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1 Introduction

Throughout this paper A will be an algebra over a field F. We shall tacitly assume that char(F) # 2,
although this is not always necessary. It is well-known that A becomes a Lie algebra if we replace
the original product by the new product, the so-called Lie product, given by the commutator

[z,y] = zy — yx for z,y € A.

Ideals of A with respect to the Lie product are called Lie ideals of A. Thus, a Lie ideal of A is a
linear subspace L of A such that

la,z] € L for alla € Aand x € L.

How does the associative structure of the algebra A effect the Lie structure of A7 In particular, is
it possible to describe Lie ideals of A through associative ideals of A7 This and related questions
such as the link between Lie ideals and conjugate-invariant subspace of unital algebras, have been
an active area of research for more than 50 years. They have been studied in pure algebra (see
e.g. [A, BFM, H1, H2, H3, JR, LM, MM1, MM2, Mu|) and, more or less independently, also in
functional analysis, particularly in operator algebras (see e.g. [BM, CY, FM, FR, FMS, FN, HMS,
HP, Ma, MaMu, MS, Mi, To|). One of the goals of this paper is to “glue” these two areas; that
is, we will apply purely algebraic results, derived in the first part of the paper, to the second part
dealing with Banach algebras, especially with W*-algebras and C*-algebras.
By 3.4 we denote the center of A. For linear subspaces K and M of A, we denote

KM = linear span{ab: a € K, b€ M} and [K, M| = linear span{[a,b]: a € K, b€ M}.

Ideals of A are obvious, but rather special examples of Lie ideals. Another and, as we shall see, a

more important example of a Lie ideal that arises from an ideal J is [J, A]. But even this is not

sufficiently general, more complicated examples related to this one can be easily constructed. So

what could be a satisfactory description of Lie ideals in terms of ideals? Before giving what we

believe is an adequate answer to this question, we mention two rather old and well-known results.
The first one is a classical theorem by Herstein [H1]:

Theorem 1.1 If A is a simple algebra, then a linear subspace L of A is a Lie ideal of A if and
only if either L O [A, A], or L C 3 4.

The second result is due to Fong, Miers and Sourour [FMS]:



Theorem 1.2 A linear subspace L of the algebra A = B(H) of all bounded linear operators on a
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separable Hilbert space H is a Lie ideal of A if and only if there exists an ideal J of A such that
[J,AlICLCJ+Cly. (1.1)

These two characterizations of Lie ideals might appear rather different, but they can be viewed
inside the same framework, as we shall now see. For any subspace K of A, we set

N(K)={z € A [z, 4 C K}.

For example, N({0}) = 3.4 and N([A, A]) = A. The condition that K is a Lie ideal of A can be
expressed as that K C N(K). Further, note that in this case every linear space lying between K
and N(K) is a Lie ideal. In particular, if J is an ideal of A, then every subspace L such that

[J,A] € L C N([J, A (1.2)

is a Lie ideal. We will say that such a Lie ideal L is embraced by an ideal J. We regard Lie ideals
that are embraced by ideals as “trivial” ones in the sense that they arise from associative ideals,
so they reflect just the structure of A and are not concerned with some peculiar properties of A~.
Note that the aforementioned results imply the following;:

Theorem 1.3 (Herstein) Every Lie ideal of a simple algebra is embraced by an ideal.
Theorem 1.4 (Fong-Miers-Sourour) Every Lie ideal of B(H) is embraced by an ideal.

Theorem 1.3 is clearly equivalent to Theorem 1.1, while Theorem 1.4 seemingly tells us less
than Theorem 1.2. Nevertheless, it is equivalent to Theorem 1.2 due to Calkin’s result [C] saying
that N(J) = J + C1, for each ideal J of A= B(H), so that J+C1 C N([J, A]) C N(J)=J+C1
and, therefore, N([J, A]) = J + C1.

Motivated by Theorems 1.3 and 1.4, we now propose the following general problem. Given an
algebra A, is every Lie ideal of A embraced by an ideal? If the answer is “yes”, then all Lie ideals
of A arise from ideals of A, that is, they are completely determined by associative ideals of A.
In general this is the optimal description of Lie ideals one can hope for; in a particular algebra,
one can of course also try to determine [J, A] and N([J, A]) for all ideals J, and hence obtain a
more accurate description. But in the present paper this problem will not be in the center of our
attention. Nevertheless, as a consequence of special properties of algebras that we shall consider,
we will usually obtain a sharper conclusion than just (1.2).

To the best of our knowledge, the idea of considering condition (1.2) is new. There is, however,
a similar condition that has gained some interest in the past. We shall say that a subspace L of A
is related to an ideal J of A if

[J,A] C L C N(J). (1.3)

As N([J, A]) € N(J), (1.2) implies (1.3), so if L is embraced by J, then it is also related to J. The
converse is not true in general. Moreover, unlike (1.2), (1.3) does not imply that L is a Lie ideal.
So the condition of being related to an ideal is not entirely satisfactory for describing Lie ideals.
Anyhow, this condition naturally appears in the study of Lie ideals. If A = M,,(B), the algebra
of all n X n matrices over an arbitrary unital algebra 5, then every Lie ideal of A is related to an
ideal. This was proved by Murphy [Mu] for n = 2, and later extended to an arbitrary n by Marcoux



[Ma]. The condition (1.3) will be of some importance also in the present paper, in particular as an
intermediate step towards (1.2). Another condition considered in this paper is the following one.
We shall say that a subspace L of A is commutator equal to an ideal J of A if

L, Al = [J, Al (1.4)

This condition does not guarantee that L is a Lie ideal, and so it is not entirely appropriate for
characterizing Lie ideals. However, if we do know that L is a Lie ideal, then (1.4) implies (1.2).
Summarizing the notions introduced above, we have

Definition 1.5 Let L be a Lie ideal and J be an ideal of A. We say that
(i) L and J are related if [J,A] C L C N(J);
(ii) J embraces L if [J, A] C L C N([J, A]);
(iii) L and J are commutator equal if [L,A] = [J, Al.

From the discussion above it follows that (iii)==-(ii)==(i).

In Section 2 we give a more detailed insight into the notions introduced in Definition 1.5. In
particular, we show that there exist (a) Lie ideals that are not related to ideals, (b) Lie ideals that
are related to ideals but not embraced by ideals, and (c) linear subspaces that are related to and
commutator equal to ideals but are not Lie ideals. We also obtain some preparatory results and
review the foundations of Herstein’s theory of Lie ideals.

In Section 3 we consider a unital algebra A that contains an idempotent p;. The main idea
is to describe the properties of Lie ideals of A via the properties of Lie ideals of the algebra
p1Ap1 + poApo, where po = 1 — p1. We show that this is possible if p; satisfies a rather mild
condition. The background behind this result is that it makes it possible for us to effectively
handle W*-algebras in Section 5. At the same time, the result is of some interest in its own right.

Section 4 is devoted to the study of Lie ideals in the tensor product B® P of algebras B and P,
where B is a (locally) unital algebra. The main restrictions are imposed on the algebra P. Firstly,
P is assumed to be a prime algebra satisfying some further technical conditions. A complete
description of Lie ideals in this generality seems to be out of reach. We do, however, associate with
every Lie ideal L of B ® P a pair of ideals of B and P that are in some sense connected to L. For
a simple P, we construct a large variety of Lie ideals of B ® P from Lie ideals of B and P, and
thoroughly analyse the case when dim(P/[P,P]) < 1. In this situation we are able to precisely
describe Lie ideals of B&P. In the special case where P = M, (F) this leads to a characterization of
Lie ideals of M,,(B) = B® M,,(F), which essentially strengthens the results of Murphy and Marcoux
mentioned above. Since Lie ideals of M, (B) are not necessarily embraced by ideals (they are only
related to ideals), this characterization is necessarily a bit complicated. With Section 4 a purely
algebraic part of the paper ends.

In Section 5 we study Lie ideals (closed and non-closed) of Banach algebras. To analyse relations
between Lie ideals and associative ideals of Banach algebras A, we consider topological analogues
of the algebraic conditions. We say that a Lie ideal L is topologically embraced by an ideal J if

7. 4] € T < N(TA): (1.5)

and that L is topologically commutator equal to J if

[L7'A] = [J7 A] (1'6)



Although these conditions are weaker than the corresponding algebraic conditions, they are suffi-
ciently strong to characterize closed Lie ideals of many Banach algebras. Indeed, if all closed Lie
ideals of A are topologically embraced by closed ideals, then the set of all closed Lie ideals of A
consists of all closed subspaces that lie between [J, A] and N([J, A]), where J is an arbitrary closed
ideal of A.

For many classes of Banach algebras the link between closed Lie ideals and closed associative
ideals is very strong. Miers [Mi| showed that if A is a W*-algebra then, for each closed Lie ideal
L, there is a closed ideal J such that J C L+ 34 C J + 3 4. For uniformly hyperfinite triangular
operator algebras .4, Hudson, Marcoux and Sourour [HMS] proved that each L satisfies the inclusion
J C L CJ+ D, for some closed ideal J of A and some closed subalgebra D of the diagonal of A.
Marcoux [Ma] established that each simple UHF-algebra A has only four closed Lie ideals: {0}, C1,
[A, A] and A. In [MaMu] Marcoux and Murphy showed that it is also true for all unital simple C*-
algebras with only one tracial state (for example, for all UHF-algebras, for the irrational rotation
algebras Ay, for Bunce-Deddens algebras and for the reduced group C*-algebras C,.(F,,), where F,,
is the free group on n > 1 generators).

We describe closed Lie ideals of some Banach *-subalgebras of the C*-algebra C(H) of all
compact operators on a Hilbert space H. In particular, we consider symmetrically normed ideals
of C(H) and the “differential” subalgebras of C'(H), defined by symmetric operators (the term
“differential” arises from the fact that these subalgebras are the domains of closed *-derivations of

We also obtain some Banach algebraic counterpart of the results of Section 4 on tensor products.
We prove that, for any unital Banach algebra B, the closed Lie ideals of the projective tensor product
B&C(H) and, more generally, of B®.7, where 7 is a separable symmetrically normed ideal of B(H)
different from C4, are ideals.

Going over from the general Banach case to a more special case of C*-algebras, we first consider
arbitrary (not necessarily closed) Lie ideals of W*-algebras. Relying heavily on algebraic properties
of W*-algebras, we derive from the results of Sections 3 and 4 the desirable characterization of Lie
ideals in general W*-algebras: every Lie ideal of a W*-algebra is commutator equal to (and, hence,
embraced by) an ideal.

The relation between Lie ideals and associative ideals in general C*-algebras A is much more
complicated and varied than in W*-algebras. We show that, for a closed Lie ideal L and a closed
associative ideal J of A, the “topological” conditions (1.5) and (1.6) are equivalent and that they
are equivalent to the algebraic condition that L and J are related. Using the characterization of
Lie ideals in W*-algebras, we establish the result that completely describes closed Lie ideals of
C*-algebras in terms of ideals: each Lie ideal of a C*-algebra is topologically commutator equal to
an associative ideal.

In special cases more transparent descriptions of closed Lie ideals can be possible. Thus if A
has no tracial states then each closed Lie ideal lies between I and N(I), for some closed ideal I of
A. Moreover, using the technique developed in the analysis of projective tensor products, we show
that any closed Lie ideal of a stable C*-algebra A (A = A® C(H)) is an ideal.

The authors are very grateful to the referee for the careful reading of the paper and for numerous
perceptive and helpful comments.




2 Lie ideals in general algebras.

As above, A will be an algebra over a field F with char(F) # 2, and by 34 we denote its center. For
any subset S of A, denote by Id(S) the ideal of A generated by S that contains S, that is, Id(S)
is the linear span of all elements s, as, sa, asb with s € S and a,b € A. Let x,y,z € A. Then

[zy, 2] = [2,y2] + [y, 2], (2.1)
[zy, 2] = [z, 2]y + 2y, 2]. (2.2)

Let L be a Lie ideal of A. Then LA C L + AL and AL C L + LA. Hence
Id(L)=L+ AL =L+ LA, (2.3)

and
ALA C ALN LA, so AL and LA are ideals of A. (2.4)

Let us point out that if L, L are Lie ideals of A, then [L, L'] is again a Lie ideal (just use the Jacobi
identity to check this). This will be often used in the sequel.

Lemma 2.1 (i) For a Lie ideal L and an ideal J of A conditions in Definition 1.5 satisfy the
implication (iii) = (ii) = (i).
(i) If A = [A, A] + 3.4 then conditions (i), (ii), (iii) in Definition 1.5 are equivalent.

Proof. Part (i) is evident. Assume that A = [A, A] + 34 and show that condition (i) of
Definition 1.5 implies condition (iii). If L is related to J then [J, A] C L and [L, . A] C J. By Jacobi

identity,
(L, Al = [L,[A, Al + 34] = [L, [A, A]] C [[L, A], A] C [J, Al

Similarly [/, A] C [L, A]. Hence [J,A] = [L, A]. m

It should be noted that the condition A = [ A, A] + 34 holds for many important classes of pure
and Banach algebras (for example, all W*-algebras satisfy this condition (see (5.18)).

The next four results are basically due to Herstein, at least they can be extracted from his
arguments [H2, pp. 4-5].

Proposition 2.2 If L is a Lie ideal of A then N(L) is a subalgebra and a Lie ideal of A and
Id([L, L]) € Id([N(L),N(L)]) € N(L). (2.5)
Proof. For z,y € N(L) and a € A, we have from (2.1)
[zy,a] = [x,ya] + [y, ax] € L.
Hence xy € N(L), so N(L) is a subalgebra of A. It follows from the definition of N(L) that
[N(L),A] C L. (2.6)

As L C N(L), (2.6) in particular shows that N(L) is a Lie ideal of A.
As L C N(L), we only have to prove that Id([N (L), N(L)]) € N(L). Further, since N(L) is a Lie
ideal of A, so is [N(L), N(L)], and hence in view of (2.3) it suffices to show that A[N(L), N(L)] C

(o] [=]

e2.1

e2.2
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Herstein

N(L). Given a € A and z,y € N(L), it follows from (2.2) that a[z,y] = [az,y] — [a,y]z. As
N(L) is a Lie ideal and a subalgebra of A, both terms in the right-hand side lie in N(L). Whence
alz,yl € N(L). m

Proposition 2.2 yields

Corollary 2.3 Each non-commutative Lie ideal L of A contains a Lie ideal of the form [J, A]
where J is a non-zero ideal of A. Moreover, one can take J = Id([L, L]).

The condition that L is non-commutative can be further weakened in semiprime algebras, that
is, the algebras in which a.Aa = {0} implies a = 0.

Proposition 2.4 If L is a commutative Lie ideal of a semiprime algebra A, then L C 3 4.

