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Outline

We will discuss matrix versions of the following theorems from Real
Algebraic Geometry:

(1) Krivine-Stengle Positivstellensatz

(2) Archimedean and Compact Positivstellensatz

(3) Real Nullstellensatz

For each of these results there are several possible generalizations:

I Scalar constraints gi (x) � 0 imply F (x) � 0.

I Matrix constraints Gi (x) � 0 imply F (x) � 0.

I Constraints of the form vTGi (x)v ≥ 0 imply vTF (x)v > 0.

The first case is a special case of the other two. We will refer to
the second and the third case as two-sided and one-sided theory.

Jaka Cimprič, University of Ljubljana, Slovenia Positive matrix polynomials



Notation

R[x ] := R[x1, . . . , xd ] - usual real polynomials∑
R[x ]2 - usual sos polynomials

Mn(R[x ]) - matrix polynomials

Sn(R[x ]) -
symmetric matrix polynomials, i.e. matrix polyno-
mials A ∈ Mn(R[x ]) for which A = AT .∑

Mn(R[x ])2 -
SOHS matrix polynomials, i.e. matrix polynomials
of the form

∑
i AT

i Ai , Ai ∈ Mn(R[x ]).

For a real symmetric n × n matrix A, we write
A � 0 if A is positive definite,
A � 0 if A is positive semidefinite,
A � 0 if A � 0 and A 6= 0.
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Krivine-Stengle Positivstelensatz

Part 1 : Krivine-Stengle Positivstellensatz
for matrix polynomials
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Krivine-Stengle Positivstellensatz

For every finite subset S = {g1, . . . , gm} of R[x ] set

KS = {a ∈ Rd | g1(a) ≥ 0, . . . , gm(a) ≥ 0}.

Let TS be the preordering generated by S (= the smallest subset
of R[x ] which contains S ∪

∑
R[x ]2 and is closed under · and +.)

Theorem (Positivstellensatz, Krivine 1964, Stengle 1974)

For every finite S ⊂ R[x ] and every f ∈ R[x ], TFAE:

(1) f (a) > 0 for every a ∈ KS .

(2) There exist t, t ′ ∈ TS such that (1 + t)f = 1 + t ′.

Theorem (Krivine-Stengle Positivstellensatz for matrix
polynomials with scalar constraints, C. 2011)

For every finite S ⊂ R[x ] and every F ∈ Sn(R[x ]), TFAE:

(1) F (a) � 0 for every a ∈ KS .

(2) (1 + t)F ∈ In + TS ·
∑

Mn(R[x ])2 for some t ∈ TS .
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Krivine-Stengle Positivstelensatz

We would like to generalize this theory from scalar to matrix
constraints. We consider two types of matrix constraints:

Problem A (One-sided Positivestellensatz):
For every finite G ⊂ Sn(R[x ]), we would like to define a weak
preordering UG so that for every F ∈ Sn(R[x ]), TFAE:

(1) TrF (a)B > 0 for every a ∈ Rd and every real B � 0 for
which TrG (a)B ≥ 0 for all G ∈ G.

(2) (1 + t)F ∈ In + UG for some t · In ∈ UG .

Problem B (Two-sided Positivstellensatz):
For every finite G ⊂ Sn(R[x ]), we would like to define a
preordering TG so that for every F ∈ Sn(R[x ]), TFAE:

(1) F (a) � 0 for every a ∈ Rd for which G (a) � 0 for all G ∈ G.

(2) (1 + t)F ∈ In + TG for some t · In ∈ TG .
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Krivine-Stengle Positivstelensatz

Problem (B) has already been solved by reduction to the scalar
case. We also have the related Compact Positivstellensatz.

A subset T ⊂ Sn(R[x ]) is a preordering if it is a quadratic module
and T ∩ (R[x ] · In) is closed under multiplication.

(We say that a subset M ⊆ Sn(R[x ]) is a quadratic module if
In ∈ M, M + M ⊆ M and HTMH ⊆ M for every H ∈ Mn(R[x ]). )

Problem (A) has only been solved in special cases. This is the
main topic of this talk.

A subset U ⊆ Sn(R[x ]) is a weak preordering if it is a weak
quadratic module and it satisfies (U ∩ (R[x ] · In)) · U ⊆ U.
This definition of a weak preordering is probably too naive.

