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Mappings of Strongly Pseudoconvex 
Cauchy-Riemann Manifolds 

FRANC FORSTNERIC 

0. Introduction. In this paper we extend the theorem due to C. Pefferman 
[12] on boundary regularity of biholomorphic mappings I : g --. g' be­
tween smoothly bounded, strongly pseudoconvex domains g , g' c en to 
certain generic smooth Cauchy-Riemann manifolds in en with nondegener­
ate Levi form. 

The local version of Fefferman's theorem can be stated as follows: Let 
M and M' be smooth strongly pseudoconvex hypersurfaces in en ( n > 
1) and I : M --. M' a homeomorphic mapping so that both I and 1- 1 

satisfy the tangential Cauchy-Riemann equations (in the weak sense). Then 
I is necessarily a smooth diffeomorphism. The point is that, under these 
conditions, I extends to a biholomorphic mapping from a domain g c en 
bounded in part by M to a similar domain g' bounded in part by M' , so 
we are back in the usual setting. 

This theorem has been generalized to much wider classes of hypersurfaces 
and was proved under weaker hypotheses on I. For this development we 
refer the reader to the survey papers by Bedford [6], Bell [7], and the author 
[13], and to the references therein. 

In this paper we consider another kind of generalization of Fefferman's 
theorem. Let M and M' be local smooth, generic, Cauchy-Riemann (CR) 
manifolds in en, of real codimension d > 1 and of Cauchy-Riemann (CR) 
dimension m > 0 (m + d = n). A CR-homeomorphism I: M--. M' is a 
topological homeomorphism such that both I and 1- 1 are CR mappings, 
i.e., they satisfy the tangential Cauchy-Riemann equations in the weak sense. 
Our main result is that, under certain geometric assumptions on M and M' , 
every such mapping is a smooth diff eomorphism. 

Our hypotheses are of two kinds. First, we require that M and M' are 
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strongly pseudoconvex (Definition 1, § 1 ). This condition is a natural gener­
alization of the strong pseudoconvexity of hypersurfaces. The second condi­
tion, we call it over-extendability, concerns the holomorphic extendability of 
CR functions on M respectively M' to wedges. We require that, at the cho­
sen point p · E M , every CR function h defined on M near p extends near 
p to a wedge 7' = 7' (r) with edge M so that the cone r determining the 
wedge is strictly larger than the Levi cone of M at p (Definition 2). 

The Main Theorem (§ 1) states that whenever M and M' are smooth, 
strongly pseudoconvex and over-extendable at p E M respectively p' E M' , 
then every local CR homeomorphism f : M ......, M' with f (p) = p' is a 
smooth CR diff eomorphism near p . 

Mappings of this kind arise in the following situation. Suppose 9 c en is 
a domain containing a smooth generic CR manifold M in its boundary 89, 
and such that 9 is wedge-like near M (i.e., it contains a wedge with edge 
M) . If M' c 89' satisfies a similar condition, and if f: 9 u M ......, 9' UM' 
is a homeomorphic map that is holomorphic on 9 , with f(M) = M' , then 
f : M ......, M' is a CR homeomorphism. 

This formulation also makes sense when M and M' have CR dimension 
zero, i.e., they are maximal totally real submanifolds of en . The smoothness 
of f on M then follows by reflection on M and M' and applying the 
(smooth version of) edge of the wedge theorem, see Pinchuk and Hasanov 
[23]. 

It seems that the intermediate case when M, M' are not hypersurfaces 
but have positive CR dimension has not been treated, except in the papers 
[28, 29] by Webster in which he assumed from the outset that the map f is 
of class ~1 on M. However, as is well-known from the hypersurface case, 
the hard problem is exactly to obtain some initial regularity of f. 

The interesting point is that there is a deep connection between the map­
ping problem for strongly pseudoconvex CR manifolds of positive CR di­
mension and the mapping problem for wedges with totally real edges. This 
has been discovered (in the hypersurfaces case) by Lewy [21] and Pinchuk 
[22] and, in a more explicit form, by Webster [27]. Other important ingre­
dients are certain estimates of the derivative of f, and these require most 
of the work. Among other things we use the generalized theorem of Julia­
Caratheodory for f on certain families of osculating balls. In the hypersur­
face case this approach has been explained in the recent paper [15] by the 
author. The present proof uses similar ideas, but is technically more involved. 

In §2 we use results on microlocal hypoanaliticity due to Baouendi, Chang, 
Rothschild, and Treves [1-4] in order to obtain some sufficient conditions for 
over-extentability. In §§3-5 we do the preparatory work concerning wedges 
and mappings between them. Among other things, we prove the Hopf lemma 
on wedges (Corollary 3.4), obtain information on the local polynomial hull of 
M (Proposition 4.2), and prove the boundary distance preserving property 
of f (Proposition 5.2). In §6 we prove the Main Theorem. 
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1. The main theorem. In the space en we shall use the coordinates ( z , w) , 
z = (z 1 , • •• , zm) E Cm, w = u+ iv= (w 1 , ••• , wd) E Cd. Let Mc Cn be 
a smooth manifold of real codimension d defined near the origin by a set 
of d real equations 

(1) v1 =rp1(z,z,u), 1-:5,j~d, 

where <p = (rp 1, ••• , <pd) is a smooth map with rp(O) = 0 and drp(O) = 0. 
We shall use the vector notation 

v=rp(z,z,u). 

For each p E M, the maximal complex tangent space T~ M = TPM n iTPM 
has complex dimension m, so M is a generic Cauchy-Riemann (CR) man­
ifold of CR dimension m . Conversely, every such manifold is locally of the 
form(l). 

Recall that a 1&' 1 function f on M is called CR if df(p) is C-linear on 
the maximal complex tangent space TPc M for each p E M . Equivalently, 
JMJ8a = 0 for all smooth forms a of type (n, m - 1) on en such that 
supp an M is compact; this is used as the definition of CR when f is merely 
continuous on M. 

We shall now define the Levi form of M at 0. According to [8], Proposition 
3.1, we can find local holomorphic coordinates near the origin in en such 
that M is given by 

(2) v = Q(z, z) + R(z, z, u), 

where Q = (Q1 , ••• , Qd) is a hermitian quadratic form on cm with values 

in Rd and IR(z, z, u)i = a(izl 2 + juj 2
). The form Q is uniquely determined 

by M up to transformations of the form 

(3) Q
1 
(Az, Az) = B · Q(z, z), z E Cm, 

where A E GL(m, C) and B E GL(d, R). We call Q the Levi form of 
M at 0 . For an intrinsic definition in terms of commutators of complex 
tangential vector fields see [8]. 

We associate to Q the Levi cone C(Q) and its dual cone C*(Q) (also 
called the polar) by 

C(Q) = 'i&'o{Q(z, z): z E Cm\{O}} c Rd, 

(4) * d C (Q) ={a ER : a· x 2:: 0 for all x E C(Q)}. 
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Here, a· x = L:;~=t a1x1 is the usual real inner product, and ~o denotes 
the (linearly) convex hull. Clearly C( Q) U {O} and C* ( Q) are closed convex 
cones in Rd. When C(Q) is all of Rd, C*(Q) is the trivial cone {O}. 

However, when C(Q) =/.Rd, the Hahn-Banach theorem implies that C*(Q) 
is nontrivial, but it may still have empty interior. This will happen whenever 
C( Q) contains a complete straight line through the origin, since c* ( Q) is 
then contained in the orthogonal complement of that line. 

DEFINITION 1. The manifold M given by (2) is said to be strongly pseudo­
convex at the origin if there exists a vector a E JRd such that a· Q is strongly 
positive definite on cm ' that is, 

d 

(5) L a1Q1(z, z) > 0 for all z E Cm\{O}. 
J=I 

Clearly this property is preserved by the transformations ( 3). 

It is not hard to see that the strong pseudoconvexity of M at 0 is equivalent 
to any of the following conditions: 

(i) C(Q) is contained in an open half space of Rd determined by a real 
hyperplane through the origin. 

(ii) C(Q) does not contain the origin. 
(iii) Q is nondegenerate in the sense that Q(z, ·) = 0 for some z E cm 

implies z = 0 , and C( Q) contains no complete straight line. 
(iv) Q is nondegenerate and C*(Q) has nonempty interior. 
(v) Locally near 0, M is contained in a strongly pseudoconvex hyper­

surface (Proposition 4.4). 

Apropos (iv), we remark that the set of vectors a E JRd satisfying (5) is 
precisely the interior of the dual Levi cone Int c* ( Q) , as follows immedi­
ately from the definition of C*(Q). We leave out the simple proof of these 
equivalences since we will not need them in the sequel. The same condition 
has been used by Khenkin and Tumanov in [18] and [26] where they proved 
that local CR homeomorphisms of strongly pseudoconvex quadrics whose 
Levi cones have nonempty interior extend to birational mappings on en . 

See also [16] for related results. 
We remark that when Q has the property that for each a E JRd\{O}, a· Q 

has at least one negative eigenvalue, then C(Q) =Rd, so every CR function 
(or distribution) on M extends holomorphically to an open neighborhood 
of 0 in en [1, 8]. In this case our mapping problem is not interesting, so 
we do not lose much generality by restricting our attention to the strongly 
pseudoconvex case. 

To every open connected cone r c Rd with vertex 0 and a neighborhood 
U of 0 in en we associate the wedge '1/"'(f', U) with edge M by 

(6) '1/"'(1, U) = {(z, w) E U: Im w - rp(z, z, Rew) Er}. 
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We say that a continuous CR function f on M extends holomorphically to 
'IF (r, U) if there is a holomorphic function on 'IF (r, U) that is continuous 
up to Mn U and matches with f on Mn U. 

Let S c !Rd be the unit sphere. We say that a cone r c !Rd is finer than 
r' c JR.d if rns is relatively compact in Int r' nS . We denote this by r < r' 
or r' > r. A wedge 'IF = W(r, U) is finer than W' = '/F(r', U')('IF < 
W') if r < r' and U cc U'. 

DEFINITION 2. The manifold M defined by (2) is over-extendable at the 
origin if every CR function h defined in a neighborhood of 0 in M can 
be extended holomorphically to a wedge W(r, U) with r > C(Q) (= the 
Levi cone of M at 0) . 

REMARK. For every cone r < C( Q) , h can be extended holomorphically 
to W(r, U) for a sufficiently small U [l], [8]. 

When M is the quadric 

(7) Im w = Q(z, z), 

every h can be extended near 0 to a wedge W(r, U) with r = Int C(Q), 
and in general to no larger wedge. We are requiring the extendability to 
wedges of cones which are slightly larger than the Levi cone. We shall give 
some sufficient conditions for over-extendability in Section 2. Our use of 
over-extendability will become clear in Proposition 5.1 in Section 5. 

