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We will discuss Real Algebraic Geometry for matrix polynomials:

(1) Krivine-Stengle theorems for matrix polynomials with scalar
constraints.

(1) Krivine-Stengle theorems for matrix polynomials with matrix
constraints.

(3) Archimedean and Compact Positivstellensatz for matrix
polynomials with matrix constraints.
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R[x] := R[xi, ..., xq] - usual real polynomials
> R[x]? - usual sos polynomials
M,(R[x]) - matrix polynomials

symmetric matrix polynomials, i.e. matrix polyno-

S(RIX]) - ials A € M, (R[x]) for which A = AT.

SOHS matrix polynomials, i.e. matrix polynomials
2
2 MR- o the form 37, AT Ar, A; € M (R[x]).
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Krivine-Stengle Nichtnegativstellensatz

Part 1a: Krivine-Stengle Nichtnegativstellensatz
for matrix polynomials with scalar constraints

For given g1, ..., g, € R[x] characterize all
F € S,(R[x]) such that for every a € RY,
gi(a) >0,...,gm(a) > 0= F(a) = 0.
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Earlier results

The following is a special case of Krivine-Stengle theorem.

Theorem (Artin 1927)

Suppose that a polynomial f € R[x] is > 0 on R?. Then there
exists a nonzero h € R[x| such that h*f € 3" R[x]2.

It was generalized very early to matrix polynomials:

Theorem (Gondard & Ribenboim 1974)

Suppose that a matrix polynomial F € S,(R[x]) is positive
semidefinite in every point of RY. Then there exists a nonzero
h € R[x] such that h*F € > M(R[x])>.
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Earlier results

For every finite subset S = {g1,...,8m} of R[x] set
Ks={aecR?|gi(a)>0,...,gm(a) >0}

Let Ts be the preordering generated by S (= the smallest subset

of R[x] which contains S U " R[x]? and is closed under - and +.)

Theorem (Nichtnegativstellensatz, Krivine 1964, Stengle 1974)

For every finite S C R[x] and every f € R[x|, TFAE:

(1) f(a) > 0 for every a € Ks.

(2) There exist t,t' € Ts and k € N such that ft = 2% 4 t'.

We would like to generalize this result from f € R[x] to
F € Sh(R[x]). In both cases, we will have the same Ks.
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Krivine-Stengle Nichtnegativstellensatz

Theorem (Krivine-Stengle Nichtnegativstellensatz for matrix
polynomials with scalar constraints, C. 2012)

For every finite S C R[x] and for every F € S,(R[x]), TFAE:

(1) F(a) = 0 for every a € Ks.

(2) There exist B,C € Ts->. M,(R[x])? and k € N such that
FB = BF = F?k + C.

Remarks:

» This result does not imply Gondard-Ribenboim theorem.
(We will see later that B need not be a scalar polynomial.)

» Later we will extend this result to matrix constraints.
The proof is by reduction to this result.
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(2) = (1) is easy. To prove (1) = (2) consider the polynomial
det(F=X-1) = (-N)"+ca(-N"1+.. . +cn.
Since ci, ..., ¢y belong to R := R[x] and they are > 0 on Ks,
p(A) :==det(F — X- 1) — (=A)"
belongs to R[A] = R[x, A] and it is > 0 on Ksy;_»y. Therefore,

there exist s(\), t(\) € T40! |\ and k € N such that

P(V)s(A) = POV + £(A).

We can write s(A\) = 01(\) — Aoz(\) and t(A) = 71(A) — Ama(N)
where 01(\), 02(\), 71(A), 72(A) € TEPL If follows that
01(F), 02(F), 71(F), m2(F) € TE € T - - Mo (R[x])
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By the Cayley-Hamilton Theorem, p(F) = —(—F)". It follows that
—(=F)"(01(F) = Foa(F)) = F?™ + 11(F) — Fra( F).
If nis even, then we can rewrite this as
F(F"o2(F) + m(F)) = F?™ + (11(F) + F"o1(F)).

where both brackets belong to Ts - > M,(R[x])?.

If nis odd, then we can rewrite this as
F(F™ oy1(F) + 2(F)) = F>™ + (r1(F) + F™oa(F)).

where both brackets belong to Ts - > M,(R[x]). O
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An example of nondiagonal denominators

Example: Take

g(x) =3  and F(x):[g H

Clearly, F(a) = 0 for every a € K. However, thereisno b e T,
such that Fb = F2k + C for some k € N, C € T, - > My(R[x])%.

