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0, Introduction

A classical theorem of Carathéodory [8] states that every biholomorphic map
[:Dy—D, between domains in the complex plane € bounded by simple closed
Jordan curves extends to a homeomorphism of D, onto D,.

There are some well-known generalizations of this result to domains in €". If D,
and D, are bounded pseudoconvex domains in €* with €2 boundary and if the
infinitezimal K obayashi metric on D, grows sufficiently fast near the boundary of
D,(Kp,(z; X)2|X|/d(z,bD,)* for some &€ (0, 1)), then every proper holomorphic
map f: Dy— D, extends to a Holder-continuous map of D, onto D, [2, 3,10, 25,
29-32]. This holds in particular if D, is strictly pseudoconvex or if it is pseudo-
convex with real-analytic boundary. The same result holds if D, is only piecewise
smooth strongly pseudoconvex {31].

Further results treat exceptional cases such as the balls [1 ], Reinhardt domains
[5,24], domains with many symmetries [4], and analytically bounded Hartogs
domains in €* [11]. Biholomorphic maps between certain types of non-
pseudoconvex domains with real-analytic boundaries were treated in [13] and [27).
Besides the papers mentioned above there is a vast literature concerning smooth
extension of proper holomorphic maps of smoothly bounded pseudo-
convex domains ([6, 7, 12, 14], to mention just a few).

In the present paper we obtain some results on the continuous extension of
Proper holomorphic maps f: D, -» D, under local assumptions on the boundaries
bD; and bD,. One of the main results is

Theorem. Let /2Dy — D, be a proper holomorphic map of a domain D, = C" onto a
bounded domain D, = @©"and let bD, be of class €* and strictly pseudoconvex near a
boint z°ebD,. If there exists a sequence {z'} < Dy such that lim z7=2z°, the limit
. . j= o
}‘m f(@)=w°ebD, exists, and bD, is of class €* and strictly pseudoconvex
a0

flear w°, then f extends to a Holder continuous map with the exponent 1/2 on a
"eighborhood of z° in D,.

\.

* Research supported by a grant from *“Raziskovalna skupnost SR Slovenije”



240 F. Forstneric and J.-P. Rosay

Note that there are no assumptions on D; and D, away from the points z° resp.
w°;in particular, the domains are not assumed to be pseudoconvex away from these
points. The theorem holds under weaker assumptions on z° resp. w° (see Theorem
1.1 in Sect. 1).

As an application we prove the following result (Corollary 1.3). Let D; < €"be
a domain with a ¥2 plurisubharmonic defining function, and let D, c = €" be a
bounded domain whose boundary is %2 strictly pseudoconvex outside a closed
totally disconnected subset E = »D,. Then every proper holomorphic map of D,
onto D, extends continuously to D, . An example shows that this does not hold if the
“singular set” E has a nontrivial connected component (Sect. 4).

Our results are obtained from a precise quantitative estimate concerning the
localization of the infinitesimal Kobayashi metric near the boundary (Sect. 2). We
hope that this localization estimate will be useful in other problems. The results
generalize to domains in Stein manifolds via the embedding theorem
{23, p. 124]; we omit the details.

We wish to point out that we are using techniques quite similar to those used by
Vormoor [37] in a paper which, however, does not seem to be entirely correct.

A part of this work was done while the first author was visiting Université de
Provence in Marseille. He would like to thank the Mathematics Department for its
warm hospitality.

1. Results

If f: D, »C" is a continuous map on a domain D; = €"and z° € bD, is a boundary
point of D;, we denote by C(f, z°) the cluster set of f at z°, i.e., the set of all points
1im f(z;), where {zj} < D, is a sequence converging to z°. If f is bounded on D;,

then C(f,z°) is compact, and f extends continuously to z° if and only if C(f,2")
consists of a single point. If there is a basis of neighborhoods {U;} of z° such that
U;n D, is connected for all j, then C(f,z°) is also connected. If f :Dy—D,isa
proper mapping, the cluster set C(f; z°) is contained in bD, for each z°ebD;. We
denote by C(f) the global cluster set of f:

CUN=FD)\Sf(Dy) .