DEFINITION 3. Let M and M' be manifolds of the form (2), of the same 
type (m, d). A local CR-homeomorphism f: M--+ M' at the origin is a 
homeomorphism f : w --+ w' of open neighborhood 0 E w c M , 0 E w' c 
M', with f(O) = 0, such that both f and f- 1 are CR mappings (i.e., they 
satisfy the tangential Cauchy-Riemann equations in the weak sense). 

MAIN THEOREM. Let M and M' be manifolds of the form (2) in en, 
of the same type ( m , d) , and smooth of order k > 3 . If M and M' are 
strongly pseudoconvex and over-extendable at the origin, then every local CR 
homeomorphism f: M --+ M' with f(O) = 0 is a smooth dijfeomorphism of 
class Cffk- l -O near the origin. When M and M' are real-analytic, then f 
extends to a biholomorphic mapping in a neighborhood of 0 in en . 

Here, k need not be integer; if k = [k] + o: with 0 < o: < 1, then 
Cffk = CfflkJ,a is the usual Holder class. As usual, Cffk-o means Cffk if k '/. Z+, 

and =k-o U =k-1,a i·f k E '7J 
ro = O<a<l ro /lJ+ • 

As in the classical Fefferman's theorem for hypersurfaces, the hard problem 
is only to show that f is of class Cff 1 (see Webster [27, 28]). Our theorem 
contains the hypersurf ace situation as a very special case, since the condition 
of over-extendability is then vacuously satisfied. 

When M and M' have CR dimension m = 1 , it suffices to assume that 
they are Levi nondegenerate (and over-extendable), since the Levi cone is 
then a ray in !Rd\{O} whence they are strongly pseudoconvex. This case 
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is just the opposite to the hypersurface case when the CR dimension is the 
maximal possible. Of course we have the whole range of intermediate cases 
where both m ;::: 2 and d ;::: 2 . 

Since a strongly pseudoconvex quadric (7) is never over-extendable yet the 
analogous result for CR homeomorphisms f : M --. M' holds whenever the 
Levi cones of M and M' have nonempty interior according to [18], our 
condition on over-extendability is certainly not the best possible one. How­
ever, as we will see in Section 2, it holds in many cases, especially when the 
third order part in the Taylor expansion of M at 0 is sufficiently indepen­
dent of the Levi form Q (Corollary 2.3). Over-extendability even holds in 
certain cases when the Levi cone C( Q) has empty interior. For instance, if 
the CR dimension of M equals one, and if M is semirigid at 0 with all the 
higher Hormander numbers being odd, then M is over-extendable (Corol­
lary 2.4). For smooth rigid CR manifolds: Im w = <p(z, z), we give a rather 
specific procedure for checking the over-extendability by using the line sector 
property from [2] and [3]. (See Theorem 2.2.) 

Before making any guesses as to what the optimal condition in our problem 
might be, we consider the following example. Let M = M 1 x JR, where 
M

1 
c en-I is a strongly pseudoconvex CR manifold (2). Every CR mapping 

f: M--. M is of the form f(z, t) = (gt(z), h(t)), where gt: M 1 --+ M 1 is 
CR, but the dependence of gt and h on t is completely arbitrary, in spite of 
the strong pseudoconvexity of M. This is essentially the only known counter­
example to th~re larity problem within the class of strongly pseudoconvex 
CR manifolds. 

In this case R functions on M do not extend to any nontrivial wedge 
in en . The ecessary and sufficient condition for extendability to wedges 
near 0 E M is that M is minimal at 0, in the sense that there exists no 
CR manifold N c M passing through 0, of the same CR dimension as M 
but of smaller real dimension (Tumanov [25], Baouendi and Rothschild [5]). 
The following conjecture seems plausible: 

CONJECTURE. If M and M' are smooth strongly pseudoconvex CR mani­
folds (2) that are minimal at the origin, then every local CR homeomorphisms 
f: M--. M', f(O) = 0, is a smooth diffeomorphism near 0. 

Every manifold M (2) whose Levi cone C(Q) at the origin has nonempty 
interior is minimal at 0. We expect that the conjecture may be easier to 
prove in this case, perhaps by a reduction to the hypersurface situation as in 
Khenkin and Tumanov [18]. 

Another remark concerning the loss of smoothness in the Main Theorem 
is appropriate. Just as in Lempert [20] one can obtain a more precise result 
by introducing a different smoothness class that measures the smoothness of 

~ k ~ 

both M and the associated manifold M (6.1). If ME~ , then ME ~s 
for some s between k - 1 and k . If both M and M' are of class ~s , 
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k - 1 :::; s :::; k , then f E ~s-o . In the hypersurface case, the loss of 
smoothness is no more than 1/2+0, and the loss of 1/2 can actually occur. 

2. Sufficient conditions for over-extendability. Let Mc cm+d be a generic 
smooth CR manifold of real codimension d given by (1.2), i.e., 

(1) v = Q(z, z) + R(z, z, u) = <p(z, z, u), 

where w = u +iv E Cd, the Levi form Q = (Q1 , ••. , Qd) is strongly 
pseudoconvex in the sense of Definition 1 (§ 1 ), and R contains only terms 
of order ;::: 3. Let C(Q) and C*(Q) be the Levi cone and its dual cone as 
defined by (1.4). 

We will show how the microlocal results of Baouendi, Chang, Rothschild, 
and Treves [1-4] can be used to get some sufficient conditions for over­
extendability of the manifold ( 1) at the origin. For this purpose we must 
recall the notion of the mini-FBI transformation and the hypoanalytic wave 
front set from [3]. 

To every CR function (or distribution) h on M one associates its mini­
FBI transformation Fh(z, w, a) as in [3], (6.3). The explicit form of this 
transformation will not be important for our purposes. Recall that this is an 
analogue of the Fourier transform, but with an additional factor in the kernel 
that is essentially the complex Gaussian kernel, whose purpose is to improve 
the convergence of the transform. It has been invented by Bros and lagol­
nitzer and was subsequently used, with certain modifications, by the authors 
named above and by others in problems concerning the approximation and 
extension of CR functions. (See the references in [1] and [3].) 

One says that a CR function h on M is hypoanalytic at a vector a0 E 

Rd\{O} if Fh has the exponential decay 

(2) IFh(z' w' a)I :=:; C. e-lal/C' 

uniformly for ( z, w) in a neighborhood of 0 in en and for a in a conical 
neighborhood of a0 in Cd. The set of all directions a0 E Rd\ {O} at which 
h is not hypoanalytic is called the hypoanalytic wave front set of h at 0 , and 
is denoted by W F0 (h). This is a closed cone in Rd\ {O}. For related notions 
of the wave front set see Hormander [30] and Treves [31]. 

The importance of this notion is evident from the following result of 
Baouendi and Rothschild [3] (see also [1]). Let r c Rd be a strictly convex 
closed cone and h a CR distribution on M. The following are equivalent 
([3, Theorem 7]): 

(a) WF0 (h) c r. 
(b) For every open cone A< r* (where r* is the polar of r) there is an 

open neighborhood U of 0 in en such that h extends holomorphically to 
the wedge CW(A, U) with edge M. 

The following is a microlocal characterization of over-extendability (see 
Definition 2 in Section 1 ). 
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2.1 THEOREM. Let M c en be a strongly pseudoconvex CR manifold 
( 1 ). The following are equivalent: 

(i) M is over-extendable at the origin. 
(ii) Every CR function h on M is hypoanalytic at every vector a E 

ac*(Q)\{O}. (Here, C*(Q) is the dual Levi cone, and 8C*(Q) is 
its boundary.) 

PROOF. Recall from [2] or [3] that a real-valued homogeneous polynomial 
qk (' , C) (' E C) of degree k 2: 2 satisfies the sector property if we can find 
a µ E C and a sector (cone) .97 in the complex plane satisfying 

(3) qk(', C) + Re(µ,k) < 0 on .97, angle (.9) > n/k. 

Notice that when qk is harmonic, qk = Re(a,k), it does not have the sector 
property, since in this case we only have sectors .97 as above with angle 
(.9) = n/k. On the other hand, if qk is nonharmonic and of odd degree, it 
always satisfies the sector property. 

If a E Rd is any vector not in c* ( Q) , then by definition of c* ( Q) we 

can find a z0 
E Cm such that a = a· Q(z0

, z0
) < 0. Hence for ' E C we 

have 
(J. <p(,z

0
' ~' 0) =a. a+ 0(!'1 3

)' 

and a · 'C clearly has the sector property since a < 0. Corollary 8.3 in [3] 
implies that every CR function h on M is hypoanalytic at such a vector a 
at 0 EM. Thus WF0(h) c C*(Q), for all CR functions h on M. 

Recall that WF0(h) is a closed cone in Rd\{O}, and C*(Q) is a closed 

convex cone contained in a closed half-space in Rd. If (ii) holds, then 
W F0 ( h) c Int c* ( Q) , so we can find a strongly convex closed cone r with 
W F0 (h) c r < C*(Q). Then r* > (C*(Q))* = C(Q), and h extends near 0 
to a wedge :W-(A) for some cone A satisfying C(Q) <A< r*, according 
to the implication (a)=>(b). Thus (i) holds. 

Clearly we can turn this around: if h over-extends at 0, say to a wedge 
:W-(A, U) for some open convex cone A> C(Q), then WF0(h) must be 
contained in A* < C* ( Q) , so (ii) holds. Theorem 2.1 is proved. 

In certain cases one can test the hypoanalyticity of h at a given vector 
a E ac* (Q)\ {O} by using the sector property as in [2] or [3]. We shall assume 
that the smooth CR manifold M ( 1) is rigid, i.e., it can be represented in 
the form 

(4) Imw = <p(z, z) = Q(z, z) +R(z, z) 

that does not depend on Rew. The power series R(z, z) has a unique 
decomposition R(z, z) = R(p)(z, z) + R(n)(z, z), where R(P) contains all 
the pure (pluriharmonic) terms Re(aaza), and 

R(n)(z' z) = L aa,pZa z13 
(ap ,a= aa,p). 

lal,IPl~l 
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Recall from [3] that a real-valued homogeneous polynomial qk ( (, C) ( ( E C) 
of degree k is said to have the extension property if every CR function defined 
near the origin on the hypersurface 

2 -
L = { ( (, 1J) E C : Im 1J = qk ( C ()}, 

extends holomorphically to the side of L defined by Im 1J < qk ( (, C) . If qk 
has the sector property (3), then it also has the extension property [2]. 

