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Outline

We will discuss Real Algebraic Geometry for matrix polynomials:

(1) Krivine-Stengle theorems for matrix polynomials with scalar
constraints.

(1) Krivine-Stengle theorems for matrix polynomials with matrix
constraints.

(3) Archimedean and Compact Positivstellensatz for matrix
polynomials with matrix constraints.
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Notation

R[x ] := R[x1, . . . , xd ] - usual real polynomials∑
R[x ]2 - usual sos polynomials

Mn(R[x ]) - matrix polynomials

Sn(R[x ]) -
symmetric matrix polynomials, i.e. matrix polyno-
mials A ∈ Mn(R[x ]) for which A = AT .∑

Mn(R[x ])2 -
SOHS matrix polynomials, i.e. matrix polynomials
of the form

∑
i AT

i Ai , Ai ∈ Mn(R[x ]).
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Krivine-Stengle Nichtnegativstellensatz

Part 1a: Krivine-Stengle Nichtnegativstellensatz
for matrix polynomials with scalar constraints

For given g1, . . . , gm ∈ R[x ] characterize all
F ∈ Sn(R[x ]) such that for every a ∈ Rd ,
g1(a) ≥ 0, . . . , gm(a) ≥ 0 =⇒ F (a) � 0.
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Earlier results

The following is a special case of Krivine-Stengle theorem.

Theorem (Artin 1927)

Suppose that a polynomial f ∈ R[x ] is ≥ 0 on Rd . Then there
exists a nonzero h ∈ R[x ] such that h2f ∈

∑
R[x ]2.

It was generalized very early to matrix polynomials:

Theorem (Gondard & Ribenboim 1974)

Suppose that a matrix polynomial F ∈ Sn(R[x ]) is positive
semidefinite in every point of Rd . Then there exists a nonzero
h ∈ R[x ] such that h2F ∈

∑
Mn(R[x ])2.
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Earlier results

For every finite subset S = {g1, . . . , gm} of R[x ] set

KS = {a ∈ Rd | g1(a) ≥ 0, . . . , gm(a) ≥ 0}.

Let TS be the preordering generated by S (= the smallest subset
of R[x ] which contains S ∪

∑
R[x ]2 and is closed under · and +.)

Theorem (Nichtnegativstellensatz, Krivine 1964, Stengle 1974)

For every finite S ⊂ R[x ] and every f ∈ R[x ], TFAE:

(1) f (a) ≥ 0 for every a ∈ KS .

(2) There exist t, t ′ ∈ TS and k ∈ N such that ft = f 2k + t ′.

We would like to generalize this result from f ∈ R[x ] to
F ∈ Sn(R[x ]). In both cases, we will have the same KS .
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Krivine-Stengle Nichtnegativstellensatz

Theorem (Krivine-Stengle Nichtnegativstellensatz for matrix
polynomials with scalar constraints, C. 2012)

For every finite S ⊂ R[x ] and for every F ∈ Sn(R[x ]), TFAE:

(1) F (a) � 0 for every a ∈ KS .

(2) There exist B,C ∈ TS ·
∑

Mn(R[x ])2 and k ∈ N such that
FB = BF = F 2k + C .

Remarks:

I This result does not imply Gondard-Ribenboim theorem.
(We will see later that B need not be a scalar polynomial.)

I Later we will extend this result to matrix constraints.
The proof is by reduction to this result.
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Proof

(2) ⇒ (1) is easy. To prove (1) ⇒ (2) consider the polynomial

det(F − λ · In) = (−λ)n + c1(−λ)n−1 + . . .+ cn.

Since c1, . . . , cn belong to R := R[x ] and they are ≥ 0 on KS ,

p(λ) := det(F − λ · In)− (−λ)n

belongs to R[λ] = R[x , λ] and it is ≥ 0 on KS∪{−λ}. Therefore,

there exist s(λ), t(λ) ∈ T
R[λ]
S∪{−λ} and k ∈ N such that

p(λ)s(λ) = p(λ)2k + t(λ).

We can write s(λ) = σ1(λ)− λσ2(λ) and t(λ) = τ1(λ)− λτ2(λ)

where σ1(λ), σ2(λ), τ1(λ), τ2(λ) ∈ T
R[λ]
S . If follows that

σ1(F ), σ2(F ), τ1(F ), τ2(F ) ∈ T
R[F ]
S ⊆ TS ·

∑
Mn(R[x ])2.
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Proof

By the Cayley-Hamilton Theorem, p(F ) = −(−F )n. It follows that

−(−F )n(σ1(F )− Fσ2(F )) = F 2nk + τ1(F )− F τ2(F ).

