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R[x] := R[Xy, ..., Xp] - usual real polynomials

> R[x]? - usual sos polynomials

M,(R[x]) - matrix polynomials

symmetric matrix polynomials, i.e. matrix polyno-

Sn(R[x]) - mials A € M,(R[x]) for which A= AT.

SOHS matrix polynomials, i.e. matrix polynomials
2
2 Ma(RE)® - o the form S AT A Ai € Ma(R[x]).

Z,(R[x]) - the center of M,(R[x]), i.e. the set R[x] - /5.
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One-sided real algebraic geometry

We will consider the following problems:

1. (One-sided Positivstellensatz)
Given Gy, ..., Gy € Sp(R[x]), characterize all F € Sp(R[x])
such that (F(a)v,v) > 0 for all a € RY and all nonzero
v € R for which (G;(a)v,v) > 0 for all /.

2. (One-sided Real Nullstellensatz)
Given Gi, ..., Gy € Mp(R[x]), characterize all F € M,(R[x])
such that F(a)v = 0 for all a € R? and all v € R" satisfying
Gi(a)v=...= Gp(a)v=0.
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Two-sided real algebraic geometry

The following problems have been solved before:

3. (Two-sided Positivstellensatz)
Given Gy, ..., Gy € Sp(R[x]), characterize all F € Sy(R[x])
such that F(a) is positive definite for all a € R9 for which all
G;(a) are positive semidefinite.

4. (Two-sided Real Nullstellensatz)
Given Gi,...,Gn € M,(R[x]), characterize all F € M,(R[x])
such that F(a) = 0 for all a € R satisfying
Gi(a) =...= Gp(a) =0.

For central G; the one-sided and two-sided problems coincide.

Jaka Cimpri¢, University of Ljubljana, Slovenia Positive matrix polynomials



One-sided Real Nullstellensatz for constant matrices

Proposition
Suppose that Gy, ..., Gy, F € M,(R) satisfy the property

Giv=0,...,Ghv=0= Fv =0
for every v € R". Then there exist H, ..., Hn € M,(R) such that

F=H G +...H,G,.

Proof.
G1

Write G = : . Since Ker G C Ker F by assumption, there
Gm

exists a matrix H = [ H ... H, ] such that F = HG. ]
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One-sided Real Nullstellensatz for matrix polynomials.

We say that a left ideal J of M,(R[x]) is real if for every

Hi, ..., Hx € My(R[x]) such that H] Hy + ...+ Hl Hy € J+ JT
we have that Hy,..., Hx € J.

Theorem (one-sided Real Nullstellensatz)

For every G, ..., Gp, F € My(R[x]) the following are equivalent:
(1) for every a € R? and v € R" such that

Gi(a)v = ... = Gpu(a)v = 0 we have that F(a)v = 0.
(2) F belongs to the smallest real left ideal of M,(R[x]) which
contains Gy, ..., Gp,.
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The real radical of a left ideal

For every left ideal J in M,(R[x]) we define the set

T T T
W:{FGMH(R[X]H FTF+H/H +...+HIHs € J }

for some Hi, ..., Hs € Mp(R[x])

It can be shown that
» VJis a left ideal in M,(IR[x]) which contains J.
» The smallest real left ideal in M,(R[x]) which contains J is

JuVJu ‘i/%u
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Proof of the one-sided Real Nullstellensatz

Proof.

The direction from (2) to (1) is easy. The direction from (1) to (2)
is first reduced to the case where only the first rows of G; and F
are nonzero. Then we continue by induction on n.

Let (gi1,.-.,&in) be the first row of G;. We show first that for
every k,I =1,...,n, giF belongs to the smallest real left ideal
which contains all G;.

Then by the usual Real Nullstellensatz and a short computation we
show that F belongs to the smallest real left ideal which contains
all gk/F. L]
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Proof of the one-sided Real Nullstellensatz

A two-sided ideal is real if it is real as a left ideal.

Theorem (Two-sided Real Nullstellensatz)
For every Gi,...,Gm, F € M,(R[x]) the following are equivalent:

(1) for every a € RY such that Gi(a) = ... = Gp,(a) = 0 we have
that F(a) = 0.

(2) F belongs to the smallest real two-sided ideal of M,(R[x])
which contains Gy, ..., Gp,.

This result follows from the one-sided Real Nullstellensatz but it
has been proved before by a different method.
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Proof of the two-sided Real Nullstellensatz

Proof.

Suppose that (1) holds. Then for every a € RY and every v € R”
which satisfy G;(a)Ejv = 0 for all i,, k we have that F(a)v = 0.
By the one-sided Real Nullstellensatz F belongs to the smallest
real left ideal / which contains all G;Ej.

Clearly, I contains the two-sided ideal generated by all G;.