Using Theorem III.4 from [2] and the Theorem 2.1 above we get the fol­
lowing sufficient condition for over-extendability on rigid CR manifolds. 

2.2 THEOREM. Let M be a smooth rigid CR manifold ( 4) that is strongly 
pseudoconvex at the origin. Suppose that for every vector a E ac*(Q)\{O} 
we can.find z0 

E Cm\{O} such that 
(i) a . Q(z0

, .z0
) = 0, and 

0 -o - k+I 
(ii) <J • R(n)((z , (z ) = qk((, () + 0(1(1 ) , 

where qk is a homogeneous polynomial of degree k 2'.: 3 that has the extension 
property (or the sector property). Then M is over-extendable at the origin. In 
particular, if we can choose z0 so that qk is of odd degree, then qk has the 
sector property. 

REMARK. By definition of C*(Q)we know that for each a E 8C*(Q)\{0}, 
a· Q(z, z) 2'.: 0 on cm, and there is at least one direction z 0 

E Cm\{O} 
such that a· Q(z0

, .z0
) = 0. Thus, what is required is that the lowest order 

homogeneous part in a · R(n) ( ( z
0

, C z0
) has the extension (or the sector) 

property. 

As a very special case we obtain the following Corollary. Denote by 
dk)(z, z) the nonpure homogeneous terms of degree k in R, so d 2l = Q 
is the Levi form and R(n) = I:~3 Q(k) • 

2.3 COROLLARY. (Same hypotheses as in Theorem 2.2). Suppose that 
there is an odd number k 2'.: 3 such that Q(s) = 0 for 3 :::; s < k, and the 
polynomial 

C 3 ( t--t a· (d2)((z, (z) + dk)((z, (z)), 

does not vanish identically for any a E 8C*(Q) and z E Cm\{0}. Then M 
is over-extendable at the origin. 

EXAMPLE 1. We take m = 2, d = 2, Mc C4 a rigid strongly pseudo­
convex CR manifold ( 4). By a linear change of coordinates we can normalize 
its Levi form Q = (Q1 , Q2) so that one of the following two cases holds: 

2 2 
(A) Q1 = lz1 I + lz2 I ' Q2 = 0. 

2 2 
(B) Q, = lz1I , Q1 = lz2I · 

In the first case we have: 
2 

C(Q) = {(a" 0) E JR : a1 > O}, 
* 2 C (Q) = {(a" a2) E JR : a1 2'.: O}, 
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so 8C*(Q) = {(O, a2): a2 E JR}. 

Thus we must check the hypoanalyticity at the two vector 
a2 = (0, -1) . If the equations of M are 

2 2 3 
Im w 1 = lz11 + lz21 + O(lzl ) , 

Im w
2 

= dk)(z, z) + O(lzlk+l) +(pure terms), 

I 0'=(0,1), 

then the hypoanalyticity at a 1 holds when Q(k) restricted to some complex 
line through 0 in C2 has the extension property; for a2 we must check 
-dk). In particular, if k is odd, then both ±dkl satisfy the sector property 
(whence the extension property) along any line C · z for which Q(k) (z, z) =J 
0, so M is over-extendable. 

In case (B) we have 

2 
C(Q) = {(a1 , a2 ) E JR : a1 ~ 0, a2 ~ O}\{(O, O)}, 

so C*(Q) = C(Q), and we must check hypoanalyticity at the vectors a1 = 

( 1 , 0) , a2 = (0, 1) . Suppose the equations of M are 

~ 

Im w1 = lz1 1
2 + dk\z, z) + O(lzlk+l) +(pure terms), 

Im w
2 

= izl + p(s)(z, z) + O(lzls+l) +(pure terms). 

The hypoanalyticity at a 1 holds when C 3 z2 ~ dk) (0, z2 , 0, z2) has the 

extension property (which is true if k is odd). The hypoanalyticity at a2 

holds when C 3 z 1 ~ p(s) ( z 1 , 0, ZJ, 0) has the extension property. 
Thus, if both k and s are odd, M is over-extendable at 0. 

A similar analysis can be carried out whenever d = 2 and rn is arbitrary. 
When d ~ 3 , the analysis is more difficult since we must check hypoanalyt­
icity at a set of vectors of positive dimension. 

EXAMPLE 2. We consider CR manifolds of CR dimension one and of arbi­
trary codimension. We shall assume in addition that the origin M is strongly 
pseudoconvex, of finite type, and semirigid (see [3]). This means, that in suit­
able local holomorphic coordinates, we can represent M by 

Imw1 = zz + 0(3), 

Im wk = pm ( z , z) + 0( rn k + 1) , 
k 

(5) 
k = 2, ... , r, 

where wk E C1
k, Pm is a homogeneous polynomial in z EC with values in 

k 

JR1
k , rnk 's are the higher Hormander numbers of M at 0 of multiplicity lk 

(the first number is rn 1 = 2 with 11 = 1), and the components of Pm are 
k 

independent in the sense that for any 17 E JR1k\{O}, 11·Pm is not M-harmonic 
k 

of degree rn (see [3, p. 435]). Semirigidity means that the variables Rewi 
do not enter the leading order terms Pm . We have 1+12 +13 + · · · + lr = d. 

k 
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For every such manifold we have: 

Q(z, z) = (zz , 0 , .. . , 0), 
d 

C(Q) = {(a1 , 0, ... , 0) E JR : a1 > 0}, 

8C*(Q) = {0} x Rd-I. 

From Theorem 2.1 we see that M is over-extendable at the origin when 
for each k = 2, . .. , r and each ri E JR1k\{O}, the polynomial ri · Pm (z , z) 

k 

satisfies the extension property (or the sector property). In particular, we 
have: 

2.4 COROLLARY. If M c c1
+d is a semirigid CR manifold (5) of CR 

dimension one, with the first Hormander number at the origin m 1 = 2 and 
with all the higher Hormander numbers being odd, then M is over-extendable 
at the origin. 

Analogous result holds whenever the first Hormander number m1 = 2 has 
multiplicity one. (See the case A in Example 1 above.) 

EXAMPLE 3. Here is a very simple example of a manifold M c C3 of CR 
dim M = 1 that is strongly pseudoconvex and minimal at the origin, but is 
not over-extendable at 0: 

2 4 
Imw1 = lzl , Imw2 = lzl . 

The Levi cone is C = {(a1 , 0) : a1 > O} =JR+ x {O}. If 0 E w c M and 
'.W(f, U) is any wedge to which all CR functions on w extend holomorphi­
cally, then we must have r c JR+ x JR+ ' so r can not contain c. 

To get a slightly more general example we replace the second equation by 

Im w2 = Az2z2 + Re(Bz3 z + Cz4
) + O(lzl 5

). 

To get over-extendability it suffices to check the sector property of ± the 
polynomial above. The term involving C z 4 is irrelevant. Also, by rotation 
in the z coordinate we may assume B E JR • Setting z = e1

a , we must 
consider the longest interval for a on which the expression A + B · Re e21

a = 
A + B · cos 2a is negative respectively positive. A simple calculation shows 
that the longest such interval has length > n/4 if and only if IA/ Bl < J2/2. 
In this case M is over-extendable. On the other hand, when IA/ Bl > 1, we 
can see just as before that M is not over-extendable at 0, since A+ B ·cos 2a 
is then always of the same sign. 

The sufficient conditions for over-extendability presented above are far 
from satisfactory. Most of them only hold for smooth rigid manifolds, and 
they depend in a rather complicated way on higher order terms in the Taylor 
expansion of the defining function. Our feeling is that this condition is related 
to the behavior of the Levi cone CP(M) of M at points p E M near 
the origin. Intuitively speaking, if CP(M) turns rather generically in all 

directions in JRd as we pass through points p E M near 0, we expect to get 
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over-extendability at the origin. At the moment we do not know how to make 
this observation precise, but we hope to return to this question in a future 
publication. 

Before concluding this section we note that the over-extendability is equiv­
alent to the following, apparently stronger condition that will be used in 
Proposition 5.1 below. 

2.5 PROPOSITION. Let M be a strongly pseudoconvex CR manifold (1), 
with the Levi cone C(Q) at the origin. Then M is over-extendable ai 0 if 
and only if for every neighborhood 0 E w c M of 0 we can find a cone 
r > C(Q) and a neighborhood U of 0 in en such that every CR function 
on w extends holomorphically to the wedge '7F' (r, U) . 

PROOF. The proof follows the same lines as the proof of Theorem 7 in [4]. 
It is an application of the extendability criteria by the mini-FBI transforma­
tion and a Baire category argument. 

3. Geometry of wedges. In this section we shall first obtain some geometric 
information about the wedges ( 1.6) whose edge is an arbitrary CR manifold 
( 1.1). This will enable us to prove a version of the Hopf lemma on wedges 
(Corollary 3.4) and a distance estimate for holomorphic mappings of wedges 
(Corollary 3.5). 

In wedges ( 1.6) the origin 0 E M has a special role since the cone r 
determining the wedge lies in the normal space N0M. The wedge is obtained 
by parallel translations of r along M . If ' E M is different from the origin, 
the translated cone '+ r lies in a real d-plane that is tilted with respect to the 
normal space N,M to M at ' . Thus, a unitary change of coordinates that 

brings T(M into cm x Rd ( = T0M) transforms our wedge into a wedge-like 
domain that is no longer of the form (1.6). 

Thus we must also consider the "tilted" wedges with edge M. Let I: c en 
be a real d-dimensional subspace that is transverse to T0M. For each open 
connected cone r c I: with vertex 0 and each sufficiently small neighborhood 
U of 0 in en we define the tilted wedge with edge M by 

(1) ~ (r, U) = {' + t E U : ' E M, t E r} . 

When I:= N0M we shall delete the index I: and write 'YF'(r, U) as before. 
In this case the new definition ( 1) agrees with the old one ( 1.6), provided that 
we make the obvious identification of N

0
M = {O} m x iRd with Rd, which 

we shall freely do in the sequel. 
Let A c N0M = {O} m x iRd be the orthogonal projection of the cone 

r onto N0M . The following lemma shows that it suffices to consider the 
"straight" wedges ( 1.6), provided that we have some freedom in choosing the 
cones. 
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3.1 LEMMA. For each pair of cones A1 , A2 c NaM satisfying A1 < A < 
A2 there is a neighborhood V of the origin in en such that 

(2) '.W(AI' V) c ~(r' U) n v c '.W(A2' V). 

The size of the largest such V depends on U, on the angle between l: and 
NaM, on the size of second derivatives of the defining function of M, and on 
the number 

d(A1 , A2) = sup{d > 0: Vt E A1 , B(t, dltl) c A2}. 

