0.133), it yields exceptionally high correlations
with molar refractivity (0.983) and enthalpy of vaporization (0.975), suggesting a selec-
tive but potent predictive ability. Adding entropy consistently enhances the predictive
strength of most indices, emphasizing the synergistic role of entropy-based measures
in capturing molecular complexity and variability. Overall, the findings strongly sup-
port using composite energy-entropy descriptors, especially those based on the second
Zagreb and first Zagreb matrices, as superior tools in the QSPR modeling of a wide
range of molecular properties.

9 Conclusion

A comprehensive study of 72 alkane isomers starting from butane to nonane provided
critical insights through statistical analysis by using linear and double regression mod-
els. Linear regression demonstrates that the graph energies effectively predict specific
physicochemical properties of alkane isomers. Double regression models incorporating
graph energy and its corresponding entropy provided a more nuanced understand-
ing of the relationship between molecular descriptors and the physical properties.
To ensure the robustness and predictive reliability of these models, a 10-fold cross-
validation was performed. The consistently low RMSE and MAE values through the
cross-validation folds indicate strong model generalizability. Moreover, the high R2 and
F -Value, significantly small p-values confirmed a strong linear relationship between
the molecular descriptors and the physical properties. An essential aspect of the study
was the evaluation of multicollinearity among the descriptors. Variance inflation fac-
tor analysis reveals minimal multicollinearity for the first and second Zagreb energies,
along with their corresponding entropies, except for the adjacency energy and sum-
connectivity energy, which exhibited a higher VIF. This suggests that Zagreb energies
and their corresponding entropy are statistically independent variables, whereas adja-
cency and sum-connectivity energies may contribute redundant information in some
models. Furthermore, spectral properties such as spectral radius, second-largest eigen-
value, spectral gap, and spectral spread were identified as highly significant predictors
for density and refractive index in alkane isomers. These findings highlight strong
statistical evidence, high model accuracy, and valuable insights from both linear and
double regression analysis. The integration of 10-fold cross-validation further supports
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the reliability of the models, while the multicollinearity assessment provides guidance
on descriptor selection for future studies. This work suggests new avenues for further
research with practical applications in chemical compound analysis, drug design, and
materials science.
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