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Let M be an open Riemann surface and n > 3. The following are
equivalent for a conformal immersion X = (X,..., X,) : M — R™

o X parametrizes a minimal surface X(M) C R".

@ X has identically vanishing mean curvature vector.

@ X is harmonic: AX = 490X = 0.

e ®=0X=(¢1,..., ¢n) is a nowhere vanishing holomorphic 1-form
satisfying the nullity condition

(P1)% + (¢2)° + -+ (¢n)? = 0. (1)

Conversely, if a nowhere vanishing holomorphic 1-form ® = (¢1, ..., ¢n)
on M satisfies (1) and has vanishing real periods:

/ R(®) =0 forall y€ H(M;Z),
v
then the integral of RP is a conformal minimal immersion M — R":

X(p):/p2§R<1>, pe M.
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Fix a nowhere vanishing holomorphic 1-form 6 on M.
The above shows that every conformal minimal immersion X: M — R”

is of the form

p
X(p) = X(po) + : R(f0), p.po €M,
< PO

where
f:M— AL = A1\ {0} c C"

is a holomorphic map with values in the null quadric
A" ={(z,...,z,) €C: 22+ 224+ +22 =0}

such that
the 1-form @ has vanishing real periods.
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Flux and holomorphic null curves

The flux of a conformal minimal immersion X: M — R" is the group
homomorphism
Fluxx: Hi(M;Z) — R"

given by
Fluxx(y) = / I(0X) = / d°X for every closed curve ¢y C M.
0 0
If
Fluxx =0 (vanishing flux)
then

X =R(Z)

is the real part of the holomorphic null curve Z: M — C" given by

p
Z(p):/ 20X, pe M.

This always holds if M is simply connected (the disk or the plane).
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Let X = (X1,...,Xp): M — R" be a conformal minimal immersion.

Since the 1-form dX = (dXy,...,9X,) is holomorphic and nowhere
vanishing, it determines the Kodaira type holomorphic map

Gx: M — CP" 1 Gx(p) = [0X1(p): ---: 0Xn(p)] (p € M).

The map Gx is known as the generalized Gauss map of X and is of great
importance in the theory of minimal surfaces.

Since 2}’:1(6)9')2 = 0, Gx assumes values in the complex hyperquadric
Q" 2={lz1:...:z)) €eCP" 12 +... 4 22=0} = (A"

where T: CI! — CIP"! denotes the canonical projection.
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Every Gauss map is possible...

Theorem (A. Alarcén, F.J. Lopez., F. F., 2016)

Let M be an open Riemann surface and n > 3 be an integer.

For every holomorphic map 4: M — Q"2 C CP" ! there exists a
conformal minimal immersion X: M — IR" with the generalized Gauss
map Gx = ¢ and with vanishing flux.

If in addition the map ¢ is full (i.e., its image is not contained in any
proper projective subspace), then X can be chosen to have arbitrary flux
and to be an embedding if n > 5 and an immersion with simple double
points if n = 4.

The conformal minimal immersions in the theorem are not necessarily
complete or proper, and they cannot be in general. For example:

Min Ru 1991 If Gx omits n+ 1 hyperplanes in general position then X
cannot be complete (even less proper). The case n = 3 is due to
Fujimoto 1988.

If M and ¢ are algebraic (so M = M\ {p1,..., pm} with M a closed
Riemann surface), we don't know whether X can be chosen algebraic.
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Every complex line bundle over an open Riemann surface M is trivial.
Since the projection 7r: C! — CP" 1lisa holomorphic C.-bundle, it
follows that each holomorphic map ¢4: M — CP" ! lifts to a
holomorphic map f = (f1,...,f;): M — C! such that

G=mof=[f: - :f]: M—CP"L

Clearly,
4(M) C Q"2 if and only if f(M) c A" L.