Here, B(t, c) denotes the Euclidean ball in NaM = ~d with center t and 
radius c. (Clearly d(A 1 , A2) > 0 if and only if A1 < A2 .) 

PROOF. Fix a point ( = (z, w) and a vector t E NaM such that ( + t E 

~(r, U). Then there is a point ( = (z', w') EM n U and a vector t' Er 
so that ( + t = ( + t' . Thus 

t' = (z - z', Rew - Rew')+ [i(O, Im w - Im w') + t]. 

The first vector on the right hand side is in TaM, the second in NaM, so 
the second vector lies in the cone A c NaM . Hence 

(3) t=ta+i(O,Imw'-Imw), 

for some ta EA. We would like to show that t E A2 , provided that 1(1 = e 
is sufficiently small. To do this we must estimate I Im w' - Im wl in terms 
of lt l = c5. 

First we have I( - n ::; cl ltl = cl c5 for some cl < 00 depending on the 
curvature of M and on the angle between l: and NaM . Also, 

I Im w - Im w'I ::; sup IY'IPI ·I( - ( I, 
where the sup IY'IPI is taken on the interval from (z, Rew) to (z', Rew') 
in emx~d. Thiscanbeestimatedby C2(1( 1+ 1(-(l)::;C3(e+c5) forsome 
constant C3 independent of e and c5, so I Im w-Im w' I ::; C3 (e+c5)c5 < C4c5. 
We can make C4 arbitrary small by requiring that ( + t lies in a sufficiently 
small neighborhood V of the origin in en (so e+c5 is small). We determine 
V so that 2C4 = min{l, d(A, A2)}. Then (3) implies 

Ita l :2: lt l - I Im w - Im w' I :2: c5 - C4 c5 :2: c5/2, 

and 
I Im w' - Im wl::; C4c5::; 2C41tal::; d(A, A2 )1ta l · 

Hence t lies in the ball B(ta, d(A, A2)ital) c A2, so ( + t E '.W(A2, V). 
This proves the right inclusion in (2). 

The proof of the left inclusion in (2) is obtained by reversing the roles of 
l: and NaM in the proof given above; we shall omit the details. Lemma 3.1 
is proved. 

3.2 PROPOSITION. Let W' < '.W be wedges (I.6) with edge M and with 
cones r' < r. For any pair of cones A' < A in ~d satisfying 

r' <A'< A< r, 
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there is a neighborhood U of 0 in en and a family of unitary maps UP E 

W(n), depending continuously on p E Mn U, so that the associated affine 
transformations I/Ip ( () = up . (' - p) satisfy: 

(a) l/lp(P) = 0. 

(b) Dl/fp(P) = up maps TPM onto cm x !Rd(= TOM) and NPM onto 

{O}m x i!Rd (= N
0
M). 

(c) The wedges rw; = l/lp('W) n U, rw;' = l/lp('W') n U satisfy 

rw;' c 'W(A', U) c 'W(A, U) c rw;, p E UnM. 

Here, 'W(A', U) and 'W(A, U) are wedges (1.6) with edge MP= l/lp(M) n 
u. 

PROOF. Choose any continuous family p E M ____, ~ E U(n) of unitary 
maps satisfying (a) and (b). For p EM close to 0, l/lp('W) is a tilted wedge 

with edge l/lp(M) and with cone UP({O}d x ir) c UP(N0M). The orthogonal 
projection rP of this cone onto N0M is very close to the original cone 
r = r 0 if p is close to 0 . Similar property holds for I/Ip ('Yr') . Thus, if U 
is chosen sufficiently small, we have 

~ < A' < A < rp' p E Mn u. 
The property (c) now follows from Lemma 3.1, provided that we shrink U 
further if necessary. This proves Proposition 3.2. 

Next we will show that, given any pair of wedges 'W' <'Yr (1.6) with edge 
M , we can exhaust the finer wedge 'W' in a suitably small neighborhood 
of the origin by linearly embedded (m + 1)-dimensional complex balls of 
uniform radius R > 0 , contained entirely in the larger wedge 'Yr . 

For each point ( outside M but close to M there is a unique closest 
point n( O E M so that ( - n( () belongs to the normal space Nn(()M. Since 

Tn(OM is a generating subspace of Cn, it follows that i(( - n(()) E Tn(OM. 
Let d(() =I' - n(OI. 

For each such ( we denote by n, c en the complex affine subspace 

c n, = n(() + Tn(OM + C · (( - n(()), 

of complex dimension m + 1, passing through n(() E M. Let /(0 = 
(( - n(O)/d(() be the unit vector in direction ( - n((). We choose a C­
orthonormal frame X 1 , ••• , Xm in T~0M and let I/I' : cm+t ____, n, be the 
affine parametrization of n, given by 

m 

l/f,(z, 17) = n(() + L ziXi + 1J ·I((). 
I 

Let B(R) = {(z, 17) E cm+t : lzl2 + 111 - Rl 2 < R2
}, R > 0, and let 

B,(R) = 1/1,(B(R)) c n,, 
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be the image ball of radius R contained in rr,, with n(') E aB,(R). Notice 
that the vector 2Rl(') is the diameter of B,(R), passing through n(') and 
the center n(') +RI(') of B,(R). 

3.3 PROPOSITION (Balls in wedges). Given wedges Y' < rF of the form 
( 1.6) with edge M, there is a neighborhood U of 0 E en and an R > 0 
so that B,(R) c rF for each ' E Y' n U. The number R can be chosen 
so that it only depends on the curvature of M and on the number d (r' , r) 
associated with the cones r' , r c N0M determining rr' respectively rF . 

PROOF. By Proposition 3.2 it suffices to consider the points ' = (0, it) E 
N0M with t E r', !ti = 1. Then n(O = 0, we may take {X1} to be the 

standard basis in cm ' and we have 

II,= Il1 = {(z, 17it): z E Cm, 17 EC}. 

Writing 17 = x + iy, w = 17it = u + iv, we have u = -yt, v = xt. On the 
ball B(R) we have x = (lzl2 + /)/ R + x', x' > 0. To prove that the image 
belongs to the wedge rF we must consider the expression 

Im w - <p(z, z, Rew)= v - <p(z, z, u) = xt - <p(z, z, -yt). 

We can estimate the second term by 
- 2 2 2 2 2 l<fJ(z, z, -yt)I:::; C1(lzl +Y) for lzl +Y < R , 

and write 
<p(z' z' -yt) = cl (lzl2 + /). tp(z' z' -yt)' 

where l<PI :::; 1. Thus, 
_ 2 2 I 2 2- _ 

v-<p(z,z,u)=(l/R)(lz l +Y )t+xt+C1(lzl +Y )<p(z,z,-yt) 

= (1/R)(lzl 2 + /)(t + C1Rtp(z, z, -yt)) + x't. 

If we choose R so that C1 R < d(r', r), then the vector (t + C1 Rtp) belongs 
to r for all t E r' n S, so v - <p(z, z, u) E r. This proves that for this 
choice of R we have B1(R) c '1F for all t E r' n S. Proposition 3.3 is 
proved. 

REMARK. If we denote by Li,(R) c B,(R) the complex disc of radius R 
passing through the center of B,(R), with n(') E oLi,(R), then we obtain 

a family of complex discs in rF that exhaust every finer wedge W' < rF 
near the origin, provided that R > 0 is chosen sufficiently small. This already 
suffices in several applications; we shall state some of them here. 

3.4 COROLLARY (Hopf lemma on wedges). Let p be a continuous func­
tion on '1F u M that is zero on M and negative plurisubharmonic on rF . 
Then for every finer wedge W' < '1F and every sufficiently small neighborhood 
U of 0 in en there is a constant C > 0 such that 

p('):::; -C dist('' M)' 'E c;r' nu. 
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PROOF. Apply the one variable Hopf lemma to p on each disc Ll,(R) 
(see the Remark above). We may assume that the union of discs Ll,(R) for 
( E rr' n U is contained in a wedge finer than 'fr , so the standard proof of 
the Hopf lemma shows that the constant C above can be chosen independent 
of C 

REMARK. A similar result has been proved in [23). 

3.5 COROLLARY. Suppose that n n eN is a domain with a plurisubhar­
monic defining function near an. If 'fr c en is a wedge ( 1.6) with edge M 
and f : 'fr --+ n is a holomorphic mapping that is continuous on 'fr u M and 
maps M into an, then for every finer wedge 'fr' < 'fr there are a constant 
C > 0 and a neighborhood U of 0 E en so that 

dist(J(O, an);:::: c dist(C M), 'Err' nu . 
PROOF. Apply the previous Corollary to the negative plurisubharmonic 

function p o f on the wedge 'fr . 

REMARK. If n is an arbitrary pseudoconvex domain with ~2 boundary, 
we can find a ~2 defining function p such that r = -(-p/ is plurisubhar­
monic on n for e > 0 sufficiently small [11). Applying the Hopf lemma to 
r o f we obtain the estimate 

dist(!((), an) 2:: C dist((, M)l/e, (Err' nu . 
These kinds of estimates are well-known when M is a hypersurface. 

4. Convex barriers and estimates of the local hull of M . Let 'fr be a wedge 
( 1.6) with edge M and U c en a neighborhood of the origin. Every real­
valued function p E ~ 1 (U) satisfying PIMnu = 0, dp-:/:- 0 on Mn U, and 
p < 0 on 'fr n U will be called a barrier for the wedge 'fr in U . Clearly 
every wedge 'fr with an acute cone has plenty of barriers. 

In the rest of this section we assume that the manifold M defined by 

(1) Imw = Q(z, z)+R(z, z, Rew) 

is strongly pseudoconvex at the origin, and we shall be interested in strongly 
plurisubharmonic and strongly convex barriers. Let C(Q) and C*(Q) be 
the Levi cone and its dual cone as defined by ( 1.4 ). 

For vectors a, r E lRd we denote a · r = ~1=' a1r1 . For each vector 

a E JRd, lal = 1 , we define the function 

pa ( z , w) = - a · Im w + (a · Q ( z , z) + I Im w 1

2
) 

(2) 
+(a · R(z, z, Rew) - IQ(z, z) + R(z, z, Rew)l 2

). 

Notice that p is obtained by taking the inner product of a with the defin­
ing equation ( 1) (with Im w moved to the right hand side) and adding 
the squares of the equations in (1). We have arranged the terms so that 
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a· Q + I Im wl 2 is the quadratic part, and the terms in the last parentheses 
are small of order 2. Clearly pa is a barrier for each wedge W (f') whose 

cone r is contained in the half space a+ = { r E Rd : a · r > O} , at least in 
some neighborhood of the origin. Moreover, if a E Int C* ( Q) , then a· Q is 
positive definite on cm , so pa is strongly plurisubharmonic near the origin. 