Proof. For all z € L and a € A, [, [r,a]] = 0. Fix x and write d,(a) = [r,a]. Then d2(a) =0
for all a € A. Taking into account that, by (2.2), dy(ab) = ad(b) + dy(a)b for a,b € A, we have

0 = d%(ab) = ad?(b) + 2d,(a)d,(b) + d2(a)b = 2d,(a)d.(b).
As char(F) # 2, it follows that d;(a)d,;(b) = 0 for all a,b € A. Hence, for all ¢ € A,
dz(a)cdy(a) = dy(a)dy(ca) — dg(a)dz(c)a = 0.
Since A is semiprime, dy(a) = [z,a] =0 for all a € A. Thus z € 34,50 LC 34.m

A subspace of A is called central if it is contained in 3 4. Proposition 2.4 thus tells us that in
semiprime algebras each non-central Lie ideal is non-commutative. Hence Corollary 2.3 may be
extended from non-commutative Lie ideals to non-central ones as follows.

Theorem 2.5 (Herstein) Each non-central Lie ideal L of a semiprime algebra A contains a Lie
ideal of the form [J, A] where J is a non-zero ideal of A. Moreover, one can take J = I1d([L, L]).

Note that Theorem 1.3 follows immediately from Proposition 2.4 and Theorem 2.5.

So we see that it is not too difficult to find Lie ideals [J, A], with a non-zero ideal J, inside a
non-central Lie ideal L. However, this does not give us any information about how big is [J, A]; in
principle it could be a very small portion of L. Our goal is to find J so that [J, A] is as “close” to
L as possible. The condition (1.2) that L is embraced by J can be equivalently written as

(L, A C[J, A C L. (2.7)

So the problem is to locate [J, A] between [L, A] and L. The nice structure of some of the algebras
we shall consider will allow us to find J so that actually L is commutator equal to J: [L, A] = [J, A].
The weakest condition (1.3) in which we are interested that L is related to J can be rewritten

as
[J,A] C L and [L, A] C J, (2.8)

so L and J appear symmetrically. Note that the set of ideals J satisfying this condition, for a fixed
Lie ideal L, is closed under intersections and sums. Therefore, if L is related to some ideal J, then
there exist the smallest ideal and the largest ideal to which L is related.

impii



Lemma 2.6 A Lie ideal L of A is related to an ideal of A if and only if 1d([L, A]) C N(L).

Moreover, in this case 1d([L, A]) is the smallest ideal to which L is related.

Proof. If L is related to an ideal J, then we see from the second relation in (2.8) that
Id([L, A]) € J. So the first relation implies that Id([L,.4]) € N(L). The converse is obvious.
Also, it is clear that Id([L,.A]) is the smallest ideal related to L. m

Thus, in order to show that a Lie ideal L is related to some ideal, one just has to check that
[Id([L, A]), A] C L. (2.9)
As [[L, A], A] C L and since, by (2.3), Id([L, A]) = [L, A] + [L, A] A, (2.9) is equivalent to
[[L, AlA,A] C L. (2.10)

Proposition 2.7 For a Lie ideal L of A, set I, = Id([L, L]).
(i) If[L,A] C Iy, then L is related to an ideal.
(ii) If the quotient algebra A/Iy, is semiprime or commutative, then [L, A] C I

Proof. By Proposition 2.2, I, C N(L), so part (i) follows from Lemma 2.6.

Let 6 be the canonical map from .4 onto A/Iy,. Then 6(L) is a Lie ideal of A/I, and [#(L),0(L)] =
O([L,L]) = {0}. If A/I}, is semiprime then, by Proposition 2.4, 6(L) lies in the centre of A/I}.
Hence [L, A] C I,. If A/I}, is commutative, [L, A] C [A, A] C I;. =

It should be noted that, even for ideals I, the inclusion [I,.A] C Id([I, I]) does not always hold.
For example, in the algebra A of all upper triangular 2 x 2 matrices over F, consider the ideal
I =[A, A]. Then [I,I] = {0} but [I,.A] # {0}.

The condition (2.10) is rather concrete and so the problem of showing that a Lie ideal is related
to an ideal is quite accessible. However, the problem of showing that a Lie ideal L is embraced by
some ideal is, in general, much harder, since there does not seem to be a way of expressing this
condition by a simple formula involving only L and A; that is, the ideal J in (2.7) is “unknown”,
while in (2.8) we know that Id([L,.A]) is the natural candidate for J.

If a Lie ideal L is related to some ideal, one can then ask whether this ideal is unique. In
other words, is Id([L, .A]) the only ideal to which L is related? The answer is clearly negative
in commutative algebras, and, in view of Herstein’s theorem, clearly positive in non-commutative
simple algebras. A more interesting example where the answer is positive is B(H). Namely, Fong
and Murphy showed in [FM] the uniqueness of the ideal J in the Fong-Miers-Sourour theorem (see
(1.1)). This uniqueness problem will also be one of the issues in this paper.

The next lemma shows that if one can describe Lie ideals of A through ideals of A, then the
same description carries over to homomorphic images of A.

Lemma 2.8 Let B be a homomorphic image of A. If each Lie ideal of A is embraced by (related
to, commutator equal to) an ideal of A, then all Lie ideals of B have the same property.

Proof. Let 7 : A — B be a surjective algebra homomorphism. If M is a Lie ideal of B,
then L = 7—1(M) is a Lie ideal of A. Suppose that L is embraced by an ideal J of A, so that
(2.7) holds. Since m(L) = M and K = w(J) is an ideal of B, applying 7 to (2.7) we get that
[M,B] C [K,B] C M. Thus M is embraced by K.

reliii
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The other two conditions can be handled similarly. m

We end this section with examples showing the independence and the non-triviality of the
concepts that were introduced. In view of Lemma 2.8 it is natural to search for such examples in
free algebras (since every algebra is a homomorphic image of a free algebra).

Example 2.9 Let A=TF(x,y,z,w) be the free algebra in z,y,z,w. Then the Lie ideal
L =Fz + [z, A] + [[z, A], A] + [[[z, A], A], A] + ...
of A generated by x is not related to any ideal.

Proof. Suppose that L is related to some ideal. Then Id([L,.A4]) C N(L) by Lemma 2.6, so
(2.10) holds. In particular, [[x,y]z,w] € L. Note that this is possible only if there are A\; € F such
that

[z, y]z,w] = Mz, yzw] + Aoz, ywz] + As]x, zyw] + Ag[z, zwy]
+ 5[z, wyz] + Aslx, wzy] + Ar[[z, y], zw] + Ag[x, y], wz]
+Ao[[z, 2], yw] + Aol[z, 2], wy] + A [[z, w], yz] + Az[z, w], 2y]
+Aws[[z, yz], w] + Awal[w, 2y, w] + Ais[[z, yw], 2] + Ag[[w, wy, 2]
FArr[[z, 2w, y] + Ausl[w, wz], y] + Ao[[[z, v, 2], w] + Aso[[z, y], w], 2]
FAau[l[z, 2],y w] + Aga[[[z, 2], w, y] + Aasl[[z, w], y], 2] + Aaal[[z, w], 2], y).

Comparing the coefficients at the monomials wyxz, zxwy, ywrz and zzxyw, respectively, we get

—A10 — A16 + A1g + A0 +Ao1 =
—A10 — A16 — A22 — A2z — Aoy =
—Ag— A5+ A2+ Aoz + Aoy =
—Ag—A15 — A9 — A0 —Aa1 =

o o o =

JFrom the first two identities we infer that

A19 + A20 + Aot + Aoz + Aoz + Aoy = 1,
while the last two identities imply that

A1g + Aog + A2t + A2 + A2z + Agq = 0.
This contradiction shows that L is not related to any ideal of A. m

Example 2.10 Let A = F(x,y, z) be the free algebra in x,y,z. Denote by A, the linear span of
all monomials of degree greater or equal to n. Then

L =Fzx+ [z, Al + [[z, A], A] + A4

is a Lie ideal of A related to an ideal, but not embraced by any ideal.
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Proof. It is clear that L is a Lie ideal of A. As A =TF1+ A; and [L, A] C Ay,
(L, A]JA, A] C[[L, A], Al + [[L, A]A1, Al C L+ [[L,AJA, Al C L+ Ay =L,

so L satisfies (2.10) which means that it is related to an ideal (see Lemma 2.6). Suppose that L is
embraced by an ideal J. Pick an arbitrary element u € J and write u = a + Bx + vy + 0z + uo,
where «, 3,7,0 € F and us € As. We have

Blz, y] + 0lz, y] + [uz,y] = [u,y] € [/, A C L,
from which we easily infer that § = 0. Similarly we see that v = 0. Hence
aly, 2] + Blay, 2] + [ugy, 2] = [uy, 2] € [J, A] € L.

As [ugy, z] € Ay C L, it follows that aly, z] + Blzy, z] € L, whence a = 0. Suppose 3 # 0. Then
[ry, z] € L. 1t is easy to see that then we must have

[y, 2] = M, y2] + hela, 2yl + Al ol 2] + Al 2], 9]

for some \; € F. However, comparing the coefficients at the monomials zzy and yxz we obtain
—1=—X3— Ay and 0 = —\3 — A4, which is clearly impossible. Thus 8 = 0 as well, and so u = us.
That is to say, J C As. However, this yields [z,y] € [L, A] C [J, A] C A3 — a contradiction. Thus
L is not embraced by any ideal. m

Example 2.11 Let A be the algebra of all strictly upper triangular 3 x 3 matrices over F, that is,
A = Feip + Fei3 + Feas, where e;; denote matriz units. Then L = Feq2 is a linear space related to
an ideal and commutator equal to an ideal, but is not a Lie ideal.

Proof. Clearly, L is not a Lie ideal, as [L, A] = Fejs does not lie in L. As [A, A] = Feys3, L is
commutator equal to A. Finally, L is related to the ideal J = Fey3. =

3 Lie ideals in algebras with idempotents.

The presence of an idempotent p; in a unital algebra A makes it possible to reduce the study of
the relation between Lie ideals and ideals in A to the study of this relation in the “block-diagonal
subalgebra” Ay = p1Ap1 + paAps of A with po = 1 — p;. We will show that, under some mild
conditions on p1, a Lie ideal L of A is related to (embraced by) an ideal of A if and only if the
same is true for the Lie ideal Ly = L N Ay of Ag. This link, interesting by itself, becomes crucial
for the study of Lie ideals of W*-algebras (see Section 5).

Firstly we will consider the simplest case when A = A; + Aj is the direct sum of subalgebras.
(In this case we do not require that A contains idempotents p; such that 4; = p;A. However, if
A has such idempotents then they are central.) If all Lie ideals of A; and Ay are embraced by
ideals, then Lie ideals of A are not necessarily embraced by ideals of A. If, however, all Lie ideals
of A1 and Ay are commutator equal to ideals, then all Lie ideals of A are also commutator equal
to ideals.



Proposition 3.1 Let A= Ay + Ay be the direct sum of algebras Ay and As.
(i) FEach Lie ideal of A is commutator equal to an ideal of A if and only if all Lie ideals of Ay
and Ao are commutator equal to ideals.
(ii) Let Ay or Ay be unital. Let all Lie ideals of A1 and As be commutator equal to ideals. Then
each Lie ideal of A is only related to one ideal of A if and only if each Lie ideal of A1 and As is

only related to one ideal.

Proof. Denote by P; the projections on the subalgebras A; in A: P;j(z; + x2) = x;, for all
x; € A;. (If A contains idempotents p; such that A; = p; A, then P;(x1+x2) = p;jx1+pix2). Assume
that each Lie ideal of A is commutator equal to an ideal of A and show that A;, As have the same
property. Every Lie ideal L; of A; is a Lie ideal of A. So there is an ideal J of A such that [Lq, A] =
[J,A]l. As [L1, A] = Py[L1, A] = [L1, A1], we have [L1, A1] = Pi[L1, Al = Pi[J, A] = [J1, A1], where
J1 = P1J is an ideal of A;. The “only if” part is proved.

Let L be a Lie ideal of A. Then L; = P;L is a Lie ideal of A;,

L CLy+ Ly and [L, A] = [Ly, Ay] + [L2, Az). (3.1)
If all Lie ideals of A; and Ay are commutator equal to ideals, then
[J1, A1] = [L1, A;1] and [J2, As] = [Lo, As],
for some ideals J; of A;. Then J = J; 4 Js is an ideal of A and, by (3.1),
[J, Al = [J1, A1] + [Jo, As] = [L1, A1] + [Lo, A2] = [L, A].

Part (i) is proved.

Suppose now that A; is unital and that each Lie ideal of the algebra A; and of A5 is commutator
equal to an ideal and is only related to one ideal. Let L be a Lie ideal of A and let J = J; + Jo
be the ideal constructed above that commutator equal to L. Then J is related to L. Assume that
there is another ideal I related to L, that is, [L, A] C I and [I, A] C L. As A; is unital, the ideals
I =PI =141 of Ay and Iy = PoI of Ag liein I and I = I; + I». By (3.1), we have

(L1, Al] + [L2, A2] = [L,A]C1=1+1I
1, A1) 4 [12, A2) = [I,A] C L C L+ L.

Hence [L;, A;] C I; and [I;, A;] C L; for i = 1,2. Thus L; is related to I;. The Lie ideal L; is also
related to the ideal Jy. As L; is only related to one ideal, Iy = Ji. Similarly, Io = Js. Hence I = J,
so L is only related to one ideal.

On the other hand, if a Lie ideal M of A; is related to ideals I; and I of Aj;, then M considered
as a Lie ideal of A is related to the ideals I; and I considered as ideals of A. m

We will consider now the general case of a unital algebra A4 with an idempotent p;. We do
not assume that p; and ps = 1 — p; are equivalent, so A is not, generally speaking, isomorphic to
M, (B). For a linear subspace L of A, set L;; = p;Lp;. The subspaces L;; of A do not necessarily
lie in L. We have

AiAij = Aij, AijAjr C Ai and Ay Ay, = {0} if j # k, (3.2)
[A’ij7 ij] = Aiijk C Ay if i £ k.
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A linear subspace J of A is an ideal if and only if

J = Ju + Ji2 + Jo1 + Jaz, with Jij A C Ji and AjjJjm C Jim. (34) |1.4

Indeed, if J is an ideal, then J;; = p;Jp; € J and J;jAjx € Jig, AijJjm € Jim. For each x € J,
x = p1xp1 + pr1epe + paxpr + paxpe, so (3.4) holds. The converse is evident.

Lemma 3.2 (i) A linear subspace L is a Lie ideal of A if and only if

L = L+ Loy + Lg where Ly = LN (A1 + Az2) C L1y + Lo, (3.5)
LijAjj = [Lij, Ajjl = Lij = AiiLij = [Aii, Lij] for i # j, (3.6) [1.6]
[Lg, A1 + Aga] = [L11, A11] + [La2, A2) C Ly, 3.7) [1.7]

[Lijs Ajil € La, [Las Aij) C Lij fori # . (3:8)

(ii) If L is a Lie ideal of A then
[L, Al = Lia + Lo1 + [L11, A11] + [La2, A22] + [L12, A21] + [Lo1, Ai2].

Proof. Let L be a Lie ideal of A. For each z € L,

p1apy = %([ph [p1,2]] + [p1,2]) € L and poap; = %([ph [p1, x]] = [p1,2]) € L.

Hence Ly + Loy C [L, A] C L. Therefore (3.5) holds.

As [Lij,Ajj] - Lij and .Ajj are unital, Lij.Ajj = [Lij,Ajj] = Li]’ and AiiLij = [AiiaLij] = Lij,
for i # 7, so (3.6) holds.

