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Hilbert’s Nullstellensatz:

If f, g1, . . . , gm ∈ R := C[X1, . . . , Xn] then

the following are equivalent:

• f(x) = 0 for every x ∈ Cn such that

g1(x) = . . . = gm(x) = 0,

• f ∈ rad(
∑m

i=1 Rgi) (i.e. fk ∈ ∑m
i=1 Rgi) for

some k.)

Noncommutative Nullstellensatz:

Suppose that k is an uncountable field

and R is a countably generated k-algebra.

If R is also Noetherian, then the following

are equivalent for any f, g1, . . . , gm ∈ R:

• π(f) = 0 for every irr. representation π

of R such that π(g1) = . . . = π(gm) = 0,

• f ∈ rad(
∑m

i=1 RgiR), (i.e. every m-system

containing f meets
∑m

i=1 RgiR.)

Duflo 73 + Amitsur 56 proved that such

rings are Jacobson. This is a corollary.
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(commutative) Positivstellensatz:

We have four major types, each comes in

several variants

for for quadratic
subsemirings submodules

general Krivine 1964 Putinar &
Vasilescu, 1999

rediscovered by alg. proof. by
Prestel, Stengle Marshall 2001

archi- Schmüdgen 1991 Putinar 1993
-medean alg. proof by alg. proof by

Wörmann 1998 Jacobi 1999

3



Stengle’s Positivstellensatz:

Suppose that f, g1, . . . , gm ∈ R[X], where

R[X] = R[X1, . . . , Xn]. Equivalent are:

• f(x) > 0 for every x ∈ Rn such that

g1(x) ≥ 0, . . . , gm(x) ≥ 0,

• −1 ∈ T − fT , where T is the subsemi-

ring of R[X] generated by {g1, . . . , gm} ∪∑R[X]2.

Stengle’s Nichtnegativstellensatz

Suppose that f, g1, . . . , gm ∈ R[X].

The following are equivalent:

• f(x) ≥ 0 for every x ∈ Rn such that

g1(x) ≥ 0, . . . , gm(x) ≥ 0,

• −f2k ∈ T − fT for some k (where T is as

above).

For m = 0, we get the solution of Hilbert’s

17th problem: A real polynomial which is

nonnegative at every real point is a sum of

squares of real rational functions.
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Can we extend Stengle’s results to noncom-

mutative rings?

A generalization with irred. representations

doesn’t really make sense because of the fol-

lowing fundamental problem: A product of

two positive definite operators need not be

positive definite.

However, there exists an abstract version of

Stengle’s results which can be generalized:

If R is a commut. ring, a ∈ R and T is

a subsemiring of R containing
∑

R2, then

(1) a > 0 for every ordering ≥ of R such

that T ≥ 0 iff −1 ∈ T − fT .

(2) a ≥ 0 for every ordering ≥ of R such

that T ≥ 0 iff −f2k ∈ T − fT for some k.

Definition. An ordering of R is a preimage of

a linear ordering on a factor domain of R.
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• Leung-Marshall-Zhang 1997 define an or-

dering on a noncommutative ring by the same

axioms as in the commutative case and prove

that the abstract result remains true (with

T − fT replaced by T −∑
TfT .)

• Marshall 2000 defines a ∗-ordering of a ∗-
ring as an ordering of the Jordan algebra

sym(R) and proves that the abstract result

remains true.

Good news:

The set of all orderings of R is a space with

interesting geometry.

Bad news:

Some noncommutative candidates for the ring

R[X] have no orderings at all, e.g. matrix

polynomial rings Mn(R[X]).
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The compact case - Schmüdgen’s P-satz

Pick a finite subset S of R[X] and write

KS = {x ∈ Rn | g(x) ≥ 0 for every g ∈ S},
TS =

the subsemiring of R[X]
generated by S ∪∑R[X]2.