Recall that for each cone f' c Rd its dual cone f'* is defined by r* = 
{a E Rd : a · r ;::: 0 for all r E f'} . Let S denote the unit sphere in Rd . 

4.1 LEMMA. Let f' C Rd be an open convex cone whose closure f 
contains the Levi cone C( Q) of M at 0. Then for every compact subset 
K cc Int!* n S there is a neighborhood U of 0 in en such that every 
function in the family {pa : a E K} is a strongly plurisubharmonic barrier for 
the wedge W (f', U) . 

PROOF. The condition r :J C(Q) implies r* c C*(Q)' so Pa is a 
plurisubharmonic barrier for W (f') for every a E Int r* in some neigh­
borhood Ua of the origin. Clearly Ua can be chosen to be independent of 
a EK cc Int!* n S. This proves Lemma 4.1. 

Often it will be useful to have strongly convex barriers. In fact, a quadratic 
change of w-variables turns every function in {pa : a E K} into a strongly 
convex one in some smaller neighborhood U1 of 0 E en . By a rotation in 

Rd we may assume that f c {a1 > O} u {O} (otherwise f'* has no interior!). 
We introduce new w-coordinates w* = u* +iv* by 

. d 
* l ~ * 2 w 1 = w 1 - l L.)wj) , 

j=I (3) 

wk = wZ, 2 ::; k ::; d. 
In the new coordinates pa is given by 

(4) p;(z,w*)=-a·v*+(a·Q(z,.z)+~1 lu*l 2 +(1-~1 )1v*1 2)+o(2), 
so the quadratic part is strongly positive definite whenever a E (Int f'*) n S 
(since then 0 < a1 ::; 1). On each compact set a E K cc (Int!*) n S we 
have 0 < c ::; a1 ::; 1 , so the functions in {p; : a E K} are strongly convex 
on a fixed neighborhood U1 of 0 E Cn . 

Let M* denote M in the new coordinates. The above implies that the 
polynomially convex hull of M* n U1 is contained in n{p; :S 0 : a E 

K} . Since a polynomial change of coordinates maps polynomial hulls to 
polynomial hulls, it follows that for all sufficiently small balls 0 E U c en , 
the hull of Mn U is contained in the set {'EU: Pa(')::; 0 for all a EK}. 

If we now fix a cone r > C(Q), we can find finitely many vectors a1 , ••• , 

ak E lntC*(Q) nS such that 

(5) 
k 

C(Q) c n (Jj+ < r. 
j=I 



76 FRANC FORSTNERIC 

If pi = p u ( 1 :::; j :::; k) are the corresponding functions ( 2) and B is a 
} 

sufficiently small closed ball in en centered at the origin, then the polynomial 
hull M n B is contained in 

g EB: Pi'):::; 0' 1 :::; j:::; k} c :W(r' B) u (Mn B). 

The last inclusion is elementary and follows from (5). This proves 

4.2 PROPOSITION. If M is a strongly pseudoconvex manifold ( 1) with 
the Levi cone C(Q) at the origin, then for every cone r > C(Q) there is a 
closed ball B c en centered at the origin such that the polynomial hull of 
Mn B is contained in the wedge :W(r, B) u (Mn B). 

The same proof shows the following 

4.3 PROPOSITION. Let M be a strongly pseudoconvex ~2 manifold ( 1) 
with the Levi cone C(Q) at 0. For every strongly convex cone r c lRd 
satisfying f ::::> C ( Q) we can find a small neighborhood U of 0 E en so that 
the image '.W* of the wedge '.W = :W(r, U) ( 1.6) in the coordinates (z, w*) 
defined by ( 3) satisfies 

(6) 

in some neighborhood u* of 0 E en , where each 9i is a strongly convex 
domain 

every p; is of the form (4), and the vectors a 1 , ... , ad E (Intr*) n S are 
} 

linearly independent. 

If we denote the image of M in coordinates (z, w*) by M*, the condi­
tion on a 1 , ... , ad implies that 

M* n u* = 891 n · · · n a9d n u* , 

and the intersection is transverse, provided that U* is sufficiently small. 
We have seen that a strongly pseudoconvex manifold ( 1) lies locally near 

0 in many strongly pseudoconvex hypersurfaces. This property characterizes 
strongly pseudoconvex CR manifolds: 

4.4 PROPOSITION. Let Mc en be a ~2 manifold of the form ( 1.1) near 
the origin, of real codimension d > 1 . Then M is strongly pseudoconvex at 
0 if and only if it is locally near 0 contained in a strongly pseudoconvex 
hypersurface. 

PROOF. It remains to prove the "if' part. Write M in the form (1). After 
a linear change of w-coordinates the strongly pseudoconvex hypersurf ace !: 
containing M is given locally by an equation 

(7) Im wd = A(z, z) + B(z, w', Rewd), 
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where A contains quadratic terms involving z and z , and B contains the 
remaining quadratic terms and terms of higher order. We substitute the first 
d - 1 equations ( 1) for M into the right hand side of (7). Clearly this does 
not affect the quadratic part A of (7). The condition M c I: implies that 
the last equation of M now agrees with the new equation for I:. Comparing 
the quadratic parts involving z or z we conclude A(z, z) = Qd(z, z), so A 
is hermitian. Since A is the restriction of the Levi form of I: to { w = O} c 
T~I:, A must be positive definite (we adjust the sign of wd if necessary), 
so Qd(z, z) is positive definite. Thus M is strongly pseudoconvex. 

5. Estimates of the mapping. In this section we assume that f : M --> 

M' is a local CR homeomorphism of CR manifolds ( 1.2) that are strongly 
pseudoconvex and over-extendable at the origin, and f(O) = 0. We denote 
by C(Q) respectively C(Q') the Levi cone of M resp. M' at the origin. 

5.1 PROPOSITION. There exist open, strongly convex cones in Rd satis­
fying C(Q) < f 1 < f 2 < f 3 and C(Q') < r'1 < G, and there exist neighbor­
hoods U1 c U2 c U3 and u; c U~ of the origin in en so that the following 
hold: 

(i) f extends holomorphically to the wedge ~ = '.WM(f 2, U2) and maps 

it into ~' = '.WM' (G, U~) . 
(ii) f maps~= '.WM(f1 , U1) into ~1 

= '.WM1(r'1 , u;). 
(iii) f- 1 extends holomorphically to ~' = '.WM,(r'2 , U~) and maps it into 

~ = '.WM(f3' U3) · 
(iv) f- 1 maps ~' to ~. 

Moreover, we can choose f 3 respectively r'2 to be contained in a prescribed 

cone f 0 > C(Q) respectively r'0 > C(Q'). 

The index in '.WM indicates that we have a wedge with edge M, and 
similarly for M' . 

PROOF. Choose r3 > C(Q) and U3 c en' and consider the inverse map 
f- 1 

: M' _, M . If w' c M' is a sufficiently small neighborhood of 0 E 

M', then the polynomial hull of f- 1(w') c M is contained in the wedge 
~ u M = '.WM(r 3, U3 ) u M according to Proposition 4.2. Since M' is over­
extendable at 0, there is a cone r'2 > C( Q1

) and a neighborhood U~ of 0 in 
en so that every CR function on w' extends holomorphically to the wedge 
~' = '.WM,(r'2, U~) (see Proposition 2.5). Hence this wedge is contained in 
the polynomial hull of w', so f- 1 maps ~' to ~. Thus (iii) holds. 

We repeat the same argument with f instead of f- 1
• We use the over­

extendability of M at 0 to find a cone f 2 satisfying C(Q) < f 2 < f 3 
and a neighborhood U2 cc U3 of 0 such that f extends to the wedge 
~ = '.WM(f2, U2) and maps ~ into ~'. Thus (i) holds. 

Consider again f- 1 
• Using the over-extendability of M' at 0 and Propo-
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sition 4.2 we find a wedge 7'1' < ~' with cone ~, C(Q') < r; < r;, so 

that f- 1(7'1') c ~. Thus (iv) holds. Finally, we repeat the same with f 
to find 7'i. c ~ such that f(7'i.) c 7'1'. This proves Proposition 5.1. 

5.2 PROPOSITION. Let f: M ___, M' be .as in the Main Theorem. Then 
there is a wedge °IF = °IF (r, U) with edge M whose cone r satisfies 
C(Q) < r, such that f extends holomorphically to °IF, it satisfies the dis­
tance estimate 

(1) ~dist((, M) $ dist(f(C), M
1

) $ C dist((, M), ( E °IF, 

for some C > 0, and is uniformly Holder continuous with the exponent 1 /2 
on °IF u ( M n U) . 

PROOF. Choose wedges °IF = 7'i. < ~ < ~ and 7'1' < ~' as in 
Proposition 5.1. Assume also that ~ and ~' are sufficiently small so 
that they admit strongly plurisubharmonic barriers p respectively p' . The 
estimate ( 1) is obtained by applying the Hopf lemma (Corollary 3.4) to the 
negative plurisubharmonic function p' o f on ~ and to p o f- 1 on ~' . 

To get the Holder estimate we first apply the change of coordinates ( 4.3) 
on the target side so that ~' is contained in a strongly convex domain g 
with M' c ag. For each point CE °IF and each vector XE en\{O} we can 
find a linear complex disc Li( C ; X) in ~ , centered at C , in direction X , 
of radius comparable to dist( C , M) . On the target side, the largest such disc 
in g, centered at f(C), in any direction, has radius :::; C1 dist(f(C), M') 112 

for some constant C1 • Since g is convex, the result of [17] and ( 1) imply 
the following estimate on the derivative of f at C : 

IDf(C)Xl/IXI S C2 dist(f(C), M
1

)
112 /dist((, M) 

$ C3 dist((, M)- 112
, ( E °IF. 

A standard argument shows that f is Holder continuous on °IF u (Mn U) 
with the Holder exponent 1 /2. This proves Proposition 5.2. 

