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Abstract

This paper presents an algorithm for computing Dedekindssyf (a1, . . ., a,,)) by using the
Euclidean algorithm and algebraic propertiegpfin Theorem 2.2 an explicit relation between
a polynomiala with rational coefficients, which is obtained by the Eucédealgorithm, and
09, 01, -..,0,._1 Will be determined. The main advantage of the algorithmas bty knowingo

all o; can be calculated simultaneously. When. . . , a,, are relatively prime t@, the algorithm
can be put in a particularly simple and compact form. Seeamples are explicitly computed
by usingivat hemat i ca.

Definition 0.1 Fix positive integers anday, . . ., a,. The sumsr; are defined by

1

1 €

0; = — ) (l)
D .
e*#£1Vi=1,...,n

wheree runs overrth roots of unity. It is obvious that; = o,.;. Therefore we only need to

considers; fori = 0,1,...,r — 1 and call it theith Dedekind sum. If we want to stress that
not allaq, ..., a, are relatively prime to, theng; is called theith generalised Dedekind sum.
Whena,, .. ., a, are relatively prime te the above sum is taken over ath roots of unity. Let
& 1—t
A= 1—t% d B= : 2
H (1—1)  an — @
Then by the Euclidean algorithm there exist polynomial§ € Q(t) such that
B
1=aA _— . 3
At O A B ®)

This way obtained: is calledthe Inverseof [, (1—¢*) modulo =t =14 ¢4 - +¢"L,
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1 Introduction

There is an abundant amount of literature on Dedekind
sums, appearing in many areas of mathematics such
as analytic number theory [5], topology [7], combi-
natorial geometry [10], algorithmic complexity [8]
and singularity theory [11, 4]. Dedekind sums were
among many others studied also by Berndt, Carlitz,
Grosswald, Knuth, Rademacher and Zagier. In a recent
book [2] on this topic, the authors Beck and Robins
connect the Dedekind sums to the ’'coin exchange
problem’ and also to the number of lattice points inside
a certain polyhedra. From here the discrete volume and
the normal (or continuous) volume of polyhedra and
polytopes can be computed.

(i) Denote by >".&t" an arbitrary multiple of the

polynomial 3 Then

B
hcf(A,B

Z & o =0, (5)

since} ;& ¢ = 0 for all e € p, such that
g% £ 1Vi = 1,...,n. This follows directly from
the definitions ofB ando;. In particular, if applied

on B thenY ') o; = 0 always holds.

We proceed by giving an alternative description of the

Inverse functior. For alle € i, define

Recent research is focused on finding properties and

relations among Dedekind sums that would simplify4_

their computation [1]. The existing methods for
evaluating such sums affactorisation, multisection
and third most powerful method pértial fractions[6].

-1
— { (1—e%1)--(1—gan)>

ife® £1Vi=1,...,n
0, if £ =1 for somei.

The expressioni. can be written as a polynomial in

with coefficients inQ. Moreover, in the proof of The-

The main objective of this paper is to describe an al
gorithm for computing Dedekind sums using the Eu-
clidean algorithm. The Sequential arithmetic time and
Parallel arithmetic complexity of the Euclidean algo-

prem 2.2 a polynomiaP(t) will be constructed such
that

P(e)=A. forall ¢e€ pu,.

rithm are well understood [3]. In practice the fastopserve that whenevet: # 1 foralli = 1,...,nalso

Fourier transform (FFT) algorithm is used.

2 The main theorem
In this section we will relate thénverse function to

a(e) = A. = P(e) holds by (3).

For example, when is prime one can simply substitute

Dedekind sums More precisely, we will find an equal- ¢ with ¢ in the polynomial expression of. to obtaina.

ity connecting the polynomials

— Theorem 2.2 Fix positive integers r» and « a
i B 1ye-+yUn.
o and ;U”"'t ' ) The Inverse of [T, (1 — %) modulo =% denoted by
= o equals
Remark 2.1 Running the Euclidean algorithm ‘
on a computer givesy supported on monomials 22;01 or—; t*  modulo the polynomial

1,t,...,t7—2-deghef(4.B) Note also thaty with such
support is unique.

We begin with two obvious equalities among Dedekind
sums:

1ttt
hef (TT7, (1—t%i), 14 +t7=1)

PROOF From now on fix a generatar € p,- and de-

note the polynomial

0]
o; =
1 Z gt _
r Lae€pr, e #]l (1—g)-.-(1—edn) -
1 et _
T ZEE/,LT,EG”i?fl (1—e=21)...(1—e—an) -
1 galtFan—i -
(=D)" 5 Xcep,, cvitl Ty doeay =
(=1)"0a+-+a,—i
and

r—1
> At (6)
j=1

by p(t). Then

p(0) = 0,

p(1) = roo,

P(éi) = T0y,
pe™™ Y = ro._1.



The above formulae can be considered as a linear sy8- The computing algorithm

tem ofr equations ind., and variable The Euclidean algorithm and Theorem 2.2 will be used

to calculater; (£ (a1, . ..,ay,)) fori = 0,1,...,r — 1.