Next we introduce Condition (P). A point z° € bD, satisfies Condition (P) if the
boundary bD, is of class €' ** near z° for some ¢>0 and if there exist a continuous
negative plurisubharmonic function g on Dy and a neighborhood U of z° in C" such tha!

e(2)2 —¢,d(z,bD,) , zeD;nU
for some constant ¢ >0.
Here, d(z,bD;)=inf {|z —w|:webD,}.

All strictly pseudoconvex boundary points of D, satisfy Condition (P). A]soi
if o is a €* plurisubharmonic function on a domain Q < €* and Dy ={Z€Q'
0(z)<0} = = Q, then each point z°ebD; at which dg(z°)+0 satisfies Condi-
tion (P).
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Our main result is

1.1, Theorem. Let f: D, — D, be a proper holomorphic map of a domain D, = C" onto
abounded domain D, = €*(n=1). If a point z° € bD satisfies condition (P) and if the
cluster set C(f, z°) contains a point w° € bD, at which bD, is €? strictly pseudoconvex,
then f extends continuously to z°.

Note that D; and D, need not be smoothly bounded or pseudoconvex away from
z° resp. w°.

If f extends continuously to a point z° € bD, satisfying Condition (P) and if bD,
is strictly pseudoconvex near w° =f(z°), then the hypothesis of Theorem 1.1 is also
fulfilied for all points z € D, sufficiently close to z°. Thus f extends continuously to
a neighborhood U of z° in D,. Applying the usual Khenkin’s technique on U
[10,25, 30] we conclude that under the hypothesis of Theorem 1.1 the map f is
Holder continuous with the exponent 1/2 near z° on D, .

1.2. Corollary. Let D, be a bounded domain in € (n21) that is 6? strictly
pseudoconvex at each point w € bD, outside a closed, totally disconnected subset E of
bD, . Then every proper holomorphic map f: Dy - D, (D, c C") extends continuously
to each point ze bD, satisfying the Condition (P).

Proof. Recall that C(f, z°) is contained in bD, . If C(f, z°) is contained in the totally
disconnected set E, it contains only one point (since C(f, z°) is connected) whence f
extends continuously to z°. If on the other hand C(f, z°) intersects bD, \_E then f
extends continuously to z° according to Theorem 1.1.

1.3. Corollary. Let D, be as in Corollary 1.2, and let D, — €" be a domain with a €*
plurisubharmonic defining function. Then every proper holomorphic map f:D,—D,
extends continuously to D,.

Proof 1f D, = {¢ <0}, where g is ¢ plurisubharmonic on a neighborhood of D, and
do+0 on bD, , then every point zebD, satisfies the Condition (P). Thus Corollary
1.2 applies.

If the set E < bD, where bD, is not smooth strictly pseudoconvex has a
connected component containing more than one point, f may not extend
continuously to D, even when D, is real-analytic and strictly pseudoconvex (see
Example 1 in Sect. 4). Also, there is no reason why f should extend continuously to
non-smooth points of bD, (Sect. 4, Example 2). However, if f does not extend
continuously to D, and bD, is ¢* pseudoconvex, then bD, cannot be as nice as
Piecewise smooth strictly pseudoconvex according to Range [31]. The question
remains what minimal regularity of 5D, is required in order to have a continuous
extension of f to D, .

We shall outline the proof of Theorem 1.1. Suppose that z°ebD, satisfies
Qondition (P), the boundary of D, is %2 strictly pseudoconvex near w° € C(f, z°), but
f does not extend continuously to z°. Then, since C(f,z°) is connected, there is
another point w'ebD, n C(f,z°) dinstinct from w° at which bD, is 47 strictly
bseudoconvex. Choose sequences {zf:je Z,} in D, (k=0, 1) such that

lim =z, lim fEH)=w*, k=0,1.

