The h-principle for minimal surfaces in IR”
and null curves in C”

Franc Forstneri¢

University of Ljubljana
Institute of Mathematics, Physics and Mechanics
Academy of Sciences and Arts of the Republic of Slovenia

BIRS, Banff, 3 May 2016



Abstract

Let M be an open Riemann surface.

Alarcén and Forstneri¢, 2015 (Crelle’s Journal, in press):
Every conformal minimal immersion M — R3 is isotopic to the real part
of a holomorphic null curve M — C3.



Abstract

Let M be an open Riemann surface.

Alarcén and Forstneri¢, 2015 (Crelle’s Journal, in press):
Every conformal minimal immersion M — R3 is isotopic to the real part
of a holomorphic null curve M — C3.

This is a basic h-principle. We now upgrade it to a parametric h-principle:

Theorem (F. Larusson & F. Forstnerig, Feb. 2016)

For any n > 3, the inclusion

L: RN(M,C") < M, (M, R")

of the space of real parts of all nonflat null holomorphic immersions
M — C" into the space of all nonflat conformal minimal immersions
M — R" satisfies the parametric h-principle with approximation; in

particular, it is a weak homotopy equivalence (WHE).




Abstract

Let M be an open Riemann surface.

Alarcén and Forstneri¢, 2015 (Crelle’s Journal, in press):
Every conformal minimal immersion M — R3 is isotopic to the real part
of a holomorphic null curve M — C3.

This is a basic h-principle. We now upgrade it to a parametric h-principle:

Theorem (F. Larusson & F. Forstnerig, Feb. 2016)

For any n > 3, the inclusion
L2 RN(M,C") — M.(M,R")

of the space of real parts of all nonflat null holomorphic immersions

M — C" into the space of all nonflat conformal minimal immersions
M — R" satisfies the parametric h-principle with approximation; in

particular, it is a weak homotopy equivalence (WHE).

If M has finitely generated homology group Hi(M;Z), then
RN (M, C") is a deformation retract of M,(M,R").
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Areas of mathematics involved in this result

Analogous results hold for several related spaces of maps to be
introduced. Basically, our results say that several spaces of maps of great
geometric interest all have the same rough shape.

Based on collaboration with Finnur Larusson, University of Adelaide.

The proof brings together four topics from differential geometry,
holomorphic geometry, and topology:

@ the theory of minimal surfaces in R"
@ Oka theory (complex analysis)
@ convex integration theory (Gromov)

@ absolute neighborhood retracts (Borsuk, Whitehead, Milnor,...)
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Weierstrass representation of minimal surfaces in IR”

Let M be an open Riemann surface and n > 3. The following are
equivalent for a conformal immersion v = (uy,...,up) : M — R™

u parametrizes a minimal surface u(M) C R".

°
@ u has identically vanishing mean curvature vector.
@ u is harmonic: Au = 0.

°

® =9u = (¢1,...,¢n) is a holomorphic 1-form satisfying

(91)% + (¢2)° + -+ + (¢n)* = 0.

Conversely, if ® = (¢1,...,¢n) is as above and
/ R(®) =0 forall 7€ Hi(M;Z),
Jy

then u = f@?@ : M — R" is a conformal minimal immersion.
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The null quadric

A=A"1 = {(z1,...,20) €C": 2} + 25 +--- + 22 =0}

Every conformal minimal immersion M — IR" (n > 3) is of the form

up) = ulpo) + [ R(79), po.p e M

where 0 is a nowhere vanishing holomorphic 1-form on M,
f=20u/0=(f,....fn): M= A, =2A\ {0} CC"
is a holomorphic map and the real periods of 6 vanish.

If the complex periods of 6 vanish, then
p
F(p):/ fAcC, peM
is a holomorphic null curve in C" with u = RF. Equivalently:

Flux(u)(7) := L I(FO) =0 V€ Hi(M;Z).
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A diagram of spaces and maps

N, (M,C"): nonflat holomorphic null curves M — C”

M. (M, R"): nonflat conformal minimal immersions M — R"

N (M, C") — oM, A, — 5 (M, 2L,)

" lv
RN, (M, C") = 9, (M, R")
The map ¢ is given by F — 9F /0, and ¢ is given by u — 2du/6.
@ Our main theorem: each of the maps (, ¢, 1 is a weak

homotopy equivalence (WHE).