Namely, if such a b exists, then xb = x2k 4 ¢11 and b =1+ ¢y for
some Ci11 = Up —|—X3V1 and ¢ = wp —|—X3V2 with u;, v; € ZR[XF,
then x(1 + ua(x) + x3va(x)) = x2¢ + ua(x) + x3va(x). Since x
divides x> + up(x) which belongs to 3" R[x]?, it follows that also
x? divides x?¥ + uy(x). After canceling x on both sides, we get that
the right-hand side is divisible by x while the left-hand side is not.
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Krivine-Stengle Positivstellensatz

Part 1b: Krivine-Stengle Positivstellensatz
for matrix polynomials with scalar constraints

For given g1, ..., g, € R[x] characterize all
F € S,(R[x]) such that for every a € RY,
gi(a) >0,...,gm(a) > 0= F(a) > 0.
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Krivine-Stengle Positivstellensatz

Theorem (Positivstellensatz, Krivine 1964, Stengle 1974)
For every finite S C R[x] and every f € R[x]|, TFAE:

(1) f(a) > 0 for every a € Ks.

(2) There exist t,t' € Ts such that (1+t)f =1+t

The following is a generalization from f € R[x] to F € S,(R[x]).
Note that we always have scalar denominators.

Theorem (Krivine-Stengle Positivstellensatz for matrix
polynomials with scalar constraints)

For every finite S C R[x] and every F € S,(R[x]), TFAE:
(1) F(a) > 0 for every a € Ks.
(2) (L+t)F €I+ Ts- > My(R[x])? for some t € Ts.
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The set S ={g1,...,8m} will be fixed. The proof is by induction
on the size n of F. For n =1, this is Krivine-Stengle. Suppose
that the theorem holds for every F of size n — 1 and pick any F of
size n such that F = 0 on Ks. Write

| fu g
F_[gT H}

and observe that
-
i —g fi g fn —g |_[f2A 0
0 Hilh—1 g’ H 0 filh—1 0 fuH
) (1)
where H = f;1H — ng.
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Since F = 0 on Ks, we have that fi; > 0 on Ks and H = 0 on Ks.

By the induction hypothesis there exist s € Ts and
Ue€ Ts-M,_1(R[x])? such that

(l—i-s)l:I: Ih-1+U. (2)
By Krivine-Stengle, there exists elements s;, u; € Ts such that
(1+s1)A1 =1+ 3. (3)

From (1) we get (with | = /,_1)

| g | _|fu g "R 0 i g 4)
g™ H 0 fi1/ 0 f1H 0 fl

Now we cancel 1, multiply by (14 s)(1 + s1)* and use (2), (3):
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(1+s)(1+51)(1+ul)3[ fi & } _ [ 1+ u (1+sl)g]r

g" H 0 (1+ w)l
'[(1+s)(l—|—u1)2 0 H1+u1 (1+s1)g} (5)
0 (L+s)%(/ + V) 0 (1+uw)l
Since
(1+s)(1+u)? 0 _
[ 0o (1+sl)2(/+U)}_'”+W

for some W € Ts - > M,(R[x])?, it follows that

(1+s)(1+51)(1+u1)3[ fi g ] _

g’ H
14+ (I+s)g T 1+w (1+s1)g ,
ol BT R I S bt RO

for some W’ € Ts - > M,(R[x])?.
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Write § = (14 s1)g and ¢ = g8 € 3" R[x]? and note that

oi=clh1—-8"E€> My 1(R[x]).

Write v = 1 4 ¢ and multiply (6) by v(1 + v) to get
3| i & | _
v(1+v)(1T+s)(1+s1)(1+ ) g H| =
(1+w) (1+w)g
=v(1 ~ ST

vl +v) [ (L+w)eg"™ ETE+(1+w)
v+ m)? 0 n

N 0 (v(1+wu1)? + v2Qu + ) + 1) + (v + 1)o

_'_[v(latul) (1+Ov)g]T[v(1gul) (1+0v)g—

2 ] +v(l+v)W =

}+v(1+v)W’

which clearly belongs to /, + Ts - Y. M,(R[x])2. It is also clear
that v(1 + v)(1 + s)(1 + s1)(1 + 1) belongs to 1.+ Ts.
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Matrix constraints

Part 2: Matrix constraints

For given Gi,...,G, € S,(R[x]) characterize
all F € S,(R[x]) such that for every a € RY,
Gi(a) = 0,...,Gp(a) = 0= F(a) = 0 (or > 0.)
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Matrix constraints

For every finite subset G = {Gi, ..., Gn} of Sp(R[x]) we define
Kg={acR?| Gya)=0,...,Gn(a) = 0}.
but it is not clear how to define the preordering Tg in S,(R[x]).
The plan is to find a finite subset S of R[x] such that
Kg=Ks and Ts-> Muy(R[x])> < Tg
and to use Krivine-Stengle for scalar constraints.

We obtain the following:
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Matrix constraints

Theorem (Krivine-Stengle Nichtnegativstellensatz for matrix
polynomials with matrix constraints)

For every finite G C S,(R[x]) and for every F € S,(R[x]), TFAE:
(1) F(a) = 0 for every a € Kg.

(2) There exist B,C € Tg and s € N such that
FB = BF = F* + C.

Theorem (Krivine-Stengle Positivstellensatz for matrix
polynomials with matrix constraints)

For every finite G C Sp(R[x]) and for every F € S,(R[x]), TFAE:
(1) F(a) > 0 for every a € Kg.
(2) There exists t - I, € Tg such that (1+t)F € I, + Tg.
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Matrix constraints

A subset M C S,(R[x]) is a quadratic module if M + M C M,
ATMA C M for every A € M,(R[x]) and I, € M. We write Mg for
the smallest quadratic module in M,(R[x]) containing the set G.