Jj= oo jo o
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Let wf=f(z%). We denote by Kob distp, (z,z') the Kobayashi distance in D,
between the points z,z'e€D,, and similarly for D,. For the definition of the
Kobayashi metric and distance see Sect. 2. The following three steps provide a
contradiction, thus proving Theorem 1.1.

Step 1. There is a constant K€ R such that
Kob distp, (W9, wh)2 —1/2 log d(w9,bD;)
—1/2logd(w},bD,)—K , jeZ.
Step 2. Kob disty, (z9,z))< —1/2 log d(z}, bD,)
—1/2log d(z},bDy) —1(29,2}) ,
where lim (2}, z})= 0.
=
Step 3. There is a constant ¢ >0 such that
dwh,bD))scd(2},bDy) ,  jeZ, , k=0,1.

Suppose that Steps 1-3 hold. The Kobayashi distance is decreasing under
holomorphic mappings so

Kob distp, (z3,z}) 2 Kob distp, (W3, w}) .
Steps 1-3 now imply
1@,z2))<K+loge , jeZ, ,
which is a contradition to the fact that

I(z3,z))~>00 as jooo .

This concludes the proof of Theorem 1.1 provided that Steps 1-3 hold.

Step 3 follows from the Hopf lemma applied to the negative continuous
plurisubharmonic function

t(wy=max {¢(z); ze Dy, f(z2)=w} , weD, ,

where ¢ : Dy —~(—00,0) is as in the Condition (P). See {2, 10, 25] for the details.
Step 2 is proved in Sect. 2, Proposition 2.5.

The main problem is to obtain the estimate from below in Step 1. Assuming the
existence of good local holomorphic peaking functions for points A € bD, near ¥’
we first prove an estimate concerning the localization of the infinitesimal Kobayashi
metric near w° (Theorem 2.1 and Lemma 2.2). The estimate of Step 1 follows by
integration, using a stronger hypothesis on the local holomorphic peak functions
(Theorem 2.3 and Corollary 2.4).

Using the techniques of this paper we also obtain a result on continuous
extension of proper holomorphic maps f: D, —-D, of a domain D, c €" into 2
bounded strictly pseudoconvex domain D, = C¥, N> n, provided that the global

cluster set CN=f(D1) \f(Dy) < bD, is not too large. The following theorem
generalizes the main result of [15] (see also [19]).
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1.4. Theorem. Let D, < C" be a bounded pseudoconvex domain with €* boundary and
let f: Dy— D, be a proper holomorphic map into a bounded, strictly pseudoconvex
domain D, = €~ with 6* boundary (N>n). Assume that the global cluster set
C(f) is contained in the union of a closed, totally disconnected subset E < bD, and
a closed €* submanifold M of bD,\ E of real dimension 2n—1. Then f extends
continuously to each point z° € bD, satisfying Condition (P).

Thus, if D; admits a €2 plurisubharmonic defining function, every such map f
extends continuously to D, . If we do not assume anything on the cluster set C(f), f
need not extend continuously even if both D, and D, are smooth strictly
pseudoconvex [16, 28]. Indeed, there exist proper holomorphic maps from the unit
disk 4 = € into the unit ball BY of € (N> 1) that extend continuously (even
smoothly) to 4™\ {1}, but whose cluster set at the point 1 is the entire sphere 5B
{20]. On the other hand, a proper holomorphic map may have a large global cluster
set and yet extend continuously to the closure of the domain [18].

It would be of interest to know whether Theorem 1.4 holds if we only assume
that the manifold M < bD,\ E has Cauchy-Riemann dimension n—1 at each
point (=the CR dimension of bD,). If n=1 and the set E is empty, this holds by a
theorem of Cirka [9].