@ The projection F — RF of a null curve to its real part is clearly a
homotopy equivalence.

@ Since 2L, is an Oka manifold, the inclusion
O(M,2A) — €(M,2,) is a WHE by the Oka-Grauert principle.
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Connected components of the space M, (M, R")

Recall that Hy(M; Z) = Z! with £ € Z, U {o}.

The punctured null quadric A"~1 € C" is simply connected when n > 4,
while 711 (2) = Zj in view of the two-sheeted universal covering

m:C2=C?\ {0} - %2, m(uv)= (u2 —v2i(u? + v2),2uv).

Hence, the path components of the space €' (M, Qlf) are in one-to-one
correspondence with group homomorphisms Hy(M; Z) — Z5 (i.e., the
elements of (Z5)"), and €' (M, 24771) is path connected if n > 4.

Let M be a connected open Riemann surface with Hy(M; Z) = Z*.
Then the path connected components of M. (M,R3) and N, (M, C3)
are in one-to-one correspondence with the elements of (Z5)".

If n > 4 then M. (M, R") and N.(M,C") are path connected.
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Path connected components of the space (M, R")

Theorem (Alarcén, Forstneri¢, Lopez, April 2016)

Let M be an open connected Riemann surface. The natural inclusion
M. (M, R") — M(M,R") of the space of all nonflat conformal minimal
immersions M — IR" into the space of all conformal minimal immersions
induces a bijection of path components of the two spaces.

This follows by combining the following two results:

@ Given a flat conformal minimal immersion X: M — R" (n > 3),
there exists an isotopy X;: M — R" (t € [0, 1]) of conformal
minimal immersions such that Xy = X and Xj is nonflat.

@ Let 0 be a nowhere vanishing holomorphic 1-form on M. For every
homomorphism p: Hy(M;Z) — Zy = Hy(2ls; Z) there exists a flat
conformal minimal immersion X: M — R3 with Hl(aX/G) =p.

Open problem: Is the inclusion 9, (M, R") < MM (M, R") a WHE?



Examples in dimension n = 3

Let M be C,. = C\ {0} or an annulus, with 6 = dz. There are two
homotopy classes of continuous or holomorphic maps f: M — 2.

Let 77: C2 — A, be the universal covering map as above. Note that f is
nullhomotopic if and only if it factors through 7.

Consider the Weierstrass representation:
fi=(1-g%)y R=il+g%n f=2gn,

where g is meromorphic and 77 is holomorphic on M. Assume for
simplicity that g is holomorphic or, equivalently, that # has no zeros.

Then, f factors through 7t if and only if # has a square root on M.

Indeed, if 7 has a square root then f = n(\/ﬁ,g\/ﬁ); conversely, if
f = 7t(u, v) for some holomorphic map (u, v) : M — C2, then u? = 7.



Examples in dimension n = 3

1. A flat null curve: M =C, =C\ {0} and f: C, — 2, C C3is the
map f({) = ¢(1,1,0). In this case, g = 0 and 77({) = { does not have a
square root on M. Thus, the flat null curve

F(g) = 3(8%12%,0), CeC.
has derivative in the nontrivial isotopy class.

2. The catenoid: M = C,, g({) =, and 5({) = 1/Z?. Since 7 has a
square root on M, we are in the trivial isotopy class.
The same holds for the helicoid which is parameterized by C.

3. Henneberg’s surface:

M=C\{0,1,-1i—i}, g(@)=¢ n(@)=1-¢*

On a small punctured disc centered at one of the points 1, —1, i, or —i,
7 does not have a square root, so we are in the nontrivial isotopy class.

On the punctured disc D, = D \ {0}, the function # has a square root,
so we are in the trivial isotopy class.


http://mathworld.wolfram.com/Catenoid.html
https://upload.wikimedia.org/wikipedia/commons/c/ce/Helicatenoid.gif
https://en.wikipedia.org/wiki/Henneberg_surface

Meeks's minimal Mobius strip

4. Double sheeted covering of Meeks’s minimal Mabius strip:

_1)2
2%. no =1 C " 541) :

Note that # has a square root on M. Despite the pole of g at 1, we get a
factorization through 7t and we are in the trivial isotopy class.

