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Levels of fields

The level s(F) of a field F' is defined as the
length of the shortest representation of —1 as
a sum of squares of elements from F. If —1 is
not a sum of squares then s(F) = .

Theorem 1 (Artin-Schreier).
A field F' is orderable if and only if s(F') = co.

Theorem 2 (Pfister). The level of a field is
always a power of 2. Moreover, every power
of 2 is the level of some field.



Product levels of skew-fields

The product level ps(D) od a skew-field D is
defined as the length of the shortest represen-
tation of —1 as a sum of products of squares
of elements from D. If —1 is not a sum of
products of squares then s(D) = oo.

Theorem 3 (Szele). A skew-field D is order-
able if and only if ps(D) = oo.

Theorem 4 (Scharlau-Tschimmel).
Every positive integer is the product level of
some (infinite-dimensional) skew-field.

Theorem 5 (Albert). If D is finite-dimensional
over its center then ps(D) is finite.

Theorem 6 (Wadsworth). If D has even di-
mension over its center then ps(D) = 1.

Open problem: Find all possible values for
ps(D), D having odd dimension over its center.
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Higher levels of fields

Let n be a positive integer and F' a field. The
n-th level s, (F') of F is defined as the length
of the shortest representation of —1 as a sum
of n-th powers of elements from F'. If —1 is
not a sum of n-th products then s,(F) = co.
Trivially, sp(F) = 1 for n odd, so>(F) = s(F").

Theorem 7 (Becker). For a field F and a pos-
itive integer n, we have sn(F) = oo if and only
if F' has an ordering of level n

A subset P of F is an ordering of exponent
nifP+PCP, P.PCP, PNn—-P = {0},
F = PUaPU...Ua" 1P forsomeac F, a™ € P.

The simplest example: FF = R(x), P is the set
consisting of 0 and all r(xz) € R(xz) such that
sign(lcr(x)) exp(2ridegr(x)/n) = 1.



Theorem 8 (Joly). For a field F', the following
are equivalent:

i) s(F) < oo,

ii) sn(F') < oo for some even n,

iii) sn(F') < oo for every positive integer n.

The proof is based on Hilbert identities. It
also gives an explicit function u(x,y) such that
psn(D) < u(ps(D),n) for every n and D.

Widely open problem: Given n, find all
possible values of s, (F'). There are some
results for finite fields by Becker-Canales.
For n = 4 much more is known by the
work of Parnami-Agrawal-Rajwade.



Higher product levels of skew-fields

Let D be a skew-field and n a positive integer.
An element ¢ = z1---x, € D is a permuted
product of n-th powers if there exists a per-
mutation 7 of {1,...,k} such that z 1y - @)
IS a product of n-th powers of elements from
D. The n-th product level ps,(D) of D is the
length of the shortest representation of —1 as
a sum of permuted products of n-th powers.
If such a representation does not exist then
psn(D) = oo. Trivial cases:

- if n is odd, then ps,(D) = 1 for all D,

- if D is commutative, then ps, (D) = s, (D),

- if n =2, then psp(D) = ps(D).

Orderings of level n are defined in the same
way as in the commutative case. We also re-
quire that all multiplicative commutators be-
long to all orderings.

Theorem 9 (Powers). A skew field D has an
ordering of exponent n if and only psp(D) = oo.

7



Theorem 10 (J. C.). Let k be a positive inte-
ger. For every skew field D, the following are
equivalent:

(i) psor(D) < oo,

(ii) psok; (D) < 0o for some odd I,

(iii) psok; (D) < oo for every odd .

Sketch of the proof: Suppose that D has an
ordering P of exponent 2k, The set Q = {z €
D: z! € P} contains P, is multiplicative and
avoids —1. The fact that the set of P-bounded
elements of D is a valuation ring then implies
that @ is closed for addition. Hence, @ is an
ordering of exponent 2k.

Later (joint work with D. Velu3Cek) a construc-
tive proof was discovered which gives an ex-
plicit function u(z,y,z) such that ps,;,(D) <
u(ps,x (D), k, 1) for every k,I, D.



In the commutative case ps,x(D) < oo implies
that ps,r+1(D) < oco. Is this also true in the
noncommutative case?

The answer is no. The following is a simplified
version (I. Klep and D. Veluscek) of the original
counterexample (J. C.):

Example: Let om: R[z] — R[x] be a ho-
momorphism defined by z — —z2mtl  Then
Ry = Rlx][y; om] is a left Ore domain with
ordering of exponent 4m but no ordering of
exponent 2m. The same is true for its left
skew-field of fractions.



A different version of higher product level

Why bother with permuted products of n-th
powers? Can we do the same without permu-
tations?

For a skew-field D and positive integer D, let
msn(D) be the length of the shortest repre-
sentation of —1 as a sum of products of n-th
powers of elements from D. Let msp(D) = oo
if there is no such representation.

Example: For every m > 2, there exists a
field Fj, and an automorphism w,, of Fj, such
that the Laurent series field Dy, = Fp((x, wm))
satisfies mso,, (D) = oo and pso,, (D) < oo.

The construction is based on the following:

Theorem 11. if ms>(R) = oo and w has order
m in aut(R), then

msom(R((z,w))) = oco.
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Open problems:

1) Given n, what are the possible values of
psn(D) and msnp (D)7

2) Suppose that msp(D) = oo. Is there an
"ordering” on D7

3) Given n, is there a skew-field D such that
pspn(D) =1 and msp(D) = o0?

Homepage: vega.fmf.uni-1j.si/srag
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