Schmüdgen’s Positivstellensatz:

If KS is compact, then every f ∈ R[X]

such that f |KS
> 0 belongs to TS.

Remark:

• KS is nonempty iff −1 6∈ TS.

• KS is compact iff N2 − ∑n
i=1 x2

i ∈ TS for

some N .

Schmüdgen’s Positivstellensatz is not suit-

able for noncommutative generalizations for

the same reasons as Stengle’s results. Only

the abstract version extends (C.)
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The compact case - Putinar’s P-satz

Pick a finite subset S of R[X] and write

KS = {x ∈ Rn | g(x) ≥ 0 for every g ∈ S},

MS =
the quadratic submodule of R[X]
(i.e. the

∑R[X]2-subsemimodule)
generated by S ∪ {1}.

Note that KS is always closed, hence it is

compact iff it is contained in some ball.

Putinar’s Positivstellensatz:

If KS is nonempty and contained in the

ball K{N2−∑n
i=1 x2

i }
then every f ∈ R[X]

such that f |KS
> 0 belongs to MS′ where

S′ = S ∪ {N2 −∑n
i=1 x2

i }.

Comment: If KS is a compact polyhedron,

then f |KS
> 0 implies that f ∈ MS. This

is not true in general. However, addition of

one more generator to S is not a problem in

applications.
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Noncommutative Putinar’s P-satz (C. )

Let A be a unital R-algebra with involution

which is finitely generated by x1, . . . , xn. Pick

a finite subset S of sym(A) = {a ∈ A| a∗ = a}
and write KS for the set of all ∗-representations

π of A such that π(s) is psd for every s ∈ S.

Write MS for the subset of sym(A) additively

generated by a∗sa where a ∈ A and s ∈ S ∪ 1.

(Positivdefinit-stellensatz)

Suppose that KS is nonempty and con-

tained in KN2−∑n
i=1 x∗i xi

for some N. Write

S′ = S∪{N2−∑n
i=1 x∗i xi}. The following are

equivalent:

1) π(f) > 0 for every π ∈ KS,

2) there exists ε > 0 such that

π(f) ≥ ε · I for every π ∈ KS,

3) there exists ε > 0 such that

f ∈ ε · 1 + MS′.
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(Nichtnegativsemidefinit-stellensatz)

With the same assumptions as above,

the following are equivalent:

1) π(f) 6≤ 0 for every π ∈ KS,

2) there exist hj ∈ A such that∑
h∗jfhj ∈ 1 + MS′.

Comments:

• PD-satz for free ∗-algebra has already been

proved by Helton and McCullough 2002.

• NNSD-satz for free ∗-algebras was recently

reproved by Klep and Schweighofer 2005.

I am also interested in the following question?

Can we replace KS by KS ∩ Irr(A)?

• Yes for NNSD-satz.

• Yes for 2 ⇔ 3 in PD-satz.

• Not known for 1 ⇔ 2 in PD-satz.
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Outline of the proof of the PD-satz (C.)

The assumption implies that f ∈ KS′ = KS
and −1 6∈ MS′. If f ∈ ε · 1 + MS′ and π ∈ KS,
then clearly π(f) ≥ ε · 1, so that π(f) > 0.

The converse will be proved by a reduction to
C∗-algebras (by a slight generalization of the
Handelman-Vidav construction). Note that

‖a‖ = inf{q > 0 | q2 − a∗a ∈ MS′}.
is a seminorm on A and that the set

I = {a ∈ A | ‖a‖ = 0}
is a two-sided ideal of A. The factor algebra
A/I is a normed algebra satisfying ‖a∗a‖ =
‖a‖2, hence its completion A′ is a C∗ algebra.
Let j:A → A′ be the natural mapping.

