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Runge approximation theorem for minimal surfaces

In this lecture, | will outline the proof of the approximation statement in the
following theorem.

Theorem (Alarcén, Lépez, F., 2012-2017)

Let K be a compact smoothly bounded domain without holes in an open
Riemann surface M (such K is a Runge compact in M), and n > 3. Then:
o Every conformal minimal immersion X : K — R" can be approximated
uniformly on K by proper conformal minimal immersions X : M — R".
o General position theorem: X can be chosen to have only simple double
points if n =4, and to be an embedding if n > 5.
o Analogous results hold for nonorientable minimal surfaces in R" and for
holomorphic null curves in C", n > 3.

2019 Alarcén, Castro-Infantes: In addition, one can prescribe the values of X
on any closed discrete subset of M (Weierstrass-type interpolation).

2019 Alarcén, Lépez: The analogous result holds for complete minimal surfaces
of finite total Gaussian curvature. In this case, M is a finitely punctured
compact Riemann surface and the 1-form 9X on M with values in A, is
algebraic (rational), with an effective pole at every puncture.



Techniques used in the proof

Fix a nonvanishing holomorphic 1-form 6 on M. Recall that every conformal
minimal immersion X = (X1, X2, -+, Xp) : M — IR" is of the form

X:§R/<I>:Mﬁ]R", 20X = ® = £0,

where f : M — A, is a holomorphic map into the punctured null quadric
satisfying the period vanishing conditions

?R/ f6 =0€R" for every closed curve C in M.
C

We shall use two main properties of punctured null quadric:

The punctured null quadric A, is an Oka manifold.
The convex hull of A, equals C".

The first property is explained below. The second property is obvious, and it
implies that for any pair of points p, g € A, and vector v € C" there is a path

v :10,1] = As with v(0) = p, ¥(1) = q, and fol y(t)dt = v.

[M. Gromov: Convex Integration of Differential relations. I. (Russian) lzv. Akad.
Nauk SSSR, Ser. Mat. 37, 329-343 (1973)]



The Oka principle and Oka manifolds

A complex manifold Y is an Oka manifold if maps X — Y from any Stein
manifold X (a closed complex submanifold of C") satisfy the Oka principle:

@ Every continuous map f : X — Y is homotopic to a holomorphic map.

@ If f: X — Y is holomorphic on a compact holomorphically convex subset
K C X and on a closed complex subvariety Xy of X, there is a homotopy
from f to a holomorphic map F : X — Y consisting of maps with the
same properties which approximate f on K and agree with f on Xj.

@ A similar statement holds for maps f : X X P — Y depending
continuously on a parameter in a compact Hausdorff space P. If Q is a
closed subspace of P and f (-, p) : X — Y is holomorphic for all p € Q,
then the homotopy from f to F can be chosen fixed on X x Q.

Oka—Weil-Cartan 1936-53: C is an Oka manifold.

Grauert 1958: Every complex homogeneous manifold is an Oka manifold. In
particular, the punctured null quadric Ay is a complex homogeneous space of
the complex orthogonal group O,(C), so it is an Oka manifold.

[Chapter V in F. Forstneri&: Stein manifolds and holomorphic mappings. The
homotopy principle in complex analysis. 2nd edition. Ergebnisse der Mathematik und
ihrer Grenzgebiete. 3. Folge 56. Cham: Springer (2017)]



Mergelyan approximation on admissible sets in Riemann surfaces

Definition (Admissible sets)

Let M be a smooth surface. An admissible set in M is a compact set of the
form S = KU E, where K is a (possibly empty) finite union of pairwise disjoint
compact domains with piecewise ¢! boundaries in M and E = S \ K is a union
of finitely many pairwise disjoint smooth Jordan arcs and closed Jordan curves
meeting K only at their endpoints (if at all) and such that their intersections
with the boundary bK of K are transverse.