(We say that a subset N ⊆ Sn(R[x ]) is a weak quadratic module
if
∑

Mn(R[x ])2 ⊆ N, N + N ⊆ N and h2N ⊆ N for all h ∈ R[x ]. )
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Finsler’s Lemma

Lemma (a variant of Finsler’s Lemma 1937)

Suppose that F and G are real symmetric n × n matrices. The
following are equivalent:

(1) For every v 6= 0 such that vTGv ≥ 0, we have that vTFv > 0,

(1’) For every B � 0 such that TrGB ≥ 0,we have that TrFB > 0,

(2) There exists t ∈ R≥0 such that F − tG is positive definite.

The equivalence between (1’) and (2) can be extended to several
contraints. The equivalence between (1) and (2), however, fails for
several constraints.
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Finsler’s Lemma

Theorem (Finsler’s Lemma for matrix polynomials)

Pick G ∈ Sn(R[x ]) such that G (a) is negative semidefinite for
every a ∈ Rd with sufficiently large ‖a‖.

Then, for every F ∈ Sn(R[x ]) the following are equivalent:

(1) For every a ∈ Rd and every nonzero v ∈ Rn such that
vTG (a)v ≥ 0, we have that vTF (a)v > 0.

(1’) For every a ∈ Rd and every nonzero real B � 0 such that
TrG (a)B ≥ 0 we have that TrF (a)B > 0.

(2) There exists a sos polynomial s such that

(1 + s)F ∈ In + NG

where NG :=
∑

Mn(R[x ])2 + (
∑
R[x ]2) · G .
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Finsler’s Lemma

For G = g · In this result is sharper than the Positivstellensatz with
scalar constraints. However, we cannot omit the assumption that
g is negative semidefinite outside some ball.

Example

If G =

[
x 0
0 x

]
and F =

[
1 + x 0

0 1

]
then

claim (1) of the theorem is true but claim (2)
of the theorem is false because the set
M := {(x , r) ∈ R × R>0 | F (x) − rG (x) � 0}
does not contain a graph of a rational function.
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Finsler’s Lemma

An interesting special case:

Theorem (Positive polynomials on varieties)

Pick G1, . . . ,Gm ∈ Mn(R[x ]) and let J be the left ideal generated
by Gi . Then for every F ∈ Sn(R[x ]) the following are equivalent:

(1) For every a ∈ Rd and every nonzero v ∈ Rn such that
G1(a)v = . . . = Gm(a)v = 0 we have that vTF (a)v > 0.

(2) There exists a sos polynomial s such that
(1 + s)F ∈ In +

∑
Mn(R[x ])2 + J + JT .

Proof.

Write G := −
m∑
i=1

GT
i Gi and apply Finsler’s Lemma for matrix

polynomials.
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Finsler’s Lemma

Sketch of the proof.

Suppose that G is negative semidefinite on Rd . Then
F (a)− rG (a) � 0 iff r ∈ (µ(a),+∞) where

µ(a) := inf{r ≥ 0 | F (a)− rG (a) � 0}.

It can be shown that µ is a continuous semialgebraic function on
Rd . Therefore, µ is bounded from above by a sos polynomial p.

In particular, F (a)− p(a)G (a) � 0 for every a ∈ Rd . Therefore,
there exists (by the Positivstellensatz with scalar constraints) a sos
polynomial s such that

(1 + s)(F − pG ) ∈ In +
∑

Mn(R[x ])2.
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Finsler’s Lemma

An idea for improving Finsler’s Lemma for matrix polynomials:

Can we omit the assumption ”G (x) � 0 for large ‖x‖” if we replace
the weak quadratic module NG =

∑
Mn(R[x ])2 + (

∑
R[x ]2) · G

with the weak preordering TG?

I It works for G = g · In.

I There are counterexamples for n ≥ 2.

Can we omit the assumption ”G (x) � 0 for large ‖x‖” if we
replace the weak quadratic module NG with the weak preordering
Pos(KG ) · NG ⊇ TG where KG := {a ∈ Rd | vTG (a)v ≥ 0 for
some 0 6= v ∈ Rn} and Pos(KG ) = {p ∈ R[x ] | p|KG

≥ 0}?
I It works for n = 2 and d = 1.

I There are counterexamples for n ≥ 3.
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Archimedean Positivstellensatz

Part 2: Archimedean and Compact Positivstellensatz
for matrix polynomials
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Archimedean Positivstellensatz

For a subset G of Sn(R[x ]) write NG for the weak quadratic
module generated by G. It consists of all finite sums of elements
of the form h2G where h ∈ R[x ] and G ∈ S ∪

∑
Mn(R[x ])2. NG is

archimedean if it contains (R2 −
∑d

i=1 x2
i ) · In for some real R.

