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The problem

Let R be an associative unital ring and let I be a one-sided or a two-sided
ideal of R. We say that I is

semiprime if aRa ⊆ I ⇒ a ∈ I

prime if aRb ⊆ I ⇒ a ∈ I or b ∈ I

for every a, b ∈ R.

Problem: Is every semi-prime one-sided ideal equal to the
intersection of all prime one-sided ideals that contain it?

We know that this is true for two-sided ideals (Nagata’s Lemma for the
Baer radical) but the proof does not extend to one-sided ideals.
I am not aware of any counterexamples either. A path forward is to solve
the problem for some R (matrices over comm. rings, free algebras)
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Matrices over commutative rings - introduction

Let R be a commutative ring with 1. We want to prove that every
semi-prime left ideal in Mn(R) is an intersection of prime left ideals.

We will split the proof into two parts:

• We show that there is a 1-1 correspondence between the left ideals of
Mn(R) and submodules of Rn. We also find out which submodules
correspond to prime and semi-prime left ideals.

• We show that every semi-prime submodule of Rn is an intersection of
prime submodules of Rn. This is the main part of the proof.
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As a corollary of this result we obtain a one-sided Hilbert‘s Nullstellensatz
for Mn(R) where R = k[x1, . . . , xd ] and k is algebraically closed.

• We show that every prime left ideal of Mn(R) is an intersection of
maximal left ideals (i.e. left ideals of the form Ca,v = {G | G (a)v = 0}.)

• This can be rephrased as: F belongs to the smallest semi-prime left ideal
of Mn(R) which contains G1, . . . ,Gm iff for every a ∈ kd and v ∈ kn such
that G1(a)v = . . . = Gm(a)v = 0 we have that F (a)v = 0.
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Correspondence between left ideals and submodules

There is a natural one-to-one correspondence between

the left ideals of Mn(R) and

the submodules of Rn.

More precisely:

For every left ideal I of Mn(R) let Φ(I ) be the set of all rows of all
elements of I . Clearly, Φ(I ) is a submodule of Rn.

For every submodule N of Rn let Ψ(N) be the set of all matrices with
all rows in N. Clearly, Ψ(N) is a left ideal of Mn(R).

For every left ideal I of Mn(R) we have that Ψ(Φ(I )) = I .

For every submodule N of Rn we have that Φ(Ψ(N)) = N.

This correspondence also works for non-commutative associative R.
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Question: Which submodules correspond to prime
(resp. semi-prime) left ideals of Mn(R)?

A submodule N of a left R-module M is prime if for every r ∈ R
and m ∈ M such that rRm ⊆ N we have m ∈ N or rM ⊆ N.

A submodule N of a left R-module Rn is semi-prime if for every
m = (m1, . . . ,mn) ∈ Rn such that miRm ⊆ N for i = 1, . . . , n
we have m ∈ N. (How to extend this from Rn to general M?)

Proposition

In the bijective correspondence from above:
• prime submodules of Rn correspond to prime left ideals of Mn(R) and
• semi-prime submodules of Rn correspond to semi-prime left ideals of
Mn(R).
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My definition of a semi-prime submodule is different
from the usual definition.

My definition: A submodule N of Rn is semi-prime iff for for every
m = (m1, . . . ,mn) ∈ Rn such that mim ∈ N for all i we have that m ∈ N.

Usual definition: A submodule N of M is weakly semi-prime iff for every
m ∈ N and every a ∈ R such that a2m ∈ N we have that am ∈ N.

Claim: Every semi-prime submodule is weakly semiprime.
Let N be a semi-prime submodule of Rn. If a2m ∈ N for some a ∈ R and
m ∈ Rn then (am)i (am) = mia

2m ∈ N for all i and so am ∈ N.

Example of a weakly semi-prime submodule that is not semi-prime.
The submodule of k[x , y ]2 generated by (x2, xy) and (xy , y2) does the job.
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Proof of the main result

For every submodule N of M write (N : M) := {a ∈ R | aM ⊆ N}.
If N is a prime submodule of M then (N : M) is a prime ideal of R.
If N is prime and (N : M) = p we say that N is p-prime.

Claim: There is a 1-1 correspondence between p-prime submodules of Rn

and vector subspaces of kn where k is the field of fractions of R/p. It is
given by N → spanπ(N) and U → π−1(U) where π : Rn → kn is natural.

Corollary: Structure of minimal and maximal p-prime submodules:

The smallest p-prime submodule of Rn is pn.

Maximal p-prime submodules of Rn are of the form
Cp,u := {m ∈ Rn |

∑n
i=1miui ∈ p} where u ̸∈ pn.

The smallest p-prime submodule containing a submodule N is
K (N, p) := {f ∈ Rn | c f = n+ s for some c ∈ R \ p, n ∈ N, s ∈ pn}.
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Theorem

Every semi-prime submodule of Rn is equal to the intersection of all prime
submodules of Rn that contain it.