2. Localization of the Kobayashi Metric

Let A(a,r)={zeC:|z—a|<r}, 4(r)=4(0,r) and 4=4(1). If D is a domain
in €", we denote by Kj(z, X) the infinitesimal Kobayashi length of the tangent
vector X e T,C" at the point ze D : Kp(z, X)=inf {1/r>0:3h: A~ D holomorphic,
h(0)=z, h'(Q)=r-X}. If y:[0,1]>D is a ¢* curve in D, its Kobayashi length is

1
Ib()=[ Kp(y(®); v'(®))dt .
0
The Kobayashi distance between the points a,be D is

Kob distp (a, b) =inf {Ip(y) :7:[0,1]>D of class €' , y(0)=a,y(1)=b} .

Lf f:Dy-D, is a holomorphic map of domains, then the Schwarz-Pick lemma
olds:

Kob distp, (2, ) =Kob distp, (f(a), f®)) , a,beD, ,
and
Kp,(z; X)2Kp,(f(2); f'(2)X) , zeD,, XeT,C".

For further properties of the Kobayashi metric sce [26] and [33] .

We consider D a bounded domain in €" and D, = D, open subsets of D such
that each point zebD, has an open neighborhood U, in €” for which U, n D,
=U, " D or, more generally, U, N D, is a reunion of connected components of
U; A D. In particular D, has a positive distance from the complement of D, in D.
We denote by d(z) the Euclidean distance from ze D to bD.
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Clearly Kp,(z, X)Z Kp(z; X), ze Dy, Xe T,@C". Conversely, if we assume that
every holomorphic map #:4-D such that A(0)ebD nbD, is constant, then
Montel’s theorem implies:

lim Kp(z; X)/Kp,(z; X)=1, XeC"\ {0} . Q2.1

zeDg
z—bD

We will show that the seemingly rather weak quantitative version of the non-
existence of these mappings 4 implies an estimate (2.2) precising (2.1) which is sharp
already in the case of strictly pseudoconvex domains (and is valid, for example, in
the case of strict geometric convexity).

We introduce the Property (*):
(*) Every point zebDy n bD has an open neighborhood V, in C" which verifies the
Sfollowing :
For every >0 there exists C > 0 depending on v such that for each holomorphic map
h:A-V,n D, we have

(I81=1-CdhOM=A()—hO)|=n .

2.1. Theorem. If (*) holds, there exists a constant ¢ >0 such that for each z e Dy and
XeT,C"
Kp(z;X)2(1—cd(2)) Kp,(z; X) . (2.2)

The estimate is the best possible, except of course for the size of the constant ¢ which
depends on D,, D, and D.

An example of the situation where (*) holds is obtained in the following way.
Start from a bounded domain D (not supposed to be pseudoconvex), and 2 a
relatively open subset of bD. Assume that X is a #? strictly pseudoconvex
hypersurface. If D; < Dis a domain in the pseudoconvex side of X and bDy N bD is
acompact subset of Z, then (*) holds. This follows from the following lemma which
applies to much more general situations, e.g., in the case of strict geometric
convexity.

2.2. Lemma. Let ¢ : R , =R, be a continuous increasing function, ¢(0)=0. Assume
that for every point A € bD; ~ bD there exists a function Pye C(D,) n 0(D,), | P4l <1
on D, \ {4}, which peaks at A and satisfies

all=P@)|S|z-AISe(1 ~Ps@))) , zeD; . @3
Then (*) holds. (¢, >0 is constant independent of A.)

Remark. 1t is important to notice that P, is a peaking function for D,, not for D.
Near every strictly pseudoconvex boundary point of D the condition (2.3) holds
with @(x) =|/§ which we can see be convexifying bD locally near the given point.

Proof. The following is a simple consequence of the Schwarz lemma on 4 and we
omit the proof:

For each 4>0 there exists a constant C,> 0 such that for each ¢> 0 and each
holomorphic map g: 44 satisfying |1 —g(0)| < e we have

KI=1-Ci-e)y= 1 —g()I=4 . 24
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Givenn > 0 asin (*) we choose A > 0 satisfying 2 ¢ (1) =n. Let C, be the constant for
which (2.4) holds.