If n is even, then we can rewrite this as

F (F nσ2(F ) + τ2(F )) = F 2nk + (τ1(F ) + F nσ1(F )).

where both brackets belong to TS ·
∑

Mn(R[x ])2.

If n is odd, then we can rewrite this as

F (F n−1σ1(F ) + τ2(F )) = F 2nk + (τ1(F ) + F n+1σ2(F )).

where both brackets belong to TS ·
∑

Mn(R[x ])2.
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An example of nondiagonal denominators

Example: Take

g(x) = x3 and F (x) =

[
x 0
0 1

]
.

Clearly, F (a) � 0 for every a ∈ Kg . However, there is no b ∈ Tg

such that Fb = F 2k + C for some k ∈ N, C ∈ Tg ·
∑

Mn(R[x ])2.

Namely, if such a b exists, then xb = x2k + c11 and b = 1 + c22 for
some c11 = u1 + x3v1 and c22 = u2 + x3v2 with ui , vi ∈

∑
R[x ]2,

then x(1 + u2(x) + x3v2(x)) = x2k + u2(x) + x3v2(x). Since x
divides x2k + u2(x) which belongs to

∑
R[x ]2, it follows that also

x2 divides x2k + u2(x). After canceling x on both sides, we get that
the right-hand side is divisible by x while the left-hand side is not.
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Krivine-Stengle Positivstellensatz

Part 1b: Krivine-Stengle Positivstellensatz
for matrix polynomials with scalar constraints

For given g1, . . . , gm ∈ R[x ] characterize all
F ∈ Sn(R[x ]) such that for every a ∈ Rd ,
g1(a) ≥ 0, . . . , gm(a) ≥ 0 =⇒ F (a) � 0.
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Krivine-Stengle Positivstellensatz

Theorem (Positivstellensatz, Krivine 1964, Stengle 1974)

For every finite S ⊂ R[x ] and every f ∈ R[x ], TFAE:

(1) f (a) > 0 for every a ∈ KS .

(2) There exist t, t ′ ∈ TS such that (1 + t)f = 1 + t ′.

The following is a generalization from f ∈ R[x ] to F ∈ Sn(R[x ]).
Note that we always have scalar denominators.

Theorem (Krivine-Stengle Positivstellensatz for matrix
polynomials with scalar constraints)

For every finite S ⊂ R[x ] and every F ∈ Sn(R[x ]), TFAE:

(1) F (a) � 0 for every a ∈ KS .

(2) (1 + t)F ∈ In + TS ·
∑

Mn(R[x ])2 for some t ∈ TS .
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Proof

The set S = {g1, . . . , gm} will be fixed. The proof is by induction
on the size n of F . For n = 1, this is Krivine-Stengle. Suppose
that the theorem holds for every F of size n − 1 and pick any F of
size n such that F � 0 on KS . Write

F =

[
f11 g
gT H

]
and observe that[

f11 −g
0 f11In−1

]T [
f11 g
gT H

] [
f11 −g
0 f11In−1

]
=

[
f 3
11 0

0 f11H̃

]
(1)

where H̃ = f11H − gTg .
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Proof

Since F � 0 on KS , we have that f11 > 0 on KS and H̃ � 0 on KS .

By the induction hypothesis there exist s ∈ TS and
U ∈ TS ·Mn−1(R[x ])2 such that

(1 + s)H̃ = In−1 + U. (2)

By Krivine-Stengle, there exists elements s1, u1 ∈ TS such that

(1 + s1)f11 = 1 + u1. (3)

From (1) we get (with I = In−1)

f 4
11

[
f11 g
gT H

]
=

[
f11 g
0 f11I

]T [
f 3
11 0

0 f11H̃

] [
f11 g
0 f11I

]
(4)

Now we cancel f11, multiply by (1 + s)(1 + s1)4 and use (2), (3):
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Proof

(1 + s)(1 + s1)(1 + u1)3

[
f11 g
gT H

]
=

[
1 + u1 (1 + s1)g

0 (1 + u1)I

]T
·

·
[

(1 + s)(1 + u1)2 0
0 (1 + s1)2(I + U)

] [
1 + u1 (1 + s1)g

0 (1 + u1)I

]
(5)