Conditions (3.7) follow from the fact that Ly C L1y + Lo and [Lg, Aj| = [Lii, Aiil.

As Lij.Aji C Ay and [LijaAji] C L, for i # j, we have [LU,Aﬂ] CLnN (./411 + ./422) = Lg. We
also have [Lg, Ai;] € LN A;j = L;j, so (3.8) holds.

Conversely, let (3.5)-(3.8) hold. Then

(L, Ai1] = [L12, A1) + [Lo1, A1) + [Lg, A1) = Lo + Loy + [L11, Al C L.

Similarly, [L, As] C L, [L, A12] € L, [L, As1] C L, so L is a Lie ideal of A. Part (i) is proved.
Making use of (3.5)-(3.8), we prove part (ii). m

We continue to assume that L is a Lie ideal of A. Set
Ag = A1+ A, Ac= A2+ A1, Le = Lia+ Loy

As A is unital, it follows from (3.2)-(3.8) that

AgAq = Ag, AgA.= A A=A, ALA. C Ay, (3.9)
LeAq = Agle=[L¢; Ag) = Le, [Lg, A C Le. (3.10)
[Lq, Aq] = [L11, A1) + [La2, A2z] C Lg, (3.11)
[Le, Al = [Li2, A21] + [La1, Ai2] € L. (3.12)
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We have that

Ac[Lg, Aqd Ai2[Lag, Aza] + A21[L11, A11] = [Ai2, [Lo2, A22]] + [A21, [L11, A11]]

C [Ai2, L] + [A21, Lg) = [Ac, La] C Le,
[La, Ad)Ac = [Laa, A2)A21 + [L11, A11]As2
= [[L22, A22], An] + [[L11, A11], Ar2] C Le. (3.13)
We also have
[LeAc, Ad) = [Li2A21 + Lot Ava, A + Asg] = [L12A21, Ar1] + [La1 A1z, A2

= [[L12, A2], A11] + [[La1, Ar2], As2] C [Lg, Ad)-
Similarly, [AcLe, Ag] C [La, Ag]. Hence
[LeAe+ AcLe, Ag) € [Lg, Ad). (3.14) [e1.9
Set I = Lo + LoAe + AcLe, M = Ag[La, Ag Ay and J = T + M.
Proposition 3.3 If A.L.A. C L., then J =1d([L, A]) and
[/, A] = Le + [Le, Ae) + [LeAe + AcLe, Ag) + M, Ay (3.15)
Proof. As A.L.A. C L., it follows from (3.9), (3.10), (3.13) that

Al = AgL.+ AqLc A+ AgAcLe = Lo+ LA+ AcLe =1,

AJd = AL.+ AL A+ A AL C AL+ Lo+ Agle = AcLe+ Lo C 1,
AgM = AgAq[Ag, Lol Ag = AglAdg, L) Ag = M,
AM = .AcAd[.Ad, Ld]Ad = Ac[Ad, Ld].Ad CLA;=L.C1.

Thus AJ C J. Similarly, JA C J, so J is an ideal of A.
It follows from Lemma 3.2(ii) that Id([L,.A]) C J, since

[L,A] = L¢ + [Le, Ac] + [La, Ag] C Le + (LeAc + AcLe) + Ag[La, Ag)Ag = J. (3.16)

On the other hand, I C Id(L.) and L. C [L, A], so that I C Id([L, .A]). We also have M =
Ad|La, AglAq C 1d([L, A]). Hence J C Id([L, A]). Thus J = Id([L, A]).
Let us now find [J, A]. As A.LcA. C L., we have from (3.9) and (3.10) that

[LcAcu -Ac] - LCACAC + ACLCAC - LcAd + Lc = Lc-
Similarly, [A.Lc, A;] C L.. Hence we have from (3.10) that

I,A = [I,Aq]+[I,Ac] = [Le, Ad] + [LeAc + AcLe, Ag) + [Le, Ae) + [LeAc + AcLe, Al
Le+ [LeAc + AcLe, Ad) + [Le, Ac.

Next, by (3.9), (3.10) and (3.13),
[M7 Ac] = [Ad [Ld7 Ad]Ad7 AC] g Ad [Ld, Ad]AdAc + AcAd [Ld, Ad]Ad
= Ag[Lq, AglAc + Ac[Lg, AglAg € AgLe+ LcAg = Le.
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Therefore
[J,A] = [I, Al + M, A + M, A = Le + [Le, Ac] + [LeAc + AcLe, Ad] + [M, Ad]
which completes the proof. m
It should be noted that M = A4[Lg4, Ad)Aq = Id a,([La, Ad]), so M is an ideal of Ay.
T1.8| Theorem 3.4 Let L be a Lie ideal of A. Set J =1d([L, A]).

(i) L is related to an ideal of A if and only if the Lie ideal Ly of Aq is related to an ideal of Aq
and

AcLo A, C L. (3.17)
(i) Let A.LoA, C L.

1) IfIda,([Lq4, Ad]) embraces Lq, then J embraces L.
2) IfIda,([La, Adl) and Lgq are commutator equal, then J and L are commutator equal.

Proof. Suppose that L is related to an ideal of A. By Lemma 2.6, L is related to J. Hence
[J,A] C L. As A is unital, J = Id([L, A]) = A[L, AJA, so [A[L, A]A, A] C L. Hence, by (3.10),

[Ai2[L¢, Ag)Ai2, Ai1] = [A12Lc Az, Avi] = A AjaLe Ay = AjaLeArp C L.

Thus Ai12Lc. A2 C L. Similarly, A1 LAy € L. Hence A.L.A. C L.
Set M = Ida,([La, Ag]). We have

[Ad[Lg, AdlAg, Ag) = M, Ag] C Lg.

As [Lg4, Ag) € M, the Lie ideal Ly is related to the ideal M.

Conversely, let (3.17) hold and Ly be related to an ideal of Ag. Then it follows from Lemma
2.6 that L, is related to M, so [M, A4] C Lg. It follows from (3.12) that [L.,A.] C Lg and from
(3.14) that

[LeAe+ AcLe, Ag) € [La, Ag) C Ly.

As A.L:A. C L, we obtain from (3.15) that [J, A] € L. As [L, A] C J, we have that J and L are

related. Part (i) is proved.
Let M implement Lg, that is, [Lq, Ag] € [M, Ag] € Lg. By (3.14), (3.15) and (3.16), [L, A] C
[J,A] C L, so J embraces L. Part (ii) 1) is proved. Part 2) is proved similarly. m

We will now study condition (3.17).

D4.4| Definition 3.5 An idempotent p1 in a unital algebra A is called locally cyclic, if for (i,7) = (1,2)
and (i,j) = (2,1) and for each pair x,y € A;j, there is z € A;j such that x,y € Az A;j.

Lemma 3.6 Let p; be an idempotent in a unital algebra A and let L be a Lie ideal of A.

(i) If Aya = {0} then A.L.A.= {0} C L..
(i) If py is locally cyclic then A.L.A. C L.
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Proof. If Aj3 = {0} then L13 = {0}. Hence we obtain part (i):
AcLcAe = A1aLa1 Az + A21 L2 Ao1 = {0} C L.

Let z € Ajp and b € Lg;. By (3.2), 22 = 0. It follows from (3.8) that [z,b] € Ly, so
1 1
zbz = 5(—221) + 22bz — b2?) = 5[[2, b, z] € Lio. (3.18)

Let 2,y € Ajp and v € Loy. If p; is locally cyclic then there is z € Aj9 such that z,y € Aj12A42.
Hence x =) a;jzb; and y = ) ¢;zd;, for some a;, ¢c; € A1q and by, d; € Ag. Therefore

VY = <Z aizbz) v chzdj = Zaiz(bivcj)zdj.
i J 2

iFrom (3.6) it follows that all b;uc; € Loj. Hence, by (3.18), all z(bjvc;)z € Lio. From (3.6) we have
that all aiz(bivcj)zdj € L15. Hence TVY € L12, SO A12L21A12 C Lqs. Simﬂarly, A21L12A21 C Lo.
Thus A LA C L., =

Theorem 3.4 and Lemma 3.6 yield

Theorem 3.7 Let pi be an idempotent in a unital algebra A. Set po = 1 — p1, Aij = piApj and
Ag = Ay1 + Aga. Suppose that py is locally cyclic, or that Ajo = {0}. Let L be a Lie ideal of A and
L;=LnNAy.

(i) L is related to an ideal of A if and only if the Lie ideal Ly of Ag is related to an ideal of Ay.
(ii) IfIda,([La,Ag]) embraces Lq, then Id([L, A]) embraces L.

(iii) IfIda,([Lq, Ad]) and Lgq are commutator equal, then I1d([L,.A]) and L are commutator equal.

Theorem 3.7 describes the relation between Lie ideals and ideals of an algebra A in terms of
this relation in the “block-diagonal subalgebra” A; = Aj; + Az of A. Part (iii) of Theorem 3.7
can be further refined to describe the relation between Lie ideals and ideals of A in terms of this
relation in the subalgebras A;; and Ags.

Corollary 3.8 Suppose that an idempotent py in A is locally cyclic, or that Ay = {0}. If all Lie
ideals M of the algebras A;;, i = 1,2, are commutator equal to the ideals Id([M, A;]) of A, then
each Lie ideal L of A is commutator equal to the ideal Id([L, A]) of A.

Proof. By Lemma 3.6, A.L.A:. C L. If all Lie ideals M of A;;, i = 1,2, are commutator
equal to the ideals Id([M, A;]) of Aj;, then it follows from the proof of Proposition 3.1 that the
Lie ideal Ly of the algebra A, is commutator equal to the ideal 1d([L11,.411])+ Id([La2, A22]) =
Id a,([Ld, Ag]) of Ag. By Theorem 3.7(iii), L is commutator equal to the ideal Id([L,.A]). m
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4 Lie ideals of tensor products of algebras.

We saw that all non-commutative Lie ideals of an algebra A contain Lie ideals of the form [J, A]
and that this result can be extended to all non-central Lie ideals if A is semiprime. A similar result
was obtained even earlier by Jacobson and Rickart for matrix algebras over an algebra: every non-
central Lie ideal of A = B® M, (F), where B is any unital algebra, contains a Lie ideal of the form
[J, A], where J is a non-zero ideal of A [JR, Theorem 19]. Murphy [Mu] (for n = 2) and Marcoux
[Ma] (for all n) proved that any Lie ideal L of A is related to an ideal J: [J,.A] C L C N(J).

In this section we will firstly extend (in a much stronger form) the theorem of Jacobson and
Rickart to the tensor products A = B&P with P prime. Then we will obtain a precise description
of Lie ideals of B&P for the case that P is simple and satisfies some additional conditions. Even
in case P = M, (F) it substantially strengthens the results of Murphy and Marcoux.

4.1 The case of prime algebras P.

In this subsection P will be a prime non-commutative algebra over a field F with char(F) # 2.
Recall that P is prime if I.J # {0}, for non-zero ideals I, J. Equivalently,

aPb = {0}, for a,b € P, implies a =0 or b = 0. (4.1)

We shall need two results about derivations of prime algebras. The first one is well-known (see
Posner [P]).

Lemma 4.1 If a derivation d of P is such that [d(x),z] € 3p for all x € P, then either d =0, or
P is commutative.

It follows from Lemma 4.1 that, for each p ¢ 3p, there is x € P such that

[[p, x],z] ¢ 3P, so [p,x] & 3p. (4.2)

The second one is a special case of a result of Lanski [L, Theorem 4].

Lemma 4.2 If derivations d,h of P are such that [d(x), h(z)] € 3p for all x € P, then d and h
are linearly dependent over the extended centroid.

The reader is referred to the book [BMM] for a full account of the theory of the extended
centroid and related notions. Let us just mention here that the extended centroid C(P) of a prime
F-algebra P is a field containing F and the center 3p. A prime algebra P is called centrally closed
over F if C(P) = F. If P is unital, this means that C(P) = 3p = F1; if P is non-unital, then we
have 3p = {0}. For example, a simple unital ring P is always centrally closed over its center 3p
(here it should be noted that 3p is a field because of the simplicity of P, and so we may consider
P as an algebra over 3p). Further, primitive Banach algebras and prime C*-algebras are centrally
closed over C. The only commutative centrally closed algebra is P = F1.

Definition 4.3 We call an algebra B locally unital if, for every finite subset b = {b;} of B, there
18 a local identity ep € B such that bjep, = epb; = b; for all b;.
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There are many examples of non-unital, locally unital algebras: the algebra of functions with
compact support on a topological space, the algebra of sequences with finite number of non-zero
entries, the algebra of all infinite matrices with finite number of non-zero entries, the algebra of
finite rank operators on a linear space etc. If B is locally unital then, for any subset X of B,

X C XBand X C BX. (4.3)

Proposition 4.4 Let B be a locally unital F-algebra and let P be a centrally closed non-commutative
prime F-algebra. Let L be a Lie ideal of B P and let a =Y ;" b ®p; € L. If p1 ¢ 3p then there
exist g € [P, P], with ¢ ¢ 3p, and \; € F, i =2,...,n, such that

boqgelL withb:bl—l—Z)\ibi.
1=2

Proof. Recall that 3p = F1, if P is unital, and 3p = {0}, if P is non-unital. We will use
induction on n. If n =1 then a = b® p. For all z € P, we have [b@p,e, ® ] =b® [p,x] € L. As
p ¢ 3p, it follows from (4.2) that there is x such that ¢ = [p,z] ¢ 3p.

Let 1 <n. If all p; — A\jp1 € 3p, for some \; € F, then

either 1) @ = b ® py, if P is non-unital, or 2) a = b® p; + ¢ ® 1, if P is unital,

where b = by + > 5 A\ib; and b # 0, if {b;}?; are linearly independent. Case 1) was considered
above. In case 2), let e be the local identity of the set {b,c} and let = € P be such that ¢ =
[p1,x] ¢ 3p (see (4.2)). Then [a,e ® ] = b® [p1,x] = b® q € L. Thus in both cases the result of
the proposition holds.

If now, say, p, ¢ Fp1+3p, then z — [p1, 2] and x — [py,, x] are linearly independent derivations.
Hence, by Lemma 4.2, [[p1, 2], [pn, x]] ¢ 3p for some x € P. Set ¢; = [[ps, z], [pn, x]] and let ep be
a local identity for B = {b;}" ;. Then

n—1 n n
sz@’% — [[Zb2®pl763 ®x]a€B® [Pn»l"]] = [Zbl® [pia'x]aeB(@ [pnal‘H S La
i=1 i=1 i=1

As q1 ¢ 3p and in view of our assumption, the proof is complete. m

Corollary 4.5 Let B and P be the same as in Proposition 4.4 and let A = B Q P. If P is unital,
then 34 = 3 ® 1. If P is non-unital, then 3 4 = {0}, so A has no central Lie ideals.

Proof. Let P be unital. Suppose that 34 is not contained in 33®1. Since it is a Lie ideal,
it follows from Proposition 4.4 that 3 4 contains a non-zero element b®q for some ¢ ¢ F1. Hence
there is p € P with [q,p] # 0, so [b®q, e,®@p] = b®|q,p] # 0, a contradiction. Thus 34 = 35 ® 1.
The proof of the case when P is non-unital is similar. m

We need now the following auxiliary results.