0 i d
! 1 12 "' Tl_l A We will split the description of our method into three
1 P g( b Ao steps. As before denote
€ € gs\r— €
n w 1_tr
1oer b 5 Ay A:g(l_t ) and B= =
90 . .
o1 Step I) Run the Euclidean algorithm on
- " A and B to obtain
- hef (A, B) @
Or—1

nStep II) Recall that by Remark 2.1 thus obtained poly-
nomial a(t) is spanned on, ¢, ...t 2~ deghcf(4,B)

By Theorem 2.2 there eX|sts a unlque polynomial

~(t) € Q(t) of degreenct (A, B) such that

Since the Vandermonde matrix is invertible, we ca
solve the system and obtain

Aek = Z OJEk(rfi)

= > Olor ek for k=12....r —1. ZUT it (1)

Moreover, by (ii)

hef (A, B) ®

1 1 Lemma 3.1 Equalities (i) and (ii) uniquely determine
AleeozzgiZZUT,l‘:O. 7
=0 =0

This proves that for alt € y, the polynomial PrROOF Write
r—1
alt) = 3 it (©)
=0

r—1
P(t)=>Y opit' (7)
i=0
For the sake of simpler notation we will restrict the
evaluated i equalsA.. Since we are working over al- proof to hef (A, B) = 1 which holds if and only if
gebraically closed’, our polynomialP(t) is uniquely ay, ..., a, are relatively prime to-. In this casey is
determined by its values and suppott ¢,...,t" 1. a constant. The general case can be proved in the same
way by using equalities (i) and (ii) and comparing the

On the other hand recall that for all coefficients in (8).

We will separate cases farodd or even.
€ €, suchthate® £1Vi=1,...,n . . .
When n is odd compare the coefficients &t and

the Inverse functiony(¢) equalsA. = P(e). This ¢"—ait+anti jn (8), where denotes the smallest

means that nonnegative residue mad Recall from (i) that
a(t) — P(t) = i = (=1)"0ay 4+ tan—i- (10)
YT cen, (t—e) = Thereforen; — v = 0,._; equals
e #£1Vi=1,...,n
L “Oar+ttap—r+i = T (arfm - ’7)) :
1—t
() hof (T, (1—t%1), 1= From this
for some polynomial with rational coefficients of de- v = % (047; + ar—m) (11)

greehcf (H 1 (1 —1t%), ;) In other words
forany and thusforall =0,...,r — 1.

1-t"
a(t) = P(t) modulo 1=t —
hef (H (1= ga) =t

) : Whenn is even we use equality (ii) to determine

r—1 r—1
t Zai—r’y:ZUizo
i=0 i=0



implies

r—1
1
=0
]

Step Ill) By (8) theith coefficient of the above obtained

polynomiala — yﬁ is exactlyo,_;.

4 Examples

In the following examples it will be shown how to use

Mat hemat i ca to compute the polynomials: and

~. In this way all Dedekind sums; are calculated

simultaneously.

Load the standard package
<< Algebra‘PolynomialExtended GCD".

Example 4.1 We start with examples whetg, . . .
are relatively prime to.

) An

1
23
In step I)a and g are calculated by

e 0;(==(4,5,12)) :

In[1] := PolynomialExtendedGCD|

(1=t (1 —t%)(1 —t12),

PolynomialQuotient[1 — t23 1 — ¢, t]]

5 3t _ t? 6t° 2t | at®

ol ={tin-% 5% w5
15t et 13¢° T3¢0 Tane™ s si”
5t1%3 9t%§ Gt%:é 73; 113% 10%%0 451

5 T 23 T 23 . L m, 23
28 25t 267 | 5t 9¢' Toe® | "3+ 8%
23, 23 23 1723 T 23~ 23 23 23,
e B N
23_3t1523 11t¥63 11t§7 _ t_lg 6t ﬂ}}

23 23 23 23 23 23 JI-

In step 1)~ is calculated using (3) since = 3 is odd.

Thus

v = ! (O‘O +0423—m) =5 (a0 +a2) = —.
2 2 23

In step 1) we obtairv; as the coefficient a3~ in

In[2] := a — v PolynomialQuotient|
1231 —t,t]

— 2 2t> _ 3t | ¢t | 7t% | 8+tf

TSN TS TS TS S T

S W

23 23 28 ' 23"

It is easy to verify that
09 = —021, 022 = —022 =0,...

as expected.

