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GRIFFITHS POSITIVITY AND CONVEXITY OF
HERMITIAN HOLOMORPHIC VECTOR BUNDLES

BARBARA DRINOVEC DRNOVSEK & FRANC FORSTNERIC

AnsTRACT. This is §6 and part of §7 of the paper by the authors,
entitled Strongly pseudoconver Stein domains as subvarielies of
compler manifolds, arXiv: math/0708.2155.

We recall some basics of complex Hermitian geometry, in particu-
lar the notions of positivity and signature of a Hermitian holomorphic
vector bundle (see Definition 0.1). For more complete treatments we
refer to the papers of Griffiths [7, 8] and the monographs of Demailly
[4, Chapter 5] and Wells [11, Chapter III].

Let M be a compact complex manifold of dimension m and 7: £ —
M a holomorphic Hermitian vector bundle with fiber C". A Hermitian
metric on B is given in each local frame f = (ey,--- , &) by a Hermitian
r % r matrix-valued function h = (h,,) with entries

hoe(z) = {eo(T) e0(z)}, po=1,...,7
(In certain sources the transpose matrix ‘h = h is used instead, which
changes the formulas below accordingly.) Any local section of E is
written in this frame as e(z) = ). _, £7(z)es(z} (= f-£ in matrix
notation, thinking of £ =*(£',...,£") as a column vector), and

le(2)|? = (e(x),e(x)) = D hou(@)€(2)E7(z) = *§(2)h(x)E().
=1
For any point xp € M there exists a local holomorphic frame fey suvies)
for E near x, whose associated Hermitian matrix satisfies

h{&n} = I, dh{‘CD] =)
The first condition means {e,,€,) = d,, and hence the frame is unitary
at zp. Such frame is said to be special at xg [8, p. 195].

Let D = D 4 D%! be the covariant derivative associated to the
Chern connection on E, i.e., the unique Hermitian connection whose
(0, 1)-part equals D®' = 8. The connection matrix #, and the Chern
curvature form ©, are given in any holomorphic frame by

6 =h'0h, Q=7a80=—h"195h+ h'6h A h™10h.
1
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If the frame is special at zp, these expressions simplify to
8(zg) =0, O(xq) = —00h(mp).
For a line bundle (r = 1) we have
0 =h"'0h=08logh, ©=-00logh.
Writing the metric locally as h = e™¥, we get
f=evdeV)=—-0y, ©=-00y= a8 .

Choosing a local holomorphic coordinate system z = (z',...,2™) at
1y, the Chern curvature tensor can be written as

0= ) Ol ®e,yds AdE.

BT =1yueey?
ti=hm

Here (e*) is the dual (to (e,)) coframe for the dual bundle E*.
In the sequel we assume that (e,);—; is a local holomorphic frame
that is special at zg. Then ©f;;(xz0) = ©7;;(x0) and
% h oo
57057 =)
Choose an element e = 3 _, £e,(x0) € Bz = w~1{xy). We associate
to © the following covector of type (1,1} at zq:
e{e} = %{Ge,e} - % T 0 (w)eoE d7 A d7.

PN N
id=1,...,m

eg{j{:ﬂﬂ} ==

Tte coefficients

Aij(zo €)= Y 0%;;(z0)E7E*
par=1,....r

form a Hermitian matrix, and hence ©{e} is a real valued (1,1)-form
on M at xo. Denote by s(e) (resp. t(e)) the number of positive (resp.
negative) eigenvalues of ©{e}; that is, (s(e),t(e)) is the signature of
the Hermitian quadratic form

01 C"3n-Y Aylz,Ori = Y O5(@)E"En' .

i

PaT=1 0T
1, =Lt

Thus s(e)+t(e) < m = dim M. The numbers s(e), (e) only depend on
the Hermitian metric on E, and not on the particular choices of frames
and coordinates (granted the stated conditions).