Lemma 4.6 Let X and Y be Lie ideals of an algebra A. Then the linear span K of all elements
of the form [[y,z],z], x € X and y € Y, is also a Lie ideal of A.
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Proof. Substituting = + 2’ for x in [[y, z], ], we see that K contains all elements [[y, z],2'] +
[ly,2'],z] with y € Y, 2,2’ € X. Consequently, for each a € A,

[ly, =], 2], a] = ([ly, ], [z, a]] + [ly, [, all, «]) + [[ly, a], 2], 2] € K.

Thus K is a Lie ideal. =
Lemma 4.7 Any non-zero ideal of a prime non-commutative algebra P is non-central.

Proof. Let J # {0} be an ideal of P. If J C 3p then j[x,y] = [jz,y] =0 for j € J, z,y € P.
Hence J[P,P] = {0} and so JP[P,P] = {0}. As [P, P| # {0}, this contradicts (4.1). m

Theorem 4.8 Let B be a locally unital F-algebra and let P be a centrally closed, non-commutative,
locally unital prime F-algebra. If L is a non-central Lie ideal of the algebra A = B ® P, then there
exist non-zero ideals U of B and V of P such that

V,P]#{0} and U® [V,P]+[U,B]®@V C L.

Proof. First let us show that L contains an element b ® p # 0 with p ¢ 3p. If P is non-unital,
then 3p = {0} and the result follows from Proposition 4.4. If P is unital then 3p = F1. Assume
that L C B® 1. By Corollary 4.5, L ¢ 35 ® 1, so B is non-commutative. Hence there is b € B\3p
such that b® 1 € L. Choosing p € P and b’ € B such that p ¢ F1 and [b, '] # 0, we arrive at a
contradiction [b,b'] @ p=[b® 1,0/ ®p|] € L. Thus L € B® 1 and it follows from Proposition 4.4
that L contains b ® p # 0 with p ¢ 3p.

Set T'={t € P: b®t € L}. Clearly T is a linear subspace of P. Moreover, from [b®t, e, ® x| =
b ® [t,z] we see that T is a Lie ideal of P. As p € T, T is non-central. Theorem 2.5 therefore
yields the existence of a non-zero ideal Y of P such that [Y,P] C T. Further, let S be the set of all
elements s € B such that s @ T C L. Then S # {0}, since b € S, and S is a Lie ideal of B. Indeed,
as P is locally unital, [s, a]®t = [s®t,a®e;] € L, for s € S, a € B, t € T. Hence [s,a] € S.

Pick s€ S, ze€B,y€ Y,z €P. Then [s,z] € S and [y, x|, [yz,x] € T, as Y is an ideal of P
and [Y,P] C T. So we infer from the identity

25 @ [y, 2], 2] = [s ® [y, 2], 2 @ 2] — [s,2] @ [yz, 2]

that zs ® [[y,z],x] € L. Set U = BS and let K be the linear span of all [[y,z],z], y € Y, x € P.
Then
UsKCL. (4.4)

By Lemma 4.6, K is a Lie ideal of P. We have from Lemma 4.7 that Y is non-central. If y € Y is
a non-central element, it follows from (4.2) that there is « € P such that [[y, 2], z] ¢ 3p. Hence K
is a non-central Lie ideal.

As S is a Lie ideal of B and S # {0}, we have from (2.4) and (4.3) that U is a non-zero ideal
of B. Picku e U, x € B, k€ K and y € P; then [k,y] € K and so

o] @ gk = [u@ k2 @y —ur @ [k,y] € U K, A+ U K C L.

Thus

U,Bl® PK C L. (4.5)
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By Theorem 2.5, there is a non-zero ideal W of P such that [W,P] C K. By Lemma 4.7,
W ¢ 3p, so [W,P] # {0}. Hence, by (2.4) and (4.3), V = P[W,P] is a non-zero ideal of P
contained in W NPK. By Lemma 4.7, V ¢ 3p, so {0} # [V, P] C [W,P] C K. By (4.4), it follows
that U @ [V, P] C L. By (4.5), it follows that [U,B]® V C L. m

Theorem 4.8 yields the following extension of Herstein’s result (see Theorem 2.5).

Corollary 4.9 If A= B®P is as in Theorem 4.8, then every non-central Lie ideal L of A contains
a non-zero Lie ideal [J, A], where J is an ideal of A.

Proof. Let U and V be as in Theorem 4.8. Then J = U ® V is an ideal of A. To prove that
[J,A] C L, consider u € U, b€ B, v €V, and p € P. We have

[u®@v,b®p] =ub® [v,p] + [u, b @pv e U [V,P]+ [U,B|@V C L.
As [u®V,e, @ Pl =u® [V,P] C [J, A] and [V, P] # {0}, we have [J, A] # {0}. =m

In general, Lie ideals L of B® P are not related to associative ideals: we cannot always choose
an ideal J in such a way that L would be contained in N(J). For example, the free algebra
P =TF(x,y, z,w) is prime and centrally closed, and the algebra F® P = P contains Lie ideals which
are not related to any ideal (see Example 2.9). However, if P is simple, we are able to construct a
large variety of Lie ideals of B ® P each of which is related to an ideal of B ® P and, moreover, to
an exactly one ideal. We will consider this in the next section.

4.2 The case of simple algebras P.

If P is a simple F-algebra then its extended centroid C(P) coincides with the centroid of P and
can be defined as the algebra of all linear operators T: P — P satisfying the identity T(x)y =
T(zy) = 2T (y) for all z,y € P. Moreover, P can be viewed as a centrally closed simple algebra
over C(P). If 3p # {0} then C(P) = 3p is a field, so P is an algebra over its center (such algebras
are commonly known as central simple algebras). It is possible, of course, that 3p = {0}. A typical
example is the algebra of all finite rank operators on an infinite-dimensional linear space over a
field F. Then 3p = {0}, while C(P) = F.

In this section P will be a centrally closed simple F-algebra, so C(P) = F. Occasionally we will
have to distinguish two cases: 1) when 3p # {0}, so P is unital and C(P) = 3p = F1; and 2) when
3p = {0}.

The following lemma is well-known, at least for unital P. For the reader’s convenience, we will
provide a short proof, based on the previous results, that also covers the non-unital case.

Lemma 4.10 Let B be a locally unital F-algebra and P be a centrally closed non-commutative
simple F-algebra. If J is an ideal of B® P, then J =1 ® P where I is an ideal of B.

Proof. If b®q € J, then b® > rjgs; = > (ep @ 15)(b® q)(ep @ 1;) € J, for rj,5; € P. As P is
simple, b@ P C J. Set [ ={be B: b®P C J}. Then I is a linear space. If b € I then, for all x € B
and p,q € P, 2b®@pg = (@ p)(b® q) € J. As P? # {0}, we have that xb € I. Similarly, bx € I, so
Iis an ideal of Band I @ P C J.

Let us prove by induction on n that, if a = ;" | b; @ p; € J with linearly independent {b;} and
{pi}, then all b; ®p; € J. This will imply that J C I ® P which, in turn, gives us that I®P = J. For
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n = 1, the result is obviously true. Assume this is true for n = k — 1. Let now n = k. Since either
3p = F1 or 3p = {0} and since all {p;} are linearly independent, we may assume that p; ¢ 3p.
By Proposition 4.4, there exist ¢ € [P, P], with ¢ ¢ 3p, and \; € F, i = 2,...,n, such that b® ¢ € J
with b=b1 + > 1" o Aib; # 0. Then b®@ P C J, so b ® p1 € J. Hence

Zbi®(pi—)\ip1):(l—b®p1 € J.
i—2

Then (p; — A\ip1) # 0, i = 2, ...,n, and they are linearly independent. Hence, by our assumption, all
b; @ (pi — Aip1) € J. Therefore b; @ P C J, fori =2,...,n,s0 by @p; € J. m

Denote @ = [P,P]. A non-zero subspace L of P is a Lie ideal (see Theorem 1.1) if and only if
either L contains Q or L = F1 (only if P is unital). One can construct a Lie ideal of A = BQP in
the following way. Choose proper subspaces {Qq}aca of P, containing @, and ideals {I,}qca of
B. Then In =) 4 lo is an ideal of B. Let K, M be Lie ideals of B satisfying the conditions

[M,B] C K C M and [I,,B] C K C I,.

Set
L(K, M7 {Ia}aeA’ {Qa}aeA) = K®P + § Ia®Qa + M®1.
a€A

For a non-unital P, the summand M®1 is absent and we write L(K, {I4}aca, {Qa}taca)-

Theorem 4.11 Let B be a locally unital F-algebra and let P be a centrally closed, non-commutative
simple F-algebra. If P is unital then L = L(K, M, (Io)acA, (Qa)aca) is a Lie ideal of A = BRP
and J = IA®P is the only ideal of A related to L. Moreover, J = Id([L,.A]). The same holds if P
is non-unital and L = L(K, (I4)aecA, (Qa)acA)-

Proof. Let P be unital (the non-unital case is similar). For all b,z € B and p, s € P,
b@p, 2@5] = [b, 2]@ps + 2b2p, 5] (4.6)

If b € K, then [b,z] € K and ab € Y ;" | I;, for some ideals I;. As [p,s] € Q@ C NaQq, we have
[b@p, z®s] € L. Thus [K@P, A] € KQP + 3 cp 1a®Qa C L.

If b€ I, and p € Qq, then [b,z] € K and zb € I,, whence by (4.6), [b®p,z®s| € L. Thus
[0a®Qa, A] € KQP 4+ 3 pea 1a®Qa C L.

Finally, let b € M and p = 1. Then [b,z] € K and [p,s] = 0, so [b®p,z®s| € L. Hence
[M®1,A] C L, so [L,A] C L. Thus L is a Lie ideal of A.

Let us prove that [L,A] C J. As K®QP + ) ,1.®Q, C J, it follows from the above that
we need only to show that [M®1, A C J. But [m®1,z2®s] = [m,z]®s € KP C J for all
m € M, x € B, s € P. Let us establish now that [J, A] C L. Let i € I, p € P. Then, by (4.6),
[i®p, z®s| = [i, z]@ps + xiR|p, s| € L, as [i,z] € K, xi € I, [p,s] € Q. Thus J is related to L.

Suppose that another ideal W of A is related to L. By Lemma 4.10, W = V®P where V is an
ideal of B. We will prove that V' = I5. Let v € V. Then, for each p, s € P, v®|p, s| = [v®p, ,®s] €
[W, A] C L. By (4.2), we can choose p, s such that [p,s] ¢ F1. Let f be a linear functional on P
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with f(1) = 0 and f([p,s]) = 1. Consider the map F: A — B defined by: F(b®&r) = f(r)b. Then
v=F(v®]p,s]) € F(L) and

F(L) = F(KoP + Y 100Qa + M®1) = F(KOP + Y 108Qa) C K + Y In = Ia.

Thus V C I4.

Conversely, for each i € Ix, ¢ € Q, s € P, we have i®|q, s| = [i®q, e;®s] € [L, A] C W. It follows
from (4.2) that there are ¢ and s such that [g,s] # 0. Hence i € V. Thus In CV,s0 In =V and
J = W. Hence J is the only ideal of A related to L. Using Lemma 2.6, we have J = Id([L, A4]). =

4.3 The case of simple algebras P with dim(P/[P,P]) < 1.

The above construction becomes more definite if the codimension of ) in P does not exceed 1:
dim(P/[P,P]) < 1. (4.7)

In this case there is only one possible choice for Qn: Q. = @, so we take only one ideal I and
use the notation L(K, M,I) (L(K,I) if P is non-unital). Our aim is to prove that in this case our
construction of Lie ideals of algebras is almost universal and gives us all Lie ideals of B® P.

Note that there are many important examples of simple centrally closed algebras satisfying
(4.7). For example, the Weyl algebra (the algebra of all polynomials over F with generators x,y
satisfying the relation zy — yz = 1) and simple purely infinite unital C*-algebras (in particular,
von Neumann type III factors) satisfy P = [P, P]. The full matrix algebras M, (IF), the algebra of
quaternions, UHF C*-algebras, von Neumann type II; factors, the algebra M. (F) of all infinite
matrices with finite number of non-zero entries and the algebra of all finite rank operators on an
infinite-dimensional linear space satisfy dim(P/[P,P]) = 1.

We will need the following result.

Lemma 4.12 If P is a simple algebra and [P, P] # P then there is ¢ € [P, P] with ¢* ¢ [P, P].

Proof. By [H2, page 6], the subalgebra generated by [P, P] coincides with P. Hence, as
[P,P] # P, [P,P] is not a subalgebra of P. Since it is a Lie subalgebra, it can not be closed with
respect to Jordan multiplication a o b = (ab+ ba)/2. Since ab + ba = (a + b)? — a® — b?, there is an
element ¢ in [P, P] with ¢? ¢ [P, P]. m

In what follows B stands for a locally unital F-algebra and P for a simple, centrally closed,
locally unital F-algebra satisfying condition (4.7). By Theorem 1.1, the only Lie ideals of P are

{0}, Q@ =[P, P], P and F1, if P is unital. (4.8)
Given a Lie ideal L of BQP, set

K(L) = {beB:b@P CL}, I(L)={beB:bxQ C L} and
M(L) = {beB:b®1lec L} if P is unital.
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Lemma 4.13 (i) If b®p € L, for some p ¢ 3p, then b € I(L).
(ii) Let p1 ¢ 3p and p2 ¢ Q. If b®p; € L and b®py € L then b € K(L).
(iii) [M(L),B) € K(L) and [I(L),B] C K(L), so K(L) and M(L) are Lie ideals of B.
(iv) I(L) is an ideal of B.

Proof. Set K = K(L), I = I(L), M = M(L). For b € B, set P(b) ={p € P : b®p € L}.
Then P(b) is a Lie ideal of P. Indeed, let p € P(b), s € P. Then bR[p, s| = [b®p, ep®s] € L, so
[p, s] € P(b). The assumption of (i) means that P(b) € 3p. Hence, by (4.8), P(b) contains Q, so
b e I. Part (i) is proved.

Similarly, the assumption of (ii) implies that P(b) € 3p and P(b) € Q. By (4.8), P(b) = P.
This means that b € K. Part (ii) is proved.

Assume that P is unital and let b € M, x € B. Then for each p € P, [b, z]®p = b1, 2®p] € L.
Hence [b,z] € K, so [M,B] C K.

Let us show now that I is a Lie ideal of B. Let b € I, z € B. For ¢ € Q \ 3p, [b,x]®q =
[b®q, x®eq] € L. By (i), [b,z] € I, so that I is a Lie ideal.

If P =@ then K =TI and (iii) is proved. Let P # Q. By Lemma 4.12, there is ¢ € @ such that
2 ¢ Q,s0P =Q+TFc? Then [b,7]®c? = [bec, z®¢c] € L. Since also [b, x|®q € L, for each ¢ € Q,
we have [b, 2] ® P C L. Hence [b,z] € K. Thus [I,B] C K. Part (iii) is proved.

Let b € I. Choose ¢ € Q \ 3p. For x € B and p € P, we have from (4.6)

bz®|q, p] = [b®q, xQp| — [b, £]|Rpg.