Let F = u+iv: C, — C3 be the null curve with this Weierstrass data.
Then v is invariant with respect to the fixed-point-free antiholomorphic
involution

3(0)=-1/ on {€C,,
and hence it induces a conformal minimal immersion C,/J — RR3.

This is Meeks's properly immersed minimal Mébius strip in IR3 with finite
total curvature —67t.



Meeks's minimal Mobius strip

W.H. Meeks, 1981:

[llustration (©) Antonio Alarcon.
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Theorem

Assume that M is an open Riemann surface, @ C P are compact
Hausdorff spaces, D € M is a smoothly bounded Runge domain, and
u: M x P —R" (n>3) is a continuous map satisfying the following:

(@) up =u(-,p): M —R" is a nonflat CMI for every p € P;
(b) up|p: D — R" has vanishing flux for every p € P;

(c) Flux(up) =0 for every p € Q.

Given € > 0, there exists a homotopy ut: M x P — R" (t € [0, 1]) such
that each map uj, := u*(-, p): M — R" is a nonflat CMI satisfying

1) up = up forevery (p,t) € (P x {0})U(Q x[0,1]);
2) |uf(x) — up(x)| < € forallx € D and (p, t) € P x [0,1];

(
(
(3) upl|p has vanishing flux for every (p, t) € P x [0,1];
4) Flux(u,l,) =0 for every p € P.
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This is the parametric h-principle with approximation for the inclusion
RN(M,C") = {uv e M(M,R") : Flux(u) =0} — M, (M, R").
Assuming that this result holds, we now give:

Proof of the WHE-principle.

Let k € Z. . Applying the h-principle with P = Sk (the real k-sphere)
and @ = @ shows that the inclusion induced map

nk(éﬁ‘ﬁ*(M, Cn)) — ﬂk(gﬁ*(M, ]Rn)),
is surjective.

Applying the h-principle with P = Ek—H (the closed ball in ]Rk+1) and
Q = Sk = bB 1 shows that the above map is also injective.

Thus, it is an isomorphism for every k € Z . O




Proof of the h-principle for RO1.(M,C") — 9. (M,R")

Pick a smooth strongly subharmonic Morse exhaustion function
0: M — R and exhaust M by sublevel sets

Dj={xeM:p(x) <¢}, jeN

where ¢; < ¢ < ¢3 < ... is an increasing sequence of regular values of p
such that limj_,o, ¢j = o0 and each interval [c;, ¢j11] contains at most
one critical value of the function p.

We may assume that D = D;.
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Pick a smooth strongly subharmonic Morse exhaustion function
0: M — R and exhaust M by sublevel sets

Dj={xeM:p(x) <¢}, jeN

where ¢; < ¢ < ¢3 < ... is an increasing sequence of regular values of p
such that limj_,o, ¢j = o0 and each interval [c;, ¢j11] contains at most
one critical value of the function p.

We may assume that D = D;.
Let € > 0 be as in the theorem. Pick a sequence €; > 0 with
Y216 <€ Set

uf,yl = up|51, (p.t) € Px[0,1].
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dj) Flux(uj ;) = 0 on D; for every p € P.
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The recursive scheme

We recursively construct a sequence of homotopies of CMl's
upi»Dj —R", (p,t) € Px[0,1], jEN

satisfying the following conditions for every j = 2,3, ...

() ut; = uplp, for (p.t) € (P x {0}) U(Q x [0,1]);

(bj) lug; — u,t)d-leE; < ¢jforall (p,t) € Px[0,1];

(¢j) Flux(u} -|5,7 ) = Flux(uy, ; ) for every (p,t) € P x [0, 1];

(dj) Flux( )—OonD for every p € P.
These condltlons imply that the limit

up=lim ul ;s M—=R" ((p,t) € Px0,1])

oo P

exists and satisfies the conclusion of the theorem.
Indeed, Conditions (1)—(4) follow from (a;)—(d;), respectively.
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The noncritical case

(a) The noncritical case: p has no critical values in [cj, ¢jy1].

Choose a Runge homology basis B = {v;: i=1,...,¢} for Hy (bj;Z)
such that B’f {Y1,---,Ym} for some m € {0,...,£} is a homology
basis for H1(D;Z).