Assume that & : 4— D, is holomorphic, #(0) € Dy and ¢ =d(h(0)). Choose a point
AebD, n bD such that |h(0) — 4| =¢. We only need to consider small values of ¢; let
e<n/2. By (2.3) we have

11—Py(h(0)| <&/,
whence (2.4) applied to the function g=P, - h: A— 4 implies
(1011 =Creler)=|1 —Py(h(C)I=4 .
Thus for {{|<1—C,¢/c; we have
| () —h(O)|=1h (L) — A +|h(0) - 4]
So(I1-Py(r(Q)) +e
Se()+n/2
sn .
Lemma 2.2 is proved.

Proof of Theorem 2.1. Fix a point pebDynbD and ¥V, an open neighborhood
of p such as in (*). Shrinking V, if necessary we may assume that ¥, D,
is a reunion of connected components of ¥, D. There is a smaller neigh-
borhood V of p and a constant de(0,1) such that for each zeVnD,
B(z,d) "D, = V,n D,. (Here B(z,d) is the ball of radius d centered at z.) The
theorem will be proved if we find a constant K > 0 such that for every holomorphic
mapping h: 4—D with h(0)e V we have k(4 _ xamoy) < D -

We may assume that D has diameter £ 1. Given ¢ >0, let g =g¢(¢) be the largest
number in {0, 1] such that |h({) —h(0)| =d whenever A is a holomorphic mapping
h:4-D, h(0)e V, d(h(0))<e, and |{|Se. So h(4,) = D,. Of course ¢ =d by the
Schwarz lemma. According to the Property (*) there exists a C>0 such that

{h({)—h(0)|=d/2 whenever d(h(0))Se and |{|S¢—Ce .
We have log |h({) —h(0)| <0 on the unit disk and, if g <1,

d=1§1u=p 1A () —h(0)]

for some 4. By Hadamard’s three circles lemma the function log sup lh({)—h(0))is
4 convex function of log r. Therefore =

log (¢ — C¢)
log d/2

> log o .
“llogd

If we restrict to the case where £2df2C (so g —Ce=d[2) we get:

[log Q(+2C8/2>|Iog ol
llogd/2| ~llogd|
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and therefore
2Cllogd|
d-log2

Hence g=1—K - ¢ as desired. This proves Theorem 2.1.

1-g¢=llogel=s

Using the localization of the infinitesimal Kobayashi metric we shall prove an
estimate concerning the rate of growth of the Kobayashi distance near the boundary
which is sharp in the case of strictly pseudoconvex boundary points.

2 3. Theorem. Let ¢ : R . —» IR, be a continuous function satisfying the Dini condition
f o(x)
x

dx < 00. Assume that for every point AecbD; nbD there exists a function

PAe C(D,) n O(Dy), |P4)<1 on D, \ {4}, which peaks at A and satisfies
|l —Py2)|Slz—A4|So(1 —|Ps()]) , z€D; .

Then for every point p in the relative interior of bDy N bD there is a neighborhood U of
p and a constant K such that

Kob distp (z; D\ Dy)=1/21log1/d(z)—K , zeUnD, . .5

Remark. A comparison with the Kobayashi distance on a ball in D that is tangent to
bD at one point of bD shows that Kob dist, (z; D\ _D,) cannot grow faster than
1/2 log 1/d(z) as z approaches bD. The optimal rate of growth (2.5) is attained in
particular when bD is %2 strictly pseudoconvex near the given point p since the

hypothesis of Theorem 2.3 is then satisfied with ¢(x) =1/;.

Proof of Theorem 2.3. By Lemma 2.2 and Theorem 2.1 we can choose Dy < D; such
that the point p is in the relative interior of 56D, N bD and the estimate (2.2) holds.
Let U be a small neighborhood of p, U n D, contained in Dy, such that for each
ze U D, there is a closest point 4,€bD, N bD satisfying inf [4,—z'|=2d>0
for some J independent of z. #'eD\Do

Let y:[0, 1]- D, be a ¢* path, y(0)ebDy ~ D, y(1)€ U N Dy, y(t) € D, for t > 0.
Let A e bD, be the closest point to y(1) on D and P,e C(D,) n O(D,) the peaking
function for 4. Denote by A(t)=P,(y(t)) the corresponding path in 4 and set
£(t)=|A(?)|. We may assume that P, has no zeroes on D, whence & is of class 28
By Theorem 2.1 we have

1
I =[ Kp(y(t); y'(t))dt

= O

2§ (1 —cd@EN)Kp, (y(2); y'(1))dt .

