(1)

{ a ) Note that A, cannot be both injective and nilpotent. If so, nilpotence gives oM =
ala® M) C N, and injectivity gives o™ 1M C N. Inductively, M C N, so M = N,
contradicting the assumption that N is proper. Thus if IV lg a primary submodule of M,
then ras () is the set of all & € K such that A, s not Injective. Since 73,V ) Isthe radical
of an ideal, 1t 1z an ideal of &, and in fact it is a prime ideal. For it A, and Ay fall to be

imjective, so does Ay = Ay O A

b ) We may assuwme that & = 2: an induction argument takes care of larger values.
Let N = NiNg and rpe (N1 ) = 7 (No) = P Assume for the moment that 7 (N) = P
[fach o€ Mare N, and a & rp(IN), then since Ny and Ny are P-primary, we have
r € Ny NNy = N. It remaing to show that 7 (N) = P. If & € P, then there are positive
integers ny and ns such that o™ M C Ny and ™M C Ny, Therefore o™t M C N, so
a € T (N). Conversely, if & € 57 (V) then o belongs to 7ps (N;) for ¢ = 1, 2, and therefore
a e P

{e) If not, then for some ¢ € K, A, : M/N — M/N ig neither injective nor nilpotent.
The chain ker A, Cker A2 Cker AS € -+ terminates by the ascending chain condition, say
at ker A%, Liet oo = A%; then ker ¢ = ker? and we claim that ker o N imgp = 0. Suppose
v € kerp Mimep, and let ¢ = ply). Then 0 = plz) = ©*(y), soy € kerv? = kero, so
T =1ly) =0

Now A, 18 not injective, so ker ¢ # 0, and A, Is not nilpotent, so AL can’t be 0 (because
a*M & N). Consequently, imp == 0.

Let p: M — M/N be the canonical epimorphism, and set Ny = p~kery), Ny =
piime). We will prove that N = Ny nNo. If ¢ € Ny 0 Ns, then p(z) belongs to
both kerw and ime, so plx) = 0, in other words, © € N. Conversely, if £ € N, then
plxl=0€kerpnimy, sox € Ny NN,

Finally, we will show that N iz properly contained in both Ny and Mo, 20 IV iz reducible,
a contradiction. Chooge a nonzero element ¢ € ker . wince p ig surjective, there exists
v € M such that p(z) = 9. Thus = € p~tker) = Ny (because y = p(z) € kere), but
¢ N (because plz) =y # 0). Similarly, N C Ny (with 0 % g € im), and the result

followa.

{d) We will show that &N can be expressed ag & finite Intersection of irreducible sub-
modules of M, so that (1.2.4) appliss. Let & be the collection of all submodules of A
that cannot be expressed in this form. [{ & s nonempty, then & hag a maximal element
N (because M iz Noetherian). By definition of &, N must be reducible, so we can write
N =NinNy,, N Ny N < Ny By maximality of N, Ny and Ny can be expressed
as hnite intersections of irreducible submodules, hence =0 can N, contradicting N € 5.
Thus & 1s empty.



(2)

1 a) Let P be an associated prime of M, so that P =ann(z), = £ 0, » € M. Renumber
the Wy sothat o € Ny for 1 <4 <7 andx € Ny for 4§ +1 <4 <7 Since N; is Pi-primary,
we have By = rpg( ;) (see (1.1.1)). Since F; is finitely generated, F*M C N, for some
ng = 1. Therefore

([ E= < ()M =(0)

S0 ﬁ*g:in*' C annf{x) = P. (By our renumbering, there is a § rather than an r on the leff
side of the Inclusion.) Bince P is prime, &; C P for some ¢ < . We claim that P, = P,
so that every associated prime must be one of the & To werify this, let @ € £, Then

ar =0 and = ¢ N, s0 A; Iz not injective and therefore must be nilpotent. Consequently,
a €N, = F,, as clalmed.

Conversely, we show that each & {g an associated prime. Without loss of generality, we
may take ¢ = 1. Bince the decomposition is reduced, Ny does not contain the intersection
ofthe other N.'s, so we can choose x € Non- NN, with © & Nyo Now Ny 1g Pi-primary, 2o
as in the preceding paragraph, for some n > 1 we have PP © Ny but PP 'z @ Ny, (Take
P2 = Rz and recall that © & Ny.) If we choose y € PP 2\ Ny (hence y # 0), the proof
will be complete upon showing that B is the annihilstor of . We have Pig © Pz C© Ny
and @ € Ni_o N, so PP C mi_oN,. Thus Piy C iy N, =10}, so P; € anny. On the
other hand, if o € K and ay =0, then ay € Ny but y & Ny, g0 A, 2 M/Ny — M/N; 15 not
injective and ig therefore nilpotent. Thus a € 7 (Ny) = Fy.

b By the correspondence theorem, a reduced primary decomposition of (0) in M /N
iz given by (0) = Ni_yN;/N, and N;/N is Pyprimary, 1 <4 <7 By { 8 ) the associated
primes of M /N are {Fi, ..., F.} and are determined by V.



