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R - a commutative ring

M,(R) - the ring of all n X n matrices with entries in R
Sn(R) - the set of all symmetric matrices in M,(R)

>~ Mn(R)? - the set of all finite sums >_. AT A;, A; € M,(R).
Z,(R) - the center of M,(R), i.e. the set R - I,.
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The real spectrum

PART 1

The real spectrum of M,(R)
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Definition of the real spectrum

For a given ordering P of R, write

psd,(P), = {AeS(R)| v Av e P forall v € R"}
for the set of all P-positive semi-definite matrices in S,(R).
The real spectrum of M,(R) is defined by

Sper(M,(R)) := {psd,(P) | P € Sper(R)}.

Clearly, P+ psd,(P) is a one-to-one correspondence from
Sper(R) to Sper(M,(R)).
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Alternative descriptions of the real spectrum

(1) For every P € Sper(R) there exists a homomorphism ¢ from R
into some real closed field K such that P = {a € R | ¢(a) > 0}.
Then

psd,(P) = {[aj] € Sa(R) | [¢(aj)] is positive semi-definite}.
(2) From the usual principal minors test for positive semi-definite
matrices over real closed fields, we deduce that
psd,(P) = {A € Ss(R) | all principal minors of A belong to P}.

(3) Q: Is there an intrinsic description of elements of
Sper(M,(R)) (i.e. without reference to Sper(R))?
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An intrinsic description of the spectrum

A subset Q of Sp(R) belongs to Sper(M,(R)) (i.e. it is of the
form psd,,(P) for some P € Sper(R)) iff it satisfies (1)-(3) below

(1) Q is a proper quadratic module in M,(R), i.e. I, € Q,
~1,Z2Q, Q+QC Qand ATQA C Q for every A € M,(R).

(2) Q is prime in the sense that:
for every A € S,(R) and B € Z,(R) := R - I, such that AB? € Q
we have that either Ac Qor B QN —Q.

(3) QN Zy(R) is closed for multiplication and Z,(R) C QU —Q
(i.e. QN Zy(R) is an ordering of Z,(R)).

Idea of the proof: By reducing to the field case it can be shown
that there is a one-to-one correspondence between prime quadratic
modules in M,(R) and prime quadratic modules in R.
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Spectral topologies

For every Q = psd,(P) € Sper(M,(R)) we define its positive part
QT :={A€S,(R)| v Av € P* for every v € R"\ (supp P)"}.
Clearly, QT is the set of all P-positive definite matrices.

For every finite subset G of S,(R) define

Us = {Q € Sper(M,(R)) | G C Q@"} and
Ve ={Q € Sper(Mn(R)) | G € Q}.

The sets Ug and Vi generate the constructible topology on
Sper(Mu(R)).
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Spectral topologies

To show that P+ psd,(P) is a homeomorphism it suffices to
prove the following:

Theorem 1: (a) For every finite subset G of S,(R) there
exists a finite subset G of Mg N Z,(R) such that Ug = Ug.
(b) For every finite subset G of S,(R) there exists a finite
subset G of Mg N Z,(R) such that V¢ = Ve.

Idea of the proof: This is done by induction on n using Schur
complements. (Similarly as in Schmiidgen's survey paper.)

As a corollary one obtains Artin-Lang theorem for Sper(M,(R)).
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Part 2: Nichtnegativstellensatz

PART 2

The Krivine-Stengle Nichtegativstellensatz for M,(R)
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Earlier results

Gondard & Ribenboim 1974 - Artin’s theorem for matrices:

Suppose that a matrix polynomial F € S(R[x]) is positive
semi-definite in every point of R”. Then there exists a nonzero

¢ € R[x] such that

PF e Muy(R[x])>
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Earlier results

Schmiidgen 2007 - Stengle's theorem for matrices:
Given F, Gi, ..., Gk € Sp(R[x]), pick f;, gjj € R[x] such that
{x eR™| F(x) = 0} = {x € R" | f;(x) > 0 for all j}

{x € R™ | Gj(x) = 0 for all i} = {x € R™ | gji(x) > 0 for all i,}.
(They exist by Theorem 1(b)). Let T be the preordering in R[x]
generated by all gj;. Then the following are equivalent:

1. F(x) = 0 for every x € R™ such that G;(x) = 0 for all i.

2. For every j there exist n; € N and s;,t; € T such that

2n;
f}Sj:f}nj—{—tj.
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Nichtnegativstellensatz

A subset T of M,(R) is a preordering if

(a) T is a quadratic module and

(b) TN Zy(R) is closed for multiplication.

