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Let R be a unital ring (usually complex alge-

bra) with involution and S := {r ∈ R| r = r∗}
its set of symmetric elements.

A subset M of R is a quadratic module (or

m-admissible wedge) if

(1) M ⊆ S,

(2) 1 ∈ M ,

(3) M + M ⊆ M and

(4) rMr∗ ⊆ M for every r ∈ R.

A quadratic module M is proper if

(5) −1 6∈ M .

The smallest quadratic module on R is

N(R) := {
∑

i

rir
∗
i : ri ∈ R}.
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Let R be a commutative ring with trivial in-

volution. Then N(R) =
∑

R2. If M is a

maximal proper quadratic module on R then

M ∪ −M = R and M ∩ −M is a prime ideal.

Write M+ = R \ −M . We have the follow-

ing Intersection Theorem: a ∈ ⋂
M max M+ iff

there exist t, t′ ∈ N(R) such that at = 1 + t′.

What happens in the noncommutative case?
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The property M ∪ −M = S for maximal M

fails in the noncommutative case.

Example: Let R = Mn(C) with involution

[aij]
∗ = [aji]. Let M be the set of positive

semidefinite hermitian matrices. Then M is

a maximal proper quadratic module on R but

M ∪ −M 6= S.

(Namely, if M ′ is a quadratic module strictly

containing M , then pick any A ∈ M ′ \M . If

Λ is a diagonal matrix congruent to A, then

Λ ∈ M ′. Moreover, Λii < 0 for some i. Since

ΛiiI =
∑n

j=1 EjiBE∗ji ∈ M ′, M ′ is not proper.)

Note: Every maximal proper quadratic mod-

ule M on R has the following property: If a ∈
S\M , then there exist elements b1, . . . , bk ∈ R

such that
∑k

i=1 biab∗i ∈ −1−M .
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The property that M0 := M ∩−M is a prime

ideal for maximal M fails in the noncommu-

tative case for a trivial reason: The set of

symmetric elements is usually not closed un-

der multiplication. However, if R is a complex

unital algebra, then the set J := {u+iv|u, v ∈
M0} is a (weakly) prime two-sided ∗-ideal.

Clearly J∗ = J. For any a, b ∈ R and x ∈ J,

axb∗ = 1
4

∑3
k=0 ik(a+ikb)x(a+ikb)∗ ∈ J, hence

J is a two-sided ideal.

To prove that J is a weakly prime ideal, we

must show that for every x, y ∈ R such that

xRy ⊆ J we have that either x ∈ J or y ∈
J. We will start by showing that this is true

for x, y symmetric. Then we will deduce the

general case.
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Let x, y ∈ S be such that xRy ⊆ J. If x, y 6∈ J,
then either x 6∈ M or −x 6∈ M and either y 6∈ M

or −y 6∈ M . By the maximality of M there
exist c, d ∈ M and x1 ∈ ±N [x], y1 ∈ ±N [y]
such that −1 = c + x1 and −1 = d + y1. It
follows that −(1+c)(1+d)(1+c) = x1y1x1 ∈
J, so that −1 = 2c + c2 + (1 + c)d(1 + c) −
(1 + c)(1 + d)(1 + c) ∈ M , a contradiction.
Therefore x ∈ J or y ∈ J.

Let z, w ∈ R be such that zRw ⊆ J. It follows
that z∗SzRwSw∗ ⊆ J. By the previous para-
graph, it follows that z∗Sz ⊆ J or wSw∗ ⊆ J.
If z∗Sz ⊆ J, then zSz∗SzSz∗ ⊆ J, so that
zSz∗ ⊆ J (S in the middle can be replaced
by R = S + iS.) Write z = x + iy, x, y ∈ S.
For every s ∈ S, we have 2(xsx + ysy) =
(x + iy)s(x − iy) + (x − iy)s(x + iy) ∈ J. If
s = rr∗, r ∈ R, then xsx ∈ M and xsx ∈
−xsx − 2ysy + J ⊆ −M . Similarly, ysy ∈
M0. Since every u ∈ S can be written as
u = 1

4
∑3

i=0 ik(u + ik)(u − ik), it follows that
xux, yuy ∈ J for every u ∈ S. By the previous
paragraph x, y ∈ J, so that z = x + iy ∈ J.
Similarly, if wSw∗ ⊆ J then w ∈ J.
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The Intersection Theorem remains true in

the noncommutative case. More precisely:

Theorem 1 Let R be a ∗-ring, S its set of

symmetric elements and C ⊂ S a proper quadratic

module. For every a ∈ S, the following are

equivalent:

(1) a ∈ S \ −M for every maximal proper

quadratic module M containing C,

(2) there exist elements b1, . . . , bk ∈ R such

that b1ab∗1 + . . . + bkab∗k ∈ 1 + C.

Proof. If (2) is false, then −1 6∈ C − N [a],

hence C−N [a] is a proper quadratic module.

By Zorn’s Lemma, there exists a maximal

proper quadratic module M containing C −
N [a]. The fact that a ∈ −M implies that

(1) is false. Conversely, if a ∈ −M for some

maximal proper quadratic module M , then

C −N [a] ⊆ M , so that −1 6∈ C −N [a].
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Let R be a ∗-ring such that N(R) is archimedean.

