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Abstract. Denote by� the open unit disc inC. We prove that given a
discrete subsetS of a connected Stein manifoldM there is a proper holo-
morphic mapf : � → M such thatS ⊂ f(�); if dimM ≥ 3 the mapf
canbechosen tobeanembedding. In additionweprove thatwecanprescribe
higher order contacts off(�) with given one dimensional submanifolds in
M .

1 Introduction and the results

Denote by� the open unit disc inC. It is known that given a discrete
subsetS of a convex domainD ⊂ C

N there is a proper holomorphic map
f : � → D such thatS ⊂ f(�); if N ≥ 3 the mapf can be chosen
to be an embedding [G2]. It is also known that given a Stein manifoldM ,
dimM ≥ 2, a pointz ∈ M and a directionX ∈ TzM \ {0} there is a
proper holomorphic mapf : � → M such thatf(0) = z andf ′(0) = λX
for someλ > 0 [G1],[FG]. Our main result generalizes both these results.

Theorem 1.1 Let {zn;n ∈ N} be a discrete set of a connected Stein
manifoldM with dimM ≥ 2. There is a proper holomorphic immersion
f : � → M such thatzn ∈ f(�) (n ∈ N).
In addition, ifdimM ≥ 3 then there is suchf which is a proper holo-

morphic embedding.

In fact we shall prove a stronger result. We shall prescribe higher order
contact off(�) with given one dimensional submanifolds at the pointszn.
Before we state our theorem, we explain what we mean by the contact of at
least orderk:
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Let N andP be p-dimensional submanifolds of a complex manifold
M . If N andP intersect at a pointz0 ∈ M , we shall say thatN and
P have contact of at least order0 at z0. If N andP intersect at a point
z0 ∈ M and if Tz0N = Tz0P we shall say thatN andP have contact of
at least order1 at z0. In this case one can choose a holomorphic coordinate
system(U, φ) aroundz0 and a complex subspaceL ⊂ C

dim M such that
Tφ(z0)φ(N) ⊕ L = C

dim M . Write z = (z′, z′′) with z′ ∈ Tφ(z0)φ(N) and
z′′ ∈ L. There are a neighborhoodU ⊂ Tφ(z0)φ(N) of 0 and holomorphic
mapsgN : U → L, gP : U → L satisfyinggN (0) = gP (0) = 0 and
DgN (0) = DgP (0) = 0 such that near the pointφ(z0), φ(N) is given by
{z0+(z′, gN (z′)); z′ ∈ U}andφ(P ) is givenby{z0+(z′, gP (z′)); z′ ∈ U}.
If the mapsgN andgP have the samek-jets at0 we say thatN andP have
contact of at least orderk at z0. It is easy to see that in this way the contact
of at least orderk is well defined.

Theorem 1.2 Let {zn;n ∈ N} be a discrete set of a connected Stein man-
ifoldM , dimM ≥ 2. Then there are a sequence{ζn} ⊂ � and a proper
holomorphic immersionf : � → M such thatf(ζn) = zn for eachn ∈ N.
Moreover, given a sequence{Xn ∈ TznM \{0}}, f andζn ∈ � can be

chosen so that for eachn ∈ N there isλn > 0 such thatf ′(ζn) = λnXn.
Moreover, given a sequence of local one-dimensional complex subman-

ifolds{Nn} inM such thatzn ∈ Nn andXn ∈ TznNn for eachn ∈ N and
given a sequence of positive integers{kn}, there are a proper holomorphic
immersionf : � → M , ζn ∈ � and neighborhoodsWn of ζn in � such
that for eachn ∈ N, f(ζn) = zn, f ′(ζn) = λnXn for someλn > 0 and the
manifoldsfn(Wn) andNn have contact of at least orderkn at zn.
In addition, ifdimM ≥ 3 then the mapsf can be chosen to be proper

holomorphic embeddings.

2 Preliminaries

By the embedding theorem for Stein manifolds [H] we may assume thatM
is a closed submanifold ofCN for someN ∈ N. By the theoremof Docquier
and Grauert [GR, pp. 257] there are an open neighborhoodE ofM in C

N

and a holomorphic mapπ : E → M such thatπ(z) = z (z ∈ M ).
Throughout the paper we denote byB the unit ball inC

N . Let ρa(z) =
|z − a|2 (a ∈ C

N , z ∈ C
N ). Sard’s theorem implies that for almost every

a ∈ B the functionρa is aMorse functiononM . It is easy tosee thatρa(zn) is
a regular valueofρa|M if andonly if the sphere{z ∈ C

N ; |z−a| = |zn−a|}
intersectsM transversely. Fixn ∈ N. For almost everya ∈ B the sphere
{z ∈ C

N ; |z − a| = |zn − a|} intersectsM transversely (see [GP, pp.
68]). Therefore for almost everya ∈ B and for alln ∈ N the sphere
{z ∈ C

N ; |z − a| = |zn − a|} intersectsM transversely andρa is a Morse
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function onM . Thus, after translatingM for a suitable smalla we may
assume that the functionρ = ρ0 is a Morse function onM andρ(zn) is a
regular value ofρ|M for eachn ∈ N.

We shall frequently use the following lemma proved by R. Narasimhan
[N].

Lemma 2.1 LetU be a neighborhood of a compact setK in C.
If f : U → C

N is a holomorphic, regular and one to onemap, then there
is anε > 0 such that for a holomorphic mapg : U → C

N with |g(ζ)| < ε
(ζ ∈ U) the mapf + g is regular and one to one onK.
If f : U → C

N is a regular holomorphic map, then there is anε > 0
such that for a holomorphic mapg : U → C

N with |g(ζ)| < ε (ζ ∈ U) the
mapf + g is regular onK.

3 Outline of the proof

In the proof we use the following lemma about pushing the boundaries of
analytic discs inM to higher levels of the exhaustion function:

Lemma 3.1 Leta < b < A < B < ∞. Assume thatρ has no critical value
on [a, b] ∪ [A,B].
Suppose thatf : �̄ → M is a continuous map, holomorphic on�,

such thata < ρ(f(ζ)) < b (ζ ∈ b�). Givenζ1, . . . , ζn ∈ �, K ∈ N, R,
0 < R < 1, and ε > 0 there arer, R < r < 1, and a continuous map
g : �̄ → M , holomorphic on�, such that
(i) A < ρ(g(ζ)) < B (ζ ∈ b�)
(ii) ρ(g(tζ)) ≥ ρ(f(ζ))− ε (ζ ∈ b�, r ≤ t ≤ 1)
(iii) |g(ζ)− f(ζ)| < ε (|ζ| ≤ r)
(iv) g(j)(ζi) = f (j)(ζi) (0 ≤ j ≤ K, 1 ≤ i ≤ n)

Givenδ > 0 there is a mapg that, in addition, satisfies

(v) ρ(g(ζ)) > ρ(f(ζ))− δ (ζ ∈ �̄).

In the proof of our theorems the map will be obtained as the limit of
a sequence of maps constructed in an induction process. (iii) above will
be necessary for convergence and (i) and (v) will be necessary to obtain a
proper map in the limit.

Let S = {zn;n ∈ N}. We choose an increasing sequenceUn of the
components of the sublevel sets ofρ such that their union isM .