Proof. Pick a semiprime submodule N of Rn and an element f of Rn that
does not belong to N. We want to construct a prime submodule of Rn

that contains N but avoids f. The proof will be divided into several steps.

Step 1: For every t ∈ N there is i ∈ {1, . . . , n} such that f 2
t

i f ̸∈ N.

Namely, if f 2
t

i f ∈ N for all i then (f 2
t−1

i f)j f
2t−1

i f = fj f
2t
i f ∈ N for all i , j .

Since N is semiprime, it follows that f 2
t−1

i f ∈ N for every i . By induction,
f ∈ N.

If p is a prime ideal then for every i the set Cp,ei := {m ∈ Rn | mi ∈ p} is
a prime submodule of Rn. If there exist i and p such that N ⊆ Cp,ei and
f ̸∈ Cp,ei then the conclusion of the theorem is true. Otherwise for each i
every prime ideal of R which contains the set {gi | g ∈ N} also contains fi .
It follows that for every i there exists ti ∈ N such that f tii ∈

∑
g∈N Rgi .
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Step 2: There exists g ∈ N and i ∈ {1, . . . , n} such that gi f ̸∈ N.

If gi f ∈ N for every i and every g ∈ N then f tii f ∈
∑

g∈N Rgi f ⊆ N for
every i . By Step 1, it follows that f ∈ N.

Let κi : R
n−1 → Rn be the embedding which inserts 0 at i-th place.

Clearly, N ′ := κ−1
i (N) is a semiprime submodule of Rn−1. Since gi f ̸∈ N

and g ∈ N, it follows that gi f − fig ̸∈ N and so f ′ := κ−1
i (gi f − fig) ̸∈ N ′.

By the induction hypothesis, there exists a prime ideal p of R such that
f ′ ̸∈ K (N ′, p).

Step 3: f ̸∈ K (N, p).

If f ∈ K (N, p) then c f = n+ s for some c ∈ R \ p, n ∈ N and s ∈ pn. It
follows that c(gi f − fig) = (gin− nig) + (gis− sig) ∈ N + pn where all
brackets have the i-th component equal to zero. Applying κ−1

i we get
cf ′ ∈ N ′ + pn−1. Therefore f ′ ∈ K (N ′, p), a contradiction.
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Matrices over commutative rings - applications
We will extend Hilbert’s nullstellensatz from the usual polynomials to
vector polynomials and matrix polynomials.

Theorem (Hilbert’s Nullstellensatz for vector polynomials)

Let R = k[x1, . . . , xd ] where k is an algebraically closed field. For every
g1, . . . , gm, f ∈ Rn the following are equivalent.

1 f belongs to the smallest semiprime submodule of Rn that contains
g1, . . . , gm.

2 For every a ∈ kd and v ∈ kn such that g1(a)v = . . . = gm(a)v = 0
we have f(a)v = 0.

Proof. It suffices to prove that every semiprime submodule of Rn is an
intersection of submodules of the form

Ca,v = {h ∈ Rn | h(a)v = 0}

where a ∈ kd and v ∈ kn. Here h(a)v =
∑n

i=1 hi (a)vi = ⟨h(a), v⟩.
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The main steps of the proof are:

Every semiprime submodule of Rn is an intersection of prime
submodules.

Every p-prime submodule is an intersection of maximal p-prime
submodules.

Every maximal p-prime submodules of Rn is of the form
Cp,u := {m ∈ Rn |

∑n
i=1miui ∈ p} where u ̸∈ pn.

Hilbert’s Nullstellensatz: Every prime ideal of R is an intersection of
evaluation ideals, i.e. ideals of the form ma = {q ∈ R | q(a) = 0}.
If p =

⋂
a∈Ama for some A ⊆ kd then Cp,u =

⋂
a∈A Cma,u for every

u ∈ Rn \ pn.
f ∈ Cma,u iff

∑
i fiui ∈ ma iff

∑
i fi (a)ui (a) = 0 iff

∑
i fiui (a) ∈ ma iff

f ∈ Cma,u(a)

Summary: Every semiprime submodule of Rn is an intersection of
submodules of the form Cma,v where a ∈ kd and v ∈ kn.
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As a corollary of

the vector version of Hilbert’s Nullstellensatz and

the 1-1 correspondence between submodules of Rn and left ideals of
Mn(R)

we get the matrix version of Hilbert’s Nullstellensatz.

Theorem (Hilbert’s Nullstellensatz for matrix polynomials)

Let R = k[x1, . . . , xd ] where k is an algebraically closed field. For every
G1, . . . ,Gm,F ∈ Mn(R) the following are equivalent.

1 F belongs to the smallest semiprime left ideal of Mn(R) that contains
G1, . . . ,Gm.

2 For every a ∈ kd and v ∈ kn such that G1(a)v = . . . = Gm(a)v = 0
we have F (a)v = 0.
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Complex associative algebras

In one-sided algebraic geometry we replace:

complex polynomials with elements of a complex associative algebra R

complex points with pairs (π, v) where π is an irr. representation of R
and v ∈ Vπ.