To prove the theorem, we construct a holomorphic multiplier h: M — C,
such that the C"-valued holomorphic 1-form

has vanishing periods, so it integrates to a conformal minimal immersion
P
X(p)=2 ["R(@). pem.
*

Then, 0X = ® and hence Gx = ¥.
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The case n = 3

The quadric Ql c CIP? is an embedded rational curve CIP! — C]Pz,
and the complex Gauss map of a conformal minimal immersion
X = (X1, X2, X3): M — R3 is defined to be the holomorphic map

0X3 _ 0Xo —idX;

X, — 19X, 19X3 —C

8x

The function gx is the stereographic projection of the real Gauss map
N = (Ni, Ny, N3): M — 82 C R3 to the Riemann sphere CIP':

Ny il
1—Ns

gx = :M — CU {0} = CPL.

Let M be an open Riemann surface. Every holomorphic map
g:M— CPP! is the complex Gauss map of a conformal minimal
immersion X: M — R3 with vanishing flux.

If g is nonconstant, then we can find X with arbitrary given flux.
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Metric and curvature

We can recover X = (9X1,0Xp,0X3) from the pair (gx, ¢3) with
¢3 = 0X3 by the classical Weierstrass formula

X == (910203 = (5 (o ~x) 5 (o rox) 1) on

Furthermore, we can express all relevant quantities of a conformal
minimal immersion X: M — R3 in terms of the Weierstrass data (g, ¢3)
with ¢3 = dX3:

13 (1
d5)2< = X*( 5 Z |¢>J|2 +|g|£’¢ |2 (the induced metric),
2
4lg|-|d
K=— (|g||g|22> (the Gauss curvature).
lp3|(1+ [g]?)
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A brief history of the Gauss map of minimal surfaces

In dimension 3, the complex Gauss map is really fundamental in the
theory; it completely determines several important geometric properties
of the minimal surface, and there is a huge literature devoted to it.

Osserman 1964 The Gauss map of a complete nonflat minimal
surface of finite total curvature in R3 cannot omit 4 points of the
sphere. (Note that the Gauss map of a catenoid omit two points.)

Problem: Is there an example of a complete nonflat conformal minimal
immersion M — IR3 with finite total curvature whose Gauss map
M — CP! omits 3 points? Jorge and Mercuri, Preprint 2016: NO.

Voss 1964 Let k < 4. For any k points ay, ..., ay € CIP! there exists a
complete nonflat minimal surface X: CP!\ {ay, ..., ar} — R3 whose
Gauss map omits precisely the set ay, ..., ak.

Fujimoto 1988 The Gauss map of a complete nonflat minimal surface
cannot omit 5 points of the sphere. (Xavier 1981: It cannot omit 7
points. Lopez and Ros 1987: it cannot omit 6 points.)
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A minimal surface S C IR3 is said to be stable if any relatively compact
smoothly bounded domain D & S has minimal area among all small
variations of D which keep the boundary bD fixed.

Barbosa and do Carmo 1976; Hoffman and Osserman 1982:

Let X: M — RR3 be a conformal minimal immersion. The minimal
surface X(M) C R3 is stable if the spherical image gx (M) C CP! of its
Gauss map gx has area less than 27t = %Area(C]Pl).

If M is an open Riemann surface and g: M — CIP! is a holomorphic
map whose image g(M) has area less than 271, then there exists a stable
conformal minimal immersion M — R3 with the complex Gauss map g.
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Isotopies whose Gauss map omits two points

Theorem

Given an open Riemann surface M and a conformal minimal immersion
X: M — R3, there exists an isotopy

Xe: M — RS, telo1]

of conformal minimal immersions such that Xo = X and the complex
Gauss map g = gx,: M — CIP! of X; is nonconstant and avoids any
two given points of the Riemann sphere.