We construct the desired map by induction. At each induction step we
begin with an analytic disc which hits the points ofS ∩ Un and whose
boundary is close to the boundary ofUn. We push the boundary of this
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disc close to the boundary ofUn+1 and we construct for each point in
S∩(Un+1\Un)ananalytic disc that hits that point and such that its boundary
is close to the boundary ofUn+1. Then we glue these discs together by paths
which are close to the boundary ofUn+1. Then we apply the Mergelyan
approximation theorem in the ambient space and thus obtain an analytic
disc which hitsS ∩ Un+1 and whose boundary is close to the boundary of
Un+1.

Additional care in the construction is necessary to insure that the limit
map is an immersion and that it hits the prescribed points in the prescribed
directions and has given finite order contacts with the prescribed submani-
folds inM .

4 Pushing the boundaries of the disc to higher levels ofρ

Lemma 3.1 is actually a generalization of Lemma 9.1 in [G1]. The main
modification of the proof is the generalization of the construction of the
continuous family of analytic discs from the case whendimM = 2 to the
case whendimM ≥ 3. The construction goes as follows:

Letm = dimM . For eachq ∈ C
N \ {0} let E(q) = {z ∈ C

N ; 〈z −
q, q〉 = 0} be the affine complex hyperplane passing throughq and tangent
to the sphereb(qB), and for eachq ∈ M let T (q) be the affine complex
subspace of dimensionm passing throughq and tangent toM at q.

Assume thatQ ⊂ M is a compact set consisting of regular points ofρ.
For eachq ∈ Q, T (q) intersectsE(q) transversely, soE(q)∩ T (q) = L(q)
is an affine complex subspace of dimensionm − 1 and nearq, E(q) ∩M
ism− 1 dimensional submanifold ofM tangential toL(q) at q. Therefore
there areδ > 0 and a mapgq : L(q) ∩ (q + δB) → L(q)⊥ = {z ∈
C

N ; 〈z, w〉 = 0, ∀w ∈ L(q)} satisfyinggq(q) = 0,Dgq(q) = 0 such that
M∩E(q)∩(q+δB) = {z+gq(z); z ∈ L(q)∩(q+δB)}∩(q+δB). Taking
smallerδ if necessary for eachr, 0 < r < δ, and for each one dimensional
affine subspaceN(q) of L(q) throughq the analytic disc{z + gq(z); z ∈
N(q) ∩ (q + δB)} intersectsb(q + rB) transversely and the intersection
{z+gq(z); z ∈ N(q)∩(q+δB)}∩(q+rB) is biholomorphically equivalent
to a disc. SinceQ is compact, aδ > 0 can be chosen that works for allq ∈ Q.

SinceE(q) is orthogonal toq it follows that the spheres inE(q) centered
atq are the level sets of the functionz �→ |z|2 restricted toE(q). In particular
ρ(w) = |q|2 + r2 = ρ(q) + r2 (w ∈ {z + gq(z); z ∈ L(q) ∩ (q + δB)} ∩
b(q + rB)).

By transversality everything varies smoothly withq ∈ M andr, 0 <
r < δ.

Lemma 4.1 Given a compact setQ ⊂ M of regular points ofρ|M there
is aµ0 > 0 such that for every positive continuous functionµ on b� that
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satisfiesµ(ζ) < µ0 (ζ ∈ b�) and for every continuous mapf : b� → Q
there is a continuous mapF : b� × �̄ → M such that

(i) for eachζ ∈ b� the functionη �→ F (ζ, η) is holomorphic on�
(ii) F (ζ, 0) = f(ζ) (ζ ∈ b�)
(iii) ρ(F (ζ, η)) > ρ(f(ζ)) (ζ ∈ b�, η ∈ �̄ \ {0})
(iv) ρ(F (ζ, η)) = ρ(f(ζ)) + µ(ζ) (ζ ∈ b�, η ∈ b�) .

Proof. Letδ,L(q) andgq be as in the preceding discussion and putµ0 = δ2.
Sincef : b� → Q is continuous, the set∪ζ∈b�{ζ}×L(f(ζ)) is a complex
vector bundle of dimensionm − 1 and there exists an one dimensional
subbundle∪ζ∈b�{ζ} ×N(f(ζ)). The preceding discussion shows that for
eachζ ∈ b� the sphereb(f(ζ) + µ(ζ)

1
2B) intersects{z + gq(z); z ∈

N(q) ∩ (q + δB)} transversely andD(ζ) = {z + gq(z); z ∈ N(q) ∩
(q + δB)} ∩ (f(ζ) + µ(ζ) 1

2B) is biholomorphically equivalent to a disc.
If w belongs to the boundary of this disc, that is, ifw ∈ {z + gq(z); z ∈
N(q) ∩ (q + δB)} ∩ b(f(ζ) + µ(ζ) 1

2B) thenρ(w) = ρ(f(ζ)) + µ(ζ). By
the transversality and by the continuity off andµ the discsD(ζ) change
continuously withζ.

The rest of the proof is the same as the proof of Lemma 4.1 in [G1].

5 Construction of a disc through a given point

In this section we show how to construct a disc through a prescribed point
tangent to a given submanifold inM at this point. In the proof of Theorem
1.2 we shall glue these discs together.

Lemma 5.1 LetN be a local one dimensional complex submanifold inM ,
p a point inN such thatρ(p) is a regular value ofρ|M ,X a tangent vector
to N at p andK ∈ N ∪ {0}. Givenη > 0, δ > 0 and a regular valuea
of ρ|M such thata > ρ(p) there exists a continuous mapf : �̄ → M ,
holomorphic on�, such that
(i) f(0) = p, f ′(0) = λX for someλ > 0 and there is a neighborhood

W of 0 such thatf(W) andN have contact of at least orderK at p.
(ii) a− η < ρ(f(ζ)) < a (ζ ∈ b�)
(iii) ρ(f(ζ)) ≥ ρ(p)− δ (ζ ∈ �̄).
Proof. SinceN is a one dimensional complex submanifold ofM through
p, nearp,N is a graph over its (complex) tangent space atp. In this way we
obtain a small holomorphic discg : �̄ → M such that

(i) g(0) = p, g′(0) = λX for someλ > 0 and there is a neighborhoodU
of 0 such thatg(U) andN have contact of at least orderK atp
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(ii) ρ(g(ζ)) is a regular value ofρ|M (ζ ∈ b�)
(iii) ρ(g(ζ)) ≥ ρ(p)− δ

2 (ζ ∈ �̄).
We now use Lemma 3.1 to obtain a continuous mapf : �̄ → M , holomor-
phic on�, such that

(i) f (j)(0) = g(j)(0) (0 ≤ j ≤ K)
(ii) a− η < ρ(f(ζ)) < a (ζ ∈ b�)
(iii) ρ(f(ζ)) ≥ ρ(g(ζ))− δ

2 (ζ ∈ �̄) .
Thisf meets all the conditions in the lemma. The proof is complete.

6 Perturbing f to get a regular map

Recall thatE is a neighborhood ofM in C
N andπ : E → M is a holomor-

phic retraction.
As described in the outline we shall prove Theorem 1.2 inductively. At

each inductive step our map will be regular on a certain compact subset of
�. To get such a map we perform a small perturbation.

Lemma 6.1 Let f : �̄ → M be a nonconstant continuous map, holomor-
phic on�. Suppose thatζ1, . . . , ζn ∈ � are regular points off . Given
U ⊂⊂ �, K ∈ N and ε > 0 there is a continuous mapg : �̄ → C

N ,
holomorphic on�, such that
(i) |g(ζ)| < ε (ζ ∈ �̄)
(ii) (f + g)(�̄) ⊂ M
(iii) f + g is regular onU
(iv) (f + g)(i)(ζj) = f (i)(ζj) (1 ≤ i ≤ K, 1 ≤ j ≤ n).