Let S be an admissible set in a Riemann surface M and r € Z € {0,1,2,...}.
Every function f € /" (S) := ¢'S) N €(S) can be approximated in € (S) by

meromorphic functions on M, and by holomorphic functions on M if S has no

holes. Furthermore, the approximating functions can be chosen to agree with f
on any given finite set A C S, and to agree with f to any given finite order in

the points in AN S.

[Theorem 16 in J. E. Fornaess, F. Forstneri¢, and E. F. Wold: Holomorphic
approximation: the legacy of Weierstrass, Runge, Oka-Weil, and Mergelyan. In: D.
Breaz, M. Th. Rassias (Eds.), Advancements in Complex Analysis, pp. 133-192.
Springer, Cham, 2020.]



Runge homology basis of an admissible set

Lemma (Lemma 1.12.10 in the book)

A connected admissible set S has finitely generated first homology group
H1(S,Z) = Z'. Furthermore, there is a homology basis C = {G,....C}
consisting of closed piecewise smooth Jordan curves in S such that

C= U§=1 C; is connected and Runge in any regular neighbourhood of S, and
every curve C; € C contains a nontrivial arc I; disjoint from U;; C;.

When S = K (E = @), the curves Cy, ..., C; may be chosen such that any two
meet only at a common point pg € K and C = Uf’:l Cj is a strong deformation
retract of K.
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Figure: Two islands connected by three bridges



The period map

Let M be a connected open Riemann surface. Fix a nowhere vanishing
holomorphic 1-form 6 on M. Let C = {C;, ..., C;} be a collection of smooth
oriented embedded arcs and closed Jordan curves in M. Set C = Ule G;.

To any such collection and integer n € IN we associate the period map

P = (Pi....,P):%(C,C") —s (C") =™,

Pi(f) LLMG@,fG%KﬁW/:LMJ (1)

The following lemma plays a crucial role in the proof of the Runge
approximation theorem for conformal minimal surfaces.



Period dominating sprays

Lemma (Lemma 3.2.1 in the book)

Let S = KUE be an admissible set in an open Riemann surface M,
C ={G,..., G} be smooth oriented Jordan curves and arcs in S such that
C= U§:1 C; is Runge in S, and let f € &/"(S, Ay) for some r € Z..

Assume that every curve C; € C contains a nontrivial arc I; disjoint from
Ujzi G such that f(I;) is not contained in any complex ray of A.

Then there exist an open ball 0 € U C (C")! and a map ®¢: S x U — A, of
class o/"(S x U, Ay) such that ®¢(-,0) = f and

0
5 0P(®f(~ 1) : (€)' — (€™ is an isomorphism. (2)

t=
Furthermore, given a finite set P C S, we may choose ®¢ such that each map
Dr(-,t): S — A, t € U, agrees with f at every point of P, and it agrees
with f to any given finite order at every point of PN §.

Every fy € &/"(S, A.) satisfying the above assumptions has a neighbourhood
Q C #"(S, Ax) and a holomorphic map Q) 5 f +— ®¢ having these properties.




Proof, 1

We first show how to find a spray @ satisfying the period domination
property (2). Interpolation is a simple addition which will be explained at the
end. We assume that r = 0 since the proof for r > 0 is the same.

For every i = 1,...,/ we can find points p; , € /; and holomorphic vector fields
Vikon C" (k=1,...,n), tangent to the null quadric A and satisfying

span{V; x(f(pix)) : k=1,....,n} =C".

Let ¢7'¥ denote the flow of V; x. Write t = (ty,...,t;) € (C")! where
ti = (tj1,...,tin) € C". Pick an open ball 0 € Uy C (C")! such that the map

SxUp>(pt)— (P%l’i SRR O‘Pé},’l(f(P)) € As

is well defined for all t € Uy and p € S. (We take the composition of flows 4)2_’;
foralli=1,..../land k=1,...,n.) For every such pair (i, k) we choose a
smooth function h;  : C = Ufjl C; — C supported on a short arc around the
point p; € I; C C;. Then, the map

D(p,t) = @y e 0 0B o (F(P)) € As (3)

ti11

is defined for all p € C and all tinaball 0 € U; C C", and ®(-,0) = f.