Then, B is also a homology basis for H1(Dj1; Z).
Denote by P the period map associated to B:
P(f) = (/ f9> e (€, fe(D, )
Vi i=1,..,1

=1,...,

Also, P': o/ (D, %) — (C™)™ is the period map with respect to B’.
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Consider the continuous family of nonflat holomorphic maps
fpt = 28uf,’j/9: D;j — A, peP, tel01]

Conditions on u;’j : bj — IR" imply the following:

RP(fy) = 0, (p.t)ePx[01];
Pl(flp) = 0, (pt)ePx[01];
P(fy) = 0, peP.

We embed f; as the core f; = f;o of a period dominating spray

flroDj— 2, (eBcC peP telo1]
i.e., the period map

B>(— P(fl,) = (/ f;ée) ny e (cm!

is submersive at { = 0 for every (p, t) € P x [0, 1].
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Since 2, is an Oka manifold and D; is a deformation retract of D1,
the parametric Oka property allows us to approximate the spray
fptgz D; — 2L, by a holomorphic spray

g;,g: Djy1 — A, (pt)ePx[0,1], €rB

for some r € (1/2,1). If the approximation is sufficiently close, the
implicit function theorem gives (in view of the period domination
property of the spray fptg) a continuous map

g:Px[0,1] — rBCCV,

vanishing on (P x {0}) U (Q x [0, 1]), such that the homotopy of
holomorphic maps

fy = g;ﬁp't): Djy1 — Ay, (p.t) € Px[0,1]
satisfies the following period conditions:

P(fy) = P(ty), (p,t) € P x[0,1].
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Assume that the set D; (and hence Dj 1) is connected.
Choose a point xg € D; and set for (p, t) € P x [0, 1]:

X
t ot zt B
Uy ir1(x) = up (x0) + : R(f,0), x € Djy1.
0
Then, “;t:,j+1: EJ-H — IR is a continuous family of conformal minimal
immersions satisfying conditions (aj41)—(dj;1)-

In particular, }
P(fpl) = P(fpl) =0forpeP

1 . .
and hence Uy it has vanishing flux.

If Ej is disconnected, we apply the same argument on the components.
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The critical case

(a) The critical case: p contains a unique critical point xg € Dj 1 \Ej.

Then, 5j+1 deformation retracts onto a compact set S = Ej U E, where
E C M\ Dj is an embedded arc attached with both endpoints to D;.

It suffices to construct an isotopy uj, ;. ; satisfying (aj+1)—(dj+1)£n a
neighborhood of S and apply the noncritical case to extend it to Dj 1.

The key to the proof is to find smooth extension of the map
f; = 28uf,’j/9: Dj — U

across the arc E with the correct integral in order to ensure the
required period conditions on S = D; U E.

This is accomplished by the following lemma.
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Let Q C P be compact Hausdorff spaces and 0,,: [0,1] — 2, be a family
of paths depending continuously on the parameter p € P. Set

1
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Paths with given integrals in the null quadric 2,

Lemma

Let Q C P be compact Hausdorff spaces and 0,,: [0,1] — 2, be a family
of paths depending continuously on the parameter p € P. Set

1
zxp:/O op(s)ds € C", peP.

Given a continuous family «, € C" (p € P, t € [0,1]) such that

ap =ap forall (p,t) € (Px{0})U(Q x[0,1]),

there exists a homotopy 0: [0,1] — 2. (p € P, t € [0,1]) satisfying:
(i) o5 =0, forall (p,t) € (Px{0})U(Q x[0,1]);
(i) ¢5(0) = 0p(0) and 05(1) = 0,(1) forallp € P and t € [0,1];

(iii) [y ob(s)ds =at forallpe P andte[0,1].
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Main ingredient: Gromov's convex integration lemma

Gromov, 1973: Let Q) be an open connected set in a Banach space B.
Fix a path 0p : [0,1] — Q, and let T be the set of all paths

o :[0,1] = Q which are homotopic to 0y with fixed ends ¢(0) = 0(0),
(1) = op(1). Then,

1
I(T) = {/ o(s)ds:o e r} — Co(Q).
JO
The main idea: We can represent any given vector &« € Co(Q}) as
n = Z,"V:1 pid; with p; € Q) and Z,N:I d; = 1 for some big N.