In my Dortmund talk I proved that for every

symmetric element a ∈ R the following are

equivalent:

(1) For every irreducible ∗-representation π

of R, π(a) is positive definite.

(2) There exists m ∈ N such that mx ∈ 1 +

N(R).

Now, I will show that for every symmetric

element a ∈ R the following are equivalent:

(1’) For every irreducible ∗-representation π

of R, π(a) is not negative semidefinite.

(2’) There exist elements b1, . . . , bk ∈ R such

that b1ab∗1 + . . . + bkab∗k ∈ 1 + N(R).
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Theorem 2 Setup from Theorem 1. If C is

archimedean, then for every a ∈ S the follow-

ing are equivalent:

(1) For every irreducible ∗-representation ψ

of R which maps every element of C into

a positive semidefinite operator, ψ(a) is not

negative semidefinite.

(2) there exist elements b1, . . . , bk ∈ R such

that b1ab∗1 + . . . + bkab∗k ∈ 1 + C.

Proof. (2) is equivalent to −1 6∈ C − N [a].

Since C −N [a] is archimedean, this is equiv-

alent to the existence of an irreducible ∗-
representation of R which maps every ele-

ment of C −N [a] into a positive semidefinite

operator on a Hilbert space (Hahn-Banach,

GNS construction). This is equivalent to (1).
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The d-th Weyl algebra W(d) is the unital

complex ∗-algebra with generators

a1, . . . , ad, a−1, . . . , a−d,

defining relations

aka−k − a−kak = 1 for k = 1, . . . , d,

akal = alak for k, l = ±1, . . . ,±d, k 6= −l,

and involution defined by

a∗k = a−k for k = 1, . . . , d.

It has a natural filtration induced by the total

degree. The corresponding graded algebra is

the polynomial algebra C[z, z], where zi cor-

responds to ai and zj corresponds to a−j.

The Schrödinger representation

π0:W(d) → L2(S(Rd))

is a unital ∗-representation defined by

(π0(ak)φ)(t) = 1√
2
(tkφ(t) + ∂φ

∂tk
(t)).
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Let c be a hermitian element in W(d) of even

degree 2m and let c2m(z, z) be the polynomial

of C[z, z] associated with the 2m-th compo-

nent of c.

In his preprint A Strict Positivstellensatz for

the Weyl algebra Konrad Schmüdgen proves

the following: Assume that

(1) π0(c) is positive definite,

(2) c2m(z, z) > 0 for all z ∈ Cd, z 6= 0.

Then there exists an element b ∈ W(d) such

that bcb∗ ∈ ∑2 (W(d)).

I proved the following: Assume that

(1’) π0(c) is not negative semidefinite,

(2’) c2m(z, z) ≥ 0 for all z ∈ Cd.

Then there exist elements b1, . . . , bm ∈ W(d)

such that
∑d

j=1 bjcb
∗
j ∈

∑2 (W(d)).
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Proof. We can assume that c has degree

4n. (Otherwise we replace c by
∑d

j=1 ajca
∗
j

and proceed as below). Let Φ be the Fock-

Bargmann representation ofW(d). Write c̃ :=

yn
0Φ(c)yn

0 where y0 = Φ(1+a∗1a1+. . .+a∗dad)
−1.

Schmüdgen constructs an archimedean uni-

tal ∗-algebra X in the codomain of Φ and

shows that c̃ ∈ X .

The main part of the proof is to show that

there exist finitely many elements hi ∈ X such

that
∑

i hic̃h
∗
i ∈ 1 +

∑2 (X ). (Then, as in

[Sch], we get the conclusion of the Theo-

rem by clearing out the denominators using

the commutation relations.)
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If this claim is false, then by our Theorem

2, there exists a representation π of X such

that π(c̃) is negative semidefinite. By [sch],

π can be decomposed as π1 ⊕ π∞ where π1

is a sum of “identity” representations and

π∞ is an integral representation defined by

π∞(c̃) =
∫
Sd c(z, z̄)dE(z, z̄) where E is a spec-

tral measure on the sphere Sd. By [sch], we

have that π∞(c̃) = π∞(c4n) where c4n is the

leading term of c. Since c4n(z, z̄) > 0 for ev-

ery z ∈ Sd by the second assumption, there

exists by the compactness of Sd an ε > 0 such

that c4n ≥ ε. It follows that 〈π∞(c̃)φ, φ〉 ≥∫
Sd εd〈E(z, z̄)φ, φ〉 = ε

∫
Sd d‖E(z, z̄)φ‖2 = ε‖φ‖2

for every φ ∈ L2(Rd). Since π(c̃) is negative

semidefinite and π∞(c̃) is positive definite, it

follows that π1(c̃) is nontrivial and negative

definite. Since π1 is a direct sum of identity

representations, it follows that c̃ < 0. Since

yn
0 has dense image, it follows that Φ(c) ≤ 0.

Hence π0(c) ≤ 0 by the unitary equivalence

of Φ and π0, a contradiction with assumption

(1).
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