Theorem (One-sided Archimedean Positivstellensatz)

Suppose that G ⊆ Sn(R[x ]) is such that NG is archimedean. Then
the following are equivalent:

(1) For every point a ∈ Rd and every real B � 0 such that
TrG (a)B ≥ 0 for every G ∈ G, we have that TrF (a)B > 0.

(2) F − εIn ∈ NG for some real ε > 0.

Sketch of the proof. Since NG is archimedean, 1 is an interior
point of NG in the finest locally convex topology. Therefore, the
dual (NG)∨ is compact in the weak ∗ topology by Banach-Alaoglu.
So, by Krein-Milman, (NG)∨ is the close convex hull of its extreme
points. Extreme points are of the form H 7→ TrH(a)B.
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Archimedean Positivstellensatz

If we replace G with G′ = {HTGH | H ∈ Mn(R[x ]),G ∈ G},
then MG := NG′ is the quadratic module generated by G.
So, we get the two-sided Archimedean Positivstellensatz:

Theorem (Scherer & Hol 1996)

If MG is archimedean, then for every F ∈ Sn(R[x ]), TFAE:

(1) For every a ∈ Rd such that G (a) � 0 for every G ∈ G, we
have that F (a) � 0.

(2) F − εIn ∈ MG for some real ε > 0.

For n = 1, we get the usual Archimedean Positivstellensatz.

Theorem (Putinar 1993)

If MS is archimedean, then for every f ∈ R[x ], TFAE:

(1) f (a) > 0 for every a ∈ KS .

(2) f − ε ∈ MS for some real ε > 0.
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Compact Positivstellensatz

The following result is called the Compact Positivstellensatz. It is
an extension of the Archimedean Positivstellensatz. Namely, if MS

is archimedean then KS is compact but the converse can fail.

Theorem (Schmüdgen 1991)

Suppose that S is a finite subset of R[x ] such that the set KS is
compact. Then the preordering TS is archimedean and for every
f ∈ R[x ] the following are equivalent:

(1) f (a) > 0 for every a ∈ KS .

(2) f − ε ∈ TS for some real ε > 0.

The nontrivial part is to show that TS is archimedean (i.e. it
contains R2 −

∑d
i=1 x2

i for some R). The equivalence between (1)
and (2) then follows from the Archimedean Positivstellensatz.
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One-sided Compact Positivstellensatz

Finsler’s Lemma for matrix polynomials implies the following
extension of the Compact Positivstellensatz to matrix polynomials.

Theorem (One-sided compact Positivstellensatz)

Suppose that G ∈ Sn(R[x ]) is such that the set

KG := {a ∈ Rd | vTG (a)v ≥ 0 for some 0 6= v ∈ Rn}

is compact. Then the weak quadratic module

NG =
∑

Mn(R[x ])2 + (
∑

R[x ]2) · G

is archimedean and the following are equivalent:

(1) For every point a ∈ Rd and every nonzero vector v ∈ Rn such
that vTG (a)v ≥ 0 we have that vTF (a)v > 0

(2) F − εIn ∈ NG for some real ε > 0.
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One-sided Compact Positivstellensatz

I do not have a satisfactory extension to several constraints:

Theorem
Suppose that a subset G of Sn(R[x ]) is such that the set

KG := {a ∈ Rd | ∃B � 0: TrG (a)B ≥ 0 for all G ∈ G}

is compact. Then the weak preordering Pos(KG) · NG is
archimedean and the following are equivalent:

(1) For every point a ∈ Rd and every real B � 0 such that
TrG (a)B ≥ 0 for all G ∈ G we have that TrF (a)B > 0.

(2) F − εIn ∈ Pos(KG) · NG for some real ε > 0.

Open problem: Can we replace Pos(KG) · NG with UG?
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Real Nullstelensatz

Part 3 : Real Nullstellensatz
for matrix polynomials
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Real Nullstelensatz

We are interested in generalizations of the following result from
usual polynomials to matrix polynomials.

Theorem (Real Nullstellensatz, Dubois 1969, Risler 1970,
Efroymson 1974)

For every g1, . . . , gm, f ∈ R[x ], the following are equivalent:

(1) For every point a ∈ Rd such that g1(a) = . . . = gm(a) = 0,
we have that f (a) = 0.

(2) f belongs to the smallest real ideal containing g1, . . . , gm.