Construct a path o € T which spends approximately the time §; at p; for
each 7 and goes quickly from one point to the next. Then,

This shows that J(I') is open, convex, and dense in Co(Q2); hence it
equals Co(Q)). A similar argument applies in the parametric case.
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How is this is lemma used?

The convex hull of the null quadric equals C": Co(2() = C".
Hence we can choose numbers 0 < r < R such that

{a, eC":pe P, tc0,1]} C Co(AR)

where A g={zeA:r<|z| <R}

Let (O C C" be a thin tubular neighborhood of 2, gr. We apply Gromov's
lemma with the pair QO C Co(Q) to get a deformation (o) which enjoys
properties (i), (ii), and with (iii) replaced by an approximate condition

1
/0 op(s) ds — af,

The small error is caused by projecting the paths from Q) to A, g.

<€, peP, te01].

This is applied on a segment | C E of the arc E. The error is corrected
by using period dominating sprays on another disjoint segment I’ C E.

This completes the proof of the main theorem.
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Summary

We now know that the mapping spaces on the following diagram all have
the same weak homotopy type as the space §) of continuous maps from a
wedge of circles to 2.

N, (M, C") — = 0, (M, 2,) > O(M, 2,) = (M, 2L,

d ls

RN, (M, C")—— 9, (M, R")

The projection R : C" — R" gives the punctured null quadric 2, the
structure of a fibre bundle with fibre "2 over R"\ {0} ~ S"~1.

Thus, the structure of §) can be understood in terms of spheres
and their loop spaces. The homotopy groups of §) can be
calculated in terms of homotopy groups of spheres.

We leave this for another day.
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Theorem

Let M be a connected open Riemann surface of finite topological type:
Hi(M;Z) = Z' with £ € Z,. Let n > 3. Then the metrizable spaces

M. (M, R"), N.(M,C"), 6(M,2L,), €(M,2A)

are absolute neighborhood retracts (ANR).

Corollary

Let M be as above and n > 3. Then, the six maps in the above diagram
are homotopy equivalences.
Moreover, the inclusion 1 and the injections

¥ {u€ M (MR : u(p) =0} —> G, (M, 2L,),

¢:{FeN(MC"): F(p) =0} — O,(M,2L,)

are inclusions of strong deformation retracts.
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Whitehead 1949: If connected topological space X and Y have the
homotopy type of a CW complex, then a weak homotopy equivalence
X — Y is a homotopy equivalence.

Milnor, 1959: An ANR has the homotopy type of a CW complex.
Hence, by Whitehead, a weak homotopy equivalence between a pair of
ANR'’s is a homotopy equivalence.

Smrekar & Yamashita 2009: Let M be a finitely dominated countable
CW complex and let Z be a locally finite countable CW complex. Then
the space (M, Z) of continuous maps M — Z is ANR.

Larusson 2015: If M is a Stein manifold of finite type and Z is an Oka
manifold, then & (M, Z) is an ANR, and 0(M,Z) — € (M, Z) is the
inclusion of a deformation retract.
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Theorem (Dugundji-Lefschetz)

A metric space X is an ANR if and only if the following holds:

For every open cover % of X there is a refinement ¥ of % such that if
P is a simplicial complex with a subcomplex @ containing all the vertices
of P, then every continuous map ¢g : Q — X such that

for each simplex o of P, ¢po(c N Q) C V for some V € ¥
extends to a continuous map ¢ : P — X such that

for each simplex o of P, ¢(c) C U for some U € % .
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Assuming that M is a Riemann surface with finitely generated Hy(M;Z),
the Dugundji-Lefschetz property holds for the mapping spaces

M. (M, R"), N(M,C").
The proof uses the parametric h-principle with approximation that we
have proved, and also the following two results.
Let M be a compact bordered Riemann surface and r € IN.

Alarcén, Forstneric, 2014: The space 9% (M, C") of all nonflat
holomorphic null curves M — C" of class ¢"(M) is a complex Banach
manifold.

Alarcén, Forstneri¢, Lopez, 2016: The space M. (M, R") of all
nonflat conformal minimal immersions M — R" of class €" (M) is a real
analytic Banach manifold.

In particular, with M as above these spaces are locally contractible.