Since [
(1 + s)(1 + u1)2 0

0 (1 + s1)2(I + U)

]
= In + W

for some W ∈ TS ·
∑

Mn(R[x ])2, it follows that

(1 + s)(1 + s1)(1 + u1)3

[
f11 g
gT H

]
=

=

[
1 + u1 (1 + s1)g

0 (1 + u1)I

]T [
1 + u1 (1 + s1)g

0 (1 + u1)I

]
+ W ′ (6)

for some W ′ ∈ TS ·
∑

Mn(R[x ])2.
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Proof

Write g̃ = (1 + s1)g and c = g̃ g̃T ∈
∑

R[x ]2 and note that

σ := cIn−1 − g̃T g̃ ∈
∑

Mn−1(R[x ])2.

Write v = 1 + c and multiply (6) by v(1 + v) to get

v(1 + v)(1 + s)(1 + s1)(1 + u1)3

[
f11 g
gT H

]
=

= v(1 + v)

[
(1 + u1)2 (1 + u1)g̃

(1 + u1)g̃T g̃T g̃ + (1 + u1)2I

]
+ v(1 + v)W ′ =

=

[
v(1 + u1)2 0

0 (v(1 + u1)2 + v 2(2u1 + u2
1) + 1)I + (v + 1)σ

]
+

+

[
v(1 + u1) (1 + v)g̃

0 0

]T [
v(1 + u1) (1 + v)g̃

0 0

]
+ v(1 + v)W ′

which clearly belongs to In + TS ·
∑

Mn(R[x ])2. It is also clear
that v(1 + v)(1 + s)(1 + s1)(1 + u1)3 belongs to 1 + TS .

Jaka Cimprič, University of Ljubljana, Slovenia Matricial Real Algebraic Geometry



Matrix constraints

Part 2: Matrix constraints

For given G1, . . . ,Gm ∈ Sn(R[x ]) characterize
all F ∈ Sn(R[x ]) such that for every a ∈ Rd ,
G1(a) � 0, . . . ,Gm(a) � 0 =⇒ F (a) � 0 (or � 0.)
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Matrix constraints

For every finite subset G = {G1, . . . ,Gm} of Sn(R[x ]) we define

KG = {a ∈ Rd | G1(a) � 0, . . . ,Gm(a) � 0}.

but it is not clear how to define the preordering TG in Sn(R[x ]).

The plan is to find a finite subset S of R[x ] such that

KG = KS and TS ·
∑

Mn(R[x ])2 ⊆ TG

and to use Krivine-Stengle for scalar constraints.

We obtain the following:
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Matrix constraints

Theorem (Krivine-Stengle Nichtnegativstellensatz for matrix
polynomials with matrix constraints)

For every finite G ⊂ Sn(R[x ]) and for every F ∈ Sn(R[x ]), TFAE:

(1) F (a) � 0 for every a ∈ KG .

(2) There exist B,C ∈ TG and s ∈ N such that
FB = BF = F 2s + C .

Theorem (Krivine-Stengle Positivstellensatz for matrix
polynomials with matrix constraints)

For every finite G ⊂ Sn(R[x ]) and for every F ∈ Sn(R[x ]), TFAE:

(1) F (a) � 0 for every a ∈ KG .

(2) There exists t · In ∈ TG such that (1 + t)F ∈ In + TG .
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Matrix constraints

A subset M ⊆ Sn(R[x ]) is a quadratic module if M + M ⊆ M,
ATMA ⊆ M for every A ∈ Mn(R[x ]) and In ∈ M. We write MG for
the smallest quadratic module in Mn(R[x ]) containing the set G.

Proposition (Schmüdgen 2007)

For every finite subset G of Sn(R[x ]) there exists a finite subset S
of R[x ] such that S · In ⊂ MG and KS = KG .

This result motivates the following definition of a preordering
which ensures that TS ·

∑
Mn(R[x ])2 ⊆ TG .

A quadratic module M ⊆ Mn(R[x ]) is a preordering if for every
g , h ∈ R[x ] such that g · In, h · In ∈ M also gh · In ∈ M. We write
TG for the smallest preordering in Sn(R[x ]) containing the set G.
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Krivine-Stengle theorems for Mn(R)

Krivine-Stengle theorems have their abstract analogues if:

R[x ] → a commutative ring R such that −1 6∈
∑

R2,
Rd → ring homomorphisms from R into real closed fields.