Proof, 2

Clearly, ®(p, - ) is holomorphic on U; for each p € C and

oP(p, t)

=h
8tjyk

L .k (P) Vi k(F(p)).

Let P = (P1,...,P;) denote the period map (1) associated to the family of
curves C in the lemma. Note that
OPi(®(, 1))
otj k

—/hjk Vigof)-0eCn (4)

foralli,j=1,...,land k=1,...,n

A suitable choice of the function h; ; supported on a short arc around p; x in
I C C; ensures that this vector is as close as desired to V; (f(p;x)) € C" if
i =j, and it equals zero if i # j.

The matrix of the differential of -2 5t le—oP(®(-, t)) has a block structure, with a
block of size n x n for each pair of indices i,j € {1,...,/}; its total size is

In X In. The off-diagonal blocks for i # j vanish by what has been said above,
while the diagonal blocks corresponding to i = j are invertible. Hence, the
differential is invertible.



Proof, 3

Since the set C = Uf:l C; is Runge in S, the Bishop—Mergelyan theorem shows
that we can approximate each function h; , uniformly on C by a holomorphic
function h; x € O(S) on a neighbourhood of S. Inserting these new functions
into @ (3) furnishes a spray @ : S x U — A, satisfying the conclusion of the
lemma on a smaller ball 0 € U C Us.

It remains to explain how to interpolate on a finite set P C S. Fix s € IN. Let
g € O(S) be a holomorphic function vanishing to order s in each point of P
and having no other zeros. Choose points p; s € I; \ P and vector fields V; s as
above. As before, we can find continuous functions h?,k : C — C supported on
short arcs in [; around the points p; x such that, setting h; = gh;’k for all
i=1,...,1and k =1,...,n, conditions (4) hold.

We then approximate each h} , by R:, € 0(S) and set h; s = gh K €O(S).
Inserting into (3) yields a spray (oF Wlth the desired properties such that
DPr(-,t): S — Ay, t €U, agrees with f at each point p € P, to order s if
pePn S,



Proof of the Runge approximation theorem for minimal surfaces

We exhaust M by smoothly bounded compact Runge sets

such that for every i € IN we have one of the following possibilities.

(a) The noncritical case: there is no change of topology from K; to Kj 1.
This means that K; 1 \ K; is a union of finitely many pairwise disjoint annuli.

(a) The critical case: K;; admits a deformation retraction onto an
admissible set S; = K; U E; obtained by attaching smooth arcs to K;.

We must explain how to approximate a conformal minimal immersion
Xi: Ki = IR" as closely as desired by Xj;1 : Kj;+1 — R”; the limit
X =1lim;_0 X; : M — IR" is then a conformal minimal immersion.

Fix i € N and write K = Kj, L = Kj1+1. Let X : K = IR" be a conformal
minimal immersion. Let Cy,..., C; C K be closed curves forming a homology
basis of K such that C = Ule C; is Runge in M. We may assume that X does
not map any curve C; to a ray of A.



The noncritical case

Let B” denote the unit ball of C". By the lemma, there is a holomorphic map
F:KxB"™ = A, F(-,00=f=20X/0

such that the period map

B>t — (/
C.

J

¢
F(-, t)e) ecn
j=1

is biholomorphic onto its image.

Since A is an Oka manifold, we can approximate F by a holomorphic map
F:MxB" - A,.

By the implicit function theorem, there exists ¥ € B™ close to 0 such that the
map f = F(-,f) : M — A, has vanishing real periods on the curves Ci,..., C,.
Hence, fixing a point pg € K, the map X : L — IR given by
~ P
X(p)=X(po) +R | f0, pelL
Po

is a conformal minimal immersion which approximates X : K — R"” on K.



