Long C?'s without holomorphic functions

Franc Forstneri¢

University of Ljubljana
Institute of Mathematics, Physics and Mechanics
The Slovenian Academy of Sciences and Arts

CR Geometry and PDE's — VII, Levico, June 2016



What is a long C"7?

A complex manifold X of dimension n is said to be a long C" if it is the
union of an increasing sequence of domains

X1CX2CX3C"'CU;-”;1XJ'=X
such that each X; is biholomorphic to the complex Euclidean space C".

Identifying X; = C", each inclusion X; < X;_1 is given by a
Fatou-Bieberbach (FB) map ¢;: C" < C", and X is the direct limit of
the system (¢;)jcn. The elements of X are represented by infinite
strings x = (X, Xj11, - - ) where i € N and

X1 = Pk(xk), k=1ii+1,....

Another string y = (yj, yj+1,--.) determines the same element of X if
and only if one of the following possibilities hold:

e i =jand x; = y; (and hence x;, = yj for all k > i);
o I'<jandyj:4)jflo...o¢’.(xi);
°j<iandx;:¢,7lo...o¢j(},j)_



The first main theorem

Every long C equals C. The situation is very different for n > 1.

Theorem (L. Boc Thaler and F.F., 2015)

For every integer n > 1 there exists a long C" without any nonconstant
holomorphic or plurisubharmonic functions.

This theorem gives a strong counterexample to the classical union
problem: is an increasing union of Stein manifolds always Stein?

Behnke and Thullen 1933, 1939 Yes for domains in C".

J.E. Fornaess 1976 NO: There is an increasing union of complex 3-balls
that is not holomorphically convex, hence not Stein.

Key ingredient: a biholomorphic map ®: Q — ®(Q)) c C3 on a
bounded neighborhood Q) C C3 of any compact set K C C3 with K # @
such that the polynomial hull of ®(K) is not contained in ®(Q)).

Wermer 1959 described this phenomenon with K a polydisk in C3.



History continued

Fornaess and Stout 1977 A 3-dimensional increasing union of polydiscs
without any nonconstant holomorphic functions.

E.F. Wold 2008 Non-Runge Fatou-Bieberbach domains in C2.

E.F. Wold 2010 Non-Stein (and non-holomorphically convex) long C?’s,
obtained as the direct limit of a sequence of FB maps ¢y: C2 - C?
(k € N) with non-Runge images ¢, (C?) C C2.

F.F. 2012 A holomorphic submersion 77: X3 — C such that every fiber
X, = m1(z) is a long C2, some fibers are C2's and other fibers are
non-Stein. Both types of fibers can form a dense set in X.
Problems:

o Do there exist several non-equivalent (non-Stein) long C2's?

@ Does there exist a non-Stein long C? with a nontrivial algebra of
holomorphic functions?

@ Does there exist a Stein long C? which is not a C2?



Uncountably many long C?'s

Here we give a positive answer to the first question. The other two
remain open for the time being.

Theorem (L. Boc Thaler and F.F., 2015)

Let n > 1. To every open set U C C" one can associate a long C",
X(U) (containing U in the initial copy of C" C X) such that any
biholomorphism ®: X (U) — X (V) maps U onto V.

Hence, if X(U) is biholomorphic to X(V') then U is biholomorphic to V.

To distinguish some long C"'s one from another, we introduce two new
invariants of a complex manifold:

stable core strongly stable core.



The stable hull property

Let X be complex manifold. A compact set B in X is said to have the
stable hull property (SHP) if there exists an exhaustion

K1CK2C"'CUJ°-11KJ':X

by compact sets such that B C Ky, K; C iu(jH for every j € IN, and the

increasing sequence of hulls B\ﬁ(l(j) stabilizes, i.e., there is a jo € IN such
that

~

Bﬁ(KJ) = Bﬁ(Kjo) for a”j 2]0

Stable hull property is independent of the choice of exhaustion.
An exercise. ]




The proof (just in case...)

Let X = U2, Kj = U2 Ly be two exhaustions (Kj C F(j+1 and
L C Zj+1) and B C X a compact set such that for some jo € IN:

B\ﬁ(KJ) = B\ﬁ(Kjo) for a”_/ 2./0
Set C := /B\ﬁ(,{jo). Pick an integer £g € IN such that C C Ly,.

We can find sequences of integers j1 < jo» < j3 < --- and
01 < ly < f3 < --- such that jo < ji, £g < ¢4, and

Kjo C Loy CKjy C Ly CKj Clyy €
From this and (1) we obtain

¢ =Boug,) © Bow,) © Bowg) = € C Boy,) © Bopg,) = C <

It follows that gﬁ(u_) = C for all j € IN. Since the sequence of hulls
J

éﬁ(m is increasing with ¢, we conclude that
Eﬁ(l_[) =C forall ¢>¢;.

Hence, B has SHP with respect to the exhaustion (L;)scN-



The (strongly) stable core

If ®: X — Y is a biholomorphic map then a compact B C X has SHP if
and only if its image ®(B) C Y has SHP.

