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A central simple algebra is a full matrix ring
over a central division algebra. A trivial exam-
ple of a central division algebra is a field. Non-
trivial examples include quaternions and crossed
product division algebras (later).

Let R be a central simple algebra. A mapping
x: R — R is an involution if 1* =1, a™ = a for
every a € R and (ab)* = b*a™, (a+b)* = a*+b*
for every a,b € R.

The aim of this talk is to compare the follow-
ing properties of an involution:

e formal reality of x on R,

e formal reality of the extension of x to the
split algebra R® K = M, (K),

e positive definiteness of the corresponding her-
mitian trace form a — tr(a*a).



A subset M of a central simple algebra R with
involution x is a hermitian cone if

(1) M+ M C M,

(2) r*Mr C M for every r € R and

(3) Mn—-M = {0}.

A hermitian cone is unital if 1 € M.
Terminology: unital hermitian cone = quadratic
module = m-admissible cone.

We say that (R, ) is formally real if it admits
at least one unital hermitian cone (<= if any
sum of nonzero hermitian squares is nonzero).



Theorem : Let D be a skew-field with invo-
lution * and n an integer. If we equip My, (D)
with involution [a,z-j]t = [a;fi] then there is a
one-to-one correspondence between:

- hermitian cones on (D, x) and

- hermitian cones on (M,(D),t).

T he correspondence preserves unital hermi-
tian modules.

The proof depends on the fact every hermitian
matrix is congruent to a diagonal matrix.

For every hermitian cone N of D,
F(N)={A e My(D)| A is congruent to
a diagonal matrix with entries from N}
is @ hermitian cone on My,(D).

For every hermitian cone M on M,(D),
G(M) ={ce D| ck11 € M}
IS a hermitian cone on D.

Moreover, the mappings F' and G are inverse
to each other.



Theorem : Let D be a skew-field with invo-
lution, n an integer and A € M, (D) a matrix
such that A' = A. Then X# = A~1X!A de-
fines an involution on M,(D) and there is a
one-to-one correspondence between:

- hermitian cones on (D, x) which contain all
entries in a diagonal representation of A.

- unital hermitian cones on (M,(D),#).

A similar theorem holds if At = —A, however
we must replace hermitian cones on (D, *) by
“skew-hermitian cones’.

The classification theory of involutions on cen-
tral simple algebras implies that every involu-
tion on M,(D) where D is finite-dimensional
over its center is of the form X# = A~1XxtA
where Al = 4+ A.



Crossed product division algebras

Every skew-field which is finite dimensional over
its center is called a division algebra.

Let K ba a maximal subfield of a division
algebra D. If K is a Galois extension of
F = Z(D) with Galois group G, then D is iso-
morphic to a crossed product division alge-
bra (K/F,®) for some cocycle ¢:GxG — K.

Recall that (K/F,®) is an F-algebra with a
right K-basis (es),cq Such that eger = eor®P (o, 1)
and ke,y = esk?. It is NOT always a division
algebra.



Division algebras with involution

Every division algebra with involution has a
maximal subfield which is x-invariant. The in-
volution extends from D to D ®p K = M, (K)
in @ natural way.

For D = (K/F,®) we can express the extended
involution on D r K = M,(K) in a more prac-
tical way.

Let f: D — K be the mapping defined by
fCseqcoes) = cig and let A1 D — My(K) be
the left reqular representation to the right K-
basis (es)scq- The matrix A = [f(ejer)lsrea
IS hermitian and invertible and the involution #
on M,(K) defined by X# = A~-1X!A satisfies
Ma*) = A(a)#, i.e. it extends .



Theorem : If D = (K/F, ®) is a division algebra
with involution x satisfying K* C K, then the
following assertions are equivalent:

1. D® K is formally real,

2. D is formally real and (k*)° = (k9)* for
every k€ K and o € G,

3. ag := eses € K for every o € G and there
exists a hermitian cone on K which con-
tains all as.



Our first example shows that formal reality of
x does not necessarily imply formal reality of
its extension to D ®p K.

Example: Let FF = C(a,b) be the field of all
complex rational functions in two variables and
let e = % Let D3 be the F-algebra with
two generators x and y which satisfy the fol-
lowing relations z3 = aq, y3 = b, yr = exy. Let
x be the involution on D3 which fixes a,b,x,y
and conjugates the elements from C. Note
that K = F(x) is a maximal x-invariant sub-
field of D3. We claim that D3 is formally real
but D3 ® K is not.



By eliminating a and b using relations z3 = a,
y3 = b, we see that D3 is the skew field of frac-
tions of the Ore domain R = C{x,y)/(yx —exy).
Each element from R can be written uniquely
as a linear combination of monomials x™y™
with complex coefficients. We pick any mono-
mial ordering < and write It(d) for the lead-
ing term of d with respect to this monomial
ordering. If It(d) = cx™y", then It(dd*) =
cce2Mng2my2n - Since C is formally real, it fol-
lows that R is formally real as well. Hence, D3
is also formally real.

The involution # on D ®p K = M3(K) which
extends x is given by X# = A-1X*A where
A= [f(y'y)]ij=012. Since f(1) =1, f(y) =
0, f(¥%) =0, f(y®) =band f(y*) =0, As
congruent to the diagonal matrix diag(1,b, —b).
Since there is no unital hermitian cone on S1(K)
which contains 1,b and —b, (M3(K),#) is not
formally real.
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Let A be a central simple F-algebra with invo-
lution *x and tr: A — F' its reduced trace. The

mapping
a— tr(a*a)

is called the hermitian trace form of (A,x).
Write N(A,*) for the image of this map. We
say that the hermitian trace form is positive
semidefinite if Ny )N —N¢a.) = {0}. In this
case, Ny ) IS a unital hermitian cone on F.

Theorem: Let D be a central division alge-
bra over F' with involution x and let K be a
maximal and x-invariant subfield.

If the hermitian trace form on (D, *) is posi-
tive semidefinite, then (D ® K, *) is formally
real.

We conjecture that the converse is false.

Note that D3 is formally real but a +— tr(a*a)
IS not positive semidefinite.
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The following example shows that (D, *) need
not be formally real even if all its maximal x-
subfields are formally real.

Example: Let e = % and let D be a Q(e)-
algebra generated with two generators z,y and
three relations z3 = 2, y3 =2, yz = exy. The
involution is defined by e* = e~ 1, 2* =z, y* = y.

A short computation shows that every %-subfield
of D can be generated by a symmetric element.

It follows that every maximal x-subfield can be

x-embedded into C with standard involution,

thus it is formally real.

We also claim that D is not formally real. It
suffices to see that

d*{dl -+ d§d2 -+ d§d3 -+ d2d4 =0,
where

di = 6_1£B—|-£U2—|—2y, d3 = 233—:62—|—:13y2,

do=1—¢e 1oy —22y2, dyg=3-—1z— 22
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