The critical case

Assume now that E C L\ K is an arc attached with its endpoints to K such
that K U E is a deformation retract of L. This situation arises when passing a
critical point of index 1 of an exhaustion function on M.

We illustrate attaching a pair of pants, which increases the genus by one.

1° The domain K e bL

2° Add the arc E — the
seam of the pants

3° Add the pair of
pants




The critical case

Let a, b € bK be the endpoints of the arc E. Fix pg € K and write
X(p) = X(po) + m/p: £, peK.
Extend f smoothly across E to a map f : KU E — A, such that
§R/ fo = X(a) € R".

This is possible by Gromov's convex integration lemma since the convex hull of
A, equals C".

Now, proceed as in the noncritical case, constructing a period dominating spray
and applying Mergelyan approximation on K U E.

The proof of the approximation theorem follows by induction on an exhaustion
of M such that every step is of one of the two types described above.
Interpolation on a discrete set of points is obtained by the same scheme.

However, general position theorems, and the existence of proper conformal
minimal immersions or embeddings, require substantial additional work.



A parametric h-principle for minimal surfaces

By using parametric extensions of our techniques, one obtains various
parametric h-principles for minimal surfaces, and for holomorphic immersions

M — C" directed by any complex cone A C C" such that A, = A\ {0} is a
connected Oka manifold. Here is an example.

Assume that M is an open Riemann surface, 0 is a nonvanishing holomorphic
I-form on M, Q C P are Euclidean compacts (Q may be empty), and
f:Mx P — A, is a continuous map such that for all p € Q,

f(-,p) : M — A, is a nonflat holomorphic map with vanishing real periods.

Then, there is a continuous map X : M x P — R" such that

@ X(-,p): M —R"is a conformal minimal immersion for every p € P,
@ IX(-,p)/0=F(-.p): M — A, forallp € Q,
@ 0X/6 is homotopic to f by a homotopy which is fixed on M x Q.

Theorem 5.3 in [F. Forstneri¢ and F. L3russon: The parametric h-principle for minimal
surfaces in R” and null curves in C". Comm. Anal. Geom. 27:1 (2019) 1-45.]



Topological structure of the space of conformal minimal immersions

NC. (M, C") the space of nonflat holomorphic null curves M — C"
CML.(M,R™) the space of nonflat conformal minimal immersions M — R"

Theorem (F. Forstneri¢ and F. Larusson, CAG, 2019)

All maps in the following diagram are weak homotopy equivalences, and
genuine homotopy equivalences if Hy (M, Z) is finitely generated.

RNC, (M, C") > CMI, (M, R")

T

O(M, Ay)— ¢ (M, As)

Furthermore, the map CMI(M,R") — % (M, Ay) induces a bijection of path
components of the two spaces (Corollary 5.7.7 in the book).
Let Hy(M,Z) = Z*. Then,

Z5, n=3;

7o (CMI(M, R")) = {0 T




Complete minimal surfaces of finite total curvature

Let M = M\ {p1,..., pm} be a compact Riemann surface with finitely many
punctures. Consider the diagram

RNC, (M, C")C—= CMIL, (M, R")

.

1M, Ay)
@ J is the (1, 0)-differential,

CMIL. (M, IR"™) is the space of nonflat complete conformal minimal
immersions M — IR” with finite total Gaussian curvature,

NC, (M, C") is the space of nonflat complete algebraic null immersons,
@/1(M, A) is the space of algebraic 1-forms on M with values in A..

Theorem (Alarcén, Larusson, F. 2024)

The maps in the above diagram are weak homotopy equivalences.

Problem: What can be said about the inclusion &7*(M, A,) — OY(M, A,)?