Since b®q € L, we have [b®q, z®p] € L. Since [b,z] € K, the same is true for [b, z|®pg. Hence
bx®][q,p] € L. Choosing p so that [¢,p] ¢ 3p (see (4.2)), we conclude from (i) that bx € I. Similarly,
xb € I, so that [ is an ideal. m

For each Lie ideal L of A = BQP, set
Ly=K(L)®@P + I(L)®Q + M(L)®1, or Ly = K(L)®P + I(L)®Q, if P is non-unital.

It follows from the definitions that Ly C L. We will see below that Ly = L when either 1) P = Q,
or 2) P =Q + F1, that is, in all cases satisfying (4.7) apart from the case

1€ [P,P]#P. (4.9)

This will give us a full description of Lie ideals of algebras B&P, satisfying (4.7) and not satisfying
(4.9), in terms of Lie ideals of B.

Theorem 4.14 Let B be a locally unital F-algebra. Let P be a centrally closed, locally unital simple
F-algebra and let A =B ® P. Let dim(P/[P,P]) <1 and suppose that P does not satisfy (4.9).
(i) If P is unital and P = [P, P], then all Lie ideals L of A are of the form

L=1@P+M®1, (4.10)

where I is an ideal of B and M is a Lie ideal of B satisfying [M,B] C I C M.
(ii) If P = [P, P] + F1 then all Lie ideals L of A are of the form

L=1®[P,P|+M®1, (4.11)
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where M is a Lie ideal of B related to an ideal I of B: [I,B] C M C N(I).

(iii) If P is non-unital and P = [P, P], then all Lie ideals L of A are of the form L =1 ® P
where I is an ideal of B, that is, all Lie ideals of A are ideals.

(iv) If P is non-unital and dim(P/[P,P]) =1 then all Lie ideals of A are of the form

L =K®P + I[P, P, (4.12)

where K is a Lie ideal of B and I is an ideal of B satisfying [I,B] C K C I.
In all cases each Lie ideal L of A is only related to the ideal Id([L, A]) = IQP.

Proof. Using induction on n, we will show that each a = 7" | b;®p; € L belongs to Lg. In
(ii) and (iv) P = @ + Fr and, if not all p; lie in @, then we will assume, without loss of generality,
that p, = r and all p; € Q for i < n.

Let n=1and a =b®p € L. If p € 3p, then P is unital and p € F1, so b € M (L) and a € Ly.
Let p ¢ 3p. Then, by Lemma 4.13(i), b € I(L). If p € Q then a € Ly. If p ¢ Q then, by Lemma
4.13(ii), b € K(L). So again a € Ly.

Let n > 1 and assume that our hypothesis is true for all £ < n. Let all {b;} and {p;} be linearly
independent. Without loss of generality, one of p;, say p1, can be chosen to belong to ¢ and do not
belong to F1. This is evident in (iii). In (i) all p; € @ and, as they linearly independent, at least
one of them does not belong to F1. In (ii) and (iv) all p;, ¢ < n, lie in @ and do not belong to F1.

By Proposition 4.4, there is b= by + >, \ib; and ¢ € Q \ F1 such that b®q € L. By Lemma
4.13(1), b € I(L), so b@p1 € Lo and a — b®p1 = Y1 5 b; ® (pi — Aip1) € L. By the induction
hypothesis, a — b&p; € Lo, whence a € Ly. Thus, if P is unital and does not satisfy (4.9) then

L=Ly=K(L)®@P+I(L)®[P,Pl+ M(L)®1
for each Lie ideal L of A. By Lemma 4.13,
[M(L), B] € K(L) € M(L) and [I(L), B] € K(L) € I(L).

(i) If P = [P,P], then K(L) = I(L), so L = I(L)®P + M(L) ® 1. On the other hand, by
Theorem 4.11, for each ideal I and a Lie ideal M of B satisfying [M,B] C I C M, the space
= I®P + M @1 is a Lie ideal of A. It is easy to check that I(L) = I and M (L) = M. Part (i) is

proved.
(ii) If P = [P, P] + F1 then

K(L)®P = K(L)®Q + K(L)®1 C I(L)®Q + M(L)®1

Hence L = I(L)®[P,P] + M (L) ® 1 and the rest of the proof is the same as in (i).
If P is non-unital then, for each Lie ideal L of A,

L= Ly = K(L)®P + I(L)®[P, P], where [[(L),B] C K(L) C I(L).

If P # [P,P] then, by Theorem 4.11, for each ideal I of B and Lie ideal K of B satisfying
[I,B] € K C1, L = K&P + IQ[P,P] is a Lie ideal of A. It is easy to check that K (L) = K and
I(L) = I which proves part (iv).

If P =[P,P], then K(L) = I(L), so L = I(L)®P. By Theorem 4.11, for each ideal I of B,
L = I®P is a Lie ideal of A. As I(L) = I, part (iii) is proved.
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commutators

The fact that each Lie ideal of A is only related to one ideal follows from Theorem 4.11. m

If P satisfies (4.9), then the approach of Theorem 4.14 does not work for elements of the form
c®1 4+ d®p with p ¢ Q. Moreover, we can construct examples of Lie ideals L with L # Ly in
the following way. Choose an ideal I of B and Lie ideals K, M with K G I € M & N(K). Then
Lo = KQP+1®Q+M®1 is a Lie ideal of A = B&P. Let m = min(dim(//K), dim(N (K)/M)). For
n < m, choose elements {d;}}_; in I linearly independent modulo K and elements {¢;} ; in N(K)
linearly independent modulo M. Set a; = ¢;®1 + d;®p for some p ¢ Q. Then L = Lo+ > ;" , Fa;
is a Lie ideal of B® P, as [a;, A] C Lo, and

K(L)=K, I(L)=1, M(L)= M and Ly # L.

Simple algebras satisfying (4.9) do exist. The authors are indebted to Misha Chebotar for the
following example.

Example. Let p = char(F) and P = M,(F). It is easy to see that all matrices in [P, P] have
zero trace, and, moreover, [P, P] = {a € P: Tr(a) = 0}. (In fact, every element in [P, P] can be
written as a commutator [AM]). Hence 1 € [P, P] # P.

All Lie ideals L of the algebras A = B®P considered in Theorem 4.14 are related to the ideals
J = 1d([L, A]). We will show that in many cases L is commutator equal to J: [L, A] = [J, A].
We begin with the following technical result.

Lemma 4.15 If P is simple with dim(P/Q) < 1, then [IQP, A] = [I®Q, A], for each ideal I of B.

Proof. We only need to consider the case dim(P/Q) = 1 and to show that [[®@P, A] C [I®Q, A].
By (4.6),
IT@P,BP|CI,BeP+I1I2Q.

As [@,P] is a Lie ideal of P, it follows from Theorem 1.1 that either [@Q,P] = Q or [Q,P] C F1.
As the latter is impossible by (4.2), Q@ = [@Q,P]. Fori € I, ¢ € Q, p € P, we have i ® [q,p] =
[i®@qeop e I®Q,A. Thus I®QC[I®Q,A.

Forie I, x € Band q € Q, we have [i,2] ® ¢ = I ® ¢,z ® ¢4] € [ ® Q, A]. Furthermore, if
c € Q with ¢ ¢ Q (see Lemma 4.12) then [i,2] ® 2 = [i® ¢,z ® ¢] € [ ® Q, A]. Since each p € P
can be written in the form p = ¢ + Ac? with ¢ € Q, A € F, we conclude that [I,B]|®@P C [ ® Q, A.
Thus [[®@P, A C[I®Q,A. =

Theorem 4.16 Let B and P be as in Theorem 4.14, let L be a Lie ideal of A = BQP and J =
Id([L, A]).

(i) If P =[P, P] then J C L (J = L if P is non-unital) and [L,A] = [J, Al.

(i) If P is non-unital and dim P /[P, P] =1, then L C J and [L, A] = [J, A].

(iii) If P = [P, P] + F1 then [J, A] C [L, A]. Moreover, [J, Al = [L, A] if and only if [M,B] C
[1,B] (in particular, if B = [B,B] + 35).

Proof. Let P = [P,P]. If P is non-unital then (see Theorem 4.14(iii)) L = J is an ideal. If P
is unital then, by Theorem 4.14(i), L =1® P + M ® 1, where [ is an ideal of B, [M,B] C I C M,
and J = I ® P. Hence J C L and

[JJA C[L,A =[J,Al+ M 1LA =[], A+ [M,B|]@ PC[J,A|+ I P.
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As each p € P can be written in the form p = )", [sg, tx], we have b®@p = >, [b ® s, ep ® ] for
each b € B. This shows that J =1 ® P = [J, A]. Hence [L, A] = [J, A]. Part (i) is proved.

In (ii), by Theorem 4.14(iv), L = KQP + I®Q, where [[,B] C K C I, and J = I ® P. Hence
L C J and, by Lemma 4.15, [L, A] C [JJA] = I @ P, A] = [I ® Q, A] C [L, A] which proves (ii).

In (iii), by Theorem 4.14(ii) and its proof, L = I ® Q + M ® 1, where [M,B] C I C M, and
J =1® P. Hence, by Lemma 4.15, [J,A] = [I ® Q, A] C [L, A].

As T®Q C J, the equality [L,A] = [J, A] is equivalent to the inclusion [M ® 1, A] C [J, A]. As
M ®1,A] = [M,B)® P, if [M,B] C [I,B] then

M1, A C[,BleP=[12P,Be1]C|J,A.
Conversely, let [M @ 1, A] C [J, A]l. By (4.6), [JJA] C[[,B]@ P+1®Q, so
IM,B]@P=[M®1,I@P]C[JAC[LBeP+I®Q.
AsP =Q+F1,
IM,B]@Q+ [M,Bj@1C ([,LB]eQ+I®Q)+[I,B 1.

Therefore [M, B] C [1, B].
If B=[B,B]+ 35 then [M,B] = [M, [B,B]] C [[M,B],B] C [I,B]. Hence [L, Al =[J, A]. m

It is only in case (iii) of Theorem 4.16 that a Lie ideal of the algebra A = B® P may be related
to, but not commutator equal to, an ideal of A. We will now show that A may have Lie ideals that
are not even embraced by ideals of A.

Corollary 4.17 There is a unital F-algebra B such that, for each central simple F-algebra P sat-
isfying P = [P, P] + F1, the algebra A =B ® P has Lie ideals that are not embraced by ideals.

Proof. In Example 2.10 we constructed a Lie ideal M of an algebra B related to an ideal of B
but not embraced by any ideal of B. By Lemma 2.6, M is related to the ideal I = Id([M, B]), so
[I,B] C M. Therefore, by Theorem 4.14, L =1T® Q + M ® 1 is a Lie ideal of A = B ® P, related
to a unique ideal J = I ® P. By Lemma 4.15, [J, A] = [l ® Q, A] C [L, A]. If L is embraced by J,
then [L, A] C [J, A] which implies [L, A] = [J, A]. Hence, by Theorem 4.16(iii), [M,B] C [I,B], so
[I,B] € M C N([I,B]). But this would mean that M is embraced by I, a contradiction. m

Let us consider now what our results give for matrix algebras over algebras. Let A = M, (B),
n > 2, be the full matrix algebra with entries from a locally unital F-algebra 5. Then A = B ® P,
where P = M, (F) is a central simple algebra, and P = [P, P]+F1, where [P, P] consists of matrices
with zero trace.

By Lemma 4.10, J is an ideal of A if and only if J = I ® P, for some ideal I of B, so that J is
isomorphic to My (I) and I ® [P, P] is isomorphic to

M) = {a = (aij) € Mu(I) > ai = 0}.
For a Lie ideal M of B, the space M ® 1 is isomorphic to
Dy ={a€ My(B):a;; =0, ifi # 4, and a1 = ... = ap, € M}

and M,,(I) = M?(I) + D;.Theorems 4.14(ii) and 4.16(iii) yield
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Corollary 4.18 Let A = M,(B), n > 2, where B is a locally unital F-algebra.

(i) A linear subspace L of A is a Lie ideal if and only if there is an ideal I of B and a Lie ideal
M of B such that

[I,B]C M C N(I) and L = L(M,I) = M2(I)+ Dy;.

(ii) Let L = L(M,I) be a Lie ideal of A. Set J = M, (I). Then J is an ideal of A, J = 1d([L, A))
and it is the only ideal of A related to L. Moreover,

[ Al = [Mu(1), A] = [M;(D), Al + [Dr, A] = My(I) + Dir g, (4.13)

(LA = [M;(1), Al + [Dar, Al = M) + Diryar - (4.14)
If [M,B] C [I,B] (in particular, if B = [B,B] + 35), then J and L are commutator equal:
[/, Al = [L, A].

Proof. Part (i) follows from Theorem 4.14(ii).

The fact that L is only related to the ideal J = Id([L,.A]) = M,,(I) follows from Theorem 4.14.

As [M,(I),A] is a Lie ideal and [M,,(I), A] C M, (I), it follows from (i) that there are an ideal
Iy C I, and a Lie ideal K of B such that [I;, 8] € K C N(I;) and

(Mo (1), Al = M,)(I1) + Dx.

Let {r;;} be the matrix identity in P. Each a = (a;;) € A can written in the form a = ) a;;7ij,
where a;;7;; is a matrix such that only (7,7) entry is non-zero and equals a;; € B. Let 4, j, k be all
different. For each b € I, br;; € MY(I) and [bryj, eprj] = bri, € MQ(I1). Hence I = I.

For each b € I and ¢ € B and for i # j,

1 1
[brij, crji] = bery; — cbrj; = - Z[b, clrek — <n Z[b, clrik — (bery; — cbrjj)> ,

where L 37[b, c]ryy — (bery; — cbrj;) € MY(I) and [b,c] € K. Hence [I,B] C K.
For diagonal elements > b;ry; and > ¢;ry, with b; € I and ¢; € B,

a=10> bra, » cral = [biclra =Y gra+ Y dira,

where g = 1Tr(a) € Dy 5 and d; = [b;, ¢;]—g. Hence Y dyri; € M) (I). This implies that [I, 5] = K,
so (4.13) is proved.
;From the above discussion we also have that [MJ(I), A] = MJ(I) 4+ Dy 5. Hence

Mp(I) + Dy gy = [Mp (1), A] € [L, A] = [My(I), A] + [Dar, A].

For all b € M and a = (a;5) € A,

D bri Y arires) = _[baulri + > b, akglreg,

k.j i k]

Z[b, aii]m = Z[b, %TI"((I)]T“ + Z[b, Qji — %Tr(a)]m,
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where 3, [b, agj]ri; and >2,[b, ai; — LTr(a)]ry belong to MQ(I), and Y,[b, 1 Tr(a)]ry € [M,B].
From this (4.14) follows immediately. m

Let B(H) be the algebra of all bounded operators on a separable Hilbert space H. Then H
is isomorphic to K @ K, so B(H) is isomorphic to B(K @ K) which, in turn, is isomorphic to
M>(B(K)). Calkin proved in [C] that, for each ideal I of B(K), N(I) = I +C1. Hence if a Lie ideal
M of B(K) is related to I, then [/, B(K)] C M C N(I) = I + C1. Combining this with Corollary
4.18 yields a refinement of the results of [FMS] and [FM].