There also exists an isotopy X; as above such that Xo = X and Xy is
flat, so its Gauss map g is constant.
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The main complex analytic result

Let M be an open Riemann surface and let n € IN be an integer. Let

Dy = (¢t,17"’1¢t,n)v t e [0,1]
be a continuous family of full holomorphic 1-forms on M, and let
qe: Hi(M;Z) — C", te[0,1]

be a continuous family of group homomorphisms. Then, there exists a
continuous family of holomorphic multipliers

hy: M — C,, te]0,1]
such that

/ ht ®¢ = q¢(y) for every closed curve v C M and t € [0, 1].
7
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Proof

A desired family of holomorphic multipliers h;: M — C, (t € | = [0,1])
is constructed by a recursive procedure with respect to an exhaustion of
M by an increasing sequence of smoothly bounded Runge domains

D1CD2C"'CU?;1DJ'=M.

Three main ingredients are employed at every step:

@ construction of multipliers on an arc (or a loop) in M that give
approximately correct values of periods;

@ construction of a period dominating spray of multipliers
(this device is used to make small corrections of periods);

@ Mergelyan's approximation theorem is used to approximate
continuous families of multipliers on Runge domains with attached
curves by continuous families of holomorphic multipliers.
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Main Lemma 1 — multipliers on arcs

Lemma (1)

Set | = [0,1]. Given continuous maps
frl2=1x1—-C" a:l—>C"

such that f; := f(t, -): I — C" is nowhere flat for every t € I, there
exists a continuous function h: 12 — C, such that

/Olh(t,s)f(t,s)ds—rx(t), tel

and
h(t,s) =1 fortel ands € {0,1}.

In addition,

/01 £(0,s)ds = a(0) = h(0,-)=1.
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Proof of Lemma 1, part 1

It suffices to prove that for any € > 0 there exists h: /2 — C, such that

/Olh(t,s)f(t,s)ds—a(t) <e, tel

The exact result is obtained by splitting | = Uk =[0,1/2] U [1/2,1],
applying the approximate result with a small € > 0 on /; and a period
dominating argument on /, (see Lemma 2 below) to correct the error.

Since f; is nowhere flat and hence full for each fixed t € [0, 1], there is a
division 0 = s < 51 < -+ < sy = 1 of [ such that

span{f;(s1),..., fi(sy)} =C" forall t €.
Set .
J .
V(1) :/ fi(s)ds ~ fi(s;) (s —si-1), j=1,....N.
S

By passing to a finer division of /, we may therefore assume that

span{ Vi (t),..., Wn(t)} =C", tel.
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For each t € | we let £; C CN denote the affine complex hyperplane

N

Ze={(g1---.an) €CV: ) gVi(t) = a(t)}.
j=1

Clearly, there exists a continuous map g = (g1,...,8n): | — CV such
that g(t) € X, for every t € . (We may view g as a section of the affine
bundle over | whose fiber over the point t € / equals £;.) Hence

N 5 N
Zl/1 g(Dfi(s)ds = L g()Vi(t) = alt). tel

Note that

ivj(t) - /01 fi(s)ds, tel.

Hence, if fo (0,s) ds = a(0) then g can be chosen such that
g(0) = (1,...,1) € CN. We assume in the sequel that this holds.
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By a small perturbation we may assume that gj(t) € Cy for every t € |
and j=1,..., N. (We use general position and dim /| = 1.) This changes
the exact condition in the above display to the approximate condition

s)ds —a(t)| < tel

€
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We shall now view the vector g(t) = (g;(t)); € (Cx)" for a fixed t € |
as a step function of the variable s € / which equals the constant g;j(t)
on the j-segment s € [s;_1,s;] forevery j=1,..., N.

Next, we approximate this step function by a continuous function

hy = h(t,-): | = C, (t € I) which agrees with the step function, except
near the division points sg, s1,...,sy. This causes another error of size
< €/2 and yields the estimate

/01 h(t,s)f(t,s)ds —a(t)| <e tel.

This completes the proof of Lemma 1.
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Period dominating families of multipliers

Lemma (2)

Let I" be a nontrivial closed subinterval of | = [0,1], let Q be a compact
Hausdorff space (we may use Q = 1), and let n € IN.