Proof. Sincef is nonconstant there are only finitely many points inU at
whichf ′ vanishes. Let{ζ ∈ U ; f ′(ζ) = 0} = {η1, . . . , ηs} andzj = f(ηj),
1 ≤ j ≤ s.

Choosej, 1 ≤ j ≤ s. Sincef is nonconstant there aremj ∈ N and a
holomorphic maphj : � → C

N such thatf ′(ζ) = (ζ − ηj)mjhj(ζ) (ζ ∈
�) andhj(ηj) �= 0. SincedimM ≥ 2 there is a vectorB(j) ∈ TzjM such
thathj(ηj) andB(j) are linearly independent. SinceTzjM ∩Tzjπ

−1(zj) =
{0} there are a neighborhood (in a Grassmann manifold)Uj of Tzjπ

−1(zj)
andνj > 0 such that

if A,B ∈ C
N , |A− hj(ηj)| < νj , |B −B(j)| < νj , U ∈ Uj

then U ∩ Span{A,B} = {0}. (1)

As the mapπ : E → M is a holomorphic retraction the rank ofπ onM is
maximal and constant. Therefore the rank ofπ is constant in the neighbor-
hood ofM and the rank theorem implies that locally in the neighborhood
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of each pointz ∈ M inC
N the mapπ is a holomorphic projection. So there

is δj > 0 such that

z ∈ C
N , |z − zj | < δj implies that Tzπ

−1(π(z)) ∈ Uj . (2)

Choose a holomorphic polynomialP : C → C
N such thatP ′(ηj) =

B(j) (1 ≤ j ≤ s) andP (k)(ζi) = 0 (0 ≤ k ≤ K, 1 ≤ i ≤ n).
Chooseλ > 0 so small that forj, 1 ≤ j ≤ s, and forζ, |ζ − ηj | < λ,

we have

|hj(ζ)− hj(ηj)| < νj and |P ′(ζ)−B(j)| < νj . (3)

Taking smallerλ if necessary, there is anα0 > 0 such that for eachj,
1 ≤ j ≤ s, for eachζ, |ζ − ηj | < λ and for eachα, 0 < α < α0, we have

|f(ζ) + αP (ζ)− zj | < δj . (4)

Sincef is regular onU \ ∪s
i=1{ηi} there isε1, 0 < ε1 < ε, such that

for any holomorphic mapg : � → C
N with |g(ζ)| < ε1 (ζ ∈ �) the map

f + g is regular onU \ ∪s
i=1{ζ; |ζ − ηi| < λ}. One can chooseε2, ε2 > 0,

such that for a maph : �̄ → C
N , with |h(ζ)| < ε2 (ζ ∈ �̄) we have

f(ζ) + h(ζ) ∈ E and|π(f(ζ) + h(ζ))− f(ζ)| < ε1 (ζ ∈ �̄).
Takeα, 0 < α < α0, so small that|αP (ζ)| < ε2 (ζ ∈ �̄) and let

g(ζ) = π(f(ζ) + αP (ζ)) − f(ζ). Then (ii) is satisfied. According to the
choice ofε2, we have|g(ζ)| < ε1 (ζ ∈ �̄), which proves (i), and proves that
f + g is regular onU \ ∪s

i=1{ζ; |ζ − ηi| < λ}. Further, let1 ≤ j ≤ s and
|ζ−ηj | < λ. We have(f +g)′(ζ) = Dπ(f(ζ)+αP (ζ))(f ′(ζ)+αP ′(ζ)).
SincekerDπ(z) = Tzπ

−1(π(z)) (z ∈ E) it follows by (4), (2), (3) and
(1) thatf ′(ζ) + αP ′(ζ) /∈ kerDπ(f(ζ) + αP (ζ)). This proves (iii). (iv)
follows from the fact thatP (k)(ζi) = 0 (0 ≤ k ≤ K, 1 ≤ i ≤ n) and that
π|M = id. This completes the proof.

7 Removing the selfintersection points of properly immersed discs

Lemma 7.1 LetP be a domain inCN andm = dimM ≥ 3. Letf : �̄ →
M be a continuous map, holomorphic on�, andU ⊂⊂ � conformally
equivalent to the disc, such thatf |U : U → P is a proper map, regular on
U ⊂⊂ U and a normalization map for the varietyf(U) ⊂ P . LetW ⊂⊂ U
be a domain and suppose thatζ1, . . . , ζn ∈ �, f(ζi) �= f(ζj)(i �= j, 1 ≤
i ≤ n, 1 ≤ j ≤ n). GivenK ∈ N and ε > 0 there is a continuous map
g : �̄ → C

N , holomorphic in�, such that
(i) |g(ζ)| < ε (ζ ∈ �̄)
(ii) (f + g)(�̄) ⊂ M
(iii) f + g is regular and one to one onW
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(iv) (f + g)(i)(ζj) = f (i)(ζj) (1 ≤ i ≤ K, 1 ≤ j ≤ n).

In the proof of Lemma 7.1 we need the following lemma

Lemma 7.2 Let f, g : � → M ,m = dimM ≥ 2, be holomorphic maps
such thatf(0) = g(0), f ′(0) �= 0, g′(0) �= 0. LetPj : C

N → C
N (1 ≤ j ≤

m−1)beholomorphicpolynomialmapssuch thatP1(f(0)), . . . Pm−1(f(0))
are linearly independent,Pj(f(0)) ∈ Tf(0)M (1 ≤ j ≤ m − 1) and
f ′(0), g′(0) /∈ Span{P1(f(0)), . . . Pm−1(f(0))}. Assume thatφ andψ are
holomorphic functions on� such thatφ(0) �= ψ(0). There areµ > 0 and
τ > 0 with the following property: The set of allλ = (λ1, . . . , λm−1) ∈
C

m−1, |λ| < µ, such that

{π(f(ζ) + φ(ζ)∑m−1
j=1 λjPj(f(ζ))); |ζ| < τ}

∩{π(g(ζ) + ψ(ζ)∑m−1
j=1 λjPj(g(ζ))); |ζ| < τ} �= ∅

has three dimensional Hausdorff measure zero.

Proof. Chooseα > 0 so small that for eachλ, |λ| < α, and for each
ζ ∈ �wehavef(ζ)+φ(ζ)

∑m−1
j=1 λjPj(f(ζ)) ∈ E andg(ζ)+φ(ζ)

∑m−1
j=1

λjPj(g(ζ)) ∈ E. Let

A =


(ζ, η, λ) ∈ � × � × {z ∈ C

m−1; |z| < α};

π(f(ζ) + φ(ζ)
m−1∑
j=1

λjPj(f(ζ))) = π
(
g(η) + ψ(η)

m−1∑
j=1

λjPj(g(η))
)
 .

The setA is analytic set in� × � × {z ∈ C
m−1; |z| < α}. We will show

that0 ∈ C
m+1 is an isolated point ofA ∩ {(ζ, 0, λ)}.

Let

H(ζ, λ) = π


f(ζ) + φ(ζ)m−1∑

j=1

λjPj(f(ζ))




−π

g(0) + ψ(0)m−1∑

j=1

λjPj(g(0))


 (|ζ| < 1, |λ| < α).

Forζ ∈ � writePj(f(ζ)) = Qj(ζ) +Rj(ζ), 1 ≤ j ≤ m− 1, whereQj is
orthogonal projection ofPj(f(ζ)) ontoTf(ζ)M . The functionsQj andRj
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are smooth on�. Then

H(ζ, λ) = π


f(ζ) + φ(ζ)m−1∑

j=1

λjQj(ζ) + φ(ζ)
m−1∑
j=1

λjRj(ζ)




−π

g(0) + ψ(0)m−1∑

j=1

λjPj(g(0))


 .