Corollary 4.19 Let B(H) be the algebra of all bounded operators on a separable Hilbert space H,
let L be a Lie ideal of B(H) and let J = 1d([L, B(H)]). Then

(i) [FMS, FM] [J,B(H)] C L C J+ C1 and J is the only ideal of B(H) related to L.

(ii) L and J are commutator equal: [L, B(H)] = [J, B(H)].

Let C(H) be the algebra of all compact operators on H and let Cp, 1 < p < 0o, be Schatten
ideals of compact operators on H. Then, as above, C(H) is isomorphic to M»(C(H)) and all C, are
isomorphic to M3(Cp). As the algebra C(H) and the algebras C), are not locally unital, Corollary
4.18 can not be applied to them.

Problem 4.20 Are Lie ideals of the algebra C(H) and of the algebras C, related to (embraced by)
ideals of these algebras?

Remark. De la Harpe in [Ha] (cf. [Mu]) showed that all Lie ideals L of C(H) of finite

codimension coincide with C(H).

Denote by Mo (F) the algebra of all infinite matrices with only finite number of non-zero entries.
Let B be a locally unital F-algebra and My (B) be the algebra of all infinite matrices with entries
from B, only finitely many of which are non-zero. Then My (B) = B ® P where P = My (F).
The algebra P is non-unital, locally unital, simple, centrally closed and dim(P/[P,P]) = 1, where
[P, P] is the Lie algebra of all matrices with zero trace. Applying the above results and arguments
we get

Corollary 4.21 Fach Lie ideal L of M (B) has form
L=K®P+I®[P,P|, with [I,B] C K C I,

where K is a Lie ideal of B and I is an ideal of B. It consists of all matrices A = (a;j) from Moo (B)
with entries in I such that ), a; € K. It is only related to the ideal J = I ® P which consists of
all matrices from My (B) with entries in I. Moreover, L and J are commutator equal.

5 Lie ideals of Banach algebras.

In this section we will consider topological versions of the previous results. Although we will still
investigate here arbitrary Lie ideals of Banach algebras, our main objects will be closed Lie ideals.
For this we need some modifications of our main definitions and notations.
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.1

5.1 Generalities

Throughout this section we denote a Banach algebra by .A. The norm closure of a subset S of A
is denoted by S. We say that a Lie ideal L is topologically embraced by an ideal J if

[/, Al € L C N([J, A)). (5-1)
Condition (5.1) is weaker than the condition that L is embraced by J in the algebraic sense.
However, it is sufficiently strong to characterize closed Lie ideals of A in terms of closed ideals.
Namely if each closed Lie ideal of A is topologically embraced by a closed ideal, then the set of all
closed Lie ideals of A consists of all closed subspaces that lie between [J, A] and N([J,.A]), where
J spans the set of all closed ideals of A. If L and J are closed then (5.1) implies that L is related
to J.

A stronger condition than (5.1) is the equality

(L, A] = [J, Al (5.2)

which again is weaker than the corresponding algebraic condition [L, A] = [J,.A]. We say in this
case that L and J are topologically commutator equal. For C*-algebras, we will show that a closed
Lie ideal L is topologically embraced by an ideal J if and only if it is topologically commutator
equal to J and that the both conditions are equivalent to the condition that L and J are related.

Lemma 5.1 A closed Lie ideal L of A is related to I1d([L, L]) if [L, A] C Id([L, L]).

Proof. Set I, = Id([L, L]). By the condition of the lemma, L C N(Iy). By (2.5), I, € N(L).
Since L is closed, N (L) is closed. Hence Iy, C N(L), so L is related to I;. =

Clearly, a Banach algebra is semiprime if and only if, for each closed ideal I, I? = {0} implies
I = {0}. Repeating the argument of Proposition 2.7, we have

Proposition 5.2 Let L be a closed Lie ideal of a Banach algebra A and let I, = 1d([L, L]). If the
Banach algebra A/, is semiprime or commutative, then [L, A] C I, so L is related to If,.

A Banach algebra A is topologically simple if A> # {0} and it has no closed ideals apart from {0}
and itself. For unital algebras this is equivalent to algebraic simplicity, but non-unital topologically
simple Banach algebras are usually not simple. For example, the algebra C'(H) of all compact
operators on a Hilbert space H and the Schatten ideals C}, 1 < p < oo, are topologically simple
Banach algebras but not simple algebras. Any topologically simple algebra is prime.

In the next subsection we will describe closed Lie ideals of some “differential” *-subalgebras of
C(H) and, in particular, of all symmetrically normed ideals of C(H). As Banach algebras, they
are all either topologically simple or have topologically simple ideals with commutative quotients.
So we will establish now some results about Lie ideals of Banach algebras of this type. They can
be considered as a topological version of the results on Lie ideals of simple algebras.

A tracial functional on A is a bounded functional satisfying f(ab) = f(ba) for all a,b € A. Let
TF(A) be the set of all non-zero tracial functionals on A. As [A, A] C Ker(f), for each f € TF(A),
it follows from Hahn-Banach theorem that

[A, Al = Aif TF(A) = 0, and [A4, A] = N {Ker(f): f e TF(A)}. (5.3)
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Theorem 5.3 Let A be a topologically simple Banach algebra.

(i) A closed subspace L of A is a Lie ideal if and only if either L C 34 or [A, A] C L.

(ii) If L is commutative then L C 3 4; otherwise [L, A] = [A, Al.

(iii) A has only one closed non-central Lie ideal - A, if and only if it has no non-zero tracial
functionals.

(iv) Let B be a dense subalgebra of A and tr(-) be a trace functional on B such that Ker(tr) C [B, B].

a) If tr is unbounded on B, then A has only one closed non-central Lie ideal - A.

b) If tr is bounded, then A has two closed non-central Lie ideals: A and [A, A]; moreover,
the Lie ideal [A, A] has codimension 1.

Proof. Part “if” in (i) is evident. Set I, = Id([L, L]). As A is topologically simple, either
I, = Aor I, = {0}. Let I, = A. By Proposition 2.2, Iy, € N(L). As L is closed, N(L) is closed.
Hence N(L) = A, so [A, A] C L. Part (i) is proved.

If I, = {0} then [L, L] = {0}, so L is commutative. As A is prime, by Proposition 2.4, L C 3 4.
Let L be non-commutative, so there is [ € L such that [ ¢ 3 4. Consider the closed Lie ideal

[L, A]. By the above argument, either [L, A] C 34 or [A, A] C [L, A]. As A is prime, it follows from
(4.2) that there is € A such that [I,z] ¢ 3.4. Hence the first case does not hold. In the second
case [L, A] = [A, A]. Part (ii) is proved.

Part (iii) follows from (i) and (5.3).

For any subspace E of A, [E, E| = [E, E]. Hence Ker(tr) = [B, B] = [A, A]. Any linear functional
f # 0 on a dense linear subspace of a Banach space X is bounded if and only if Ker(f) # X, in
which case Ker(f) has codimension 1 in X. This completes the proof. m

Corollary 5.4 Let A be a semiprime Banach algebra and let it have a closed topologically simple
ideal I such that A/I is commutative.

(i) If L is a closed non-central Lie ideal of A then I =1d([L,L]) and I and L are related.

(ii) If[I,1I] = I then the set of all closed non-central Lie ideals of A consists of all closed subspaces
L satisfying I C L C A.

Proof. If L is a closed Lie ideal of A then [L,L] C [L, A] C [A, A] C I. Hence Id[L,L] C
Id[L, A] € Id[A,A] C I. As I is topologically simple, either [L,L] = {0} or Id[L,L] = I. If
[L, L] = {0} then, by Proposition 2.4, L C 3 4. If Id[L, L] = I then, by Proposition 5.2, I and L
are related.

Clearly, all L satisfying I C L C A are Lie ideals. Let [I,I] = I. By (i), each closed non-central

[

Lie ideal L is related to I, so [I,.A] C L. Hence I =[I,I] C[I,A]C L
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5.2 Closed Lie ideals of Banach *-algebras of compact operators.

Let H be a separable Hilbert space. For x,y € H, denote by y ® x the rank one operator:
(y®@z)z = (2,y)z for z € H.
Then, for z,y,u,v € H and A € B(H),
y©r)(uev)=(v,y)(uer), Aly@r)=y®Ar and (y@2)A = A"y @ .

If R is a subspace of H, we denote by F(R) the linear subspace of B(H) generated by all rank
one operators y ® z, x,y € R. In particular, F(H) is the algebra of all finite rank operators on H.

Lemma 5.5 Let B be a *-subalgebra of F(H) dense in C(H). Then there exists a dense subspace
R of H such that B = F(R).

Proof. Let a = a* € B. Then a = Y_;" | \ip;, where n < oo, all \; are distinct and p; are finite-
dimensional mutually orthogonal projections. As Agpk [, (A — Ai) = a]l; (e — A1) € B, all
pr € B. Let a projection p belong to B and e € Range(p). As B is dense in C(H), |le® e — ap|| — 0
for some a,, € B. Thus |le ® e — pa,p|| = ||[p(e ® e — ay)p|| — 0. As pBp is a subalgebra of the
finite-dimensional algebra pF (H )p, we have e ® e € B. Hence B is the linear space generated by all
rank one operators e ® e € B5.

Let e®e, f® f € B. For a € B,

(f,a"e)(f@e) = (a"e®e)(f @ f) = (e®e)a(f ® f) € B.

As Bisdensein C(H), (f,a*e) # 0 for some a, so f®e € B. Similarly, e® f € B, so (e+f)®(e+f) €
B. Thus there is a dense linear subspace R of H such that B = F(R). m

We denote by Tr(-) the standard trace functional on F(H) and set Fo(R) := [F(R), F(R)] for
any subspace R of H. It is well known that

Fo(R) = {a € F(R): Tr(a) =0} and F(R) = Fo(R) + C(e ® e), (5.4)
for each e € R. We will use now Theorem 5.3 to obtain the following result.

Proposition 5.6 Let A be a dense *-subalgebra of C(H) and a Banach *-algebra in norm |[|-|| 4.
Assume that AN F(H) is dense in (A, ||| 4). Then A is topologically simple and

(i) if Tr(-) is unbounded on AN F(H), then A has only two closed Lie ideals: {0} and A;

(ii) of Tr(-) is bounded on ANF(H), then A has three closed Lie ideals: {0}, A and [A, A] that
has codimension 1 in A.

Proof. As |-|| 4 majorizes the operator norm in C(H), ANF(H) is dense in C(H). By Lemma
5.5, ANF(H) = F(R) for some dense subspace R of H. Let I be an ideal of A and 0 # B € I.
Then Bz # 0 for some x € R. For all e € R,

|Bz|? (e®e) = (Br®e)(e® Bx) = (xr®e)B*Ble®x) € I.

Hence e @e € I, s0 ANF(H) C I. Therefore I = A and A is topologically simple.
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The proof of (i) and (ii) follows from (5.4) and Theorem 5.3(iv) a) and b), respectively. m

Now we will consider various examples of Banach *-algebras of compact operators. A two-sided
ideal J of a C*-algebra (2, ||-||) is symmetrically normed (s.n.) if it is a Banach space with respect
to a norm || - |7 and

|laxbl| 7 < ||lall||z]|7]/b||, for all a,b € A and x € T. (5.5)

Denote by ® the set of all symmetric norming functions on the space of all sequences £ = {;} of
real numbers converging to 0. Each ¢ € ® defines a symmetrically normed ideal (J?, || ||4) of B(H)
(for the detailed discussion, see [GK]). For example, the functions

op(€) = (Z w)  for 1< p< oo
=1

define the Schatten ideals Cj: J?% = C),. The ideal F(H) lies in each J?, its closure ]—'(H)d) in|-|¢
is a separable s.n. ideal Jg) and Jg’ C J?. Each separable s.n. ideal of B(H) is isomorphic to Jg’

for some ¢ € ®. In many cases (for example, for all ¢, above) the ideals Jg’ and J? coincide. It
was proved in [BKS, Theorem 3.6] that

(J9)? C Jg. (5.6)

It is well known that the functional Tr(-) on F(H) is only bounded in |||, ~For the convenience
of the reader we will prove it.

Lemma 5.7 The linear functional Tr(-) is not bounded in ||-|| ,, if ¢ # ¢1.

Proof. Let {e,} be an orthonormal basis in H. Consider the finite rank operators A4, =
%(el ®e1+ ... + e, ®ey). Then Tr(A,) = 1. If ¢ # ¢1 then (see [GK, II1.4])

1 1
Anllg = = den @enlls = —o(1,...,1,0,....) — 0, .
[4alls = ~ller @ ex + .+ en Beally = 201, 1,0,..) =0 (5.7
as it follows from (3.18) of [GK] that S%pW = oo. Hence Tr(+) is not bounded in [|-|| ;. m
——

n

For each s.n. ideal J of B(H) (see [GK]), there exists a function ¢ € ® such that
J§ T I (5.8)

the first inclusion is isometric and the second one is continuous. It is known (see, for example,
Corollary 4.10 in [KS]) that each s. n. ideal J of C'(H) also satisfies (5.8). (Note that ideals of
C(H) are not necessarily ideals of B(H) (see [FM, p. 451]).)

Theorem 5.8 (i) Let J = Jg) # C1 be a separable s. n. ideal of B(H) or J = C(H). Then J
has only two closed Lie ideals: {0} and J.
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(ii) C1 has only three closed non-zero Lie ideals: {0}, CY = Fo(H) and Cy; furthermore

[C9,C9] = [C9,C1] = [C1,C1] = €Y G C.

(iii) Let J be a non-separable s.n. ideal of C(H) and Jg C J C J? A closed subspace L # {0}
of J is a Lie ideal if and only if it contains Jg. Moreover, in this case L is an ideal of J and

L, L] =[L,J] =17, =J3.

Proof. By Lemma 5.7, Tr(-) is not bounded in ||-||;, for ¢ # ¢1. It is well known that Tr(-) is
bounded on C;. Hence (i) and (ii) follow from Proposition 5.6.

The “if” part in (iii) follows from (5.6). Each non-zero ideal I of J contains F(H) and F(H)? =
F(H). Hence J is a prime algebra and 37 = {0}. As Tr(-) is not bounded in ||-[[,, for ¢ # ¢1, we

have ]-"O(H)¢ = ]:(H)qb = Jg’. Therefore

5} = Foll)’ = FE.F) < 10,5 < 5.

SO .
5, I =I5 (5.9)
Hence the “only if” part in (iii) follows from (5.6) and Corollary 5.4. m

Let S be a densely defined, symmetric, closed operator on H with domain D(.S). Set

Ks = {a€C(H): aD(S) C D(S), a*D(S) € D(S) and [S, a]| ps)

extends to a bounded operator ag on H };

and Js = {a € Kg: ag € C(H)}.

The subalgebra F° of F(H) generated by all rank one operators 2 ® y with =,y € D(S) is dense
in C(H) and F% = F(D(S)). Let ®g be the closure of F° in the norm

lalls = llall + IS, ] -

Then &5 C Jg C Kg. It was proved in [KS1] that Kg, Js and ®g are Banach *-algebras, that F°
is contained in every ideal of ®g and (F*)% = F¥. Moreover,

(Ks)? = (TJs)* = ®s.