Given a continuous map f: Q X | — C" such that f(q,-) is full on I’ for
every g € Q, there exist finitely many continuous functions

i, gn: | — C (N > n), supported on I’, such that the function

h: CN x | — C given by

N
h(Z.s):=1+Y Zigi(s). T=(C1,....n) €CY, sel
i=1
is a period dominating multiplier of , meaning that the map

aag’g_o /01 h(Z,s)f(q,s)ds: ToCN =N — "

is surjective for every q € Q.
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Proof of Lemma 2, part 1

Let N > n be an integer and, for each i € {1,..., N}, let gi: | — C be
a continuous function supported on /I’ (to be specified later).
Let = (C1,---, Zn) be coordinates on CV. Set

N
h(Z.s):=1+4Y Cigi(s), ({.s)eCVxI
i=1

and note that

oh(Z,s)
ag;

Let P: Q x CV — C" be the map given by

Pa.0)= [ hE9)f(as)ds (0.0)€@xCh

Then

37’(61,6)‘ _/1 oh(g. s)
0

agi =0 B agi

f(q,s)ds = /01 gi(s)f(q,s) ds.

=0
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Since f(q,-) is full on I’ for every g € Q, there are distinct points
S1,..., Sy in the interior of I’ for a big N € IN such that

span{f(q,s1),...,f(q,sny)} =C" forall g € Q.

Let € > 0 be small enough such that the intervals [s; — €, s; + €]
(i=1,...,N) are pairwise disjoint and contained in /I’. Let gj: | — C
be continuous function supported on (s; —€,s; +€) C I’ and satisfying

1 site
| as)ds= [ ails)ds =1,
0 si—€

It follows that

oP(q, g '
AL, - 0—/ gl f(q 51)

forall g€ Q and i € {1,..., N}. Therefore, if € > 0 is small enough,

9P(q.7) IP(q.0)
sPan{ 901 ’5:0""' I

This completes the proof of Lemma 2.

’ }:C" forall g € Q.
{=0
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Construction of the multiplier on M

We exhaust M by smoothly bounded Runge domains
Dy C Dy C---U; Dy = M such that D; 1 is obtained from D; by adding
at most one handle, or a new connected component.

The noncritical case: there is no change of topology for D; C Dj 1.
We embed the multiplier h: D; — C, in a period dominating family

he: Dj — C, ({ € CN) with h = hy. We apply the Runge theorem to
approximate hy by hz: Djy1 — C,. The new family contains an element
Eéo for some {g € CN near 0 such that EgOCD has vanishing periods.

The critical case: Let E be an arc (1-handle) attached to D; such that
D; 1 deformation retracts onto D; U E. Assume that h has been found
on Dj and let X: Dj — R" be the resulting CMI, X = [ R(hP).

Step 1: Use Lemma 1 to extend h from D; to D; U E such that fE h®
has the desired value so that X = [ R(h®) extends to D; U E.

Step 2: Use Lemma 2 to embed the multiplier into a period dominating
family over D; U E. Now proceed as in the noncritical case.
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The map ¢ is given by Z +— 9Z/6, and 1 is given by X — 20X/6.
The projection Z +— RZ is clearly a homotopy equivalence.

Since A, is an Oka manifold, the inclusion (M, A.) — €(M, A.) is a
weak homotopy equivalence by the Oka-Grauert principle.

Theorem (F. Larusson and F. F., 2016)

Each of the maps 1, ¢, ¥ is a weak homotopy equivalence, and a strong
homotopy equivalence if Hy(M;Z) is finitely generated.
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N.(M,C") — T 6(M, AT 1Y~ (M, A7)
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RN, (M, C")—— M, (M, R")

The theorem tells us that these mapping spaces all have the same weak
homotopy type as the space $ = € (M, A?"1).

The projection R : C" — R” gives A"~ the structure of a fibre bundle
with fibre $"2 over R”\ {0} ~ S"~! (the unit sphere bundle of the
tangent bundle TS"~1).

