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Jacobi’s representation theorem

Notation:

Let R be a commutative unital ring which
contains Q.

A subset M of R is an archimedean quadratic
module if -1 &€ M, 1 € M, M+ M C M,
for every a € R, a?M € M and there ex-
ists n € N such that n +a € M. Write
Arch(M) = {a € R| %—I—a € M for all n € N}.

Let X, be the set of all ring homomorphisms
¢: R — R such that ¢(M) > 0 with the topol-
ogy of pointwise convergence.

Theorem. With the notation above:

(1) X,s is nonempty and compact,

(2) The homomorphism ®: R — C(X,R)
defined by ®(a)(¢p) = ¢(a) has the following
properties:

(a) ®(R) is dense in C(X,;,R) and

(b) ®~1(Cct (X, R)) = Arch(M).



Noncommutative Jacobi’s theorem

Notation:

& Let R be an associative unital ring with in-
volution that contains Q and let Sym(R) be
the set of all symmetric elements in R.

& A subset M C Sym(R) is an archimedean
quadratic moduleif =1 & M, 1€ M, M+M C
M, for every a € R, aMa™ C M and there ex-
ists n € N such that n — aa®™ € M. Write
Arch(M) = {a € Sym(R)| ++a € M for all
n € N}.

& Let H be a complex Hilbert space, L(H)
the set of all bounded linear operators on H
and Irrp; (R : H) the set of all M-positive irre-
ducible x-representations (i.e. non-unital x-
ring homomorphisms m: R — L(H) such that
w(R) has no invariant subspace and w(m) is
positive semidefinite for every m € M) with
the topology of pointwise convergence.



& Write A(Irry, (R, H), L(H)) for the set of all
mappings v: Irry,(R,H) — L(H) such that
] = SUPrelrry (R:H) [v(m)]| < oco. This set
IS @ complex x-algebra for pointwise opera-
tions and v — ||v|| is a C*-norm.

The set of all equivariant and uniformly con-
tinuous ~v from A(Irry,(R: H),L(H)) is a C*-
subalgebra denoted by AZ(Irry,(R : H), L(H)).

For every w € Irrps (R : H) define 7w € Irrp (R :
H) by 7w(a) = nw(a)* for every a € A. The
set of all v € AE(Irry, (R, H), L(H)) such that
~y(7) = v(m)* for every w € Irrpy (R : H) is a
real C*-algebra denoted by AZ(Irry,(:, H), —).

Main Theorem. If dim H is sufficiently high
then with the notation from above:

(1) The set Irry, (R : H) is non-empty but it
may not be compact. However, it has a nat-
ural compactification.

(2) The mapping ®: R — AEIrry (R : H),-)
defined by ®(a)(w) = w(a) is a x-homomorph-
ism satisfying the following properties:

(a) ®(R) is dense in AE(Irry (R : H),-) and
(b) Arch(M) = >~ (AE(Irry (R : H),—)T).
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The enveloping C*-algebra of an
archimedean quadratic module

Let R be an associative unital ring with in-
volution that contains Q and let M be an
archimedean quadratic module on R. For ev-
ery element a € R write

ny(a) = inf{r e Q| r° — aa* € M}.

Theorem 1. For every a,b € R and every t €
Q, we have the following: (1) n(ta) = |t|n(a),
(2) n(a) = n(a*), (3) n(ab) < n(a)n(d),
(4) n(a+b) < n(a)+n(d), (5) n(aa*) =n(a)?,
(6) n(a)? < n(aa* + bb*).

The set (M) = {a € R|nps(a) = 0} is a *-
ideal of R and nj; induces a norm on R/I(M).
Let Ry, be the completion of R/I(M) w.r.t.
this norm. Then R, is a real C*-algebra. Let
us call it the enveloping C*-algebra of M.

Property (6) of ny; implies that the com-
plexification of Ry, is a (complex) C*-algebra.
This can also be shown directly. If there ex-
ists an element ¢ in the center of R such that
i* = —¢ and 2 = —1, then Ry, is a complex
C*-algebra.