We now recall the notion of positivity (resp. negativity) of E in the
sense of Griffiths [8]; compare also with metric g-conveity [10, p. 299].
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Definition 0.1. The pair of numbers (s(e),(e)) defined above is the
signature of the Hermitian holomorphic vector bundle E — M at the
point e € E, e # (. The signature of E is (s,t) where

s=min{s(e): 0 #e € E}, t=min{t(e): 0#e€ E}.

The bundle E is of pure signature (s,t) is s = s(e) and t = t(e) for all
e € E, e # 0. The bundle E is positive (resp. negative) in the sense of
Griffiths if it has signature (m,0) (resp. (0,m)), where m = dim M.

Thus E is positive if the Hermitian quadratic form in (0.1) is positive
definite jointly in both variables £ € C",n € C™. (In the earlier paper
[7] such bundle was called weakly positive. A comparison of different
notions of positivity can be found in [8] and in [4, Chapter 7].)

For the dual bundle E* we have 8* = —8; hence FE is positive if and
only if E* is negative.

Let ¢: E — R, denote the function ¢(e) = ||e||*>. In a local frame
(e1,...,e-) near the point x = m(e) € M, we have e = } _ £P¢,(x) and
(02) ble)=(z,6) = D huol(a)67€.

po=l,..r

For a positive number ¢ € (0, co) set
We={e€ E: ¢(e) <c}, Z.=btW,={e€ E: ¢(e) =c}.

The following proposition, essentially due to Andreotti and Grauert
(see [1, §23]), explains the connection between the curvature properties
of a Hermitian metric and Levi convexity properties of the correspond-
ing norm function ¢ (0.2) on a Hermitian holomorphic vector bundle.

Proposition 0.2, Let E — M be a Hermitian holomorphic vector
bundle with fiber C" over an m-dimensional complex manifold M. Set
n=m+r=dimE. Then the following hold:

(i) If E has signature (s(e),t(e)) at a point e € E (e # 0) then the
Levi form of the hypersurface Ly has Levi signature (t(e) +
r—1,s(e)) at e from the side {¢ < ¢(e)}.

(ii) If E has signature (s,t) then the Levi form of ¢ has signature
(t+r,s) (and hence ¢ is (m — t + 1)-conver) on E\M, and the
Levi form af% has signature (s + 1,t + r — 1) (and hence % 18
(n — s)-conver) on E\M.

(iii) In particular, if E is positive then % is r-conver on E\M, and
if E is negative then ¢ is strongly plurisubharmonic on E\M.

IR



4 BARBARA DRINOVEC DRNOVSEK & FRANC FORSTNERIC

Proof. (See [1, 5, 8, p. 426].) We identify M with the zero section
{¢p = 0} of E. Fix g € E\M and let & = ;). Choose local
holomorphic coordinates z = (2',...,2™) at 2y = 7(eg) and a local
holomorphic frame (e,) that is special at 2y, Write eg = 377, £)e,(wo).
We have

h
Roaldo) =d5e;  dh{zg) =0, r':?z‘ii;";i (o) = —Bﬂﬂ-{wﬂj.
This gives
D0p(e0) = Ocd,_g, D EPE+ D D:Bhpo(wo)E7EF
=1 pa=l....r
.
=) dePAdEP — Y OF(zo)e?EPdZ N dF
l|-_-rz‘_|_ =1,

i i=l,...,m

T
=Y dePAdE — > Ayl(wo,€)dzt AdF
=1 ijg=1,....m

The maximal complex tangent space to ¥ at ey consists of the vectors
A AL oy CT 5 o o ) Wik E:::=1 ERCP = 0. In the (-direction
(tangential to FE,,) we thus get r — 1 positive (and no negative or
zero) Levi eigenvalues for ; in the p-direction (the horizontal direction
in T,,F with respect to the Chern connection) we get s(eg) negative
and t(ey) positive eigenvalues. Hence the Levi signature of ¥ at ¢ is
(t(eg) + r — 1,5(eq)). The remaining Levi eigenvalue of ¢ in the radial
direction is positive.