(3) Za zacetek opazimo, da mnozice U(f) tvorijo bazo za Spec R, saj je U(f) NU(g) =
U(fg). Dalje definirajmo 8e Z(f) := Spec R\ U(f) = {p € SpecR | f € p} in Z(95) :=
mfeSZ(f) za S C R.

(a) Vzemimo poljubna razlicna praideala pq,ps € Spec R. Velja p; # pa, brez skode
za splosnost p; Z po. Za vsak f € p1 \ p2 je U(f) okolica ps, ki ne vsebuje p;. S tem smo
dokazali, da je Spec R € Tj.

Ostala nam je torej Se kompaktnost prostora Spec R. Dokazali bomo nekoliko vec, in
sicer, da so vse mnozice U(f) za f € R kompaktne (to zadosca, saj je Spec R = U(1)).
Velja:

U(f) CSUrealU(gr) <= Z(f) 2 MreaZ(gn) = Z({gx | A € A}) = Z(a),

kjer smo z a oznacili ideal (g) | A € A). Sedaj uporabimo, da je Rad(a) = (\{p € Spec R |
a C p} in dobimo

Z(f) 2 Z(a) <= Rad(f) C Rad(a) <= f € Rad(a).

Ocitno f lezi v radikalu ideala a, ¢e f™ € a za neko naravno Stevilo n. Ker je a generiran
z g, lahko zapisemo f" = aigx, + --- + argy, za primerne a; € R in \; € A. Torej

fERa‘d(a) — fGRad(g)\l,...,g)\e) — U(f) QU(g/\l)UUU(g>%>

(b) Vsaka zaprta mnozica spektra je oblike Z(T") za neko podmnozico 7' C R. O”citno
lahko predpostavimo, da je T = a C R ideal. Enostavno je videti, da je Z(a) = Z(Rad(a)).
Predpostavimo sedaj, da je Z(a) nerazcepna in je a = Rad(a). Trdimo, da je a praideal.
Denimo nasprotno. Tedaj obstajata f,g € R\ a z lastnostjo fg € a. Sledi Z(a) C
Z(f)U Z(g). Zaradi nerazcepnosti lahko predpostavimo, da je Z(a) C Z(f), torej f € a.
Prisli smo v protislovje, torej je a praideal. O¢itno pa v tem primeru velja Z(a) = m.

(c) Zgoraj smo dokazali, da so vse mnozice U (f) kompaktne in odprte. Po drugi strani

pa je vsaka odprta mnozica unija teh mnozic. Torej je IOC(Spec R) C{U(f1)U---UU(fe) |

¢ € N, f; € R}. Vendar so tudi vse mnozice na desni strani kompaktne. Torej velja

K(SpecR) ={U(f1)U---UU(fr) | £ € N, f; € R}. Ocitno je IOC(Spec R) baza topologije
na Spec R, ki je zaprta za konc¢ne preseke.

(d) Postavimo Z := {0,1}%, kjer {0,1} opremimo z diskretno topologijo, Z pa s pro-
duktno. Z je ocitno povsem nepovezan in 75, po izreku Tihonova pa je tudi kompakten.
Kot ponavadi, identificiramo funkcijo f : R — {0,1} iz Z s podmnozico {r € R | f(r) = 0}
mnozice R; torej je Z podmnozica potenéne mnozice od R. Zato je j(a) := a injektivna
preslikava j:Spec R — Z. Iz definicije produktne topologije takoj dobimo, da je induci-
rana topologija na Spec R natanko konstruktibilna topologija. Preostane nam le Se, da
dokazemo, da je j(Spec R) zaprta podmnozica Z. Naj bo S C R poljubna mnozica, ki ni
v j(Spec R). Torej S ni praideal kolobarja R. V posebnem S ne izpolnjuje vsaj enega od
naslednjih aksiomov:

(1) S+SCS,
(2) RS C S,
(3) ag S, b S=ab¢g S (a,b€ R).

Trdimo, da ta aksiom ni izpolnjen tudi v kaksni okolici S' v Z. Pokazimo to npr. za
(3). Obstajata a,b ¢ S z lastnostjo ab € S. Potem je U :={T CR|a ¢ T,b¢ T,abe T}
okolica S v Z, in aksiom (3) ni izpolnjen za noben 7' € U.
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