In order to obtain more precise information on D f ( C) for C E °IF we shall 
introduce certain affine coordinate changes on the domain and the target. 
In the domain we fix a pair of wedges °IF = 7'i. and ~ with cones r, 
r 2 satisfying C(Q) < r < r 2 . On the target side we use the coordinates 
in which Proposition 4.3 holds, i.e., we have d strongly convex domains 
g 1 , ..• , gd c en so that M' n U' = ag1 n · · · nagd n U' for a suitably small 
neighborhood U' of 0 E en , the boundaries ag1 intersect transversely 

along M' , and f maps ~ holomorphically into g 1 n · · · n gd . 
Moreover, we may assume that the distance estimate ( 1) holds on ~ . 
For each point p EM we choose a unitary matrix UP E '!/(n) satisfying 

m d 
UP(TPM) = e x JR = T0M, 

UP(NPM) = {O}m x ilRd = N0M. 
(2) 
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Let lflp : en ____, en be the associated affine map 

(3) 

We denote by u; resp. If/; similar maps associated to f(p) E M' . Then we 
have 

(4) pEM, 

where Ip is the expression for f in the new coordinates. Notice that Ip 
maps the manifold lflp(M) of the form (1.1) to the manifold lfl;(M

1
), and 

lp(O)=O. 
We will assume that ~ is sufficiently small such that each point ( E ~ 

has the unique closest point p = n(O E M, and (( - p) E NPM. We 

then have lflp(() = (0, it(()), for some t(() E Rd with lt(() I = I( - Pl = 

dist((, M). 
From (2)-(4) we get 

(5) DJ(()= (u;)- 1
• Dlp(O, it(()). up. 

For each t E Rd such that Ip is defined at (0, it) we shall write its derivative 
in the block notation 

(6) Df. (0 't) = (AP(t) BP(t)) 
P ' l C (t) D (t) ' 

p p 

with blocks of sizes A E emxm, BE emxd, CE edxm, DE edxd. If we 
choose UP to depend continuously on p E M, then for all p E M sufficiently 
close to 0 we may take t to be an arbitrary vector of sufficiently small length 
in cone r 0 c Rd satisfying C(Q) < r < r 0 < r 2 • (Here, r is the cone 
determining the wedge 'W" = ~ ' and r 2 determines ~ . ) 

5.3 PROPOSITION. For each point p E M sufficiently close to the origin 
and each vector t E Rd such that the point ( = p + uP-i (0, it) 1 = lflp-I (0, it) 
is contained in 'W", the blocks in ( 6) satisfy the following estimates: 

(a) AP(t) = 0(1), DP(t) = 0(1), 

BP(t) = O(lt l-1;2)' CP(t) = O(ltl1;2). 

(b) CP(t) = o( lt l112). 
(c) If the limit D; = 1im1__,0 DP(t) exists as t ____, 0 within some cone in 

r c Rd with nonempty interior, then it is a real-valued d x d matrix. 

Moreover, the estimates in (a) are uniform with respect to p and t. 

REMARK. At this point we are not able to prove that the estimate in (b) 
holds uniformly with respect to p, so we stated it separately. We shall prove 
in section 6 that the limit in ( c) exists for almost every p E M (with respect 
to the surface measure on M) as t ____, 0 within some smaller cone contained 
in r. 
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PROOF. We shall give the proof for the point p = 0 EM since the proof 
for any other point is just the same. 

Fix a point ( = (0, it) E 7'° and let f(() = ( = (z', u' +iv'). If XE Cn 
is any vector oflength one, then by [17] we have IDf(()XI :::; A·R2/R 1 , where 
A is an absolute constant, R 1 is the radius of the largest linear complex disc 
in ~ , centered at ( , in direction of the vector X , and R2 is the radius of 

the largest such disc in nf=l gj' centered at (' in direction of the vector 
Df(()X. 

For each X we can take R 1 proportional to !ti or bigger. When X E 

cm x { 0} d , we can take R 1 proportional to It 1112 
• On the other hand, we have 

dist((, M') ~ ! ti, so R 2 is at most Cltl112 for some C > 0 because of the 
strong convexity of the domains g 1 . Thus IDf(()XI is always :::; C1lti-'

12
, 

and is bounded when X is complex tangential. This gives the estimates (a) 
for the blocks A and B . 

The estimates for C and D require some additional work. By Holder 
continuity we have 1(1 = lf(() I :::; C21t1

112
• Let (; = (z', u' +iv;) be the 

uniquely determined point in M' that differs from ( only in the v' coor­
dinate. From the defining equation of M' we have v; = q/ (z', z', u'), so 
jv; I = O( jtl) (since tp' (0) = 0, d tp

1 (0) = 0) . Also, Iv; - v' I ~ dist( (, M') = 
O(ltl). This implies 

(7) jv'I = O(jtl). 
Hence the projection onto the w' -space {O} m x Cd of any linear complex 
disc il c g 1 n · · · nf;gd centered at ( has radius at most C31tl. This implies 
the estimates for the blocks C and D corresponding to the components 

fm+I' · · · 'fn off· 
Since all of these estimates only depend on the radii R 1 and R 2 and on 

the distance estimate for f, it is clear that the same holds uniformly for 
p E M sufficiently near 0. 

To prove the estimate (b) we shall use the generalized theorem of Cara­
theodory on the angular derivative [24, Theorem 8.5.6]. Again we shall take 
p=OEM. 

We can find osculating balls B 1 , ••• , Bd c en such that B1 :J g 1 , aB1 n 
()g1 = {O}, and the normals to aB1 at 0 are linearly independent vectors 

a1 E {O} m x ilRd = N0M', 1 :::; j :::; d. Fix a point (0, it) E 7". In Section 3, 
Proposition 3.3, we have constructed an (m +!)-dimensional complex plane 

IC m ' d I11 , generated in the present context by T0 M = C x {O} and the vector 
(0, it), containing a ball B

1
(R) c I1

1 
of radius R > 0 (R independent of 

t), such that B1(R) c ~ and 8B1(R) n 8~ = {O} EM. 
For each j E { 1 , · · · , d} we consider the restricted mapping f: B/R) --+ 

B1 between balls. Clearly f(O) = 0, and the estimate (7) implies that 

(8) liminf dist(/((), 8B
1
.)/ dist((, 8B1(R)) < oo. 

B,(R)3' __,Q 
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For a fixed j we write f = U(i), fen)), where fen) is the normal component 
of f with respect to fJB1 at 0 (i.e., the projection of f onto the normal 
direction to fJB1 at 0), and fct) is the tangential component. The cited 
theorem [24, p. l 77] implies 

8fen/8zk(O, iet) = o(e
112

), l:::; k:::; m. 

Since the normals to fJB1 (1 :::; j:::; d) at 0 span {O}m x Cd over C, we get 

8.fj/fJzk(O,it)=o(\tl), lSkSm, m+lSJSn, 

when t E r 0 , \ti ---. 0. This is precisely the estimate (b) on CP(t) at p = 0. 
It remains to prove (c). The theorem quoted above implies that for each 

fixed t E r 0 and j E { l , . . . , d} , the derivative of fen) in the direction of 
the vector (0, it) (the "normal" direction in B

1
(R) at 0) converges to a real 

number: 
d 

(9) !~ i L tkfJ fen/fJwk(O, iet) E JR. 
k=I 

For each j, fen) is a linear combination with purely imaginary coefficients 
of the components {.t;} 7=m+ 1 • By the assumption ( c) the limits 

(10) lim
0
8J;/8wk(O,it), lSkSd, m+l:::;l:::;n, 

t-

exists as t---. 0 within certain cone. Applying (9) in d linearly independent 
direction t E JRd we conclude that the limits 

limifJJ;(n)/fJwk(O, it) E JR, 
1-0 

are real-valued. Finally, as j runs from 1 to d, the normals to fJB1 at 0 

span {O}m x ilRd, so the limits in (10) are also real-valued. This proves (c), 
and Proposition 5.3 is proved. 

REMARK. In the proof of (c) we had to know in advance that the limits (9) 
exist and are independent of t . The problem is that on wedges there is no 
immediate LindelOf s theorem: a bounded holomorphic function may have 
a limit along certain radial direction, but may fail to have the nontangential 
limit. For versions of Lindelofs theorem in en see [9, 10, 19, 23]. 

5.4 COROLLARY (Notation as in Proposition 5.1 ). There is a constant 
C > 0 such that 

1/C SI detD/(()I SC, 

PROOF. The estimate on I detD/(()I from above follows immediately 
from (5) and the estimates in Proposition 5.3 (a). We use the fact that 
these estimates are uniform with respect to p and t . 

The estimate on I det D f (()I from below follows by applying the first part 
of the Corollary to the mapping f- 1 

: "'2' ---. ~ that maps w;_' into 7'2 
(see Proposition 5.1). This proves Corollary 5.4. 
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6. Proof of the main theorem. Let f : M ---+ M' be a CR homeomorphism 
as in the Main Theorem. Let '11'" = '11'" (r, U) be a wedge with edge M such 
that r > C(Q), f extends holomorphically to '11'" and satisfies the estimates 
of Proposition 5.3 and Corollary 5.4 there. 

If, in addition, f is a CR diffeomorphism of class 'i§'
1 on M, then for 

each point ( E M the derivative D f ( O maps r? M isomorphically onto 
IC I 

Tf(OM. 

If we think of the complex m-planes r? M and rJt,)M' as points in 
the complex Grassman manifold Gr(m, n) of complex m-dimensional sub­
spaces of en , it is natural to associate to M respectively M' the manifolds 
M respectively M' in en x Gr( m ' n) by 

~ IC n 
( 1) M = { ( C T, M) : ( E M} c e x Gr( m , n) , 

and analogously for M' . Then f lifts to a continuous mapping J: M ---+ M' 
defined by 

(2) (EM. 

Notice that f can be defined even when f is merely continuous on M. 
Over the wedge '11'" we can lift f to the holomorphic mapping 

F: '11'" x Gr(m, n)---+ en x Gr(m, n), 

F((, A)= (/(0, Df(OA). 
(3) 

Here, Df(()A is the image of A E Gr(m, n) under the linear map DJ((); 
this requires that D f ( () is nondegenerate for each ( E '11'" , as is the case in 
our situation. 

When f E 'i§'
1(M) and DJ(() is nondegenerate for ( E M, then F 

extends continuously from '11'" x Gr(m, n) to M and coincides with Jon 
M. Moreover, Webster proved in [28] that the manifold M is totally real 
at a point ( ( , r? M) if and only if the Levi form of M is nondegenerate at 
(EM. The proof of the Main Theorem now follows exactly as in Webster 
[28, 29], provided that we use the smooth version of the edge-of-the-wedge 
theorem given in [23]. This will be explained in more details below. In this 
case one does not need the over-extendability of M respectively M' at 0 ; 
instead it suffices to assume that M and M' are minimal at 0, so the result of 
Tumanov [25] can be applied to extend f respectively f- 1 to some wedge. 
In this case we do not require any of the results of Sections 3-5. 