As f(0) = g(0), Dπ(f(ζ))|Tf(ζ)M = I, andπ(f(ζ) + h) = f(ζ) +
Dπ(f(ζ))h+O(|h|2) we have

H(ζ, λ) = f(ζ) + φ(ζ)
m−1∑
j=1

λjQj(ζ) +Dπ(f(ζ))


φ(ζ)m−1∑

j=1

λjRj(ζ)




+O




∣∣∣∣∣∣φ(ζ)
m−1∑
j=1

λjPj(f(ζ)))

∣∣∣∣∣∣
2
−f(0)−ψ(0)

m−1∑
j=1

λjPj(f(0)))

− O




∣∣∣∣∣∣ψ(0)
m−1∑
j=1

λjPj(f(0)))

∣∣∣∣∣∣
2
 .

By rearranging we get

H(ζ, λ) =


f(ζ)− f(0) + (φ(ζ)− φ(0))

m−1∑
j=1

λjQj(ζ)

+ φ(0)
m−1∑
j=1

λj(Qj(ζ)−Qj(0)) +Dπ(f(ζ))


φ(ζ)m−1∑

j=1

λjRj(ζ)







+


(φ(0)− ψ(0))

m−1∑
j=1

λjQj(0) +O




∣∣∣∣∣∣φ(ζ)
m−1∑
j=1

λjPj(f(ζ))

∣∣∣∣∣∣
2


− O




∣∣∣∣∣∣ψ(0)
m−1∑
j=1

λjPj(f(0))

∣∣∣∣∣∣
2



 .

It is easy to see that

f(ζ)− f(0) = ζf ′(0) + ζ2O(1) (ζ → 0),

(φ(ζ)− φ(0))
m−1∑
j=1

λjQj(ζ) = ζ|λ|O(1) ((ζ, λ) → 0),
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φ(0)
m−1∑
j=1

λj(Qj(ζ)−Qj(0)) = ζ|λ|O(1) ((ζ, λ) → 0),

Dπ(f(ζ))


φ(ζ)m−1∑

j=1

λjRj(ζ)


 = ζ|λ|O(1) ((ζ, λ) → 0),

O




∣∣∣∣∣∣φ(ζ)
m−1∑
j=1

λjPj(f(ζ))

∣∣∣∣∣∣
2
 = |λ|2O(1) ((ζ, λ) → 0),

O




∣∣∣∣∣∣ψ(0)
m−1∑
j=1

λjPj(f(0))

∣∣∣∣∣∣
2
 = |λ|2O(1) (λ → 0).

This implies that

H(ζ, λ) = ζ
[
f ′(0) + ζO(1) + |λ|O(1)]

+ |λ|

(φ(0)− ψ(0))

m−1∑
j=1

λj |λ|−1Pj(f(0)) + |λ|O(1)

 ((ζ, λ) → 0).

Sincef ′(0) /∈ Span{P1(f(0)), . . . Pm−1(f(0))}, there isδ > 0 small
enough such that for eachζ, |ζ| < δ, and for eachλ, 0 < |λ| < δ,
the vectors in the brackets are linearly independent. Therefore for each
ζ, |ζ| < δ, and for eachλ, 0 < |λ| < δ we haveH(ζ, λ) �= 0. This,
together with the fact thatH(ζ, 0) �= 0 for 0 < |ζ| < δ, implies that
A ∩ {(ζ, 0, λ) ∈ C

m+1; |ζ| < δ, |λ| < δ} = {0}, that is, 0 is an
isolated point ofA ∩ {(ζ, 0, λ) ∈ C

m+1; |ζ| < δ, |λ| < δ}. There-
fore by [C, page 34]dim0A ≤ 1. So there is a neighborhoodU of 0 in
C

m+1 such thatdim(A ∩ U) ≤ 1. Then the three dimensional Hausdorff
measure ofA ∩ U is zero. LetΠ : C

m+1 → C
m−1 be the projection

(z1, z2, z′) �→ z′. So the setΠ(A ∩ U) has three dimensional Hausdorff
measure zero as well. Chooseτ > 0 andµ > 0 small enough such that
{(ζ, η, λ); |ζ| < τ, |η| < τ, |λ| < µ} ⊂ U and the lemma follows.

Proof of Lemma 7.1. The proof of the lemma is similar to the proof of
Lemma 6.1 in [G2]. LetS be the set of singular points ofV = f(U) and
T = f−1(S). Sincef is a normalization map forV and sincef is regular
onU the mapf |[(U \ T ) ∪ {ζ}] → (V \ S) ∪ {f(ζ)} is regular and one to
one forζ ∈ U ∩ T (see Appendix).

LetU∩T = {η1, . . . , ηs}andf(U∩T ) = {z1, . . . , zj}wherez1, . . . , zj
are distinct.With no loss of generality wemay assume that there are integers
mi (1 ≤ i ≤ j + 1) such thatf(ηl) = zi (mi ≤ l < mi+1, 1 ≤ i ≤ j)
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and ifζl ∈ {ηmi , ηmi+1, . . . , ηmi+1−1} thenζl = ηmi . Choose holomorphic
polynomial mapsP1, . . . , Pm−1 : C

N → C
N such that fori, 1 ≤ i ≤ j,

(i) P1(zi), . . . , Pm−1(zi) are linearly independent and
Span{P1(zi), . . . , Pm−1(zi)} ⊂ TziM,

(ii) f ′(ηl) /∈ Span{P1(zi), . . . , Pm−1(zi)} (mi ≤ l < mi+1).

Letφ be a polynomial such thatφ(ηmi+l) = l (0 ≤ l < mi+1−mi, 1 ≤
i ≤ j), φ(k)(ζi) = 0 (0 ≤ k ≤ K, 1 ≤ i ≤ n).

By Lemma 7.2 there areµ > 0 andτ > 0 with the following prop-
erty: The set of allλ ∈ C

m−1, |λ| < µ, such that{π(f(ζ) + φ(ζ)∑m−1
i=1 λiPi(f(ζ))); |ζ − ηk| < τ} ∩ {π(f(ζ) + φ(ζ)∑m−1

i=1 λiPi(f(ζ)));
|ζ − ηl| < τ} �= ∅ for at least one pairk, l, k �= l, 1 ≤ k, l ≤ s has three
dimensional Hausdorff measure zero.

With no loss of generality assume thatτ is so small thatηi + τ� ⊂ U ,
1 ≤ i ≤ s, are pairwise disjoint and thatW is so large thatηi + τ� ⊂ W ,
1 ≤ i ≤ s. Sincem ≥ 3 it follows that for eachε > 0 one can choose
λ ∈ C

m−1, |λ| < ε, such that{
π(f(ζ) + φ(ζ)

m−1∑
i=1

λiPi(f(ζ))); |ζ − ηk| < τ
}

∩
{
π(f(ζ)

+φ(ζ)
m−1∑
i=1

λiPi(f(ζ))); |ζ − ηl| < τ
}
= ∅ (1 ≤ k, l ≤ s, k �= l) (5)

Fix i, 1 ≤ i ≤ s. f is one to one and regular onU \ {ηk; 1 ≤ k ≤
s, k �= i}. By Lemma 2.1 it follows that there is anε1, 0 < ε1 < ε, such
that for each holomorphic mapg : � → C

N with |g(ζ)| < ε1 (ζ ∈ �)
and for eachi, 1 ≤ i ≤ s, the mapf + g is regular and one to one on
W \∪s

k=1,k �=i(ηk+τ�). One can chooseλ ∈ C
m−1 such that (5) holds and

such thatg = π(f + φ
∑m−1

i=1 λiPi(f))− f satisfies|g(ζ)| < ε1 (ζ ∈ �),
which proves (i). (ii) is satisfied by definition of the mapg. In the same
way as in the proof of Lemma 6.1 in [G2] we see thatf + g is regular and
injective onW , which gives (iii). (iv) follows from the fact thatφ(k)(ζi) = 0
(0 ≤ k ≤ K, 1 ≤ i ≤ n) and thatπ|M = id. This completes the proof.