(=]

Since holomorphic mappings decrease the Kobayashi metric, we have

Kp, (7(1); Y () 2 K4A@); X' @) =12 ()| /(1 =A%)
21280/ -E@) .
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Also, by hypothesis,
t—ed(y())21 —cly(®) —Aj21 —co(1 —|P4(y())])
21—co(1-4()

and we may assume that the last quantity is positive. Therefore

1
b(21/2 (I) (1 —co(1 =) dc()/(1 =)

1 1
212 (I) dg(n)/(1 —=&@)) —c/2 (5) ex)/x-dx .
The first integral equals
1/21og 1/(1—¢(1))—1/21log 1/(1 —<(0)) .

We have
1=¢)=1~|P,()IS|y(D) — 4|/, =d(y(1))/ey
1-¢0)=1~|P,0) |20 ' (I7(0)—A4])
Z071() .
Thus
Ib(y)21/2log 1/d(y(1))-K ,
where

1
K=1/2(log 1/c; +log 1/ 1 (8)) +¢ | @(x)/x - dx) .
0
This proves Theorem 2.3.
24. Corollary. Let D be a bounded domain in C* whose boundary bD is 6> strictly
pseudoconvex in a neighborhood of two distinct points w°, w' € bD. Then there is a
constant K such that

Kob distp (a,b)2 —1/2log d(a,bD) —1/2 log d(b,bD) - K

for each point a sufficiently close to w° and b close to w'.

Proof. Each path yin D starting at a and ending at b must exit from neighborhoods
of w® and w!. Hence the corollary follows from Theorem 2.3.

In the proof of Theorem (1.1) we also require the following

2.8. Proposition. If D is a domain whose boundary bD is of class € **(¢>0) near a
boint A€ bD, then there exist aneighborhood U of A and a constant C € R such that for
all zy,z,e DA U:

1
Kobdisty (z9,2,)<1/2 :v. log 1/d(z)) —1/2 ). log 1/(d(z))+|z0—2,1)+C .
j=0 i=0

J
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In the formula the second term is the one which shows a difference of behavior of the
Kobayashi distance between z, and z;, when at least one of the z; approaches 6D,
according to whether |z, —z; | approaches 0 or does not.

Proof. We will take for U a ball of radius ¢ > O centered at 4; 7 will be the closed ball
of radius 4¢ centered at 4. We choose ¢ small enough in order that bD n U is a
connected hypersurface of class ¥*** and the following two properties hold:

i) if for every pe bD n U we denote by n, the inner unit normal vector to bD at
p, then |n,—n,|<1/8. .

i) for every 6e[0,2¢] and zeDn U, pebDnU:

z+0n,eD and d(z+dn,)>35/4 .

Let z, and z; be pointsin D n U. Forj=0, 1, let a; be any point in bD at the minimum
distance from z;, i.e. |z; —a;| =d(z;). Set zj=2z;+|z9 —2z;|n,;. Then we have

1
Kob distp (29, z) < Kob dist, (29, z;) + ), Kob distp (z;,2]) .
j=0
In the right hand side the first term is easy to bound from above by a constant
independent on z, and z;. Notice that |zo—z,|<2¢ implies d(z))=3/4|zo—2z,],
according to ii), and |zy—z{|<5/4)z9—~z;,], according to i). Let y be the
holomorphic mapping from € into €" defined by ¢ ({)=2z,+{(z; —z5). Let ¢ be
the connected open set in €, O ={{eC, min (||, [{—~1|)<2}. Thus ¥(0) < D,
Y(0)=zy, Yy(1)=2z;. So we get:

Kob distp (29, z;) = Kob diste(0, 1) .