The smallest preordering which contains G will be denoted by Tg.

Theorem 2: For every finite subset G of S,(R) and every
element F € S,(R), the following are equivalent:

(1) FENgev, @
(2) There exist B € Tg and C € T and s € N such that
FB = BF = F?s + C.

Note: B can be non-central, so it does not imply Artin's Theorem.
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(2) = (1) is easy.
(1) = (2) First reduce to the case G = {g1 - In,...,&m - In} by
Theorem 1(b) and write S = {g1,...,gm}. Let

det(F —X-1,) = (=\)"+ca(-N"1+... +c

be the characteristic polynomial of F. It belongs to R[\]. Since
¢i,...,Cn are sums of principal minors of F, they belong (by
assumption (1)) to every ordering P of R which contains S.
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It follows that
p(A) :=det(F — A-1,) — (=A)"

belongs to every ordering of R[A] which contains SU{—A}. By
the usual Positivstellensatz, there exist s()), t(\) € TSRL[J?L)\} and

k € N such that
P(V)s(A) = POV + £(A).

We can write s(A\) = 01(\) — Aoz(\) and t(A) = 71(A) — Ama(N)
where g1()), 02(A), 71(A), 12(A) € Tg
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If follows that o1(F), o2(F), 71(F), 72(F) € TEF € T4 By the
Cayley-Hamilton Theorem, p(F) = (—F)". It follows that

—(=F)"(61(F) — Foa(F)) = F?™ 4+ 71(F) — Fra(F).
If nis even, then we can rewrite this as
F(F"o2(F) 4 12(F)) = F?™ 4+ (11(F) + F"o1(F)).

where both brackets belong to Tg¢.

If nis odd, then we can rewrite this as
F(F"™ oy1(F) 4+ 2(F)) = F>™ + (r1(F) + F"™oa(F)).

where both brackets belong to Tg. O
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A counterexample

Example: Take

x3 0 x 0
G—[O x3] and F—[Ol].
Clearly, F € Q for every Q € Sper(M,(R[x])) such that G € Q.

We claim that there is no b- h € Tg N Zy(R[x]) such that
Fb = F2k 4 C for some k € N and C = [¢;] € T (=sos+x° s0s).

Namely, if such a b exists, then xb = x2k 4 ¢11 and b =1+ ¢y for
some c11 = w1 + x3vy and ¢ = wp + x3vy with u;, v; € Y R[x]?,
then x(1 + ua(x) + x3va(x)) = x2¢ + ua(x) + x3va(x). Since x
divides x? + up(x) which belongs to 3" R[x]?, it follows that also
x? divides x?¥ + uy(x). After canceling x on both sides, we get that
the right-hand side is divisible by x while the left-hand side is not.
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Part 3: Positivstellensatz
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Positivstellensatz

Theorem 3: For every finite subset G of S,(R) and every
element F € S,(R), the following are equivalent:

(2) There exist b€ Tg N Z,(R) and V € T¢ such that
F(1+b)=1I,+ V.

Note: the denominator 1+ b in (2) is central.
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Suppose that (1) implies (2) for all symmetric matrix polynomials
of size n — 1 and pick a symmetric F of size n which satisfies (1).

