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The usual Hilbert’s Nullstellensatz

We will discuss two extensions of:

Theorem (Hilbert 1893)

Pick any g1, . . . , gm ∈ C[x1, . . . , xd ] and write I for the ideal they
generate. For every f ∈ C[x1, . . . , xd ], are equivalent:

1 Every a ∈ Cd s.t. g1(a) = . . . = gm(a) = 0 satisfies f (a) = 0.

2 There exists N ∈ N such that f N ∈ I .

3 f belongs to the smallest radical ideal containing I .

Claim 1 can be rephrased as f ∈
⋂
I⊆Ia

Ia where Ia = {h | h(a) = 0}.

Every Ia is a maximal ideal and every maximal ideal is of this form.
(This is proved first. Theorem follows by the Rabinowitsch trick.)
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Quaternionic Nullstellensatz - setup

We start with three basic questions:

What are the polynomials?

What are the points?

How do we evaluate a polynomial at a point?

What are the polynomials? We will work with central quaternionic
polynomials; i.e. we assume that the variables commute among
themselves and with coefficients. They form the ring

H[x1, . . . , xd ] = H⊗R R[x1, . . . , xd ]

Motivation: If we use non-central variables then f (X ) = iX + X i+ j
has no zeros in H.
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Quaternionic Nullstellensatz - setup

What are the points?

We would like to use all tuples of quaternions.
Such tuples will be called points. (Notation Hd .)
But we will only use the tuples whose components pairwise commute.
Such tuples will be called good points. (Notation Hd

c .)

How do we evaluate a polynomial at a point?

We will use right evaluations. If

f =
∑
i1,...,id

ci1,...,idx
i1
1 · · · x idd ∈ H[x1, . . . , xd ]

and a = (a1, . . . , ad) ∈ Hd , we define the value f (a) by

f (a) =
∑
i1,...,id

ci1,...,ida
i1
1 · · · a

id
d ∈ H
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Quaternionic Nullstellensatz - setup

The main problem is that in general we have

(fg)(a) ̸= f (a)g(a)

Example: The product of f (x) = x − i and g(x) = x − j is
(fg)(x) = x2 − ix − jx + k. So (fg)(i) = 2k and f (i)g(i) = 0.

However, if a is a good point then we have something close:

(fg)(a) =

{
0 if g(a) = 0

f (b)g(a) if g(a) ̸= 0

where b = g(a)ag(a)−1 = (g(a)a1g(a)
−1, . . . , g(a)adg(a)

−1).
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Weak Quaternionic Nullstellensatz

For every point a ∈ Hd we define its evaluation set

Ia := {f ∈ H[x1, . . . , xd ] | f (a) = 0}

In general this set is not even a subring.

Example: If a = (i, j) and f (x , y) = x − i and g(x , y) = y − j then
f (a) = 0 and g(a) = 0 but (fg)(a) = 2k ̸= 0.

However, if a is a good point then Ia is a left ideal. Note also that
it is generated by x1 − a1, . . . , xd − ad (as a left ideal). Moreover:

Theorem (Weak Q. Nullstellensatz, Alon&Paran 2021)

If a is a good point then Ia is a maximal left ideal of H[x1, . . . , xd ].
Conversely, every maximal left ideal of H[x1, . . . , xd ] is of this form.
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Explicit Quaternionic Nullstellensatz

From the Weak Quaternionic Nullstellensatz we can deduce by
Rabinowitsch trick the following result:

Theorem (Explicit Q. Nullstellensatz, Aryapoor 2024)

Pick any g1, . . . , gm ∈ H[x1, . . . , xd ] and write I for the left ideal
generated by them. For every f ∈ H[x1, . . . , xd ], are equivalent:

1 For every good point a such that g1(a) = . . . = gm(a) = 0 we
have f (a) = 0.

2 For every b ∈ H there exists N ∈ N such that

(bf )N ∈ I + I (bf ) + . . .+ I (bf )N

It is not clear how to rephrase the second claim in terms of ideals.
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Strong Quaternionic Nullstellensatz

A left ideal I in an associative ring R is semiprime
if for every f ∈ R such that fRf ⊆ I we have f ∈ I .
For commutative R they coincide with radical ideals.

Theorem (Strong Q. Nullstellensatz, C. 2024)

Pick any g1, . . . , gm ∈ H[x1, . . . , xd ] and write I for the left ideal
generated by them. For every f ∈ H[x1, . . . , xd ], are equivalent:

1 For every good point a such that g1(a) = . . . = gm(a) = 0 we
have f (a) = 0.

2 f belongs to the smallest semiprime left ideal of H[x1, . . . , xd ]
that contains I .

