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Flexibility versus rigidity in complex geometry

A central question of complex geometry is to understand the space O(X, Y) of
holomorphic maps X — Y between a pair of complex manifolds. Are there many
maps, or few maps? Which properties can they have?

There are many holomorphic maps C — C and C — C* = C \ {0}, but there are no
nonconstant algebraic maps C — C* or holomorphic maps C — C \ {0, 1}. Manifolds
with the latter property are called hyperbolic. They have been studied since 1960s
when Kobayashi introduced his intrinsic pseudometric on complex manifolds.
Hyperbolicity is a major obstruction to solving global complex analytic problems.

On the opposite side, Oka theory studies special complex manifolds, Oka manifolds,
which admit many holomorphic maps from all Stein manifolds, i.e., closed complex
submanifolds of affine spaces CV. Oka theory gives solutions to a variety of complex
analytic problems in the absence of topological obstructions.

OKA THEORY = h-PRINCIPLE IN COMPLEX GEOMETRY




First instances of the Oka principle

Oka 1939 For complex line bundles on domains of holomorphy, the
holomorphic classification agrees with the topological classification.

Grauert 1958 The same holds for principal and their associated fibre bundles
(e.g. for vector bundles) on Stein manifolds and Stein spaces.

Every vector bundle on a complex manifold X is the pullback of a universal
bundle on a suitable Grassmann manifold Y by a map X — Y. Holomorphic
maps give rise to holomorphic bundles on X, and homotopies of maps induce
isomorphic bundles. Hence, Grauert's theorems follow from his result that

A complex homogeneous manifold admits many holomorphic maps from any
Stein space.

What is the right way to interpret the phrase many maps?




Oka manifolds

A complex manifold Y is called an Oka manifold if maps X — Y from any Stein
space X satisfy all forms of the Oka principle:

@ Every continuous map f : X — Y is homotopic to a holomorphic map.

® |If f: X — Y is holomorphic on a compact O(X)-convex subset K C X and on a
closed complex subvariety X’ of X, there is a homotopy from f to a holomorphic
map F : X — Y consisting of maps with the same properties which approximate
f on K and agree with f on X’.

® A similar statement holds for families of maps depending continuously on a
parameter in a compact Hausdorff space.

For Y = C, these properties hold by the parametric Oka—Weil—Cartan theorem.




Convex approximation property

Theorem (F. 2005-9)
A complex manifold Y is an Oka manifold iff it satisfies the

Convex Approximation Property (CAP): Every holomorphic map f : K — Y from a
compact convex set K C C" is a uniform limit of entire maps C" — Y.

Furthermore, all Oka-type conditions are pairwise equivalent.
Among compact complex manifolds, hyperbolicity is closely related to the existence of
hermitian metrics with negative sectional curvature.

It is therefore natural to expect that the Oka property is related to metric positivity.
Mok's solution to the generalised Frankel conjecture, together with the previous
theorem, implies the following.

Theorem

Every compact Kahler manifold with nonnegative holomorphic bisectional curvature is
an Oka manifold.




Elliptic manifolds

Gromov 1989 A complex manifold Y is said to be elliptic if it admits a dominating
holomorphic spray, i.e., a holomorphic map s: E — Y from the total space of a
holomorphic vector bundle 77 : E — Y such that for all y € Y, we have

s(0y) =y and s:E, =7 1(y) — Y is a submersion at 0, € E,.

1. Let G be a complex Lie group acting holomorphically transitively on a complex
manifold Y. If g is the Lie algebra of G then the map

s:Yxg—=Y, s(yv)=ey
is a dominating spray on Y.

2. If V; (i=1,..., k) are complete holomorphic vector fields on Y spanning TY at
every point and ¢} (t € C) is the flow of V; then the map

YXCE Y, (yt1,... ) = o 0pi(y)

is a dominating holomorphic spray.




Gromov's theorem

Theorem (Gromov 1989)

Every elliptic complex manifold is an Oka manifold.

By Example 1, this generalises Grauert's Oka principle. A detailed proof was given by
Jasna Prezelj and myself (2000 & 2002). | also proved that subellipticity (the
existence of a finite dominating family of sprays) implies the Oka property.