This enables us to introduce the following biholomorphic invariants of a
complex manifold.

Definition

Let X be a complex manifold.

(i) The stable core of X, SC(X), is the open set consisting of all
points x € X which admit a compact neighborhood B C X with the
stable hull property.

(i) A compact set B C X is called the strongly stable core of X,
denoted SSC(X)O, if B has the stable hull property, but any compact
set L C X with L\ B # @ fails to have the stable hull property.




The second main theorem

Let n > 1.

(a) For every compact polynomially convex set B C C" there exists a
long C", X(B), whose strongly stable core equals B:

SSC(X(B)) = B.

(b) For every open set U C C" there exists a long C", X, such that

SC(X)c U and U= SC(X).




Connection to CR geometry

By part (a) of the theorem, every compact polynomially convex domain
B C C" (n > 1) is the strongly stable core of a long C".

This shows that the moduli space of long C"'s contains the moduli space
of germs of smooth strongly pseudoconvex real hypersurfaces in C”.

It has been known since Poincaré 1907 that most pairs of smoothly
bounded strongly pseudoconvex domains in C” are not biholomorphic to
each other, at least not by maps that extend smoothly to the closed
domains. The latter condition always holds (Fefferman 1974,...)

For strongly pseudoconvex real-analytic hypersurfaces, a complete set of
local biholomorphic invariants is provided by the Chern-Moser normal
form (Chern and Moser 1974). Furthermore, most such domains have
no holomorphic automorphisms other than the identity map.

There exist uncountably many biholomorphically inequivalent long C2’s.




The main tool: Andersén-Lempert theory

Varolin 1997 A complex manifold X enjoys the holomorphic density
property if every holomorphic vector field on X can be approximated,
uniformly on compacts, by Lie combinations (sums and commutators) of
C-complete holomorphic vector fields on X.

Andersén and Lempert 1992 C" for n > 1 enjoys the density property.

Varolin 1997, 2000 Any domain X = (C*)¥ x C* with k4 ¢ > 2 and
£ > 1 enjoys the density property.

Theorem (Andersén & Lempert 1992, Rosay & F. 1993,

Varolin 2000)
Let X be a Stein manifold with the density property, and let

thZQo;)Qt:th(QO)CX, tG[O,l]

be a smooth isotopy of biholomorphic maps of (g onto pseudoconvex
Runge domains Q) C X such that ®y = Idq,. Then the map

®1: Qg — O can be approximated uniformly on compacts in Qg by
holomorphic automorphisms of X.




The first main Lemma

Lemma (1)

Let K be a compact set with nonempty interior in C" for some n > 1.

For every point a € C" there exists an injective holomorphic map
¢: C" — C" such that

¢(a) € (K).

More generally, if L C C" is a compact holomorphically contractible set
disjoint from K such that K U L is polynomially convex, then there exists
an injective holomorphic map ¢: C" — C" such that

—

$(L) Co(K) and ¢(K)\(C") #@.

We follow E.F. Wold’s construction (2008, 2010) up to a certain point,
adding a new twist at the end. We consider the case n = 2.



Proof

Stolzenberg 1966 There is a compact set M C C* x C such that:

@ M is a disjoint union of two smooth, embedded, totally real discs;
@ M is holomorphically convex in C* x C;

o the polynomial hull M of contains the origin (0,0) € C2.

We find ¢ as a composition

¢ =1tr09p100

where
@ 0: C2 — C* x C is an FB map with Runge image;
e 1 € Aut(C* x C) approximates the identity on 6(L);
@ M is contained in the interior of K’ := 11 (6(K)) C C* x C. Hence
K \ K’ contains a ball B around (0,0) € C?;
e i € Aut(C* x C) approximates the identity map on K’ and

Pa(91(6(L))) C B. Hence p(L) C p(K) ¢ $(C?).



Proof of the first main theorem

Pick a compact set K C C" with nonempty interior and a countable
dense sequence {aj}jen in C". Set K1 = K.

Lemma 1 furnishes an FB map ¢1: C" — C” such that

-

P1(a1) € p1(K1) =: Ka.

Applying Lemma 1 to the set K, and the point ¢ (a2) € C” gives an
injective holomorphic map ¢o: C" — C" such that

-

P2(p1(22)) € P2(K2) =: K3.

From the first step, we also have ¢1(a;) € Kz, and hence

P2(¢1(a1)) € Ks.



Proof, conclusion

Continuing inductively, we get a sequence of injective holomorphic maps
¢ C" — C"for j =1,2,... such that, setting

q)k:gl)ko---ogbl;C”f—}C”,

we have for all k € IN that
Dy (a)) € Br(K) forj=1,.... k.