8 Proof of Theorem 1.2

We prove Theorem 1.2 in the casedimM ≥ 3 and postpone the simpler
proof of the casedimM = 2 until the end of this section.

Part 1. We shall rearrange the sequence{zn}. We may assume that the
sequence{ρ(zn)} is nondecreasing. SinceM is connected one can choose
an increasing sequence{an} of regular values ofρ|M converging to infinity
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with the property that ifUn is the component of the sublevel set{z ∈
M ; ρ(z) < an} containingz1 then for eachn ∈ N, Un+1 contains the first
term in the sequence{zn} that is not contained inUn and that the boundary
of Un does not contain any point of the sequence{zn}. Let a−1 = −∞.

LetS = {zn;n ∈ N}. For eachn, letSn = S ∩Un. Since the sequence
{an} is increasing and converges to infinity and sinceρ is an exhaustion
function for the connected manifoldM it follows thatSn is an increasing
sequence of finite sets whose union isS. Thus, ifm(n) is the number of
points inSn, n ∈ N, one can renumber the sequence{zn} so thatSn =
{z1, . . . , zm(n)} andρ(zm(n)+1) = min{ρ(zm(n)+1), . . . , ρ(zm(n+1)−1)}.
Let z0 be a minimum ofρ onU1 and letm(0) = 0, k0 = 0.

Part 2. We shall obtain a regular and injective holomorphic mapf0 to
begin the construction. Let�0 be the unit disc centered at0. Sinceρ|M is
a Morse function and asz0 is a minimum ofρ, z0 is an isolated singular
point of ρ|M . Locally nearz0,M is a graph over its tangent space atz0.
Therefore there is a regular, one to one holomorphic mapφ : � → M
such thatφ(0) = z0 andρ(φ(ζ)) > ρ(φ(0)) (ζ ∈ � \ {0}). There is a
regular valuea0 of ρ|M , such thatρ(z0) < a0 < ρ(z1) and such that{ζ ∈
�; ρ(φ(ζ)) < a0} is relatively compact in�. By the maximum principle
applied to thesubharmonic functionρ◦φ, eachconnectedcomponentof{ζ ∈
�; ρ(φ(ζ)) < a0} is simply connected, therefore conformally equivalent to
the disc. Therefore there are a continuous mapf0 : �̄0 → M , holomorphic
on�0, andγ > 0 such that

(i) f0(0) = z0
(ii) ρ(f0(ζ)) = a0 (ζ ∈ b�0)
(iii) f0 is one to one and regular on�0
(iv) ρ(z0) < a0 − 4γ.

By Lemma 2.1 there is anε0 > 0 such that

if g : �0 → C
N is a holomorphicmapwith |f0(ζ)− g(ζ)| < 2ε0

(ζ ∈ {ξ ∈ �0; ρ(f0(ξ)) < a0 − γ}) then g is regular and one to one
on{ξ ∈ �0; ρ(f0(ξ)) < a0 − 2γ}. (6)

Taking smallerε0 > 0 we may assume that

if z, w ∈ M, ρ(z) < a0 and |z − w| < 2ε0 then |ρ(z)− ρ(w)| < γ. (7)

Part 3. Now we shall construct a sequence of holomorphic maps whose
limit will satisfy the conditions of the Theorem 1.2.

Choose a decreasing sequenceδj of positive numbers converging to0,
δ0 ≤ γ

5 , such thatρ|M has no critical value on the interval(aj −3δj , aj+δj)
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(j ∈ N∪{0}),ρ(zk) /∈ (aj −3δj , aj+δj) (j, k ∈ N∪{0}) and the intervals
(aj − 3δj , aj + δj) (j ∈ N ∪ {0}) are pairwise disjoint.

We will construct

(A) a sequenceβk, 0 < βk < 1, and a sequence of domains�j ⊂ C such
that if Dk is the open disc of radius1 centered at3k then for given
j ∈ N the set�j will be the union ofm(j) discsD1, . . . , Dm(j) and
m(j)− 1 strips(3k, 3(k + 1))× (−βk, βk), 1 ≤ k ≤ m(j)− 1,

(B) an increasing sequenceΩj of connected domains,Ω−4 = Ω−3 =
Ω−2 = Ω−1 = ∅ such that{ξ ∈ �0; ρ(f0(ξ)) < a0 − γ} ⊂ Ω0,
Ωj−1 ⊂⊂ Ωj (j ≥ 1),Ωj ⊂⊂ �j (j ≥ 0) and{

ξ ∈ �j ; dist(ξ, b�j) >
1
j

}
⊂ Ωj (j ∈ N) ,

(C) a sequencefj of maps such that for eachj ∈ N ∪ {0}
(i) fj : �̄j → M is continuous, holomorphic on�j and such that

ρ(fj(ζ)) ∈ (aj − 2δj , aj ] (ζ ∈ b�j)
(ii) fj is regular onΩj−1 and one to one onΩj−3
(iii) ρ(fj(ζ)) < aj−1 + δj−1 (ζ ∈ Ωj−1)
(iv) ρ(fj+1(ζ)) ≥ min{ρ(zm(j)+1), aj} − γ (ζ ∈ �j+1 \Ωj)
(v) fj+1(ζi) = zi, f ′

j+1(ζi) = µiXi for someµi > 0 and there is
a neighborhoodVi of 3i in Di such thatfj+1(Vi) andNi have
contact of at least orderki at zi (m(j) + 1 ≤ i ≤ m(j + 1)) and
f

(l)
j+1(ζi) = f

(l)
j (ζi) (0 ≤ l ≤ ki, 0 ≤ i ≤ m(j))

(vi) |fj+1(ζ)− fj(ζ)| < εj

2j (ζ ∈ Ωj),
(D) a decreasing sequenceεj of positive numbers converging to0 such that

for eachj ∈ N

(a) if g : Ωj−3 → C
N is a holomorphic map such that|g(ζ)| < εj

(ζ ∈ Ωj−3) thenfj + g is regular and one to one onΩj−4
(b) if z, w ∈ M , min{ρ(zm(j−1)+1), aj−1} − γ < ρ(z) ≤ aj and

|z − w| < εj

2j−1 thenρ(w) > min{ρ(zm(j−1)+1), aj−1} − 2γ,
(E) a sequence of positive numbersαj , a decreasing sequence of positive

numbersλj converging to0, λ1 = 1, and a decreasing sequence of
positive numbersηj converging to0, such that for eachj ∈ N, 0 <
λj < min{ εj

4·2j ,
αj

4 }, 0 < ηj <
λj

2 and

z, w ∈ M, ρ(z) ≤ aj+1, |z − w| < λj implies that

|ρ(z)− ρ(w)| < δj+1

4
(8)

z ∈ M, ρ(z) ≤ aj+1, w ∈ C
N and |w − z| < ηj implies that

w ∈ E, |π(w)− w| < λj

2
. (9)
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Now we shall briefly explain the inductive construction. In (A) we de-
scribe domains where the mapsfj are defined. In (B) we define subdomains
Ωj ⊂ �j where we approximatefj+1 by fj . In (C) we describe the proper-
ties of the mapsfj : (iv) and (vi) together with (D) will be necessary to get
a proper holomorphic map in the limit. (ii) and (vi) together with (D) will
guarantee that the limit map is regular and one to one, (v) will imply that the
range of the limit map hits the prescribed points in the prescribed directions
and has given finite order contacts with the prescribed submanifolds inM .
(iii) together with (D) will be used in the inductive construction offj+1 to
obtain an one to one map on a subset ofΩj+1 in Step 1. (E) will imply
that at each step of the inductive construction the constructed disc remains
belowaj+1 level of the exhaustion function and that it does not fall out of
the retraction neighborhoodE.