The modern proof consists of two parts. The first part is the implication
(sub)elliptic = h-Runge approximation = CAP
This is fairly elementary by using dominating sprays and the Oka—Weil theorem.

The implication CAP = OKA is nontrivial, while the converse is a tautology.




Gromov 1989: Is every Oka manifold elliptic?

Andrist, Shcherbina, Wold, 2016 If n > 3 and K C C” is a compact set with
infinite limit set, then C" \ K is not elliptic or subelliptic.

Kusakabe 2024 If K C C", n > 1, is polynomially convex then C" \ K is Oka.

These results give examples of noncompact Oka manifolds of any dimension
> 3 which fail to be elliptic. Kusakabe also proved that the Oka property is
Zariski local, while no such result is known for ellipticity.

Theorem (Larusson & F., 2025)
Every projective Oka manifold is elliptic.

Is there a compact nonprojective Oka manifold which fails to be elliptic?




Scheme of proof
Let Y C CP" be a projective manifold and 7t : E — Y a holomorphic vector bundle.
Along the zero section E(0) = Y of E we have a natural splitting
TEIE(O) X E®TY.

Let V be a holomorphic vector field on E that vanishes on E(0). There is a
neighbourhood Q) C E of E(0) such that for any e € Q, the flow ¢ (e) of V with
¢o(e) = e exists for all 0 < T < 1. The holomorphic map

s=mop1: Q=Y

is then a local spray on Y.
Assuming that E is sufficiently negative, we shall construct s whose vertical derivative

Vds, : To, E, 2 E, — Ty Y
is surjective for every y € Y, that is, s is dominating.

Since E is a 1-convex manifold with the exceptional subvariety E(0), the Oka
principle (Prezelj 2010, 2016; Stopar 2013) gives a global holomorphic spray
5: E — Y which agrees with s to the second order along E(0). Hence, Y is elliptic.




Proof, 1

Let Y C CPP” be a smooth projective variety. Denote by z = [z9: z; : - - - : z,] the
homogeneous coordinates on CIP”. Set Ay = {zy = 0} and U, = CPP"\ A, = C"
with affine coordinates (z9/zy,...,2n/2y). Let x = (x1,..., xn) with x; = z;/zy be

affine coordinates on Up. There are finitely many polynomial vector fields

s

Wi(x) = Y Vij()ds, j=1o...m

1

I

on Up = C", tangent to Yp = Y N Uy and spanning T, Y at every point y € Yj.
y

To this collection we associate the polynomial vector field V' on the total space
Ug x C™ =2 C™™ of the trivial vector bundle 7t : Uy x C™ — Uy, defined by

m

Vi t) = 3ot Wit = Yo 3 6 Vi)
j=1 i=1j=1

where x € Up and t = (t1,...,tm) € C™. Note that V is horizontal, it vanishes on
the zero section Up x {0} = {t = 0}, and for every (x,t) € Yy x C™ we have

d7t(x ) V(x,t) = 2 t; Wi(x) € TY.
=1




Proof, 2

Let U = O¢pn(—1) denote the universal line bundle on CIP".

Lemma

For every k > ko := max; jdeg V; ; the vector field V' extends to an algebraic vector
field on the total space E of the vector bundle

m: E=(CP"xC™) @ UK = mU* — CP"

which vanishes on E(0) U E| .

Proof. We have vector bundle trivialisations 6, : E|Uy i U, x C™ with transition
maps 05 = 0y © 9;1 on (Ux N Ug) x C™ given by

9&5([2], ) = ([z}, (z,x/zﬁ)kt), teC” 0<uap<n

In particular,

ba,0([2), t) = ([2], (z,x/zo)kt).




Proof, 3

We shall find the explicit expression for V on E|U, for any « = 1,...,n. For
simplicity, we make the calculation for m =1, so E = UX and V = tZ, 1 Vi(x)ox
on E[Up = C" x C. It suffices to consider the case &« = 1.

In the first step, we express V in the fibre coordinate t' on E|U; = C" x C over
UNU ={x=(1,...,x1) € Ug ZC": x; # 0}.