These abstract analogues can be extended to Mn(R) as follows.
The definition of a preordering in Mn(R) is analogous to Mn(R[x ]).

Theorem (Krivine-Stengle Nichtnegativstellensatz for Mn(R))

For every commutative ring R, every finite subset G ⊂ Sn(R) and
every F ∈ Sn(R), the following are equivalent:

(1) For every real closed field k and every ∗-ring homomorphism
φ : Mn(R)→ Mn(k) such that φ(G ) � 0 for every G ∈ G, we
have that φ(F ) � 0.

(2) There exist B,C ∈ TG and s ∈ N such that
FB = BF = F 2s + C .
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Archimedean and Compact Positivstellensatz

Part 3: Archimedean and Compact Positivstellensatz
for matrix polynomials with matrix constraints

Can we improve Krivine-Stengle Positivstellensatz if
MG is archimedean or, more generally, if KG is compact?
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Archimedean Positivstellensatz

Theorem (Archimedean Positivstellensatz, Putinar 1993)

Suppose that S ⊆ R[x ] is such that the quadratic module MS is
archimedean (i.e. it contains R2 −

∑d
i=1 x2

i for some R). Then for
every f ∈ R[x ] the following are equivalent:

(1) f (a) > 0 for every a ∈ KS .

(2) f − ε ∈ MS for some real ε > 0.

This result has already been extended to matrix polynomials.

Theorem (Archimedean Positivstellensatz for matrix
polynomials with matrix constraints, Scherer & Hol 1996)

Suppose that G ⊆ Sn(R[x ]) is such that the quadratic module MG
is archimedean. Then the following are equivalent:

(1) F (a) � 0 for every a ∈ KG .

(2) F − εIn ∈ MG for some real ε > 0.
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Compact Positivstellensatz

We would like to generalize the following result from usual to
matrix polynomials.

Theorem (Compact Positivstellensatz, Schmüdgen 1991)

Suppose that S is a finite subset of R[x ] such that the set KS is
compact. Then the preordering TS is an archimedean quadratic
module and for every f ∈ R[x ] the following are equivalent:

(1) f (a) > 0 for every a ∈ KS .

(2) f − ε ∈ TS for some real ε > 0.

The difficult part of the proof is to show that TS is archimedean.
The equivalence of (1) and (2) then follows from the Archimedean
Positivstellensatz.

Jaka Cimprič, University of Ljubljana, Slovenia Matricial Real Algebraic Geometry



Compact Positivstellensatz

Theorem (Compact Positivstellensatz for matrix polynomials
with matrix constraints, C. & Zalar 2013)

Suppose that G is a finite subset of Sn(R[x ])such that the set KG
is compact. Then the preordering TG is an archimedean quadratic
module and for every F ∈ Sn(R[x ]) the following are equivalent:

(1) F (a) � 0 for every a ∈ KG .

(2) F − ε · In ∈ TG for some real ε > 0.

Proof.
Pick a finite set S ⊂ R[x ] such that KS = KG and S · In ⊆ MG .
Since KS is compact, TS is archimedean, and since TS · In ⊆ TG ,
TG is archimedean, too. Finally, use the Scherer-Hol Theorem.
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Concluding remarks

Concluding remarks
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One-sided theory

In my IWOTA talk I will discuss the following problem:

For given G1, . . . ,Gm ∈ Sn(R[x ]) characterize all F ∈ Sn(R[x ])
such that for every a ∈ Rd and every nonzero vector v ∈ Rn,
vTG1(a)v ≥ 0, . . . , vTGm(a)v ≥ 0 =⇒ vTF (a)v � 0 (or � 0).

The results here are only partial:

I One-sided Positivstellensatz for varieties.

I One-sided Compact Positivstellensatz.

I One-sided Real Nullstellensatz.
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Denominator-free Nichtnegativstellensatz

Proposition

If K ⊆ R is a finite union of points and closed intervals and S is
the natural description of K , then for every f ∈ R[x ], TFAE:

(1) f (a) ≥ 0 for every a ∈ K .

(2) f ∈ TS .

We have a partial extension to matrix polynomials, see Yakubovich
1971, Dette & Studden 2002, C. & Zalar 2013.

Proposition

If K = R or K = [0,+∞) or K = [0, 1] and S is the natural
description of K , then for every F ∈ Sn(R[x ]), TFAE:

(1) F (a) � 0 for every a ∈ K .

(2) F ∈ TS ·
∑

Mn(R[x ])2.
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