To end the proof we have to bound the terms Kob distp (z;, z}) (j=0, 1). Let ¢; be
the holomorphic mapping from Cto €, ¢;: {—a;+{n,,, where «;is as above. Then
60y =a;, d;(d(z))=2z;, ¢;(d(z))+|z0 —21])=2;.

Let us now use the fact that bDis of class C* ™%, that n, is normal to bD at ;, and
that the condition i) holds. We can replace ¢ by min (1, ¢) and therefore assume that
0<e<1. Set wo={{=¢+ineC,|{|<4g,&>Cln|'*#}. If C is a constant chosen
large enough, then ¢;(wo) = D n U. Fix such a C, and for convenience fix a domain
® < wy, symmetric with respect to the real axis, obtained by smoothing bw, in 2
small neighborhood if its two angular points. We have

Kob distp (z;, zj) < Kob dist, (d(z)), d(z;) + |20 —z11) .
To conclude, we therefore only need to check that if a and b are real numbers which
satisfy 0 <a<b <39, then
Kob dist,, (a,b)<1/2(log 1/a~log 1/b)+ 0(1) .

Let 7 be a conformal mapping from  to the unit disk such that t(0)=1 and 7 i
real on the real axis. Since bw is of class €' *¢, 1 extends to a diffeomorphism from
the closure of @ to the closed unit disk (see {38, Theorem 6, p. 426]). So there exist
K>1 and 8e(—1,1) such that for every ce(0, 3g)

max (6,1 —Kc)g1(c)£1~¢/K .



Localization of the Kobayashi Metric 249

Recall that the Kobayashi distance between two points x and x’, —1 <x'<x<1,in
the unit disk is equal to 1/2(log (1 +x)/(1 —x) —log (1 +x")/(1 —x")).
Since 7 is an isometry for the Kobayashi distance, one gets

. 1 2 146
Kob dist,(a, b) §§ |:log (W) —log (—I_(B—>:| ,

which yields the desired estimate. Proposition 2.5 is proved.

3. Proof of Theorem 1.4

We first consider the case n> 2. For each z° € bD; the cluster set C(f, z°) is contained
in Eu M < bD, by hypothesis. Suppose that f does not extend continuously to z°.
Since C(f,z°) is connected and E is totally disconnected, there is a point
w®e C(f,z°) n M. The proof of Theorem 1.1 in [15] can be applied to conclude that
the pair (f(D,), M) is a €? manifold with boundary in a neighborhood of w° and
f(D,) intersects bD, transversely near w°. This also follows from the results of
Harvey and Lawson [22, Theorem 4.7, p. 243]. Here we need to assume that n>2.
Choose a point w! e C(f, z°) " M < bD, sufficiently close to w° such that the pair
(f(D,), M) is a manifold with boundary near w' also (such w' exists since C(f, z°) is
connected), and choose sequences {z¥:jeZ.} = D(k=0, 1) satisfying

lim z5=z° , lim f(Z5)=w*, k=0,1.

j= oo jo o
Suppose now that g e € (D) is a negative plurisubharmonic function satisfying the
condition (P) near z°ebD;. Then the function

t(w)=max {¢(2) :ze Dy, f(2)=w} , wef(D,)

is negative, continuous and plurisubharmonic on f(D,) near the points w® and w!
since f(D;) is smooth there. (z may not be continuous near singular points of the

variety f(D,).) Asin [15] we can apply the Hopf lemma to t(w) near w° resp. w' to
conclude

dwt,bD,)<cd(z5,bDy) , jeZ, , k=0,1.

This means that step 3 in the proof of Theorem 1.1 in Sect. 1 holds. Exactly as before
we can reach a contradiction to the assumption that f does not extend continuously
to z°,

The case n=1 requires a slightly different proof. The set K={weM:T,M
< TEhD,} is a closed subset of the one-dimensional manifold M, hence it is the
union of a closed, totally disconnected subset K, of M and at most a countable set of
openarcs M; = M. Then Ey=E U K, is a closed, totally disconnected subset of bD,
and My=M\ K is a closed > submanifold of bD,\ Eo.