Recall that 61 (x, t) = (x,x{t), so t’ = x{'t. We have

/ 0
D91’0(X, t) = <§ Xk>
1

where I, is the n X n identity matrix and B = (kx{‘flt,O, ...,0).
It follows that the vector field V/ = D6 o - V equals

n
V=t Y Vi(x)dy + ktxf Vi (x)dy = t/x ¥ Z Vi(x ()2 kx K1V (x) 0y
i=1
where we used that t = xl_kt’.




Proof, 4

We now express V'’ in the affine coordinates x’ = (x/, x5,...,x.) on U;. Note that
P 1959 n
p 20 1

X1 = _ =,
Z] X1
Zi X .

x,{ = 2L =21 j=2....n
z] X1

N ) 0
Xq
_% 1

O
Xn 1
-% 0 0 -

Recall that




Proof, 5

Hence, the vector field V = Dy - V' equals

~ t/ O X; 1
Vixt) = —=Vilx)og+ ) |-Vl + —FT Vi(x)| t'a,
X1 i=2 ) X1
k t/ 2
+KEE v (02
4
Note that
x =97 = (U/x0 /X0, xn /X))

Inserting in the above expression gives

VX ) = =6 Vi (X))o

+ 1 06 [ ) + vty )] o

+ k()2 0q) VA (e (X))




Proof, 6

Note that the affine hyperplane {zyp = 0, z; # 0} corresponds to {x] = 0}.

Since l[fl is a fractional linear map with a simple pole along x{ = 0, the functions
Vi(p~1(x')) have a pole of degree at most kg along x] = 0 and no other singularities.

It follows that for k > ko the vector field V/(x, ') is polynomial in (x',t') and it
vanishes on {x{ = 0} U {t/ = 0}.

The calculation is similar for arbitrary m € IN. This proves the lemma.




Proof, 7

Since the vector field V vanishes on the zero section E(0) of E, there is a
neighbourhood Q) C E of E(0) such that the flow ¢(e) of V, starting at time
T =0in a point e € ), exists for all T € [0, 1]. The map

s:=mo¢p; : Q — CP”

is then a local holomorphic spray on CIP". On E(0) = CIP” we have
TE|E(0) = E @ TCIP". Identifying a vector e € Ex = 1~ 1(x) with
e € To Ex, we let

(Vds)x(e) = (ds)o, (e) € TxCIP"

denote the vertical derivative of s at 0y applied to the vector e.
We claim that for every e = (x, t) € ), with x € Up, we have

m

(Vds)x(t1, ..., tm) = dmr( ) V(x, t) = 21 tj Wi(x). (1)




Proof, 8

To see this, note that in the vector bundle chart on E|Up the vector field V is
horizontal and its coefficients are linear in the fibre variable t. Hence,

7T o Pr(x,0t) = 10 Psr(x, t)
holds for every (x,t) € E|UpNQ and 0 < 4,7 < 1. At T = 1 we obtain

s(x,0t) = mo¢i(x,0t) = mops(x,t), 0<6<1.

Differentiating with respect to 6 at 6 = 0 and noting that % s 04)5()(, t) = V(x,t)
and dr(, ;) V(x,t) = Ly t; Wj(x) gives (1). -

Set E|Y = 7t 1(Y). Since d7(, ;) V(x,t) € TcY for x € Y, the spray s = o ¢
maps the domain QN E|Y to Y. Since the vector fields Wi, ..., Wy, generate the
tangent space Ty Y every point x € Yo = Y N Up, the restricted spray
s:QNE|Y — Y is dominating on Yp. On the other hand, since V vanishes on
E|Ag, ¢1 is the identity on this set and the spray s = 7t is trivial over Ag.




Proof, 9

In order to find a local dominating spray on Y, we proceed as follows. For
«€{0,1,...,n} set Yy = Y N Uy Choose m € N big enough that for every « the
tangent bundle TY, is generated by m polynomial vector fields

:ZH:V“ x)0
=il

in the affine coordinates x = (xq,...,Xn) = (20/Zu,.--,2n/2x) on Uy. Let

ko := maxdeg V/*
w,i,j

For every k > kg the above argument gives an algebraic vector field V% on the vector
bundle E* = mU* which is of the form

n m
(x, t%) Z ) ti V7(x)0x
i=1j=1

in the chart E%|Uy = Uy x C™. In other charts E"‘|U5 for B # a, V* is of the same
form but also has a vertical component of size |t|?.