We now drop the assumption f E 'i§'
1 (M). We will nevertheless find a 

suitable wedge '11'" c '11'" x Gr(m, n) with edge M so that the mapping F 
(3) extends continuously from '11'" to '11'" UM and coincides with J on M. 
This will suffice to conclude the proof of the Main Theorem along the same 
lines as before. In the hypersurf ace case this approach has been developed 
in the papers by Pinchuk and Hasanov [23] and the author [15]. Our present 
proof includes the hypersurface situation as a very special case. 
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Before proceeding, we must introduce homogeneous coordinates on the 
Grassmannian Gr( m , n) and express the map F ( 3) using these coordinates. 
To each matrix PE <Cdx(m+d) of rank d we associate the complex m-plane 

{r m+d AP = [P] = ._ E <C : P( = O}, 

where P( is the matrix product. Clearly every A E Gr(m, m + d) is of 
this form, and we have [P1] = [P2] if and only if P2 = B · P1 for some 
B E GL(d, <C). 

If A E GL(n, <C), n = m + d, then A maps each m-plane onto an 
m-plane as follows: 

A([PJ) = {A( E <Cn : P( = O} 

= {(1 
E <Cn: PA- 1 

( = 0} 

= [PA- 1
]. 

We shall say that P is the homogeneous coordinate of [P] E Gr(m, m + d). 
When d = 1, we have Gr(m, m + 1) = <CPm, the complex projective space. 

In these coordinates the map F can be expressed by 

(4) F((, [PJ) = (/((), [P · Df(()- 1
]). 

We must also write the manifold M ( 1) in the coordinate notation. Let 
Mc <en be defined by 

r(() = r(z, w) = -Imw + rp(z, z, Rew)= 0, 

where we think of r = (r1 , ••• , rd/ as a column vector in ~d. We denote 
by r, = (rz, r w) the Jacobian 8-matrix of r of dimension d x n, where 
rz = (8r1/8zk) and rw = (8r1/8w1) for 1::; j, l::; d, 1 ::; k::; m. Notice 
that 

pEM. 

Since rp(O) = 0, d rp(O) = 0, the matrix r w is invertible in a neighborhood 
of the origin in <en , and we shall always work under this hypothesis. 

This allows us to consider F only on the coordinate chart of Gr(m, n) 
consisting of points [P] E Gr(m, n) for which P = (P1 , P2) and the matrix 

P2 E <Cdxd is invertible. On this chart we can use the affine coordinate 

[ P] = P2-
1 P1 E <Cd x m . Hence TPc M has the affine coordinate r ~ 1 (p) r z (p) 

for p EM. 
It will be convenient to introduce the holomorphic mapping 

G: 71'" X <Cdxm __. <Cdxn' 

G((' P) = (P' Idxd). Df(()-1. 
(5) 

In the chosen affine coordinate system on Gr( m , n) the map F is then given 
by 

(6) F((, P) = (/((), [G((, P)]), 
dxm 

(EW, PE<C . 
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Unfortunately we cannot pass to an affine coordinate system on the target 
yet. 

We shall now define a special wedge 7" c en x Cdxm with edge M as 
follows. For ( E 7" we let n( () E M be its closest point in M. Recall that 
T~,)M has the affine coordinate (r;:

1
rz)(n(()). Fix a> 0 sufficiently large 

and set 

(7) ,,,. = {((' P) E,,,. x cdxm: IP- (r: 1rz)(n(())I <a. dist((' M)}. 

(Here we can use any matrix norm.) Our first goal is to prove: 

_Ji.1 LEMMA. The holomorphic mapping G (5) is bounded on the wedge ,,,. . 
PROOF. In order to estimate G((, P) we let p = n(() EM be the closest 

point to ( on M. We introduce the affine change of coordinates (5.2)-(5.3), 
so f satisfies (5.4). We also let t = t(() E JR.d be such that I/Ip(()= UP(( -

p) = (0, it). Since the unitary map UP takes TPc M = [r,(p)] isomorphically 

onto Cm x {O}d = [(O, Idxd)], it follows that 

-1 dxm 
(8) r,(P). UP = (O , E(p)), 

for some matrix E(p) E GL(d, C). We may choose UP to depend continu­

ously on p EM and U0 = Inxn, so E(p) will also be continuous in p EM 

and E(O) = rw(O) = (i/2)/dxd. We perform similar transformations on the 
target side with respect to the point f (P) E M' ; we denote the corresponding 
quantities by the same letters, only adding a prime. 

From (5.4) we calculate by the chain rule 

(9) Df(()- 1 
= up-l 0 Dlp(O, it)-1 

0 u;. 
Set 

Df. (0 it)-1 = (~(t) ~P(t)) 
P ' CP(t) DP(t) ' 

where the blocks have the same sizes as those in D Ip (0, it) ( 5.6). Since 
I det D Ip (0, it) I = I det D f( OI is bounded away from zero on 7" according 

to Corollary 5.4, Proposition 5.3 (a) and (b) implies that the blocks AP, BP, 
cp' jjp satisfy exactly the same estimates as the corresponding blocks AP' 
BP' cp' DP. In particular, as t --t 0' 

uniformly with respect to p EM, an~ also CP(t) = o(ltl 112
). 

From the definition of the wedge 7" (7) we see that for each ( ( , P) E 7" , 
with n(O = p EM, we have 

-1 
p = rw (p)rz(p) + O(ltl)' 
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so 

( 11) dxd -I 
(P, I ) = rw (p)r,(p) + O(ltl). 

We can now estimate G(', p) as follows: 

G('' P) = (P' Idxd). Df(,)-1 
-I -l !. -I I 1/2 = rw (p) · r,(P) ·UP · D P(O, it) ·UP + O(ltl ) 

= r;:; 1(p) · (Odxm, E(p)) · D/p(O, it)- 1 · u; + O(ltl 112
) 

= r;:;
1
(p) · E(p) · (CP(t), DP(t)). u; + O(ltl

112
). 

We have used (8)-( 11) in these calculations. If we take into account CP (t) = 
O(ltl 112

) , and 

(Odxm' Dp(t)). u; = Dp(t). (Odxm' Idxd). u; 
- I -I I 

= DP(t) · E (P) · r('(f(p)), 

(we have used the analogue of (8) for the point f(p)), we finally get 

G(', P) = [r;:;
1
(p)E(p)] · DP(t) · [E1 (p)- 1 r~,(f(p))] + 0(1tl 112

). 

The expressions in the square brackets are continuous with respect to p E M , 
DP(t) is uniformly bounded, and the term O(ltl 112

) ~ also uniform with 

respect to p . This implies that G is bounded on rF and Lemma 6.1 is 
proved. 

To simplify the notation we introduce the function 

-I - I -I 
H(C) = rw (p) · E(p) · DP(t) · E (p) , 

. h l . "'dxd wit va ues m "' , so 

G(', P) = H(') · r~,(f(p)) + O(ltl
112

), 

We split G as 

where 

(C P) E rF. 

G E Cdxd 
2 ' 

( 12) 
G1(', P) = H(') · r:,(f(p)) + O(lt1

112
), 

G2(', P) = H(C) · r~,(f(p)) + O(ltl 112
). 

Notice that the first term in G(' , P) does not depend on the second com­
ponent P ~hich only contributes a term O(ltl 112

) , provided of course that 
(C P) E rF. 
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6.2 PROPOSITION. There is a smaller wedge ~ c 1' with edge M and 
the corresponding wedge 

~ = {(C P) E 1':' E ~}, 

with edge M so that the following hold: 
(a) For almost every p EM with respect to the surface measure on M, the 

function G has a limit 

lim G(C P) = G*(p) E Cdxn, 
(--->p 

as (', P) E ~ and ' ---> p nontangentially within the wedge ~ . (This 
means that I' - Pl/ dist(', 8~) stays bounded.) 

(b) I det G2 I is bounded away from 0 on ~ near M, so G~ 1 G 1 is 
bounded holomorphic there. 

( c) G~ 1G1 extends continuously from ~ to M so that for each p E M: 

(13) lim G~ 1 G1 (', P) = r~,(f(p))- 1 
• r:,(f(p)). 

(-->p 

(d) The mapping F defined by (3) (or (6)) extends continuously to ~UM 
and coincides with J (2) on M. 

PROOF. Our final goal is to prove ( d), from which the Main Theorem will 
follow by applying the smooth version of the edge-of-the-wedge theorem as 
in [23] or [15]. 

Clearly (d) follows from (c) since, in the affine coordinates on Gr(m, n), 
F equals 

F(', P) = (/(0, (G~ 1 G1 )(', P)). 

Notice that ~he right hand side in (13) is just the affine coordinate of TJ(p)M', 

so FI M = f as required. 
Also, if (b) holds, then I detH(rn is bounded away from zero when !ti is 

sufficiently small (i.e. 'E ~ is close to M), hence (12) implies 

(14) (G~ 1 G1 )(', P) = r~,(f(p))- 1 
• r:,(f(p)) + O(ltl 112

). 

As '---> p, t---> 0 and we have (13). 
The only factor in the matrix H ( O over which we have no a priori control 

is DP(t). Clearly the property (b) is equivalent to having I detDP(t)I bounded 
away from zero. Unfortunately we are not able to derive such an estimate 
directly from Proposition 5.3. 

In order to prove b) we will first show that G2 has a.e. boundary values 
G; (P) on M such that det G; (p) satisfies one of the estimates 

± Re( det G; (p)) 2: C > 0 , 

for some constant~> 0 and for p EM close to 0. Since G2 is bounded 
holomorphic on 1', the same estimate (with a smaller C) will hold on ~ 



MAPPINGS OF STRONGLY PSEUDOCONVEX CR MANIFOLDS 87 

near M, so (b) will be verified. At this point a technical problem appears: 
the manifold M c en x Gr( m , n) is totally real but is not generating, unless 
d = 1 and m = n - 1 . To avoid this problem we shall first define a manifold 
1: c en x Gr( m , n) of real dimension dimJR 1: = 2 dimJR M , called the ap­

proximate complexification of M, that contains M as a maximal totally real 
submanifold, and whose tangent bundle T1: is complex-linear to as higher 
degree as possible along M . 

When M is real-analytic, so is M, and we let 1: be the usual complexi­
fication of M, i.e., a complex submanifold of dimension equal to dimJR M 
containing M . Such 1: is unique near M . 

When M is merely of class C{f'k , so M E C{f'k- I , we first parametrize 
~ k I 2m+d ~ M locally by a C{f' - map <I> : w c R -+ M defined as follows. Let 
x, y E Rm , u E Rd , z = x + iy E Cm . Define 

P(x, y, u) = (r:.\)(z, u + i<p(z, z, u)) 

(
I i dxd)-1 ( _ ) dxm 

= z<pu+zl ·<pz z,z,u EC , 

and 

(15) <l>(x, y, u) = (z, u + irp(z, z, u), P(x, y, u)) E Cn x Cdxm. 