Hence the algebras ®g, Jg and Kg are prime. If S is selfadjoint then &g = Jg # Kg. Thus &g is
topologically simple and it follows from Proposition 5.6 that
(i) ®s has only two closed Lie ideals: {0} and ®g, if Tr(-) is unbounded on F s

(ii) @ has three closed Lie ideals: {0}, 75 = [F*, F°] and ®g, if Tr(-) is bounded on F¥.
Proposition 5.9 Let S be a symmetric, closed operator. Suppose that there are ¢ > 0 and unit vec-

tors {en}>2 1 in D(S) such that all subspaces {en, Sen} are mutually orthogonal and ||[S, ey, ® ey]|| <
c. Then Tr(-) is unbounded on F°, so
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(i) ®g has only two closed Lie ideals: {0} and Pg;

(ii) a closed subspace L of Kg is a Lie ideal if and only if 5 C L C Kg. Moreover, L is an ideal
of Ks and

[L, L] = [L, Ks] = [Ks, Kg] = @s.

The same is true for the algebra Jg.

Proof. Consider a,, = %(el ®e1+ ...+ e, ®ey). Then Tr(a,) =1 and

1
lanlls = llanll +[[[S;an]ll = - ler®e1 + ... +en @ ey
1
+E I[S,e1 ®e1] + ... + [S,en @ el
1 1
= Csuplle; @eill + —sup |[S, e; @ ei]|| — 0,

as n — oo. Hence Tr is unbounded on F7. This implies (i). Part (ii) can be proved in the same
way as part (iii) in Theorem 5.8. m

In particular, all selfadjoint and all maximal symmetric operators satisfy conditions of Propo-
sition 5.9.

Problem 5.10 Do there exist symmetric operators S for which Tr(-) is bounded on F°?

5.3 Closed Lie ideals of projective tensor products B&.7.

In the theory of C*-algebras an important role is played by stable C*-algebras, that is, by the
C*-tensor products B ®@muin C'(H), where B is a C*-algebra. In the category of Banach algebras a
natural tensor product is the projective one. We will show that in the projective tensor products
B&C(H), where B are unital Banach algebras, and, more generally, in B&.7, where J # C; are
separable s. n. ideals of B(H), all closed Lie ideals are ideals. This can be viewed as a Banach
algebraic counterpart of some results in Section 4. A similar result for stable C*-algebras will be
obtained in Section 5.5.

For each algebra A, we denote by A°P the opposite algebra, that is, the same linear space with
multiplication aob = ba. The following auxiliary result is taken from [SS]; we will give its proof for
the convenience of the reader.

Lemma 5.11 Let M = M, (C) and let V be the subalgebra of the algebra M @ M°P generated by
all elements a®1 —1® a witha € M. Then

V:{Zai(@bi:Zaibi:Zbiai:O}. (5.10)

Proof. Denote the right hand side of (5.10) by U. One can easily check that U is a subalgebra
of M ® M°P and V C U. Define the representation w of M ® M°P on the space M by the equality:
m(a®b)(x) = axb. Then 7 is irreducible and faithful, as M ® M°P is simple (see Lemma 4.10). So
it suffices to show that 7(U) = n(V).

32

descr



L7.1

L7.2

Set M? = {x € M: Tr(z) = 0}. Then M° = [M, M] and M = M°+C1.For T =Y, a;®b; € U,

Tr (n(T)x) = Tr (Z aimbi> = Tr (beiaZ) =0, for each z € M.

Therefore m(U)M C M. Clearly, C1 C Ker 7(U) C Ker m(V). As
ma®1l—-1®a)r =ax — xa, for a,x € M, (5.11)

x € Ker w(V') only if za = ax for all a € M. Hence C1 = Ker 7(U) = Ker 7(V).

We have from (5.11) that if L is an invariant subspace for w(V'), then L is a Lie ideal of M.
Thus if L is an invariant subspace of (V') in M, it follows from Theorem 1.1 that either L = {0}
or L = M°. Hence 7(V) has no non-trivial invariant subspaces in M°. By Burnside’s Theorem,
7(V)|M? coincides with the algebra B(MY) of all operators on M. Therefore 7(V) = B(M°)+{0}
on M = MY+ C1. As 7(V) C n(U) and Ker w(U) = C1, we have 7(V) = 7(U). m

We will assume below that H is an infinite dimensional Hilbert space.

Lemma 5.12 Let K be a subspace of H, dim(K) = n < oo with an orthonormal basis { f;}I—,. For
each N, there is a subspace Ky of H with an orthonormal basis {ek}zjzvl such that K C Ky and

|(fisex)] < \/% for all i and k.

Proof. Let {R;}} ; be N-dimensional mutually orthogonal subspaces of H such that f; € R;.
Let {g™}N_, be an orthonormal basis in R;. Set g; = \/LNZZZI g/". Then |lg;|| = 1. Let U,
i = 1,..,n, be unitary operators on R; such that U;g; = fi. Then {e;, = Ujg/: 1 < i < n,
1 <m < N} is the required basisin Ky =R & ... B R,. m

For each unit vector e € H, by p. = e ® e is the orthogonal projection onto Ce. If £ = {e;}1 ;
is a finite family of pairwise orthogonal unit vectors in H, we set pg = >, pe,. Let J = Jg’ be a
separable s. n. ideal of B(H). We define operators sg and tg on J by

se(x) = Zpeixpei and tg(x) = pgapg, for x € J. (5.12)

(2

As all projections pe,, for e; € £, are mutually orthogonal, it can be deduced from Theorem II1.4.2 of
[GK] that |[sg(z)|, < [|z||, for z € J. It also follows from (5.5) that |[te(2)]|, = lpszpell, < |z, -
Hence

sell = |ltell = 1. (5.13)

Lemma 5.13 Let J = Jg # C1 be a separable s. n. ideal or J = C(H). Then for each finite
family (x1,...,xm) in F(H) and each € > 0, there is & with

Iss(xi)|ls < e and x; = te(x;), for1 <i<m. (5.14)

Proof. As all x; € F(H), there is a finite-dimensional subspace K of H such that ©;H C K
and z7H C K, 1 <i < m. Let {f;}7_; be an orthonormal basis in K. Then all z; are linear
combinations of the rank one operators f, ® f;. Let Ky, K C Ky, be a subspace of H constructed
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in Lemma 5.12 and € = {e,}?Y, be the basis in K such that |(ex, ;)| < 1N Then te(x;) =

)
obtain as in (5.7)

5

pexipe = Ti. As ¢ # ¢1 (in particular, when ¢ = ¢, we have J = C(H)), w
(see [GK, IIT.4]) that

niN niN
Ise(fo @ f)lly = D peulfo @ Fi)per|| = || D (€rs fo)(f: €h)Pey
k=1 J k=1 J

AR 1 1
< - — —$(1,...1.0..)=n| —o@, ... 1.0 .. 0.
= ZNpek N¢(a 5 Ly Uy ) n 7'LN¢(’ y L9 YUy ) -
k=1 J nN nN

as N — oo. Hence [|s¢(fp ® fj)ll, — 0, as N — oo, for all p and j. As s¢ is linear and n is fixed,
for each € > 0, we can find N such that ||sg(z;)]|¢ <€, for 1 <i < m. Thus (5.14) is proved. m

Let B be a unital Banach algebra and J be a separable s. n. ideal of B(H). Let 7 be an
algebraic cross-norm on the algebraic tensor product B® J. Then its completion A = B®, J with
respect to 7 is a Banach algebra. We consider the algebraic tensor product Ay = B ® F(H) as
a subalgebra of A. As J is separable, F(H) is dense in J, so A = Ay . Let id be the identity
operator on B. For & = {ei}le, consider the operators

Se = id®se and Te = id®tg

on Ag. We will impose on 7 the condition that the families of operators Sg and T¢ are uniformly
bounded: there is &k > 0 such that, with respect to the norm 7,

[Sell < k and ||Te|| < k for each €. (5.15)
Our aim is to show that under this condition all closed Lie ideals of A are ideals.

Proposition 5.14 Let J # C) be a separable s. n. ideal of B(H) or J = C(H). Suppose that
(5.15) holds for a norm 7. Then LN Ag is dense in L for each Lie ideal L of A.

Proof. Let £ = {e; le. As the operators Sg and Tge are bounded on Ay, they extend to A; we
denote their extensions by Sg and Tg. They map A into Ag. Indeed, let R be the linear span of £
and F(R) be the subspace of all operators y € F(H) such that yH C R, y*H C R. For each x € J,
we have tg(x),s¢(z) € F(R). If a=3" 1 b; ®x; € Ag then Tg(a) = > 1% b @ te(x;) € B F(R).
As F(R) is finite-dimensional, B ® F(R) is a closed subspace of A and B ® F(R) C Agy. As T¢ is
bounded, it maps A into B ® F(R). The same is true for Sg. Hence Tg(a) — Sg(a) € Ag, for each
ac A

Let us show that Tg(a) — Sg(a) € L if a € L. For each matrix u = (u;5) € My(C) = My,
the operator u = ) u;j(e; ® ¢;) lies in F(R). We define a bilinear map ¥ from M}, x M, into the
space B(A) of all bounded operators on A by setting ¥(u,v)(b® z) = b ® uzv. It extends to the
homomorphism from M, ® M,* into B(.A) which will be also denoted by W.

AsTU(u®1l, —1,@0)(b®z) =b® [u,z] = 1@ u,b® x|, we have

V(u®ly— 1 ®@u)a=[1p®@u,a] for all a € A.
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Hence L is invariant under all operators ¥(u® 1, — 1 ®u), u € M. By Lemma 5.11, L is invariant
under all operators {W (>, u; @ v;): >, uv; = Y, viu; =0, uz,v; € My}, As Tg = U(1, ® 1) and

Se =U(3F pi ®pi),
k

Te— Se=T(1Lr @1 — Y _pi @ pi)
i=1

and 1 — Zle pip; = 0, so L is invariant under Tg — Sg. Thus Tg — Sg maps L into L N Aj.
We claim that, for each a € A and € > 0, there is £ such that
ISe(a)]la < e and |la — Te(a)||la < e. (5.16)

As Ap is dense in A and all ||Sg|| < k and ||T¢| < k, it suffices to prove (5.16) for a € Ay. Let
a=>",b;®x; with all 2; € F(H). Then Sg(a) =/~ b; ® s¢(z;) and

I1Se(@)lla < Y l1bill s llse (i)l < Bmax||se(zi)ll7,
i=1

where 3 = ). ||b;||g. To obtain (5.16), take the set £ constructed in Lemma 5.13 for (z1,...,zpm)
and €/ instead of e. Then ||Sg(a)||a < € and Tg(a) = >, by @ te(x;) = Y, b; ® x; = a. Thus this
claim is also proved.

As a consequence of (5.16) we have that, for each a € A and £ > 0, there is £ such that

la — (Te(a) — Se(a))]|la < 2e.
This concludes the proof. m

Theorem 5.15 Let B be a unital Banach algebra, let J # C1 be a separable s. n. ideal of B(H)
or J = C(H) and let A = B®; J be a Banach algebra. Suppose that the families of operators
{Se} and {Te} are uniformly bounded in the norm 7 (see (5.15)). Then a closed subspace L of A
1s a Lie ideal if and only if it is an ideal. Moreover, L is of the form L=1® J = 1®,; J, where
I is a closed ideal of B.

Proof. The “if” part is evident. Let L be a closed Lie ideal of A. Set F = F(H), Ag =B® F
and Ly = LN Ap. As F is a simple non-unital algebra and dim(F/[F,F]) = 1, Theorem 4.14(iv)
implies that there is a Lie ideal K of B and an ideal Iy of B such that

Lo=KQF+1)® [.F,f] and [Io,B] C K C .
Let J = Jg (in particular, ¢ = @0, s0 J = C(H)). By Lemma 5.7, [F, ]:](z) = J. Hence

LClhoJClhhy®|F,F| CLy.

Set I = Iy. By Proposition 5.14, Ly’ = L. Hence L=, ® J =1®J .=

Let A and B be bounded operators on Banach spaces X and Y respectively. It is well known
that the operator A ® B on the projective tensor product X®Y has norm ||A||||B||. The same is
true for A ® B on the tensor product X ®) Y with respect to the injective cross norm A. Hence,
by (5.13), ||Se| = ||Te|| = 1 on B&J and on B ®y J. We formulate the result of Theorem 5.15 for
these tensor products separately.
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Corollary 5.16 Let B be a unital Banach algebra and let J # C1 be a separable s. n. ideal of
B(H) or J =C(H).

(i) A closed subspace L of the projective tensor product BRJ is a Lie ideal if and only if it is
an ideal. Moreover, L = I®J where I is a closed ideal of B.

(i) If B®y J is a Banach algebra, then its closed subspace L is a Lie ideal if and only if L is
an ideal. Moreover, L =2 I ®) J where I is a closed ideal of B.

Consider now the projective tensor product A= BXC;. By Theorem 5.8, CY = {a € Cr:
Tr(a) = 0} is the only non-trivial closed Lie ideal of C; and C; = C(e; ® 1) + CY. Let K be a
closed Lie ideal of B and I be a closed ideal of B such that [I,B] C K C I. Then it follows from
(4.6) that

L(K,I) = K&C, + IRCY = K ® (e1 ® e1) + IRCY

is a closed Lie ideal of A. Repeating the proof of Theorem 5.15, we also obtain that if L is a closed
Lie ideal of A and LN Ay # {0}, where Ay = B® F(H), then L contains a closed Lie ideal L(K, )
for some K and I.

Problem 5.17 Do all closed Lie ideals of BRC, have form L(K,I) = K @ (e1 ® e1) + IQCY for
some K and I?

5.4 Lie ideals of W*-algebras.

In this subsection we study the algebraic relation between Lie ideals and ideals of W*-algebras A.
In particular, we show that each Lie ideal L of A is commutator equal to the ideal J = Id([L, A]):
[L, A] = [J, A]. To do this we first establish the following result.

Proposition 5.18 FEach projection in a W*-algebra A is locally cyclic (see Definition 3.5).

Proof. Let p and ¢ be orthogonal projections in A and p + ¢ = 1. Assume first that p < g,
that is, there is a projection p; < ¢ and a partial isometry u such that u*u = p, uu* = p;. Let
x1,x2 € pAq. As pyu = u, we have y; = ux; € p1.Aq. Let y; = |y;| v; be their polar decompositions,
where |y;| = (yiy;")l/2 € pApr and v; € p1.Aq C qAq. As prv; = v;,

xp = pr; = uw'y; = u |y vi = u |yl proi = (W8 [yl w) (wpr)vi = (u” yi| w)ev;,

where u* |y;|u € pAp and e = u*p; € pAp1 C pAq. Thus z; € (pAp)e(qAq).
Similarly, if 21,22 € ¢Ap, then y; = z;u* € qAp;, as u*p1 = p1. Let y; = w; |y;| be their polar
decompositions, where |y;| = (yiy:)"/? € p1.Ap; and w; € ¢Ap1 C ¢Aq. Then, as w;p; = w;,

T = rp = Yiu = w; |[yi| u = wip lyi| u = wi(pru) (u” |y u) = wie(u” y;| u),

where u* |y;|u € pAp and e = p1u € p1Ap C qAp. Thus z; € (¢Ag)e(pAp). Therefore p and ¢ are
locally cyclic.