Here, an ideal I of R[x ] is real if for any h1, . . . , hk ∈ R[x ] such
that h2

1 + . . .+ h2
k ∈ I , we have that h1, . . . , hk ∈ I . The smallest

real ideal containing the ideal J = (g1, . . . , gm) is equal to

rr
√

J := {f ∈ R[x ] | f 2k +s ∈ J for some k ∈ N and s ∈
∑

R[x ]2}.
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Real Nullstelensatz

We will consider the following problems:

(A) (One-sided Real Nullstellensatz)
Given G1, . . . ,Gm ∈ Mn(R[x ]), characterize all F ∈ Mn(R[x ])
such that F (a)v = 0 for all a ∈ Rd and all v ∈ Rn satisfying
G1(a)v = . . . = Gm(a)v = 0.

(B) (Two-sided Real Nullstellensatz)
Given G1, . . . ,Gm ∈ Mn(R[x ]), characterize all F ∈ Mn(R[x ])
such that F (a) = 0 for all a ∈ Rd satisfying
G1(a) = . . . = Gm(a) = 0.

For scalar Gi the one-sided and two-sided problems coincide.
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One-sided Real Nullstellensatz for constant matrices

Proposition

Suppose that G1, . . . ,Gm,F ∈ Mn(R) satisfy the property

G1v = 0, . . . ,Gmv = 0⇒ Fv = 0

for every v ∈ Rn. Then there exist H1, . . . ,Hm ∈ Mn(R) such that

F = H1G1 + . . .HnGn.

Proof.

Write G =

 G1
...

Gm

 . Since Ker G ⊆ Ker F by assumption, there

exists a matrix H =
[

H1 . . . Hm

]
such that F = HG .
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One-sided Real Nullstellensatz for matrix polynomials.

We say that a left ideal J of Mn(R[x ]) is real if for every
H1, . . . ,Hk ∈ Mn(R[x ]) such that HT

1 H1 + . . .+ HT
k Hk ∈ J + JT

we have that H1, . . . ,Hk ∈ J.

Theorem (One-sided Real Nullstellensatz)

For every G1, . . . ,Gm,F ∈ Mn(R[x ]) the following are equivalent:

(1) for every a ∈ Rd and v ∈ Rn such that
G1(a)v = ... = Gm(a)v = 0 we have that F (a)v = 0.

(2) F belongs to the smallest real left ideal of Mn(R[x ]) which
contains G1, . . . ,Gm.
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The real radical of a left ideal

For every left ideal J in Mn(R[x ]) we define the set

α
√

J =

{
F ∈ Mn(R[x ]) | FTF + HT

1 H1 + ...+ HT
s Hs ∈ J

for some H1, . . . ,Hs ∈ Mn(R[x ])

}
.

It can be shown that

I α
√

J is a left ideal in Mn(R[x ]) which contains J.

I The smallest real left ideal in Mn(R[x ]) which contains J is

rr
√

J := J ∪ α
√

J ∪
α

√
α
√

J ∪ ...
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Proof of the one-sided Real Nullstellensatz

Proof.
The direction from (2) to (1) is easy. The direction from (1) to (2)
is first reduced to the case where only the first rows of Gi and F
are nonzero. Then we continue by induction on n.

Let (gi1, . . . , gin) be the first row of Gi . We show first that for
every k, l = 1, . . . , n, gklF belongs to the smallest real left ideal
which contains all Gi .

Then by the usual Real Nullstellensatz and a short computation we
show that F belongs to the smallest real left ideal which contains
all gklF .
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Proof of the one-sided Real Nullstellensatz

A two-sided ideal is real if it is real as a left ideal.

Theorem (Two-sided Real Nullstellensatz)

For every G1, . . . ,Gm,F ∈ Mn(R[x ]) the following are equivalent:

(1) for every a ∈ Rd such that G1(a) = ... = Gm(a) = 0 we have
that F (a) = 0.

(2) F belongs to the smallest real two-sided ideal of Mn(R[x ])
which contains G1, . . . ,Gm.

This result follows from the one-sided Real Nullstellensatz but it
has been proved before by a different method.
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Proof of the two-sided Real Nullstellensatz

Proof.
Suppose that (1) holds. Then for every a ∈ Rd and every v ∈ Rn

which satisfy Gi (a)Ejkv = 0 for all i , j , k we have that F (a)v = 0.
By the one-sided Real Nullstellensatz F belongs to the smallest
real left ideal I which contains all GiEjk .

Clearly, I contains the two-sided ideal generated by all Gi .
If J is the largest two-sided ideal contained in I , then a short
computation shows that J is also real. By minimality, I = J.
Therefore, I is the smallest real two-sided ideal which contains all
Gi , which proves (2).
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Thank you!
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