Part 4. Assume for a moment that we have finished the construction in part
3. To prove the theorem we proceed in a way similar to the one in [G2]. Let
Ω = ∪∞

n=1�n. It is easy to see thatΩ is simply connected. Therefore there is
a biholomorphic mapΦ : � → Ω such thatΦ(0) = 0 andΦ′(0) > 0. Since
Ω is symmetric with respect to the real axis we haveΦ(R ∩ �) = R ∩ Ω
andΦ′(ζ) > 0 (ζ ∈ R ∩ �).

By (B) Ω = ∪∞
n=1Ωn which, by (vi), implies that for eachζ ∈ Ω,

f(ζ) = limn→∞ fn(ζ) exists and that the mapf is holomorphic onΩ.
Sincefn(�n) ⊂ M andM is closed inCN we havef(Ω) ⊂ M . We show
thatf is regular and one to one onΩ. Fix n ∈ N. By (vi), |fn(ζ)− f(ζ)| ≤
|fn(ζ) − fn+1(ζ)| + |fn+1(ζ) − fn+2(ζ)| + · · · < εn

2n +
εn+1
2n+1 + · · · < εn

(ζ ∈ Ωn). SinceΩn−3 ⊂ Ωn it follows by (a) thatf is regular and one to
one onΩn−4. So for eachn ∈ N, f is regular and one to one onΩn−4 and
this implies thatf is regular and one to one onΩ.

Next we show thatf : Ω → M is a proper map. Fixn ∈ N and let
ζ ∈ Ωn+1 \ Ωn. It follows by (vi) that |fn+1(ζ) − f(ζ)| ≤ |fn+1(ζ) −
fn+2(ζ)| + |fn+2(ζ) − fn+3(ζ)| + · · · < εn+1

2n+1 +
εn+2
2n+2 + · · · < εn+1

2n .
By (iv) we haveρ(fn+1(ζ)) ≥ min{ρ(zm(n)+1), an} − γ and (b) implies
that ρ(f(ζ)) ≥ min{ρ(zm(n)+1), an} − 2γ. As min{ρ(zm(n)+1), an} ≥
ρ(zm(n−1)+1) we obtainρ(f(ζ)) ≥ ρ(zm(n−1)+1)− 2γ. Since
ρ(zm(n−1)+1) − 2γ is nondecreasing andΩ = ∪∞

k=n+1Ωk it follows that
ρ(f(ζ)) ≥ ρ(zm(n−1)+1)−2γ for ζ ∈ Ω\Ωn and asρ(zm(n−1)+1)−2γ →
∞ (n → ∞) it follows thatf : Ω → M is a proper map.

Thus,f is one to one, regular and proper, i.e. an embedding.
We have to show that the range off hits the prescribed points in the

prescribed directions and has given finite order contacts with the prescribed
submanifolds inM . Fix n ∈ N and i, m(n − 1) + 1 ≤ i ≤ m(n). By
(v) we havef (l)

n (ζi) = f
(l)
n+l(ζi) for 0 ≤ l ≤ ki, l ∈ N and this implies

thatf (l)
n (ζi) = f (l)(ζi) for 0 ≤ l ≤ ki. Since by (v) we havefn(ζi) = zi,
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f ′
n(ζi) = µiXi andfn(Vi) andNi have contact of at least orderki at zi, it
follows thatf(ζi) = zi andf ′(ζi) = µiXi and that there is a neighborhood
of Wi ⊂ Vi of ζi such thatf(Wi) andNi have contact of at least orderki

atzi.
SinceΦ′(ζ) > 0 (ζ ∈ R ∩ �), f ◦ Φ is a map which has all required

properties of Theorem 1.2.

Part 5. f0, �0 and ε0 constructed in part 2 satisfy (A), (C)(i)-(iii) and
(D). Suppose thatn ∈ N ∪ {0} and that we have constructedfj , �j , εj ,
βm(j−1), . . . , βm(j)−1 0 ≤ j ≤ n, andΩj , αj , λj andηj , 0 ≤ j ≤ n − 1,
such that (A), (C)(i)-(iii) and (D) hold for0 ≤ j ≤ n and (B), (C)(iv)-(vi)
and (E) hold for0 ≤ j ≤ n− 1.
Step 1. We shall perturb themapfn slightly to get amapg1 : �̄n → M that
is one to one in a neighborhood ofΩn−2. AsΩ−2 = Ω−1 = ∅, for n = 0, 1
we defineg1 = fn andU = ∅. We now assume thatn ≥ 2. LetU be an open
set such thatΩn−2 ⊂ U ⊂ Ωn−1. Choosec ∈ (an−1+ δn−1, an −2δn). By
(iii) there is a componentU of the set{ζ ∈ �; ρ(fn(ζ)) < c}which contains
Ω̄n−1. It follows by (i) thatU ⊂⊂ �. By the maximum principle applied to
the subharmonic functionρ ◦ fn the setU is conformally equivalent to the
disc.

Takek, 1 ≤ k ≤ n, andζ ∈ Ωk \ Ωk−1. It follows by (i) and (iv)
thatmin{ρ(zm(k−1)+1), ak−1} − γ ≤ ρ(fk(ζ)) ≤ ak and it follows by (vi)
that |fk(ζ) − fn(ζ)| ≤ |fk(ζ) − fk+1(ζ)| + |fk+1(ζ) − fk+2(ζ)| + · · · +
|fn−1(ζ) − fn(ζ)| ≤ εk

2k +
εk+1
2k+1 + · · · + εn−1

2n−1 ≤ εk

2k−1 . By (b) this implies
thatρ(fn(ζ)) ≥ min{ρ(zm(k−1)+1), ak−1} − 2γ ≥ a0 − 2γ. This together
with (iv) implies thatρ(fn(ζ)) ≥ a0 − 2γ (ζ ∈ �n \Ω0).

By (vi), |f0(ζ) − fn(ζ)| ≤ |f0(ζ) − f1(ζ)| + |f1(ζ) − f2(ζ)| + · · · +
|fn−1(ζ) − fn(ζ)| ≤ ε0 + ε1

2 + · · · + εn−1
2n−1 < 2ε0 (ζ ∈ Ω0). By (B) and

(6) this implies thatfn is regular and one to one on{ξ ∈ �0; ρ(f0(ξ)) <
a0 − 2γ} and it follows by (7) that{ξ ∈ Ω0; ρ(fn(ξ)) < a0 − 3γ} ⊂ {ξ ∈
�0; ρ(f0(ξ)) < a0−2γ}. Asρ(fn(ζ)) > a0−2γ (ζ ∈ �n\Ω0), it follows
thatfn is regular and one to one on the nonempty set{ξ ∈ �n; ρ(fn(ξ)) <
a0 − 3γ} and therefore by Lemma A.2,fn|U : U → {z ∈ M ; ρ(z) < c}
is a normalization map. By Lemma 7.1 we obtain a continuous mapg1 :
�̄n → M , holomorphic on�n, such that

(1i) |g1(ζ)− fn(ζ)| < min{ εn
4·2n , λn−1} (ζ ∈ �̄n)

(1ii) g1 is regular and one to one inU
(1iii) g(j)1 (ζi) = f (j)(ζi) (0 ≤ j ≤ ki, 0 ≤ i ≤ m(n)).