In the limit manifold X = U$_; X determined by (¢ )% the
O (X)-hull of the initial set K C C" = X3 C X clearly contains the set
Py (K) C Xyy1 foreach k =1,2,....
(We have identified the k-th copy of C" in the sequence with its image
P(C") = X C X.)
It follows that R

{aj}jen C Ko (x)-

Since the set {aj}jcN is everywhere dense in C” = X, it follows that
every holomorphic function on X is bounded on X; = C" and hence
constant. By the identity principle it is constant on all of X.



Second main lemma

Lemma (2)

Let n > 1. Assume that
@ B is a compact, strongly pseudoconvex and polynomially convex
domain in C", and
@ Ki,...,Km are pairwise disjoint compact sets with nonempty
interiors in C" \ B such that BU (U, K;) is polynomially convex.
Then there exists a Fatou—Bieberbach map ¢: C" —» C" such that

—

(i) ¢(B) = ¢(B) and ¢|g is close to Id

B/

—

(i) ¢(Kj) & ¢(C") forall j=1,...,m. (The Wold process.)

Proof: Let n = 2. Choose a closed ball 5 containing B in its interior.
By a suitable choice of coordinates we may assume that B3 C C* x C.



Proof of Lemma 2

Choose an FB map 61 : C? < C* x C whose image is Runge in C2.
Hence, the set 61 (B) is polynomially convex.

Since B is contractible, we can connect the identity map on B to 01|5 by
an isotopy of biholomorphic maps hy: B — B: (t € [0, 1]) with Runge
images in C* x C.

The AL Theorem furnishes 6 € Aut(C* x C) which approximates 9{1
on the set 01 (B).

The composition 8 = 05 061 : C2 < C* x C is then a FB map which is
close to the identity on B.

The set B’ := 6(B) is a small smooth perturbation of B, hence
polynomially convex. Set

K=UM K, K =0(K) K =0(K)=U"K!.
Note that the set BP UK’ = 0(BUK) C C* x C is 0(C* x C)-convex.

Choose m pairwise disjoint copies My, ..., Mp C (C* x C) \ B’ of
Stolzenberg's compact set M.
By placing the sets M; far apart and away from B’, we may assume that

B'U (UL M;) is €(C* x C)-convex.



For every € > 0 the AL theorem gives i € Aut(C* x C) such that
(i) |¥(z) — z| < € for all z in a neighborhood of B’;

(i) M; C lp(KJ’) forall j=1,...,m.

Hence, the injective holomorphic map
¢p:=1poh: C?>— C*xC

approximates the identity on B and satisfies

MJ' C IP(KJ/) = (P(Kj) forj=1,...,m.

It follows that

P(K)N ({0} xC) £ forall j=1,...,m.

If the approximation is close enough, the set ¢(B) = ¢(B’) is still
polynomially convex. Clearly, ¢ satisfies Lemma 2.



Proof of the second main theorem

Recall:

Theorem (2)

(a) For every compact polynomially convex set B C C" there exists a
long C", X(B), whose strongly stable core equals B:

SSC(X(B)) = B.

(b) For every open set U C C" there exists a long C", X, such that

SC(X)c U and U= SC(X).

The proof amount to a recursive application of Lemma 2. Assume that
n = 2. We consider part (a); part (b) is similar.



Choose a decreasing sequence of compact strongly pseudoconvex
polynomially convex domains in C2 whose intersection equals B:

e

BioB,D>DB3D>---D By = B.

k

1

Step 1: Pick a countable dense set
Al = {al,j:j € N} C C2\Bl.

Let r; > 0 be small enough such that B(ay,1,r1) N By =@ and

B(a1 1, 1)U By is polynomially convex.
Choose the first FB map ¢y : C2 < C? such that

¢1 is close to the identity on B

and the set -
Ct1=¢1(B(ar1.n))

satisfies /\
G \9i(C?) # 2.



Step 2: Choose a countable dense set

Ay = P1(A1) U A C C2\ ¢1(By).

Choose an FB map ¢»: C?2 < C2 such that
¢2 ~1Id on the set ¢1(B2)

and ¢, performs the Wold process on small balls centered at the first two
points of the set ¢1 (A1) and the first point of Aj.

(This means that the polynomial hull of the ¢2-image of each of these
three balls is not contained in ¢ (C?).) Set

@2 :4)204)1.

The k-th step: We have found an FB map
b, = .2 2
k—(PkO~~~O(P]_.C — C

which is close to Id on By and ¢y performs the Wold process on the first
k(k +1)/2 points of a countable dense set A, C C2\ ®;_1(By).



We add countably many points to ¢, (Ax) to get a countable dense set

A1 = ¢k(Ak) U Al © €2\ @k (Biia).

Lemma 2 furnishes an FB map ¢y1: C2 — C2 which is close to Id on
@ (Bkr1) and which performs the Wold process on the first
(k+1)(k+1)/2 points of the set Ay 1.

Set
DPpi1 =Prr10Pk = Prr10¢pk o P1.

The process may continue.

In the limit manifold X, the set B = J}_; B is the strongly stable core.
This completes the proof.

**#* THANK YOU FOR YOUR ATTENTION ***