Proof, 10

Set

n:E=E'®E'®...@E" = (n+1)mU% — CP".
The algebraic vector field V* on E* extends to an algebraic vector field on E by first
extending it trivially (horizontally) to each of the summands EP|U, of E|U, for B # a
(these are trivial bundles), and then observing that the resulting vector field on E|U,
extends to an algebraic vector field on E. With these extensions in place, we consider
the vector field V =Y 7 4 V* on E. The construction implies that

dreV(e) € T,)Y foreveryy € Yande€ E, =7t 1(y).

Since each V* vanishes on the zero section of Ey of E, so does V. Hence, there is a
neighbourhood Q) C E of Ep such that the flow ¢¢(e) of V exists for any initial point
e € Q) and every T € [0, 1]. Consider the holomorphic spray

s=rmo¢;: Q — CP".

We claim that the restricted spray s : QN nfl(Y) — Y is dominating. To see this,
consider V on a chart E|Uy. Let & = 0 for simplicity of notation.




Proof, 11

In the affine coordinates x = (z1/2p, ..., 2zn/20) on Up and fibre coordinates
t=(t%,t!, ... t") on E|Up, where t* = (t{,...,t%) are fibre coordinates on the
direct summand E*|Up of E|Up, we have

i M:

m

Z Vii(x)9x + V(x,t) = O(x, t) + V(x, t)
where V is vertical and \\7(x t)] = o(|t|?).

Since O(x, t) is linear in t, its flow § satisfies

topi(x,0t) = mwo Ps(x, t),

and hence the vertical derivative of the spray § = o ¢; : QO — CIP” equals
n m
Vds, (t ZZ#W“
a=0,=1

Since the vectors VVJ-O(X) for j=1,...,mspan T.Y for every x € Yy, § is dominating
over Y. Since |V(x, t)| = O(|t|?), the flow ¢ of V satisfies

Pr(x,t) = Ppr(x, t) + O(|t|?) as|t| — 0and T € [0,1].




Proof, 12

Hence, the spray s = 7t o ¢ : Q — CIP” satisfies
Vds, (t) = Vd5.(t) for x € Uy,

so it is dominating on Yy = Y N Up. The same argument holds on every chart E|Uj,
which proves that the spray s : QN 7w 1(Y) — Y is dominating.

Set X = E|Y = m~Y(Y) — Y and replace s by its restriction s: X N Q) — Y.
Since X — Y is a Griffiths negative vector bundle, X is a 1-convex manifold with the
exceptional subset X (0) = Y.

Assuming that Y is an Oka manifold, the Oka principle of Prezelj 2010, 2016 and
Stopar 2013 gives a holomorphic map 5: X — Y which agrees with the spray s to the
second order along the zero section X(0) & Y. Hence, § is dominating, so Y is
elliptic. This completes the proof.

Remark. Our proof gives holomorphic (nonalgebraic) sprays. There exist projective
Oka manifolds which are not algebraically elliptic; for example, abelian varieties.




Local dominating sprays on positive vector bundles

PROPOSITION

Assume that Y is a compact complex manifold and the vector bundle 7w : E — Y is
generated by global holomorphic sections (this holds if E is sufficiently positive). If
there is a local dominating holomorphic spray s : U — Y defined on a neighbourhood
U C E of the zero section E(0), then Y is a complex homogeneous manifold.

Proof. The vertical derivative Vds|E(0) : E — TY is a vector bundle epimorphism.
Given a holomorphic section ¢ : Y — E, the map
Y3y = Vely) = Vs, (Gy)) € Ty Y

is a holomorphic vector field on Y.

Applying this argument to sections ¢1,...,Cm : Y — E generating E gives
holomorphic vector fields Vi,..., Vi, on Y spanning the tangent bundle TY.

Since Y is compact, their flows are complex 1-parameter subgroups of the
holomorphic automorphism group Aut(Y), a finite-dimensional complex Lie group.
The spanning property implies that Aut(Y') acts transitively on Y.
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