Step 2. We shall push the boundary of the discg1 : �̄n → M to higher
levels ofρ|M .

Let αn > 0 be so small that for a holomorphic maph : U → C
N such

that|g1(ζ)−h(ζ)| < αn (ζ ∈ U) it follows thath is regular and one to one
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onΩn−2. Chooseλn < min{λn−1,
αn
4 ,

εn
4·2n } such that (8) holds forj = n.

Let ηn <
λn
2 be small enough that (9) holds forj = n.

Since|g1(ζ)−fn(ζ)| < λn−1 (ζ ∈ �̄n) andρ(fn(ζ)) ∈ (an −2δn, an)
(ζ ∈ b�n) it follows by (8) thatρ(g1(ζ)) ∈ (an − 3δn, an + δn

4 ) (ζ ∈ b�)
and therefore(ρ◦g1)(b�) containsonly regular valuesofρ|M . LetK ⊂ �n

be a compact set such thatΩn−1 ∪{z; dist(z, b�n) > 1
n} ⊂ K. By Lemma

3.1 there are a continuous mapg2 : �̄n → M , holomorphic on�n and an
open setΩn,K ⊂ Ωn ⊂⊂ �n, such that

(2i) an+1 − δn+1 < ρ(g2(ζ)) < an+1 − δn+1
2 (ζ ∈ b�n)

(2ii) ρ(g2(ζ)) ≥ an − 4δn (ζ ∈ �n \Ωn)
(2iii) |g2(ζ)− g1(ζ)| < min{λn,

δn+1
8 } (ζ ∈ Ωn)

(2iv) g(j)2 (ζi) = g
(j)
1 (ζi) (0 ≤ j ≤ ki, 0 ≤ i ≤ m(n)).

Step 3. For eachj,m(n) + 1 ≤ j ≤ m(n + 1), we construct an analytic
disc that hits the pointzj in the prescribed direction, which has atzj a given
finite order contact with the given submanifold ofM and its boundary is
close to thean+1 level of the exhaustion functionρ|M . Then we glue these
discs and the mapg2 together.

By Lemma 5.1 we obtain the continuous mapshj : D̄j → M (m(n) +
1 ≤ j ≤ m(n+ 1)) holomorphic onDj such that

(hi) hj(3j) = zj , h′
j(3j) = µjXj for someµj > 0 and there is a neigh-

borhoodVj of 3j inDj such thatf(Vj) andNj have contact of at least
orderkj atzj

(hii) ρ(hj(ζ))) ∈ (an+1 − δn+1, an+1 − δn+1
2 ) (ζ ∈ bDj)

(hiii) ρ(hj(ζ)) ≥ ρ(zj)− γ
4 (ζ ∈ D̄j).

A consequence of [GR, pp. 227, Theorem 2] is the fact that the bound-
ary of any connected component of the sublevel set ofρ|M is connected.
Therefore one can connectfn(3m(n) + 1) with
hm(n)+1(3(m(n) + 1) − 1) by a path contained inUn+1 ∩ ρ−1((an+1 −
δn+1, an+1 − δn+1

2 ) and similarly, for eachj,m(n)+1 ≤ j ≤ m(n+1)−1
one can connect the pointshj(3j + 1) andhj+1(3(j + 1) − 1), by a path
contained inUn+1 ∩ ρ−1((an+1 − δn+1, an+1 − δn+1

2 )).
Thus, ifLn+1 is the union of�n, the discsDm(n)+1, . . . , Dm(n+1) and

the segmentsIj = [3j + 1, 3(j + 1) − 1],m(n) ≤ j ≤ m(n + 1) − 1, it
follows that there is a continuous mapg3 : L̄n+1 → Un+1 which extends
all the mapsfn, hm(n)+1, . . . , hm(n+1) and such that

g3|bLn+1 ⊂
(
an+1 − δn+1, an+1 − δn+1

2

)
. (10)

Themapg3 is continuous onLn+1 and holomorphic in the interior ofLn+1.
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Step 4. We use a version of Mergelyan’s theorem to approximate the map
g3 by a polynomial in the ambient space. In this way we obtain a map
from a neighborhood ofLn+1 to the retraction neighborhoodE and then
we compose this map with the holomorphic retractionπ.

By Proposition A.3 there is a holomorphic polynomialP : C → C
N

such that

(3i) |P (ζ)− g3(ζ)| < ηn (ζ ∈ L̄n+1)
(3ii) P (j)(ζi) = g

(j)
3 (ζi) (0 ≤ j ≤ ki, 0 ≤ i ≤ m(n+ 1)).

Takeζ ∈ L̄n+1. By (9) we haveP (ζ) ∈ E and|π(P (ζ))−P (ζ)| < λn
2

and therefore by (3i)

|π(P (ζ))− g3(ζ)| < ηn +
λn

2
< λn (ζ ∈ L̄n+1)

and by (8) we have|ρ(π(P (ζ))) − ρ(g3(ζ))| < δn+1
4 (ζ ∈ L̄n+1). This,

together with (10), implies thatρ(π(P (ζ))) ∈ (an+1 − 5δn+1
4 , an+1 − δn+1

4 )
(ζ ∈ bLn+1). The last condition is fullfilled forζ in the neighborhood
of bLn+1 in C as well. Thus we can choose aβ, 0 < β < 1, such that
ρ(π(P (ζ))) ∈ (an+1− 5δn+1

4 , an+1− δn+1
4 ) (ζ ∈ ([3j, 3(j+1)]×(−β, β))\

(Dj ∪ Dj+1), m(n) ≤ j ≤ m(n + 1) − 1). Putβj = β (m(n) ≤ j ≤
m(n+ 1)− 1). This defines�n+1 as described in (A).

Let g4(ζ) = π(P (ζ)) for ζ ∈ �n+1. The mapg4 : �̄n+1 → M is
continuous, holomorphic on�n+1, and

(4i) ρ(g4(ζ)) ∈
(
an+1 − 5δn+1

4 , an+1 − δn+1
4

)
(ζ ∈ b�n+1)

(4ii) ρ(g4(ζ)) ∈
(
an+1 − 5δn+1

4 , an+1 − δn+1
4

)
(ζ ∈ ([3j, 3(j + 1)]×

(−βj , βj)) \ (Djsave ∪Dj+1), m(n) ≤ j ≤ m(n+ 1)− 1)
(4iii) |g4(ζ)− g3(ζ)| < λn (ζ ∈ Ln+1)
(4iv) g(j)4 (ζi) = g

(j)
3 (ζi) (0 ≤ j ≤ ki, 0 ≤ i ≤ m(n+ 1)).

Step 5. We perturb the mapg4 to get a regular map onΩn.
By Lemma 6.1 we get a continuous mapg5 : �̄n+1 → M , holomorphic

in �n+1, such that

(5i) g5 is regular inΩn

(5ii) |g5(ζ)− g4(ζ)| < λn (ζ ∈ �̄n+1)
(5iii) g(j)5 (ζi) = g

(j)
4 (ζi) (0 ≤ j ≤ ki, 0 ≤ i ≤ m(n+ 1)).