Theorem

For every left ideal I of R and every element f ∈ R the following are
equivalent:

1 We have π(f )v = 0 for every irreducible representation π of R and
every v ∈ Vπ such that π(g)v = 0 for all g ∈ I .

2 f belongs to the intersection of all maximal left ideals of R that
contain I (i.e. f ∈ Rad(I )).

3 For every r ∈ R there exists s ∈ R such that s(1 + rf )− 1 ∈ I .
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Remark 1: The equivalence of (1) in (2) is can be considered a version of
noncommutative Hilbert Nullstellensatz. It follows from the fact that a left
ideal of R is maximal iff it is of the form Iπ,v := {a ∈ R | π(a)v = 0} for
some irreducible representation π of R and some vector v ∈ Vπ.
The equivalence of (2) and (3) extends the usual characterization of the
Jacobson radical.

Remark 2: If we omit the assumption that representations are irreducible
then (1) is equivalent to f ∈ I .

The main question: When is Rad(I ) equal to the smallest semiprime
left ideal that contains I?

Remark: Clearly, every maximal left ideal is prime and every prime left
ideal is semiprime. It follows that Rad(I ) is a semiprime ideal and it
therefore contains the smallest semiprime left ideal that contains I .
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Free algebras

Let R = C⟨x1, . . . , xd⟩ be the complex free algebra in d variables and
let I be a finitely generated left ideal of R, i.e. I = Rg1 + . . .+ Rgm.
Then in the characterization of Rad(I ) it suffices to consider only
finite-dimensional irreducible representations. More precisely, for every
f ∈ R the following are equivalent:

1 f ∈ Rad(I ),

2 For every finite-dimensional irreducible representation π of R and
every vector v ∈ Vπ such that π(g1)v = . . . = π(gm)v = 0 we have
that π(f )v = 0.

3 For every irreducible tuple (A1, . . . ,Ad) of same size matrices
(i.e. no invariant subspace) and every vector v such that
g1(A1, . . . ,Ad)v = . . . = gm(A1, . . . ,Ad)v = 0 we have that
f (A1, . . . ,Ad)v = 0.

Remark: If we omit the irreducibility assumption in (2) and (3) then they
are equivalent to f ∈ I . This is called Bargman’s Nullstellensatz.
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Proof summary: Let I be a f.g. left ideal of R.
Then for every f ∈ R the following are equivalent:

1 f ̸∈ Rad(I ),

2 ∃r∀s : s(1 + rf )− 1 ̸∈ I ,

3 ∃r : 1 ̸∈ I + R(1 + rf ),

4 there exists a f.c. proper left ideal J such that I + R(1 + rf ) ⊆ J,

5 there exists a f.c. maximal left ideal M such that I + R(1 + rf ) ⊆ M,

6 there exists a f.c. maximal left ideal M such that I ⊆ M and f ̸∈ M.

7 there exists a f.d. irreducible representation π and a vector v ∈ Vπ

such that π(I )v = 0 and π(f )v ̸= 0.

The equivalence of (3) and (4) follows from Bargmann‘s Nullstellensatz.
The equivalence of (5) and (6) follows from f ̸∈ M iff 1 ∈ M + Rf .
The equivalence of (6) and (7) follows from the fact that a left ideal is f.c.
and maximal iff it is of the form Jπ,v for some f.d. irr. representation π
and a vector v ∈ Vπ.

Jaka Cimprič (University of Ljubljana) From (semi-)prime ideals to (semi-)prime submodules July 29, 2023 17 / 20



We are still interested in the main question for free algebras:

When is Rad(I ) equal to the smallest semiprime left ideal that
contains I ?

We conjecture that this is true for every finitely generated left ideal in a
free algebra. However we can prove this only in two special cases:

1 If I is a principal ideal.

2 If I has finite codimension in Rad(I ).
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Rad(I ) = N(I ) for principal ideals

Lemma

Let S be a free monoid on x1, . . . , xn with n ≥ 2. For every u, v ,w ∈ S
such that uSv ⊆ Sw we have v ∈ Sw.

Proposition

Let R be a free algebra with at least two indeterminates. Every principal
left ideal of R is equal to its radical.

Proposition

Let R be a free algebra with at least two indeterminates. Every principal
left ideal of R is prime.
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Rad(I ) = N(I ) if dim(Rad(I )/I ) < +∞

Proposition

Suppose that R = k⟨x1, . . . , xn⟩ where k is an algebraically closed field.
Let I be a finitely generated left ideal of R which has finite codimension in
Rad(I ). Then Rad(I ) = N(I ).

The idea of the proof.

For every positive integer d consider the following claim:

For every finitely generated left ideal I of R and for
every left ideal J of R such that I ⊆ J ⊆ Rad(I ) and
J/I has dimension d , we have that J ⊆ N(I ).

(Td)

We can prove claim (Td) for all d by induction on d .
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