If £ has (pure) signature (s, 1), it follows that the Levi form £, has
(pure) signature (t 4+ r,s) on E\M. In particular, if F is negative
then ¢ is strongly plurisubharmonic on E\M. When replacing ¢ by
— log ¢, the eigenvalues of the Levi form in directions tangential to the
level set of ¢ change sign, and hence £_ ., has tangential signature
(s,t-+r—1) on E\M. Passing to e”'*? = 3, the tangential eigenvalues
preserve signs while the radial eigenvalue becomes positive, so £,,4 has
signature (s+ 1,t+r— 1) on E\M. In particular, if E is positive then

i is r-convex on E\M. O
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The following result is due to M. Schneider [10].

Theorem 0.3. Let A be a compact complex submanifold of codimension
rin a complex manifold M whose normal bundle N has signature
(s,t) with respect to some Hermitian metric. Then there is an open
tubular neighborhood V' C M of A and a smooth function p: VAA — R
without critical points that tends o 400 along A, whose Levi form L,
has at least s 4+ 1 positive eigenvalues at every point of V\ A

In particular, if the normal bundle Ny is positive then the Lew
form of p has r + 1 positive eigenvalues at every point in V\A.

Proof. Assume first that A is a smooth complex hypersurface in M. Let
£ — M denote the hyperplane section bundle of the divisor determined
by A. Then E|4 = N, and there is a holomorphic section ¢: M —
E such that A = {z € M: o(z) = 0}. Such ¢ is given by a collection
() of holomorphic functions g;: U; — C on an open covering {U;} of
M such that {g; = 0} = ANU; and dg; # 0 on ANU;. The associated
l-cocycle g;; = ﬁ defines the line bundle £ — M.

The Hermitian metric of signature (s, ) on the normal bundle |4 =
Najar extends to a Hermitian metric h on E. On E|y; ~ U; x C the
metric is given by a positive function h;: U; — (0,00). Let ||o|ff: M —
[0, 0c) be the squared length of the section o: M — E. (On U; we have
llo||? = hilg:®.) Schneider showed that for a sufficiently large constant
C > 0 the metric ¢ on E, defined over U; by

- h‘-,‘
1+ Chylg:*’

has signature (s+1,¢) over a neighborhood of A (see [10, p. 225]). This
means that the (1,1)-form —iddlog ¢; has at least s+ 1 positive and ¢
negative eigenvalues at every point. Set g = ||o||3: M — [0,00), s0
il = Gl hilg:? — _ llell
BTV T TYOhgE T+ClolR
It follows that

P

—i0d1log gly, = —id8log ¢;

and hence the Levi form of —logg = —log||o||] has at least s + 1
positive eigenvalues in a deleted neighborhood of A in M (see bottom

2
of page 225 in [10]). Clearly the same holds for e~ 8% = i = ]+|—r|:;:||||éu“
and hence for p = ]TEII_I" The latter function is noncritical near A and
fa

it blows up along A. This settles the hypersurface case.

n
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The general case reduces to the hypersurface case by blowing up
M along A [10, §3]. Assume that A has complex dimension m and

codimension r in M. Let A = P(N) denote the total space of the
fiber bundle over A whose fiber over a point = € A is P(N;) = P!,
the projective space of complex lines in N, ~ C". Replacing A by A
changes M to a new manifold M such that M \A is biholomorphic to
MY A, and A is a smooth complex hypersurface in M. The restriction
of the normal bundle N . to the submanifold P(N,) C A is the uni-
versal bundle over P(N,) = P! (the inverse of the hyperplane section
bundle). This bundle is negative with respect to the Fubini-Study met-
ric on P"~!, and a simple calculation shows that Nj,; has signature
(8,471 —1) if Nyjas has signature (s,t). It remains to apply the previ-
ous argument (in the hypersurface case) to a deleted neighborhood of
A in M (that is the same as a deleted neighborhood of A in M). [
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