It follows by (8), (4i) and (5ii) that

(5iv) ρ(g5(ζ)) ∈
(
an+1 − 3δn+1

2 , an+1

)
(ζ ∈ b�n+1).
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Step 6. Put fn+1 = g5. Chooseεn+1 < min{ 1
n , εn} so small that (D)

holds forj = n+ 1. We shall prove that the mapfn+1 has all the required
properties.

By (5iv), (i) is satisfied forj = n + 1. Let ζ ∈ U . By (5ii), (4iii) and
(2iii) we get|fn+1(ζ)− g1(ζ)| < αn. The mapg1 is regular and one to one
onU and from definition ofαn we get thatfn+1 is regular and one to one
onΩn−2. By (5i) fn+1 is regular onΩn, so (ii) follows forj = n+ 1.

Take ζ ∈ Ωn. By (i),(8) and (1i) we getρ(g1(ζ)) < an + δn
4 . By

(2iii),(4iii),(5ii) and (8) we getρ(fn+1(ζ)) < ρ(g1(ζ)) +
3δn+1

4 . Therefore

ρ(fn+1(ζ)) < an + δn
4 +

3δn+1
4 and since the sequence{δn} is decreasing

(iii) follows for j = n+ 1.
Recall that thesequenceδn is decreasingwithδ0 ≤ γ

5 and thatρ(zm(n)+1)
= min{ρ(zm(n)+1), ρ(zm(n)+2), . . . , ρ(zm(n+1)−1)}. Forζ ∈ �n \Ωn by
(5ii), (4i), (8), (4iii) and (2ii) it follows thatρ(fn+1(ζ)) ≥ an − γ. Take
ζ ∈ �n+1 \ �n. By (hiii), (4iii), (4i), (8) and (4ii) we haveρ(g4(ζ)) ≥
min{ρ(zm(n)+1)− γ

2 , an− γ
2}andby (5ii), (4i), (8) it follows thatρ(g5(ζ)) ≥

ρ(g4(ζ)) − γ
2 ≥ min{ρ(zm(n)+1), an} − γ. Therefore (iv) is satisfied for

j = n.
Letζ ∈ Ωn. By (5ii), (4iii), (2iii), (1i) and (E)weget|fn+1(ζ)−fn(ζ)| ≤

|g5(ζ)− g4(ζ)|+ |g4(ζ)− g2(ζ)|+ |g2(ζ)− g1(ζ)|+ |g1(ζ)− fn(ζ)| < εn
2n

therefore (vi) is satisfied forj = n.
By the construction of the mapg3 and by (1iii), (2iv), (3ii), (4iv), (5iii)

we get (v) forj = n.
The proof is complete fordimM ≥ 3.
In the casedimM = 2 omit one to one everywhere and putg1 = fn in

step 1. The rest of the proof remains unchanged. This completes the proof
of Theorem 1.2.

A Appendix

A.1. Normalization maps

Let P be a domain inCN , N ≥ 2, and letΦ : � → P be a proper
holomorphic map. ThenV = Φ(�) is a variety inP [C]. Let S be the
singular set ofΦ(�). We say that the mapΦ is a normalization mapfor the
varietyΦ(�) if Φ|(� \ Φ−1(S)) → Φ(�) \ S is biholomorphic. Assume
thatΦ is regular at a pointζ ∈ Φ−1(S). ThenΦ|(� \ Φ−1(S)) ∪ {ζ} →
(Φ(�) \ S) ∪ Φ(ζ) is regular and one to one.

We shall need the following result on normalization maps proved in [S].

Lemma A.1 Let P be a domain inCN , N ≥ 2, and letΦ : � → P be
a proper holomorphic map. ThenΦ = Ψ ◦ B whereB is a finite Blaschke
product andΨ is a normalization map forΦ(�).
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LetM(a) = {z ∈ M ; ρ(z) < a} be a sublevel set ofρ|M .

Lemma A.2 Leta < A and letΦ : � → M(A) be a proper holomorphic
map. Suppose that the setω = {ζ ∈ �; ρ(Φ(ζ)) < a} is nonempty and that
Φ is one to one onω. ThenΦ is a normalization map for the varietyΦ(�).
Proof. Sinceρ(z) = |z|2 the mapΦ is a proper holomorphic map of� to
{z ∈ C

N ; |z|2 < A} and the lemma is a consequence of Lemma 3.2 in
[G2].

A.2. Mergelyan’s theorem

In the proof of Theorem 1.2 we need approximation by polynomials and
interpolation of values and finitely many derivatives at a finite set of points.
We use the following consequence of Mergelyan’s theorem

Proposition A.3 Let k ∈ N ∪ {0}. LetK be a compact set inC whose
complement is connected. Suppose thatζ1, . . . , ζn are in the interior ofK
and letf bea continuous complex function onK which is holomorphic in the
interior ofK. Givenε > 0 there is a polynomialP such that|f(ζ)−P (ζ)| <
ε for all ζ ∈ K andP (j)(ζi) = f (j)(ζi) (0 ≤ j ≤ k, 1 ≤ i ≤ n).

Proof. PutQj
i (ζ) =

(ζ−ζi)j
∏n

l�=i, l=1(ζ−ζl)j+1

j!
∏n

l�=i, l=1(ζi−ζl)j+1 (j ∈ N ∪ {0}, 1 ≤ i ≤ n).
Then

(Qj
i )

(l)(ζs) = 0 (0 ≤ l ≤ j − 1) and (Qj
i )

(j)(ζs) = δis (11)

PutMj = sup{Qj
i (ζ); 1 ≤ i ≤ n, ζ ∈ K} (j ∈ N ∪ {0}).

We proceed by induction onk. Fork = 0 put η = min{ ε
3 ,

ε
3M0n}. By

Mergelyan’s theorem there is a polynomialP0 such that|f(ζ)− P0(ζ)| <
η (ζ ∈ K). Put P1(ζ) =

∑n
i=1(f(ζi) − P0(ζi))Q0

i (ζ). It follows that
|f(ζ)−P0(ζ)−P1(ζ)| ≤ |f(ζ)−P0(ζ)|+ |P1(ζ)| < η+M0nη < ε and
by (11) it follows thatf(ζi)−P0(ζi)−P1(ζi) = 0 (1 ≤ i ≤ n). Therefore
P = P0 + P1 satisfies the conditions in the proposition.

Suppose the proposition holds fork. Letη = min{ ε
3 ,

ε
3Mk+1n}. Since the

proposition holds fork there is a polynomialPk such that|f(ζ)−Pk(ζ)| < η
(ζ ∈ K) andP (j)

k (ζi) = f (j)(ζi) (0 ≤ j ≤ k, 1 ≤ i ≤ n). PutPk+1(ζ) =∑n
i=1(f

(k+1)(ζi) − P (k+1)
k (ζi))Qk+1

i (ζ). It follows that |f(ζ) − Pk(ζ) −
Pk+1(ζ)| ≤ |f(ζ)−Pk(ζ)|+ |Pk+1(ζ)| < η+Mk+1nη < ε and by (11) it

follows thatf (j)(ζi)−P (j)
k (ζi)−P (j)

k+1(ζi) = 0 (0 ≤ j ≤ k+1, 1 ≤ i ≤ n).
ThereforeP = Pk + Pk+1 satisfies the conditions in the proposition and
this finishes the proof.
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