If J is the largest two-sided ideal contained in /, then a short
computation shows that J is also real. By minimality, / = J.
Therefore, [ is the smallest real two-sided ideal which contains all
G;, which proves (2). O
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Finsler's Lemma

Lemma (Finsler's Lemma 1937)

Suppose that F and G are symmetric n X n matrices. The
following are equivalent:

(1) For every v # 0 such that vT Gv = 0 we have that v Fv > 0,
(2) There exists t € R such that F — tG is positive definite.

Finsler's Lemma implies that the following are also equivalent:
(1') For every v # 0 such that v7 Gv > 0 we have that v Fv > 0,
(2') There exists t > 0 such that F — tG is positive definite.

Clearly, (1') = (1) = (2). If F —tG > 0 for some t < 0, then also
F = 0 which implies (2'). Namely, if v Fv <0 for 0 # v € R"
then v Gv < 0 by (2), and so v’ (F — tG)v < 0, a contradiction.
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Finsler's Lemma

Theorem (Finsler's Lemma for matrix polynomials)

Pick G € S,(R[x]) such that G(a) is negative semidefinite for
every a € RY with sufficiently large ||al|.

Then for every F € S,(R[x]) the following are equivalent:

1. For every a € R? and every nonzero v € R" such that
v G(a)v >0, we have that v F(a)v > 0.

2. There exists a sos polynomial s such that
(1+S)F€ In+NG

where Ng := > Mu(R[x])* + (X R[x]?) - G.
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Finsler's Lemma

For G = g - I, this was proved before without the assumption that
g < 0 outside some ball. In general, however, we cannot omit the
assumption that G is negative semidefinite outside some ball.

Example

M \ \
IfG:[X 0 :|andF:|:1+X O]; L\
x+1 ‘ \

0 0 1 \
then claim (1) of the theorem is true but claim | |~
(2) of the theorem is false because the set I B
M= {(x,r) ERx R | F(x) = rG(x) = 0} | |
does not contain graphs of rational functions.
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Finsler's Lemma

Sketch of the proof in a special case.

By Finsler's Lemma, for every a € R? there exists r > 0 such that
F(a) — rG(a) = 0. Write

p(a) :==inf{r > 0| F(a) — rG(a) > 0}.
Clearly, 1 is a continuous semialgebraic function on R?. Therefore,
1 is bounded from above by a sos polynomial p.

Suppose that G is negative semidefinite on RY. Then

F(a) — rG(a) > 0 iff r € (u(a), +00). In particular,

F(a) — p(a)G(a) = 0 for every a € RY. Therefore, there exists (by
a two-sided psatz) a sos polynomial s such that

(1+5)(F = pG) € In+ Y _ Mn(R[x])%.
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Finsler's Lemma

An interesting special case:

Theorem (Positive polynomials on varieties)
Pick G, ..., Gm € My(R[x]) and let J be the left ideal generated
by Gj. Then for every F € S,(R[x]) the following are equivalent:

(1) For every a € R? and every nonzero v € R" such that
Gi(a)v = ... = Gn(a)v = 0 we have that v’ F(a)v > 0.

(2) There exists a sos polynomial s such that
(1+s)F el + S M(R[x])?2+J+JT.

Proof.
Write G := =) G,-TG,- and apply Finsler's Lemma. ]
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Finsler's Lemma

Another interesting special case:

Theorem (Positive polynomials on compact sets)
For every G € Sp(R[x]), the following are equivalent:
» The set Ng contains (K2 — " x?) - I, for some K.

» The set K¢ :={a € R | vT G(a)v > 0 for some 0 # v € R"}
is compact.

If G has one of these equivalent properties then for every
F € S,(R[x]) the following are equivalent:

(1) For every point a € RY and every nonzero vector v € R" such
that v G(a)v > 0 we have that v F(a)v > 0

(2) F —el, € Ng for some real € > 0.

Recall that Ng := S M,(R[x])? + (> R[x]?) - G.
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One-sided Positivstellensatz for constant matrices

For several constraints we will use the following variant of Finsler’s
Lemma:
Lemma (Finsler's Lemma for several constraints)

Pick real symmetric n X n matrices Gy, ..., Gn, F. The following
are equivalent:

(1) For every nonzero positive semidefinite n x n matrix B such
that Tr GiB > 0,...,Tr G,B > 0, we have that Tr FB > 0.

(2) There exist t1,...,tm > 0 such that F — t1 Gy — ... — t,Gpy s
positive definite.

However, for m > 2, (1) and (2) are NOT always equivalent to:

(3) For every v # 0 such that v Giv >0,...,v! G,v >0 we
have that v Fv > 0.
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Weak quadratic modules

A subset N of S,(R[x]) is called a weak quadratic module (abbr.
wqgm) if

» N+ NCN,

» c2N C N for every ¢ € R[x],

» ATA € N for every A € M,(R[x]).