We write
| i1 g
F_[gT H}

and observe that

T

i —g i g fin —g |_[fdA 0

0 filha g’ H 0 filh 0 fiiH

3 (1)

where H = f;1H — gTg. Since F = 0 on Ks, it follows that
fiin  —g
0 fuilh—1
follows that H > 0 on K.

fi1 > 0 on Ks, hence [ ] is invertible on Ks. It
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By the induction hypothesis there exist s € Ts and U € Tgil such

that ~

(1+s)H=1,-1+ U. (2)
On the other hand, there exists by n = 1 elements s;, u; € T such
that

(I+s)fii=1+u. (3)

From (1) we get (with | = /,_1)

| g | _|fu g TR 0 fi g 4)
g™ H 0 f1l/ 0 f1H 0 fyl

Now we cancel fi1, multiply by (1 + s)(1 + s1)* and use (2), (3)):
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(1+s)(1+51)(1+ul)3[ fi & } _ [ 1+ u (1+51)g]r

g" H 0 (1+ )l
‘[(1+s)(1+u1)2 0 H1+u1 (1+s1)g} (5)
0 (1+s)?(/ + V) 0 (1+u)l
Since
(1+5)(1+ u)? 0 _
[ 0 1 (1+sl)2(/+U)}l”+W

for some W € T¢, it follows that

(1+8)(1+s)(1 + )’ [ 21 : ] -

T H
14+ (I+s)g T 1+w (1+s)g ,
ot BT 0 I Sl bt YO

for some W' € T¢.
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Write & = (14 s1)g and ¢ = g8 € 3 R? and note that
oi=clp1—ETE€D My1(R)>.

Write v = 1 4 ¢ and multiply (6) by v(1 + v) to get

v(1 4 v) (14 s)(1+s1)(1+ u1)3 [ gﬂ f/ } -
(1+w)g" g7+ (1+wm)
_ [ v(1+ up)? 0 ] L
N 0 (v(1+u1)? 4+ v2Qu + )+ ) + (v+ 1)o

+[v(lgul) (1+0v)g-] [v(lgul 1+vé}

:v(l—i—v)[ (14 u)? (1+u)g y ] (1 )W =

+v(l+v)W

which clearly belongs to /, + TZ. It is also clear that
v(L+v)(1+s)(1+s1)(L+ 1) belongs to 1 + Ts.
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Schmidgen'’s Positivstellensatz

Theorem 4: Suppose that G = {G1, ..., Gc} C Sp(R[x]) are
such that the set Kg := {x ¢ R™ | G1(x) = 0,..., Gk(x) = 0} is
compact. Then the preordering T is an archimedean q.m.

Proof: Write R = R[x]|. By Theorem 1(b), we can pick a finite set
G=1{g1 ln ... 8 In} C Mg N Zy(R) such that Kz = Kg. Since
K¢ is compact, so is Kig  o1. By the usual Schmiidgen's
Positivstellensatz, Tig . g1 is an archimedean preordering in K.
The following two observations then imply that T is archimedean.
* Te=Tig, g} 20 Ma(R)?.

e For every B € S,(R) there exists 0 € > R? such that
o-l,—Be> M(R)>.

Since TZ: C Tg, it follows that T¢ is archimedean.
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Schmidgen'’s Positivstellensatz

Combining Theorem 4 with Hol-Scherer Theorem, we get a matrix
version of Schmiidgen’s Positivstellensatz:

Corollary. Suppose that G = {Gy, ..., Gc} C S,(R[x]) are such
that the set Kg := {x € R" | Gi1(x) = 0,..., Gk(x) = 0} is
compact. Then every F € S,(R[x]) which satisfies F(x) = 0
on K¢ belongs to Tg.

Recall that Hol-Scherer Theorem (2006) says that for every
archimedean g.m. M in M,(R[x]) and every F € S,(R[x]) which
satisfies F(x) > 0 on Ky, we have that F € M.
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Multivariate matrix moment problem

Similarly, we can obtain a solution of the multivariate matrix
moment problem by combining Theorem 4 with the following
result of Ambrozie & Vasilescu (2003):

Proposition: Let M be an archimedean quadratic module on
R[x] and L a linear functional on M,(R[x]) such that

L(mATA)>0

for every m € M and A € M,(R[x]), then there exists a
measure ;. on Ky, with values in positive semi-definite real
n x n matrices such that for every F € M,(R[x])

L(F) = /K tr(F dpn).
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