We claim that the global cluster set C(f)=f(D,)\ f(Dy) is contained in
Ey U M, . Assuming this we can conclude the proof exactly asin the case n=2. Since
the tangent space T,, M, is not contained in T CpD, for any we Mg, the proof of
Theorem 1.1 in [t5] shows that near each we M, the pair (f(D,), M) is a €2
manifold with boundary that intersects bD, transversely. The rest of the proof
follows as before.
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It remains to prove that C(f) is contained in E, U M. Assume on the contrary
that there is a point w e M; n C(f) for some . Since D, is strictly pseudoconvex, w is
a peak point for the algebra 4(D,)=0(D,) n C(D,). If p,, is a peak function for w,
the maximum principle applied to the function p,,. fe H* (D,) implies that there isa
subset I' = bD; of positive surface measure such that for each zeI' the non-
tangential limit f*(z) exists and lies in M;.

Recall that M;is a complex tangential curve in bD, . Thus by a theorem of Rudin
(35]each compact subset L of M;is a peak-interpolation set for the algebra 4(D,). If
Lc M;isasufficiently large compact subset and ¢ € A (D,) is a peaking function for
L, then ¢ =fe€ H*(D,) has nontangential boundary values equal to 1 foreachzina
subset I, < I' of positive measure. The uniqueness principle [36] implies o f=1,a
contradiction. Thus C(f) is contained in Eq v M, and Theorem 1.4 is proved.

4. Examples

In the first example we construct a biholomorphic map f: D; —»D, of a bounded
strictly pseudoconvex domain D, with real-analytic boundary onto a bounded
domain D, whose boundary bD, is smooth strictly pseudoconvex outside a circle
E < bD, such that f does not extend continuously to D, .

Example 1. Choose a holomorphic function g=u+iv on the unit disk
A={{ e C:|{| <1} whose real part uis continuous on 4 and smooth on A\ {1} and
whose imaginary part v is unbounded at the point 1. Then the map

FEAN{IYxC e
f(zl9' . ',Zn)=(zl,. . "zn—l,eg(zl)zn)

is smooth on (4\ {1}) x€" ! and biholomorphic on 4 x C*~*. Set

Dy ={(z',2) €C":|2'|P +|2,]* +|z4] "2 <3}
and

Dy=f(Dy)={(W',w)eC":|W'|* +|e ™, [2 4 |e *¥y, |72 <3} .
Then bD, is real-analytic and strictly pseudoconvex outside the circle
E={(1,0,...,w,):|w,|=e"D} c bD, .
Clearly f does not extend continuously to any point of the circle
E,={1,0,...,2,):|z,|=1} c bD; .

If 2°€ Ey, the cluster set C(f,z°) equals E. The inverse f~':D,—D, extends
continuously to D, \ E.

Example 2. We construct a bounded domain D = €2 whose boundary is real-
analytic and strictly pseudoconvex except at one point p € bD such that D admits
automorphisms that do not extend continuously to p. The idea is similar t0
Fridman’s {17].
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Let
Q={(21,Zz)€'c21|21|2+i22|2+|22|—2<3} R

F(zy,22)=(z1,(1 —z1)z3) , and
D=F(©Q) .

The boundary of D is real analytic and strictly pseudoconvex except at the point
p=(1,0)ebD. -

For each feIR the map ®y(z;,2;) =(e'%z,,2,) is an automorphism of © and
hence

Jo(wi, wy)=Fo d59°F_1(W1,W2)

o 1—€w
=le"w,, ————1 Wy

isan automorphism of D. From the definition of Q and F it follows that f, does not
extend continuously to p if 8+k-2n. On the other hand, the automorphisms
Foygo F~1 of D, where Yq(zy,2,) =(z1,€"2,), extend continuously to D and
preserve the point p. According to Corollary 1.2 every automorphism of D extends
continuously to D\ {p}.
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