This improves the Strong Q. Nullstellensatz from Alon&Paran 2021.
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Strong Quaternionic Nullstellensatz

Alon&Paran 2021 proved that claim (1) is equivalent to:

(2’) f belongs to the intersection of all completely prime left ideals of
H[x1, . . . , xd ] that contain I .

A left ideal I in an associative ring R is completely prime if for
every f1, f2 ∈ R such that f1f2 ∈ I and If2 ⊆ I we have f1 ∈ I or f2 ∈ I .

I adapted their proof to show that claim (1) is equivalent to

(2”) f belongs to the intersection of all prime left ideals of
H[x1, . . . , xd ] that contain I .

Then I showed that (2”) is equivalent to (2). Recall that:

maximal =⇒ completely prime
?

==⇒ prime =⇒ semiprime

I proved
?

==⇒ for H[x1, . . . , xd ]. The other two are general.
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Matrix Nullstellensatz - setup

What are the polynomials? We will work with complex matrix
polynomials, i.e. the elements of Mn(C[x1, . . . , xd ]).

What are the points? We use directional points, i.e. pairs (a, v)

where a ∈ Cd is a usual point and v ∈ Cn \ {0} is a direction.

How do we evaluate a polynomial at a point? The value of a matrix
polynomial F at a directional point (a, v) is the vector F (a)v .
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Weak Matrix Nullstellensatz

For every directional point (a, v) its evaluation set

D(a, v) := {F ∈ Mn(C[x1, . . . , xd ]) | F (a)v = 0}

is clearly a left ideal in Mn(C[x1, . . . , xd ]). Moreover:

Theorem (Weak Matrix Nullstellensatz, Stone 1980)

For every directional point (a, v), the left ideal D(a, v) is maximal.
Every maximal left ideal of Mn(C[x1, . . . , xd ]) is of this form.

J. Cimprič (UL) Quaternionic polynomials September 30, 2024 11 / 16



Explicit Matrix Nullstellensatz

As usual we use the Weak Matrix Nullstellensatz and the
Rabinowitsch trick to prove the following:

Theorem (Explicit Matrix Nullstellensatz, C. 2024)

Pick any G1, . . . ,Gm ∈ Mn(C[x1, . . . , xd ]) and write I for the left
ideal generated by them. For every F ∈ Mn(C[x1, . . . , xd ]) the
following are equivalent.

1 For every directional point (a, v) such that
G1(a)v = . . . = Gm(a)v = 0 we have F (a)v = 0.

2 For every A ∈ Mn(C) there exists N ∈ N0 such that

(AF )N ∈ I + I (AF ) + . . .+ I (AF )N .

It is not clear how to rephrase the second claim in terms of ideals.
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Strong Matrix Nullstellensatz

Theorem (Strong Matrix Nullstellensatz, C. 2022)

Pick any G1, . . . ,Gm ∈ Mn(C[x1, . . . , xd ]) and write I for the left
ideal generated by them. For every F ∈ Mn(C[x1, . . . , xd ]) the
following are equivalent.

1 For every directional point (a, v) such that
G1(a)v = . . . = Gm(a)v = 0 we have F (a)v = 0.

2 F belongs to the smallest semiprime left ideal of
Mn(C[x1, . . . , xd ]) that contains I .

The idea of the proof is to use the 1-1 correspondence between the
left ideals of Mn(C[x1, . . . , xd ]) and the submodules of C[x1, . . . , xd ]n.
Then we proceed by induction on n.
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Quaternionic vs Matrix Nullstellensatz

Each quaternionic nullstellensatz can also be deduced from the
corresponding matrix nullstellensatz. We use the embedding

φ : H[x1, . . . , xd ] → M2(C[x1, . . . , xd ])

p + jq 7→
[
p −q̄
q p̄

]
Pick any point c = (c1, . . . , cd) ∈ Cd and any u, v ∈ C that are
not both zero and define b = u + jv and ai = bcib

−1 for all i .

For each h ∈ H[x1, . . . , xd ] we have h(a)b = 0 iff φ(h)(c)

[
u
v

]
= 0.

Then we apply the matrix nullstellensatz and we almost get the
corresponding quaternionic nullstellensatz. Still some work to do!
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Open problem

Does the explicit nullstellensatz imply the strong nullstellensatz?

Probably not. At least it is not obvious.
This means that at least one of them is not optimal.

I have a vague idea what the improved version of strong
nullstellensatz should look like.
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