Proposition (Schmiidgen 2007)

For every finite subset G of S,(R[x]) there exists a finite subset S
of R[x] such that S - I, C Mg and Ks = Kg.

This result motivates the following definition of a preordering
which ensures that Ts - > M,(R[x])? C Tg.

A quadratic module M C M,(R[x]) is a preordering if for every
g, h € R[x] such that g - I,,h- 1, € M also gh- I, € M. We write
Tg for the smallest preordering in S,(R[x]) containing the set G.
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Krivine-Stengle theorems for M,(R)

Krivine-Stengle theorems have their abstract analogues if:

R[x] — a commutative ring R such that —1 ¢ 3" R?,
RY  —  ring homomorphisms from R into real closed fields.

These abstract analogues can be extended to M,(R) as follows.
The definition of a preordering in M,(R) is analogous to M,(R[x]).

Theorem (Krivine-Stengle Nichtnegativstellensatz for M,(R))

For every commutative ring R, every finite subset G C S,(R) and
every F € 5,(R), the following are equivalent:

(1) For every real closed field k and every x-ring homomorphism
¢: Mp(R) — My(k) such that ¢(G) = 0 for every G € G, we
have that ¢(F) = 0.

(2) There exist B, C € Tg and s € N such that
FB = BF = F> + C.
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Archimedean and Compact Positivstellensatz

Part 3: Archimedean and Compact Positivstellensatz
for matrix polynomials with matrix constraints

Can we improve Krivine-Stengle Positivstellensatz if
Mg is archimedean or, more generally, if K; is compact?
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Archimedean Positivstellensatz

Theorem (Archimedean Positivstellensatz, Putinar 1993)

Suppose that S C R[x] is such that the quadratic module Ms is
archimedean (i.e. it contains R? — Z, 1 x? for some R). Then for
every f € R[x] the following are equ:valent.

(1) f(a) > 0 for every a € Ks.
(2) f —e € Mg for some real ¢ > 0.

This result has already been extended to matrix polynomials.

Theorem (Archimedean Positivstellensatz for matrix
polynomials with matrix constraints, Scherer & Hol 1996)

Suppose that G C Sp(R[x]) is such that the quadratic module Mg
is archimedean. Then the following are equivalent:

(1) F(a) > 0 for every a € Kg.
(2) F—el, € Mg for some real € > 0.
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Compact Positivstellensatz

We would like to generalize the following result from usual to
matrix polynomials.

Theorem (Compact Positivstellensatz, Schmiidgen 1991)

Suppose that S is a finite subset of R[x] such that the set Ks is
compact. Then the preordering Ts is an archimedean quadratic

module and for every f € R[x] the following are equivalent:

(1) f(a) > 0 for every a € Ks.

(2) f —e € Ts for some real € > 0.

The difficult part of the proof is to show that Tg is archimedean.

The equivalence of (1) and (2) then follows from the Archimedean
Positivstellensatz.
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Compact Positivstellensatz

Theorem (Compact Positivstellensatz for matrix polynomials
with matrix constraints, C. & Zalar 2013)

Suppose that G is a finite subset of S,(R[x])such that the set Kg
is compact. Then the preordering Tg is an archimedean quadratic
module and for every F € S,(R[x]) the following are equivalent:
(1) F(a) > 0 for every a € Kg.

(2) F—¢-1l, € Tg for some real ¢ > 0.

Proof.

Pick a finite set S C R[x] such that Ks = Kg and S - I, C Mg.
Since Ks is compact, Tgs is archimedean, and since Ts - /I, C Tg,
Tg is archimedean, too. Finally, use the Scherer-Hol Theorem. [
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Concluding remarks

Concluding remarks
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One-sided theory

In my IWOTA talk | will discuss the following problem:

For given Gi,...,Gn € Sn(R[x]) characterize all F € S,(R[x])
such that for every a € RY and every nonzero vector v € R”,
vIiGi(a)v>0,...,vT Gu(a)v > 0= v F(a)v = 0 (or = 0).

The results here are only partial:
» One-sided Positivstellensatz for varieties.

» One-sided Compact Positivstellensatz.

» One-sided Real Nullstellensatz.
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Denominator-free Nichtnegativstellensatz

Proposition
If K C R is a finite union of points and closed intervals and S is
the natural description of K, then for every f € R[x], TFAE:

(1) f(a) >0 forevery ac K.

(2) feTs.

We have a partial extension to matrix polynomials, see Yakubovich
1971, Dette & Studden 2002, C. & Zalar 2013.

Proposition

IfK=R or K=[0,+00) or K=[0,1] and S is the natural
description of K, then for every F € Sp(R[x]), TFAE:

(1) F(a) = 0 for every a € K.
(2) F e Ts- Y My(R[x])%.
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