Thus, the structure of $ can be understood in terms of spheres
and their loop spaces. The homotopy groups of § can be
calculated in terms of homotopy groups of spheres.

Today, we look at the path connected components of § and leave
the rest for another day.
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Path components of the space M. (M, R")

Let Hy(M; Z) = Z° with £ € Z U {co}. Then

o (931*(/\/1,11{3)) = (Zo)!, 7o (M., (M,R")) =0 ifn>3.

Proof. By the theorem, the path components of M. (M, IR") agree
with those of €' (M, A"~1). We have

m1(A2) = Hy (A%, 2) = Zp, 1 (A1) =0 ifn> 3.

Thus, the path components of €' (M, A2) are in bijective correspondence
with group homomorphisms

Hy(M;Z2) = Z! — Z,

hence with elements of (Z5)".
If n > 3 then €(M, A?71) is path connected since 7t (A7~1) = 0.
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Path components of the space 9t(M, R")

M (M, R") = the space of all conformal minimal immersions M — R".

Theorem (A. Alarcén, F.J. Lépez, F.F., 2016)

Let M be an open connected Riemann surface. The natural inclusion
M (M, R") — M(M,R")
induces a bijection of path components of the two spaces. In particular,
7o (M(M,R3)) = (Z5)"  where Hy(M;Z) = ZL,

and (M, R") is path connected if n > 3.

The case n > 3 is a corollary to the following result.

Theorem (Deforming flat immersions to nonflat ones)

Given a flat conformal minimal immersion X: M — R" (n > 3), there
exists an isotopy X¢: M — R" (t € [0, 1]) of conformal minimal
immersions such that Xog = X and Xy is nonflat.




Proof of the deformation theorem

We may assume that n = 3 and 0X = (1,1,0)¢3 where ¢3 is an exact
holomorphic 1-form without zeros on M.

The gist of the proof is show that there is nonconstant holomorphic
function g: M — C, such that g¢3 and g2(p3 are exact 1-forms on M.
This is similar to the proof of Lemma 1. Then,

D, = (1 —A%g2i(1 +A2g2),2Ag) ¢3, AeC

is an exact holomorphic 1-form and the map @, /¢3 assumes values in
the punctured null quadric A, C C3 for every A € C. Thus, ®, provides
a conformal minimal immersion X, : M — R3 by

X (p) = X(po) +2 p:mcm peM.

Since ®g = 9dX, we have that Xy = X. Furthermore, since g is
nonconstant, Xj is nonflat, and hence the isotopy X;: M — R”
(t € [0,1]) satisfies the conclusion of the theorem.



Path components of the space MM (M, R3?)

In dimension n = 3, we obtain that
o(M(M, R?)) = Z5

by using the corresponding result for nonflat immersions,
7o (M. (M, R?)) = Z3,

along with the deformation theorem and the following result.

Let 6 be a nowhere vanishing holomorphic 1-form on M. For every group
homomorphism

p: HH(M; Z) =2 Z' - 7,

there exists a flat conformal minimal immersion X: M — R3
satisfying H1 (0X/60) = p.
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Holomorphic Legendrian curves

We have also obtained new results on holomorphic Legendrian curves,
i.e., integral curves of the holomorphic contact form on C2ntl.

n
0 =dz+ ZX,’ dy;
i=1

A holomorphic curve F: M — C2"*1 is said to be Legendrian if F*a = 0.
A. Alarcén, F.J. Lépez, F.F., 2016, in preparation:
@ There is a properly embedded holomorphic Legendrian disk in the

ball of C3 which is complete with respect to the induced metric.

@ Every open Riemann surface M admits a proper holomorphic
embedding M — C3 as a Legendrian curve. In fact, both the front
and the Lagrangian projections can be made proper.

@ General position and Runge-Mergelyan approximation theorems for
Legendrian curves in C2"+1,