1

4,5,5,7,10,14)) :
o )

oai(

Step 1) computes by

In[1] := PolynomialExtendedGCD|
(1~ t4)(1— 69)2(1 — £7)(1 — £10)(1 — £14),
PolynomialQuotient[1 — t33 1 — ¢, t]]

2 3 4
utlt] = {1, {42 4 S g ;e st 7l
47t 1135t 30t 15t 541t 10
to e +1311 + 1L + 29715"_4t16
11 | 541t 15¢ 30t 1135t 47t
+4t 17"_ 297 18"" 11 19"_ 11 20"‘ 297, + 11,
47 sest™ | 37l | dot® | 113t 4 29t
11 297, 11, 11, 27, 11,
41054t | 41t® | 40t® 61t 40t
297 11 1 297, 11
441e® | 1054t 29t
297 10
_ 86 _ 134t 3t? e 53t1121 _ 271t4% _ 29t4‘}}}
27 ~ 297 11 297 297 11 :

In step 1)y is calculated using (4) since= 6 is even.
Thus

2 1 2431 221

1
7‘%%““% 27 81"

Step ) yieldss; as the coefficient af3—# in

In[2] := a — vPolynomialQuotient|

11331 —t,t]

118 |, 809t 566t _ 727t% _ 1864t*
Out[2] := 2+ + - -

: 81 891 89 891 891
1376t° | 974t° t 1216t% _ go8t’
+5gr + — 897 — 881~ — —mo1

891 891 891 ~ 891 - 891,

103t 103t _ 808t _ 1216t _ ™

1 1 8 891 89

+974t15 1376t1§ o 18641:?71 o 727t18 566t1$

891 891 891 891 891
+809t2° + 11820 221t*  g2t*® 731t

891 89 891

SQOt%% 809 t%% _ 29141:]27 809 2%

891 891 891 891

_|_890t29 + 73183 _ 8243 _ 221¢%
891 891 891 81 °

Example 4.2 In the following examples we con-

sider two generalised Dedekind sums, where not all

ai,...,a, are relatively prime te. In this casey(t) is
a polynomial of degreécf (A, B) which will be com-
puted by generalising the proof of Lemma 3.1.

° Ji(1—12(1, 2,3)) :

In this caséucf (A, B) = (1 +t)(1 +t + t?). Thusin

step )« is obtained by running the Euclidean algorithm

on
In[1] := PolynomialExtendedGCD|
(1—t)(1—t%)(1—t2),
PolynomialQuotient|
1—t12,(1—t)(1+t)(1 +t+t2),t]]

ot

. 7 5t t? 4 £° 8 117
Out[1] -—{1’{E‘tﬁ_fz+?4 T8 T
19 t 11t t t 11t

In step 1) we determing = vy + 1t + y2t? + v3t3.
From (i) it follows

01 =— — 05 09 = —04

07 = —011 08 = —010
0'32—0'320 0'92—0'920.

g — —0g



Moreover, (ii) and

1— "

=1—t+t2+t5—t"+1¢8
(1—t) (A +t)(1+t+12)

imply
09— 01+ 09+ 0g—07+0s=0.
By comparing the coefficients in

11

20'12_1' ti and o — Y

=0

1—t12
-+ DO+t

the above translates into the following system of equa-

tions
—15 —=3*+0 T+ -—m=7
—Yo+v1—"2=72—73 -7 +7—73=0

and

7 1 1 1
g Yot TRt 05t =0

12 2 4
Its solution is

_ 11+t+11t2+7t3

TTT T Toa T o

In step 1) we obtairu; as the coefficient at2—? in

In[2] := a — vy PolynomialQuotient|
1—t12 (1 —t)(1+t)(1 4+t +t2), 1]
t t t t
FIE e TE
-m(iu 2,3,4)) :
4 12 3 ) 3
In this case
hef (A,B) = (1+t)(1+)(1+t+1t%)

= (1+t+2)A+t+12+13).

Step |) calculatea by running the Euclidean algorithm

on

In[1] := PolynomialExtendedGCD|
(1—t)(1—t%)(1 —¢2)(1 - t%),
PolynomialQuotient|

1— 622 (1 — t)(1+t)(1 + t2)(1 + t + t2), t]]
Out[l] :={1,{-L - &+ & — 8¢ 5t | 5t
19 13 5 5t*
PR e et
tet e Tz~ a2k
In step Il) we determine

v =0 + Y1t + Yot® + st + yatt + y5t°.

Since "
20'12—1' tt
1=0
equals
1— t12
T A+ A+ (I L+ )
we get

Uoz—%—%
on=—-1+%-m
010=i+’71—72
09:—%—704—72—73
08 =—175 — V1 +73— N
or=5+ -2+
06 = =Y + 71— 73+
05 = =71+ 72— V4

O4= Y2+~

03 = =73+ V4
02 = =74+
01 = —75.

Recall that by (i)
0; = 01424344—i = 010—1 holds for: = 0,1,...,11.
Next apply (i) on the following multiples o{mf(BTB):

B _ 1-¢12
hcf(A,B) — (1—t)(1+t) (A1 +t2) (1+t+12)
=1—t+t3—5+1°,

7}10“373)(1 +t+t) =1+t + 18,

71%&3)(1—1—75)(1—1—752)
= 7hcf(A,B)(1+t+t2+t3)
=143+ +1°

and B.
Therefore
09— 01 +03—05+ 06 =0,

o0+ 04+0g=0,
oo+ 03+ 0¢+ 09 =0,

Zzlio g; = 0.

The system of the above equations has a unique solution

C R TR A FR )
Finally, in step Ill) we obtainr; as the coefficient at
t12=%in

In[2] := a—~PolynomialQuotient|
1—t12 (1 —t)(1+t) (1 +t2) (1 +t +t2),t]
wll= R LR T F R
t t t t t t
Tttt ow o
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