Families of proper minimal surfaces

Assume that
@ M is a connected, open, orientable smooth surface,

@ B is a compact subset of a Euclidean space IR which admits a retraction
from an open neighbourhood U C R™ (every finite CW complex is such),

o 7 = {Jp}pep is a continuous family of complex structures on M of local
Holder class €* for some 0 < a < 1.

Theorem (Alarcén & F., May 2026)

Assume that M, B, and 7 are as above. Then there exists a continuous map
u=(u1, up, u3) : Bx M — R3 such that the map

up = u(b, ) = (Up1, Up, Up3) : M — R3

is a proper J,-conformal minimal immersion for every b € B.

The proof relies on a recent Oka principle for maps from families of open
Riemann surfaces to Oka manifolds:

[F.F., Runge and Mergelyan theorems for families of open Riemann surfaces, 2024,
https://arxiv.org/abs/2412.04608]



Isotopies to proper CMlIs

We proved that every open Riemann surface M admits a proper conformal
minimal immersion M — R3. The following is an interesting improvement.

Theorem (Tjasa Vrhovnik, 2025)

Let M be an open Riemann surface and X : M — IR", n > 3, be a conformal
minimal immersion. Then, there exists a homotopy of conformal minimal
immersions X¢ : M — R", t € [0, 1], such that Xo = X and Xj is proper.

Tja%a Vrhovnik, Ph.D., University of Granada, 23 June 2026



Everybody is the Gauss map

Let X = (X1,...,Xp) : M — IR" be a conformal minimal immersion.

Since the 1-form 0X = (09X, ...,0Xy) is holomorphic and nowhere vanishing,
it determines the holomorphic Gauss map of X:

Gx: M —CP" ', Gx(p) =[0Xi(p): ---: 3Xu(p)], PEM,

Since Zj’-’:l(an)z =0, Gx assumes values in the hyperquadric

Q" ?={lz1:z: 1z €CP" 28+ 422 =0}.

Theorem (Alarcén, Lopez., F.; J. Geom. Anal. 2017)

Let M be an open Riemann surface and n > 3.

For every holomorphic map % : M — Q"~2 C CIP"~! there exists a conformal
minimal immersion X : M — R" with Gx = 9.

In particular, if n = 3 then every holomorphic map M — Q' = CPP! is the
Gauss map of a conformal minimal immersion M — R3.

If 4(M) is not contained in a proper projective subspace of CP" 1, then X
can be chosen to have arbitrary flux, and to be an embedding if n > 5 and an
immersion with simple double points if n = 4.




Everybody is the Gauss map

The first step in the proof is to find a holomorphic map f : M — A, such that
Gr=[fi:---:f)) =%. This is an application of the Oka principle.

The second and the main step is to find a holomorphic function h: M — C*
such that fc hf@ = 0 for all closed curves C C M. This a highly technical but
the basic idea of killing the periods is similar to the one in the proof of the
Runge approximation theorem for conformal minimal immersions.

The conformal minimal immersions in this theorem cannot be complete or
proper in general. There is a vast literature on the question how big a set can
be omitted by the Gauss map of a complete minimal surface. We mention two
of them.

1990 Fujimoto The Gauss map of a complete nonflat minimal surface in R3 can
omit at most 4 values in CIPY, and the bound 4 is sharp.

1991 Min Ru If X : M — IR" is a complete nonflat minimal surface then its
Gauss map Gx : M — CP" ! can omit at most n(n+ 1)/2 hyperplanes
in general position.



Different minimal surfaces may share the same Gauss map

1886 Alfred Enneper Besides the catenoid, Enneper's surface is one of two most
basic properly embedded minimal surfaces in R3. It is parameterized by C.

g(z) = z the Gauss map
TC = —47 the total curvature
0X3 = zdz for Enneper

0X3 = % for catenoid

Enneper X)) =% Oé <% <%*Z>,%<§+Z>,1> 2zdz, fec;
Catenoid  X({) = (1,0,0)—8%/1g <%<§—2)%(%+z)1> %, {ec.



