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Let G be a finite subgroup of GLn(R) for

some n. The induced left action of G on Rn

will be denoted by (g, x) 7→ g · x and the in-

duced right action of G on R[X] = R[X1, . . . , Xn]

will be denoted (f, g) 7→ fg where fg(x) =

f(g · x).

Let R[X]G be the algebra of G-invariant poly-

nomials. By a Theorem of Noether, the al-

gebra R[X]G is finitely generated, say by ui =

ui(X), i = 1, . . . , m (m minimal such). The

mapping π:Rn → Rm, defined by π(X) =

(u1(X), . . . , um(X)) is called the orbit map

and its image Z = π(Rn) is called the orbit

space.
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Write W for the Zariski closure of Z and

J for the vanishing ideal of W in R[U ] =

R[U1, . . . , Um], (i.e. J is the set of all poly-

nomial relations between the invariants ui.)

Then R[X]G = R[U ]/J.

Example: Let G ⊂ GL2(R) be the group gen-

erated by a: (x, y) → (y,−x) and b: (x, y) →
(y, x). Since a4 = b2 = (ab)2 = 1, G is the di-

hedral group D4. It turns out that R[x, y]G =

R[u, v] where u = x2+y2 and v = x2y2 are al-

gebraically independent. Therefore J = {0}
and W = R2.
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Procesi-Schwarz algorithm gives the defining

inequalities of the orbit space Z.

Let A = [ ∂ui
∂Xj

]i=1...m,j=1...n and B = ATA.

The matrix B is positive semidefinite for any

X1, . . . , Xm and its entries belong to R[X]G.

Applying the isomorphism R[X]G ∼= R[U ]/J

to the entries of B, we get a matrix C. The

matrix C need not be positive semidefinite for

every u1, . . . , um. The set of all (u1, . . . , um) ∈
W for which C is positive definite is exactly

the orbit space Z. Therefore, Z is a basic

closed semialgebraic set on W defined by the

principal minors of C.
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Example: To determine the orbit space of

D4 we proceed as follows. Recall that the

fundamental invariants are u = x2 + y2 and

v = x2y2 and that the Zariski closure of Z is

W = R2. Then

A =




∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y


 =

[
2x 2y

2xy2 2x2y

]

B = AAT =

[
4(x2 + y2) 8x2y2

8x2y2 4(x2y4 + x4y2)

]

C =

[
4u 8v
8v 4uv

]

The principal minors of C are

4u,4uv and 4u · 4uv − (8v)2.

Therefore, the defining inequalities of Z are

u ≥ 0 uv ≥ 0 (u2 − 4v)v ≥ 0.
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Generalization (by Bröcker): The orbit map

sends bcss (basic closed semialgebraic sets)

into bcss.

Proof: Suppose that S = {f1, . . . , fr} is a G-

invariant bcss and G = {g1, . . . , gk}. Firstly,

we replace each fi by all elementary symmet-

ric polynomials in f
g1
i , . . . , f

gk
i . This way we

get a representation of S by G-invariant poly-

nomials. Secondly, we use the isomorphism

R[X]G ∼= R[U ]/J. Finally we add the inequal-

ities of the orbit space.

Example: The square

{1−X2 ≥ 0,1− Y 2 ≥ 0}
is a D4-invariant bcss. Its representation by

D4-invariant polynomials is

{2−X2 − Y 2 ≥ 0, (1−X2)(1− Y 2) ≥ 0}
Its image by the orbit map is

{2−U ≥ 0,1−U+V ≥ 0, U ≥ 0, (U2−4V )V ≥ 0}
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If T is a preordering on R[X], then TG := T ∩
R[X]G is a preordering on R[X]G. Note that

TG always contains the preordering S0 :=

(
∑R[X]2)G. Moreover, every preordering of

R[X]G that contains S0 is a restriction of a

preordering from R[X].

What can we say about the preordering S0?

In a paper Gatermann-Parrilo, it was observed

that in general S0 6=
∑

(R[X]G)2.

Is TG always finitely generated if T is? This

is equivalent to the question whether S0 is

always finitely generated. The answer turns

out to be NO! Namely, it can be shown that

for the standard action of D4 on R[X, Y ], S0

is not finitely generated.

In a forthcoming paper with C. Scheiderer

and S. Kuhlmann, we will study this question

in more details.
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The action of G on the polynomial ring R[X]

extends naturally to the action of G on the

field of rational functions R(X) and R(X)G

is isomorphic to the field of fractions of the

ring R[X]G.

Another twist in the story is that the pre-

ordering (
∑R(X)2)G IS always finitely gener-

ated. The generators are the Procesi-Schwarz

generators of the orbit space.

This was already observed in the Procesi-

Schwarz paper. It follows rather easily from

their main result using Stengle’s Positivstel-

lensatz.
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