If f 6∈ ε·1+MS′ for every ε > 0, then j(f) does
not belong to the interior of the order cone of
A′. By Eidelheit’s separation theorem, there
exists a state ω on A such that ω(j(f)) ≤ 0.
Let π′ be the ∗-representation of A′ which
belongs to ω by the GNS construction. For
π = π′ ◦ j, π ∈ KS but π(f) 6> 0.
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PD-satz for irreducible representations fol-

lows from a well-known fact that an element

of a C∗-algebra belongs to the order cone iff

it is mapped to a positive semidefinite oper-

ator by every irr. ∗-representation. When we

pull this back to A, we get the result.

Outline of the proof of the NNSD-satz (C.)

Suppose that
∑

h∗jfhj ∈ 1 + MS′ for some

hj ∈ A. For every π ∈ KS, we have that

π(MS′) ≥ 0, hence
∑

π(hj)
∗π(f)π(hj) ≥ I. It

follows that π(f) 6≤ 0.

Conversely, suppose that
∑

h∗jfhj 6∈ 1 + MS′
for any hj ∈ A. It follows that −1 6∈ MS′∪{−f}.
By the first part of the proof, there exists

an irreducible ∗-representation π such that

π(MS′∪{−f}) ≥ 0. If follows that π ∈ KS but

π(f) ≤ 0.
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P-satz of Putinar and Vasilescu (1999)

Suppose that f, g1, . . . , gm ∈ R[X] are ho-

mogeneous and have even total degrees.

If f > 0 on K{g1,...,gm} \ {0} then

(x2
0 + x2

1 + . . . + x2
n)

lf ∈ M{g1,...,gm}
for some integer l.

This result follows from Putinar’s P-satz by

a compactification argument. It has been

extended to matrix polynomials by Ambrozie

and Vasilescu (2003).

Suppose that p ∈ R[X]⊗sym(A) (A unital

C∗-algebra) and pk ∈ R[X] ⊗ sym(Mνk(C))

for k = 1, . . . , m. If p, pk are homogeneous

of even degree and p(t) > 0 for every

t 6= 0 such that p1(t) ≥ 0, . . . , pm(t) ≥ 0,

then there are homogeneous polynomi-

als qj ∈ C[X] ⊗ A, qjk ∈ C[X] ⊗ Mνk×1(A)

and integer l such that ‖x‖2lp(x) =∑
j∈J

(
qj(x)

∗qj(x) +
∑m

k=1 qjk(x)
∗pk(x)qjk(x)

)
.

13



Positivdefinit-stellensatz for the Weyl algebra
(Schmüdgen 2004)

The Weyl algebra W(d) is the unital complex
∗-algebra with 2d generators

a−d, . . . , a−1, a1, . . . , ad,

defining relations

aka−k − a−kak = 1 for k = 1, . . . , d
akal = alak if k 6= −l

and involution given by a∗k = a−k.

The Schrödinger representation is a distin-
guished ∗-representation π0 of W(d) which
acts on the Schwartz space S(Rd) ⊂ L2(Rd)
by

(π0(ak)φ)(t) = 2−1/2(tkφ(t) + ∂φ
∂tk

),

(π0(a−k)φ)(t) = 2−1/2(tkφ(t)− ∂φ
∂tk

),

Write N = a∗1a1 + . . . + a∗dad. Pick α ∈ R+ \Z
and write N for the set of all finite products
of elements N + (α + n) · 1. The set of all
sums of hermitian squares of elements from
W(d) will be denoted by

∑W(d)2.

14



Let c ∈ sym(W(d)) have even degree

2m and let c2m(z, z̄) be its highest degree

component. Assume that

• there is ε > 0 such that π0(c− ε · 1) ≥ 0.

• c2m(z, z̄) > 0 for all z ∈ Cd, z 6= 0.

If m is even, then there exists an element

b ∈ N such that bcb ∈ ∑W(d)2.

If m is odd, then there exists an element

b ∈ N such that
∑d

j=1 bajca
∗
jb ∈

∑W(d)2.

The last version on arxiv claims that the sec-

ond assumption is a consequence of the first

but it provides no details.