Example
Ng,....Gn = > Ma(R[x])? + (CR[X?) Gr + ... + (C R[x]*) G is
the smallest weak quadratic module which contains Gy, ..., Gn,.

A wgm N in S,(R[x]) is archimedean if for every F € S,(R[x])

there exists an integer k such that kI, = F € N. As usual, N is

archimedean iff it contains (k? — x? — ... — x3)I, for some k.
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Archimedean Positivstellensatz

Theorem (Archimedean Positivstellensatz)

Suppose that Gi, ..., Gy, € Sp(R[x]) are such that the wqm

Ng,.....G, is archimedean. Then the following are equivalent:

» For every point a € R? and every nonzero positive semidefinite
n x n matrix B such that Tr Gi(a)B > 0,...,Tr G,(a)B >0
we thave that Tr F(a)B > 0.

» F—el, € Ng,.... G, for some real € > 0.

The theorem also holds for infinitely many G;.

Two proofs : one algebraic and one analytic.

Jaka Cimpri¢, University of Ljubljana, Slovenia Positive matrix polynomials



Compact Positivstellensatz

For given Gy, ..., Gm € Sp(R[x]) write

Tr Gi(a)B > 0,...,Tr Gn(a)B >0

K = {ac R :
GG = | for some nonzero psd matrix B

1.

By the Tarski-Seidenberg this is a semialgebraic set and by the
Finiteness Theorem it can be written as

t
Key,...6n = | J{a € R | hj1(a) > 0,... hiy(a) > 0}.
i=1
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Compact Positivstellensatz

Theorem (Compact Positivstellensatz)
For every Gi, ..., Gm € Sp(R[x]), the following are equivalent:

» The set Kg,.....G, IS compact.

» The wgm P - I, + Ng, .. g, is archimedean where
P={peR[x]|p=>0onKg,.cn}
» Thewgm T - I, + Ng, ... G, is archimedean where

N "
T = ﬂi:l Thi,1,~~7hi,k,-'

If m=2 and G, = —Gy, then we can do it better. Namely, in this
case Kg,,G, is compact iff Ng, ¢, is archimedean.
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Weak preorderings

A subset T of S,(R[x]) is a weak preordering if
> it is a weak quadratic module and
> it satisfies zT C T for every z € T N (R[x]/,).

The smallest preordering which contains a given element
G € Sn(R[x]) will be denoted by Tg.

It is easy to see that

Pc = {ZP/Q; | pi € R[x], plkg = 0, Qj € Ng}

]

is a preordering which contains G. Therefore

Ng C T C Pg.
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Weak preorderings

We know that Finsler's lemma for matrix polynomials fails without

an additional assumption. Can we remove this assumption if we

replace Ng with Tg?

Conjecture

For every F, G € S,(R[x]) the following are equivalent:

(1) For every a € R? and every nonzero v € R" such that
(G(a)v,v) >0, we have that (F(a)v,v) > 0.

(2) There exists a polynomial t € R[x] such that t- I, € Tg and
tFel+ Tg.
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Weak preorderings

Let us show that the assumption (2) is equivalent to (2'):
(2') There exists a sos polynomial s such that (1 +s)F € I, + Tg.

It is easy to show that there exist a sos polynomial u and a SOHS
polynomial V such that u- 1,4+ F = V. Now tF € I, + T¢g implies
that (1+u)tF € (14 u)l,+ Tg = I+ V — F+ Tg. It follows that
(14+ (14 u)t)F € I+ Tg. Since (1 + u)t- I, € Tg, it follows that
(14 (1 + u)t)®F € I, + Tg. Now we repeat the argument with t
replaced by (1 + (1 + u)t)? and we obtain that (1 +5s)F € I, + Tg
for the sos polynomial s = (1 + u)(1 + (1 + u)t)2.
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Weak preorderings

The conjecture is true in the following "trivial” cases:
» If G = 8- In (here TG = NG.)

» If G is negative semidefinite outside a ball (here T can be
replaced with Ng.)

There is also one "nontrivial” case:
» If F and G are 2 x 2 univariate matrix polynomials.

However, the conjecture fails for 3 x 3 univariate matrix
polynomials.
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Weak preorderings

Write
10 0 1 0 0
G=|0 x 0 , F=]10 x+1 0
0 0 x+1 0 0 1

Clearly, Ng is a preordering. Namely K¢ = R, and so
Pos(Kg) = 3" R[x]? which implies that Ng = T¢ = Pg.

If the conjecture is true, then the set
M = {(x,r) € R x R”? | F(x) — rG(x) = 0}

contains the graph of some rational function.
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Weak preorderings
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