Let now p and ¢ be not comparable. Then (see [S, Theorem 2.1.3]) there is a central projection
z such that zp < zq and (1 — z)q < (1 — 2z)p. By the above argument, for each pair x,zs € pAg,
there exist e; € z2pAg and ey € (1 — 2z)pAgq such that zx; € (zpAp)ei(zqAq) and (1 — 2)z; €
(1 — 2)pAp)ea((1 — 2)qAq), for i = 1,2. Then e = e1 + e2 € pAg, e; = ze, ea = (1 — 2)e and

x; = zz; + (1 — 2)x; € (pAp)ze(gAq) + (pAp)(1 — 2)e(gAq) C (pAp)e(gAqg).
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Similarly, we can prove that, for each pair x1,z2 € ¢Ap, there exists e € ¢gAp such that z; €
(pAp)e(qAq). Thus p and q are locally cyclic.

As each projection ¢ € A is similar to an orthogonal projection p € A (¢ = apa™! for some
invertible a € A), all projections in A4 are locally cyclic. m

Each W*-algebra A has the decomposition A = A; & Ay & A where Ay, Arp, Apiip are W-
algebras of type I,II and III. The algebra A; decomposes uniquely into the direct sum of W*-algebras
A, of type I:

Ar = SpenayAn, (5.17)

where n is the number of mutually orthogonal abelian equivalent projections p; in A, such that
14, =Y pi and N(A) is a subset of (N — {0}) U cc.

Theorem 5.19 Let A be a W*-algebra.
(i) Fach Lie ideal L of A is commutator equal to the ideal J = 1d([L, A]), that is, [J, A] = [L, AJ.
(ii) Let there exist a finite number of prime numbers qi,...,qr such that each n € N(A) is
divisible by one of them. Then each Lie ideal L of A is related to only one ideal I1d([L, A)).

Proof. It was proved in [Su] that if C is a properly infinite W*-algebra then C = [C,C]. For
a finite W*-algebra C it was proved in [PT, Theorem 1] that [C,C] = {c € C: ¢! = 0}, where
¢ — c¥ is the center-valued trace (c? € 3¢). Then (see the proof of [Mi, Lemma 3]), for each ¢ € C,
c—chelC,C),as (c—c)f=0. As ¢# € 3¢, C = [C,C] + 3¢. Since each W*-algebra C is the direct
sum of a properly infinite and a finite algebras, this implies that

C=C,C]+ 3c. (5.18)

The algebra B = A @ A has no abelian projections. By Proposition 2.2.13 [S], there is a
projection p equivalent to 13 — p. Hence B is isomorphic to Ms(pBp).

Split N(A) into odd and even parts: N(A) = N¢(A) UN°(A). Then A; = A7 @ A with
Af = @pene(a)An and A7 = Speno(a)An. The W-algebra Af is isomorphic to Mz () for some
W-algebra U. Hence M = A & Ay @ Ay is isomorphic to My(C) where C = U @ pBp. It follows
from Corollary 4.18(ii) and (5.18) that each Lie ideal L of the W*-algebra 9t is commutator equal
to the ideal J = Id([L, A]).

For each n € N°(A), there are n mutually orthogonal abelian equivalent projections pgn) in A,
such that 14, = > pl(n), so A, is isomorphic to M, (B,,), for some commutative W*-algebra B5,,.
Set

p= @neNO(A)pgn)

and ¢ = 1 — p. Then A;; = pA?p = @®peno(a)Bn is a commutative W*-algebra, so each Lie
ideal L of Aj; is commutator equal to Id([L,.A11]) = {0}. As all n — 1 are even, the W*-algebra
Az = qA7q = @peno(a)Mn—1(By) is isomorphic to M (D) for some W*-algebra D. Hence it follows
from Corollary 4.18(ii) and (5.18) that each Lie ideal L of Asgg is commutator equal to Id([L, A2z]).
By Proposition 5.18, p is locally cyclic. Therefore it follows from Corollary 3.8 that each Lie ideal
L of A{ is commutator equal to Id([L, A7]).

As A = A7 @ 9, it follows from Proposition 3.1(i) that each Lie ideal L of A is commutator
equal to the ideal Id([L, .A]). Part (i) is proved.
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If A satisfies the condition in (ii), then A; = My, (B1) & ... & My, (By), where B; are some
WH-algebras. Hence

A=A1®B= ]Wq1 (Bl) b...PD qu (Bk) D MQ(po). (5.19)

We have from Corollary 4.18(ii) that each Lie ideal of the W*-algebra M,,(C), n > 2, is only related
to one ideal, so each summand in (5.19) has this property. Using now Proposition 3.1, we obtain
that each Lie ideal L of A is only related to the ideal J = Id([L, .A]). =

Theorem 5.19 is one of two main results of this section. The other one is Theorem 5.27 below.
Applying (5.18) and Lemma 2.1, we obtain

Corollary 5.20 For a Lie ideal L and an ideal I of a W¥*-algebra the following conditions are
equivalent.

(i) L is related to I;
(ii) L is embraced by I,
(iii) L is commutator equal to I.

If a W*-algebra A has a commutative component A;, then each Lie ideal of A; is related to
more than one ideal. Hence, by Proposition 3.1(ii), .A has Lie ideals related to more than one ideal.

Problem 5.21 Let a W*-algebra A have no commutative summand Ay. Is every Lie ideal of A
related to only one ideal?

5.5 Lie ideals of C*-algebras.

We will start this subsection by showing that all closed Lie ideals of stable C*-algebras are associa-
tive ideals. Let B be a unital C*-algebra. Identify it with its faithful representation on a Hilbert
space K. The C*-algebra A = B Quin C(H) (the completion of B ® C(H) in the minimal and,
hence, in any C*-norm, as C'(H) is nuclear) can be considered as an operator algebra on K ® H.
For each €& = {¢;}_, e; € H, the map T¢ on B® C(H) acts (see (5.12)) by

Tg(b X C) =bR® tg(c) = (1K®p5)(b ® C)(1K®pg),

so [|[T¢|| = |1k ®pe|| = 1. The map Sg on B® C(H) acts (see (5.12)) by

Se(b®@e) =b®sg(c) = Y _(1x®pe,)(b® ¢)(Lx®pe,).

2

The projections 1x®pe, on K ® H are mutually orthogonal. Hence ||Sg|| = 1. Thus the families of
operators Tg and Sg are uniformly bounded. Therefore from Theorem 5.15 we obtain

Corollary 5.22 Let B be a unital C*-algebra. All closed Lie ideals L of the stable C*-algebra

B ®@min C(H) are ideals and have form L =1® C(H) = I Quin C(H) where I is a closed ideal
of B.
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We will mention now some applications of Theorem 5.3 to C*-algebras. These results were
already published (see [MaMu]), but in somewhat different form. Denote by T(.A) the set of all
tracial states on a C*-algebra A. Cuntz and Pedersen proved in [CP] that

[A, Al

= 0 Kerlh) (5.20)

(cf. (5.3)). For unital C*-algebras, Pop proved in [Po| that
T(A) = 0 implies [A, A] = A. (5.21)

For example, the Cuntz algebras O,, and infinite simple C*-algebras (aa* # a*a = 1, for some
a € A) satisfy (5.21). Earlier Fack [F] showed that [A, A] = A, if A~ A ®pin C(H)or if A is an
infinite simple C*-algebra, and that [A, A] = [A, A] if A is a unital simple AF-algebra.

Thomsen [Th] extended the last result and proved that [A, A] = [A,.A] for simple, infinite-
dimensional, unital inductive limits of certain C*-algebras. This includes all unital simple AF-
algebras, Bunce-Deddens algebras and the irrational rotation algebras Ag. Moreover, Bunce-Deddens
algebras, the algebras Ay and UHF-algebras have exactly one tracial state.

We will call the Lie ideals {0}, A and C1 (if A is unital) trivial.

Proposition 5.23 Let A be a unital simple C*-algebra.
(i) If T(A) =0, then A has only trivial Lie ideals.

(i) Let T(A) consist of one functional. Then

a) [MaMu] A has only one non-trivial closed Lie ideal [A, A] and its codimension is 1;

b) if [A, A] is closed, then A has only one non-trivial Lie ideal [A, Al.

Proof. For unital simple C*-algebra A, 34 = C1. If T(A) = () then (see (5.21)) [A, A] = A.
Applying Theorem 1.1, we obtain part (i).
Let T(A) = {tr(-)}. By (5.20), [A, A] = Ker(tr(-)) and part (ii) a) follows from Theorem 5.3(iv)

b)

If [A, A] = [A, A] then, by a), [A, A] has codimension 1 in A. Applying Theorem 1.1, we
conclude the proof. m

Corollary 5.4 allows us to describe closed Lie ideals of extensions of C'(H) by commutative
C*-algebras. The simplest non-trivial example of such an extension is the Toeplitz C*-algebra 7'
generated by the unilateral shift. It is unital, contains the ideal C(H) and 7 /C(H ) is a commutative
algebra isomorphic to C(T), where T is the unit circle.

Corollary 5.24 Let a C*-subalgebra A of B(H) contain C(H) and let A/C(H) be commutative.
A closed subspace L of A is a non-trivial Lie ideal if and only if C(H) C L.

Proof. The “if” part is evident. By (5.9), [C(H),C(H)] = C(H). As 34 = {0} or 34 = C1 (if
A is unital), the result follows from Corollary 5.4(ii). m

We will consider now Lie ideals of general C*-algebras. Let A* be the dual space of a C*-algebra
A (the space of all bounded functionals on .A). The bidual space A** of A is a W*-algebra and the
natural inclusion of A into A** is a *~homomorphism. We will consider A as a subalgebra of A**.

39



P7.2

bezr

It follows from the general duality theory of Banach spaces that for any subspace E of A,

E=ANnE’ (5.22)

where E is the closure of £ in A and E° is the closure of E in A** with respect to the *-weak
g

topology, that is, o(A**, A*)-topology. We also have A** = A°.
For each a € A**, the mappings ¢ — za and © — ax are o-continuous, so B F C EF" for all

subspaces E and F of A. Hence Eafgg CEF 7 C EF’. On the other hand, EF’° C EUFUU SO

—=0=—=07 o

E°F° =FEF". (5.23)
Similarly, .
E°,F°] =[E,F|. (5.24)

Bunce (see [Mi, Lemma 1]) proved that if I is a closed ideal of a C*-algebra A then [I, A] =
I'n[A, A]. The following proposition is a refinement of this result.

Proposition 5.25 Let I be a closed ideal of C*-algebra A. Then

[I,ﬂ:[[I,A],A]:[I,A]:IQ[A,A], (5'25)

so N([I,A]) = N(I).
Moreover, if A has no tracial states then [I, A] = 1.

Proof. We only need to prove the first and second equalities. It follows from (5.18) that
[C,C] = [[C,C],C], for each W*-algebra C. As 17 _is a *-weakly closed ideal of the W*-algebra A7,
there is a projection P in 3%~ such that [ 7 = PA’. Hence, as P commutes with A°,

[1°,A°] = [PA",A°]=[PA°, PA] 1’ T]
= PA" A" = P[A", A7), A7) = [[PA°, A"), A% = [[I", A”], A”).

Therefore we obtain from (5.22) and (5.24) that

1] = AN[LI =AN[T,T] I] —Am[I A] = AN[L A =11, A,
LA = An[T,A7) =An(r A A) = AN(L A A
= AN[LALA =1, A, A
which establish (5.25). -
If A has no tracial states then, by (5.20), [A, A] = A and it follows from (5.25) that [/, A] = I.

Corollary 5.26 Let A be a C*-algebra. For a closed ideal I of A and for a closed Lie ideal L of
A, the following conditions are equivalent:
(i) L is related toI: [I,A]CLC N(I);
(ii) L is topologically embraced by I : [I, A] C L C N([{,
(iii) L and I are topologically commutator equal: [I, A] =

Al);
(L, Al
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Proof. (i) = (iii). By Proposition 5.25, N(I) = N([,A]). Hence if L is related to I then

])-
I, A], so [L, A] = [I, A. Thus (i)

L,

J€ LCN({I)=N(l,

| =[lI, A, Al € [L, 4]
ii) = (i) are evident. m

Therefore, by Proposition 5.25, [I,
implies (iii). The inclusions (iii) =

We will prove now the second main result of this section.

Theorem 5.27 Let L be a closed Lie ideal of a C*-algebra A and I = Id([L, A]). Then
(i) L is topologically commutator equal to the ideal I: [L, A] = [I, A].
(ii) if A has no tracial states then

I CLCN(). (5.26)

Proof. It follows from (5.24) that L” is a *-weakly closed Lie ideal of the W*-algebra A°. By
Theorem 5.19(i), the ideal J = Id([L°, A”]) of A” satisfies [L”, A”] = [J, A”]. Hence, by (5.24),

LA =7, A =1, A =17, A7, (5.27)

By (2.3), I = [L, Al + A[L, A] and J = [L7, A”] + A°[L°, A°] = A°[L°, A°], as A” is unital.
As A[L, A] C I C J, we have from (5.24) and (5.23)

il

T ol DAL A = A LA = ALA =7,

Hence I° = J°. Thus, by (5.24), [, A°] = [, A’ =[I, A]’. Therefore (5.27) implies [L, A" =

1, .A]U. Taking the intersection of both parts with A and using (5.22), we complete the proof of

part (i):

L, Al=AN[L A = AN[LA =11,

[
If A has no tracial states then, by Proposition 5.25, [I, A]
(5.26). m

J

o [L,A] = I. This implies

Theorem 5.27 and Corollary 5.26 give a full description of the set all closed Lie ideals of a
C*-algebra A as the set of all closed subspaces that lie between [I, A] and N([I, A]), where I is
an arbitrary closed ideal of A. If A has no tracial states, then the set of all closed Lie ideals of A
coincides with the set of all closed subspaces that lie between I and N([I,.A]), for all closed ideals
I of A.

If A has a tracial state then (5.26) does not necessarily hold. Indeed, let A be an UHF-algebra
and L = [A, A] (see Proposition 5.23). As A is simple, it has only two closed ideals I} = A and
I, ={0}. As L # A, (5.26) holds neither for I; nor for I.

Let A be a dense subalgebra of a C*-algebra 2 and L be a Lie ideal of .A. Then

[L, A] = [J, A], where J = 1d([L, A]). (5.28)

Indeed, as L is a closed Lie ideal of 2, by Theorem 5.27, [L A = [I,2] where I = Id([L,]).
Then J C 1. By (2.3), I = [L, ] + 2A[L,2] and J = [L, A] + A[L, A]. Hence I C J, 50 I = J. As
[E,2] = [E, A, for each subspace E of A, we have [L, A] = [L, ] = [[,2] = [[,2] = [J,A] = [J, Al

Let A be also a Banach *-algebra in some norm ||-|| 4. It would be interesting to know under
what conditions (5.28) holds if the closure there is taken in [|-|| 4.
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