Let X be the ∗-subalgebra of W(d)N gener-

ated by aiaj(N + (α + n) · 1)−1. He reduces

the problem from W(d) to X . (This is diffi-

cult, because he needs a structure theorem

for ∗-representations of X .) The problem for

X is easy because
∑X2 is archimedean.
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Nichtnegativsemidefinit-stellensatz for the Weyl

algebra (C.)

Let W(d) be the d-th Weyl algebra with

the natural involution and let π0 be its

Schrödinger representation. If c is a sym-

metric element of W(d) of even degree

2m then the following are equivalent:

• π0(c) is not negative semidefinite and

the highest degree part c2m(z, z) of c is

strictly positive for all z ∈ Cd, z 6= 0.

• There exist elements

r1, . . . , rk, s0, s1, . . . , sl ∈ W(d) such that

◦ ∑k
j=1 rjcr

∗
j =

∑l
i=0 sis

∗
i and

◦ π0(s0) is invertible and

◦ deg(s0) ≥ deg(sj) for every j = 1, . . . , l.
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Positivdefinit-stellensatz for enveloping alge-

bras (Schmüdgen 2004)

Let G be a connected and simply connected

real Lie group with Lie algebra g and let E(g)
be the complex universal enveloping algemra

of g with involution defined by x∗ = −x for

x ∈ g. Let {x1, . . . , xd} be a basis of g and

x0 = i · 1. Let a =
∑d

i=0 x∗i xi and let S be an

Ore set containing a. Let F = {f1, . . . , fr} be

a finite subset of sym(E(g)) such that f1 = 1.

Let Ĝ denote the unitary dual of G. For each

α ∈ Ĝ we fix a representation Uα in the equiv-

alence class α. Write

KF = {α ∈ Ĝ | dUα(f1) ≥ 0, . . . , dUα(fr) ≥ 0},

TF = {z =
r∑

l=1

∑

j

z∗jlflzjl | zjl ∈ E(g)},

E(g;F )+ = {z ∈ sym(E(g)) | dUα(z) ≥ 0 ∀α ∈ Kf}.
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Suppose that an element c ∈ sym(E(g))
has even degree 2m, and it satisfies:

• there exists ε > 0 such that c − ε · 1 ∈
E(g;F )+ and

• c2m(t) > 0 for every t ∈ Rd, t 6= 0 where

c2m(t) is the 2m-th component of c.

If m is even, there exists an element s ∈ S

such that s∗cs ∈ TF .

If m is odd, there exists an element s ∈ S

such that
∑d

k=0 s∗x∗kcxks ∈ TF .
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Positivstellensätze for free ∗-algebras

Helton 2002

Let A be the free real unital associative

∗-algebra on a finite set of generators. If

an element a ∈ sym(A) is matrix-positive

(i.e. positive semidefinite in every finite-

dimensional ∗-representation), then a is a

sum of hermitian squares in A.

Surprisingly, this result is stronger than its

commutative counterpart (Hilbert’s 17th prob-

lem) because no denominators are required.

This is due to the fact that free associative

∗-algebras have more ∗-representations than

polynomial rings (with trivial involution).

It is also possible to restrict the sizes of ma-

trices and the number of hermitian squares

in the representation (McCullough, Putinar

2005).
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Helton, McCullough, Putinar 2003

Let A be the free real unital associa-

tive ∗-algebra on n generators. Let Z

be the set of all n-tuples (Z1, . . . , Zn) of

real square matrices of the same dimen-

sion such that ZT
1 Z1 + . . . + ZT

n Zn = I. If

a polynomial a ∈ A is nonnegative on Z,

then a =
∑k

j=1 fT
j fj + g where g is trivial

on Z and f1, . . . , fk ∈ A.

This result is stronger then the noncommu-

tative Putinar’s P-satz, because a need not

be strictly positive on Z, just nonnegative.

One can also restrict the sizes of matrices in

Z.
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