The proof of Theorem 1 is based on:

Lemma 2. Take R and M as above. For
every ¢ € Sym(R) and every r € QT we have
r2 —c2¢c M ifand only ifr+ce M.

Proof. If r2 — ¢2 € M, then
r:l:c=%((r:|:c)2—l—(r2—02)> c M.
If r+=ce M, then

re —c? = 2%(7“ —c)(r+c)(r—co)+
—I—%(’r +c)(r—c)(r+c) € M.

Proof of Theorem 1.
Assertion (1) is trivial and assertion (5) is a
consequence of Lemma 2.

Pick any r,s € QT such that n(a) < r and
n(b) < s. Since r2—aa* € M and s2—bb* € M,
it follows that

r2s2 — (ab)(ab)* =
= s(r? — aa®)s + a(s? — bb*)a* € M,
so that n(ab) < rs, proving (3).



Assertions (2) now follows from assertions
(3) and (5). Since n(ab*) < rs and n(ba™) <
rs by assertions (2) and (3), we have that

4r2g2 (ab™ + ba*)2 — 2(r232 — ab*ba™)+
+2(r2s2 — ba*ab*) + (ab* — ba*) (ab* — ba*)* € M.
As 2rs=+ (ab*+ba*) € M by Lemma 2, we get
(r+s)2—(a+bd)(atb)* =

= 12 — aa* + s2 — bb?2 + 2rs + (ab* + ba*) € M.

So, n(a+b) <r-+s, proving (4).

If n(aa™ 4+ bb*) < r for some r, then r —
aa®* — bb* € M by Lemma 2. Since bb* € M, it
follows that » — aa™ € M. Therefore n(a) <

/7, proving (6).



Reduction of the Main Theorem to the
case of R being a real C*-algebra

Let j: R — R); be the canonical mapping.
By the construction of the real C*-norm on
Rys, we have ||j(a)|| = nps(a) for every a € R.
Clearly, j(R) is dense in R),.

Lemma 3. For every x € Sym(R), the fol-
lowing are equivalent:

(1) x € Arch(M),
(2) ny(r—x) <r for a rational r > ny;(x),
(3) = belongs to the njs-closure of M.

Since the order cone (Ry;)T of Ry is norm
closed by the theory of C*-algebras, it follows
by Lemma 3 that j~1(R},;) = Arch(M).

Therefore, 53 induces a ono-to-one corre-
spondence between the set Irry, (R : H) and
the set Irr(Ry; : H). This correspondence is
clearly a homeomorphism, since it preserves
the topology of pointwise convergence.
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The main theorem is equivalent to:

Theorem 4. Let A be a real C*-algebra and
H a complex Hilbert space of sufficiently high
dimension:

(1) The set Irr(A : H) is non-empty but it
may not be compact. However, it has a nat-
ural compactification.

(2) The mapping ®: A — AL(Irr(A : H),-)
defined by ®(a)(w) = w(a) satisfies:

(a) ®© is a real C*-algebra isomorphism,

(b)) AT = 1(AE(Irr(A: H),—)T).

Idea of the proof: Replacing A by its com-
plexification, we may assume that A isa com-
plex C*-algebra. Then the first claim in (1)
and part (b) of claim (2) follow from the
standard representation theory of C*-algebras
(Krein-Milman Theorem-+GNS construction).
The second part of (1) and part (a) of (2) are
known results from Fujimoto’'s CP-convexity
theory (his noncommutative Gelfand-Naimark
theorem).



As a by-product of Lemma 3, we get the
following generalization to real C*-algebras of
the famous Stone’'s characterization of rings
of continuous functions.

Corollary 5. Let M be a quadratic module
on a x-ring A. Then A is a real C*-algebra
with positive cone M if and only if

(1) MNn—-M = {0},

(2) M is archimedean,

(3) M = Arch(M),

(4) A is complete in the norm ny,.
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