H lf"'dxd d lf"'dxm h · f d · · f ere, <p u E ..., an <p z E ..., are t e matrices o envat1ves o <p = 

( <p 1 , ••• , <pd) ( 1.1) with respect to the indicated variables. 
We now extend <I> to complex-valued (x, y, u) in a small neighborhood 

f h . . . lf"'2m+d h h · · =k-1 h f o t e ongm m ..., so t at t e extens10n 1s ro , smoot away rom 
R2m+d, and 8<1> and all its derivatives of order :::; k - 2 vanish on R2m+d. 
When M is real-analytic, we may take <I> to be holomorphic. In particular, 
D<I> is C-linear at each point of R2m+d near the origin. We let 1: c en x Cdxm 
be the local image of <I> near <l>(O) = (0, T~ M) . In the real-analytic case 1: 

is the usual complexification of M . 
Next we want to find a nonempty wedge. 

~ = (R2m+d + if'o) n Vo c C2m+d' 

with edge R2m+d n Va (Va being a small neighborhood of the origin) such 
that 

( 16) <I>(~) c °/F . 

Let r c Rd be the cone determining the wedge °/F . Choose an arbitrary 
finer cone r' < r and let r 0 c R2m+d be a cone contained in a small conical 

neighborhood of {0}2
m x r', satisfying r 0 n ({0}2

m x Rd)= r'. We claim 
that the inclusion ( 16) holds provided that r 0 and V0 are chosen sufficiently 

small. To see this, notice that for each t E Rd the vector 
d 

iD1<l>(O) = i ~ t/1<1>/8uj(O), 
j=I 
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belongs to T<t>(O)I:. Since at the origin rp contains no quadratic terms except 
the Levi form, a simple calculation shows 

iD1<J>(O) = (0, it, 0). 

If t Er, then iD1<1>(0) points to the interior of the wedge '1F. The definition 
of ~ implies the inclusion ( 16). 

Consider now the smooth bounded function G o ¢1 on ~ . Denote by 
d the distance from the edge in ~ . Since G is bounded holomorphic on 

'1F, the Cauchy estimates give l8GI = O(d- 1
). Also, IB<l>I = O(dk-2

) by 
construction. Thus the chain rule gives 

B(G o <I>) = O(d- 1
) • O(dk-2

) = O(dk- 3
). 

Since k > 2, Theorem 4 in [14] implies that Go ¢1 has a nontangential limit 
within ~ at almost every point of the edge R2

m+d n Vo . The cited theorem 
is stated in [14] only for a special cone r• , but since we have considerable 
freedom in choosing r 0 , we may assume that r 0 can be covered by finitely 
many cones isomorphic to r* . Thus the result applies in our situation. 

This implies that at almost every point (p , T~ M) E M, the function 

G( ( , P) has a limit G* (p) as ( (, P) ___. (P , r:; M) non tangentially within 

the wedge <I>(~) c I: n cfi". 
Clearly the first coordinate projectio~of <J>(~) onto en contains a finer 

wedge ~ < '1F with edge M . Let ~ c '1F be the corresponding wedge 
with edge M defined by 

~ = {((. P) E '1F: ( E ~}. 

Since the second coordinate P only contributes a term 0(1tl 112
) in G(C, P) 

that vanishes as C ___. M (see (12)), G((, P) has the same nontangential 
limit 

lim G(C P) = G*(p), 
,_.p 

as ( (, P) E ~ and ( ___. p non tangentially in ~ . 
Fix a point p E M at which the limit exists. From ( 12) it follows that 

limDP(t) = f/(p), 
t-+O 

also exists as t ___. 0 through certain cone in Rd so that C = !flp- I (0, it) E ~ . 
We claim that the limit D*(p) E GL(d, R) is real-valued and I detD*(p) I 

is bounded away from zero, uniformly with respect to p E M. To prove 
this, note first that the estimates (a) and (b) in Proposition 5.3 imply 

detD /p(O' it) = detAP(t) detDP(t) + o( 1)' 

as t ___. 0. Since this is bounded away from zero and I detAP(t) I , I detDP(t)I 
are bounded from above, they are also bounded away from zero for ltl small. 
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Thus DP(t) is invertible, and the formulas for calculating the inverse matrix 
I -show that IDP(t)- - DP(t) I = o(l). Hence 

:llimDP(t) = D*(p)- 1
• 

t--+O 

Proposition 5.3 (c) implies that D*(p) is real-valued, and we have already 
seen above that I detD*(p)I is bounded and bounded away from 0, uniformly 
in p. 

Now we can see from (12) that the second component G;(p) E e,dxd 

has det G; (p) nearly real-valued for p E M sufficiently close to 0, and it is 
bounded away from 0. Thus there is a C > 0 such that for each p E M 
where the limit exists we have 

( 17) ± Re[ det G; (p)] 2: C > 0 . 

A priori the sign depends on p , but we claim that one of the two signs holds 
for almost all p E M . 

This follows from the following well-known fact. Let h be a bounded 
holomorphic function on the unit disc d c C , with a.e. boundary values 
h* on ad. Assume that we have an arc I = 11 u /2 c ad such that / 1 , 

12 are measurable sets, Reh* 2: 1 a.e. on 11 , and Reh* ~ -1 a.e. on 12 • 

Then one of the sets / 1 , 12 has measure zero. Here is a sketch of the proof. 
Suppose both / 1 and / 2 have positive measure. By Runge's approximation 
theorem there is a polynomial P on C such that g = P o h is arbitrarily 
close to 0 on 11 and to 1 on / 2 • Suppose for the sake of the argument that 
11 u / 2 =ad. Since log lgl is subharmonic, we have 

1 {2n * ifJ 
log lg(O)I ~ 2n lo log lg (e )I de, 

and this is very small since lg* I is close to 0 on 11 • Applying the same to 
log 11 - gl we get that log 11 - g(O) I is also very small, a contradiction. If 
11 u / 2 = I is just a proper subarc of ad we apply a similar proof for a 
suitably chosen point z E d close to I . 

We apply this to the function h = (detG2) o <I> on the wedge ~. We 

have that !&hi = O(dk-3
) is bounded since k 2: 3. On each linear disc 

d c ~ abutting the edge IB.2m+d n Va along an arc I we first correct h to 

a holomorphic function h by h = h - T(Bhl Li), where T is the Cauchy­
Riemann operator on d solving the equation B(Tu) = u, chosen so that 
T(Bh l Li) vanishes at a prescribed point p0 E I. Since T maps L 00 (d) 
boundedly into each Holder space Wa (d) (a < 1) , the correction function is 
so small (provided that d is small) that ±Re h*(p) 2: C /2 a.e. on 11 U/ 2 =I. 
As before we conclude that one of the two sets / 1 , 12 must have measure 
zero. Clearly we have enough discs in ~ to prove that either Reh* 2: C or 
- Reh* 2: C a.e. on the edge IB.2m+d n Va. 
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Thus we may assume that ( 1 7) holds with the + sign for almost all p E M ; 
the proof in the other case is analogous. The proof of Theorem 4 in [14], 
applied to the function h = (detG2 ) o <I> on ~,shows that 

Re[( det G2 ) o <I>] 2: C /2, 

on ~ sufficiently close to the edge IR2
m+d n V0 . Now (12) implies Re(det G2) 

2: C /2 on ~ near M. This proves Proposition 6.2 (b ), so the Proposition 
is proved. 

CONCLUSION OF THE PROOF OF MAIN THEOREM. Recall that we have to­
tally real manifolds M, M' c en x cdxm = CN of class ~k-I' a wedge 
domain ~ c CN with edge M, and a bounded holomorphic mapping 

F : ~ ---+ CN that extends continuously to ~ u M and maps M into 
~, 

M. 
If the manifolds M and M' were generating in CN (i.e., of real dimen­

sion N), we could apply Theorem 3 in [23] to conclude that Fl ii is of class 

~k-l-O, whence fl ME ~k-l-o as required. (For this we would only need 
k 2: 3 .) 

~ ~, 

Unfortunately M and M are not generating unless d = 1, and we must 
do some more work to reach the same conclusion. We shall assume k > 3 
in the rest of the proof. (However, k need not be an integer.) 

Let s = 2m + d, and let <I>: 6J c cs ---+ CN be the mapping as in (15) 
whose restriction to w = IRs n 6J locally parametrizes M, and such that 8<1> 
vanishes to order k - 2 on w. In the terminology and notation of [23], <I> 
is asymptotically holomorphic of order (k - 2, k - 1) on 6J at the edge w, 
<I> E o(k-2,k-l)(w). 

Let <I>' be the analogous mapping associated to M' , except in this case 
we extend <I>' to a neighborhood of 0 in CN as a local diffeomorphism onto 
its image in CN. Clearly its inverse '¥ = (<l>')- 1 maps M' to IRs x {O} c CN 
and is asymptotically holomorphic of the same order ( k - 2, k - 1) on M' . 

We now show that '¥ o F E ~00 (~) is asymptotically holomorphic of 
~ N 

order ((k - 3)/2, 0) at the edge M. Let Z be the coordinate on C . 
From the distance estimate for f (Proposition 5.2) and from (14) we obtain 
the distance estimate 

( 18) 
~, ~ 1/2 

dist(F(Z), M) :::; C · dist(Z, M) , 

for Z E ~ . The usual argument involving the Kobayashi metric then gives 

(See the proof of Lemma 2 in [23].) The chain rule gives 

N 

8('¥ o F)/az1(Z) = L(8'¥/az;)(F(Z)). 8Fif8Z1(Z). 
/=I 
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Set d = dist(Z, M) . The first term in each product on the right is 
O(d(k- 2

)/
2

) according to ( 18) and the construction of '¥, and the second 
term is O(d- 112

) . Thus 

18('¥ a F)I = O(d(k- 3l12
). 

Similarly we can obtain the approximate ~imates for the higher order deriva­
tives of '¥ o F, so '¥ o FE O((k- 3 )/2 , 0)(~) as claimed. 

Let ~ = ~+ be the wedge ( 16) in C , with the edge JRs n VO . Since 
<I> E Ok- 2 ,k-l (~) and k - 2;::: (k - 3)/2 + 1, the composition 

F+ = '¥ o F o <I> E ~=(~) 

is in O((k- 3 ) 12 , 0)(~) according to Proposition 2 in [23]. Notice that F+ 

extends continuously to the edge JRs n VO and maps it into JRs x {O} c CN . 

Using the antiholomorphic reflection Z -+ Z on both the domain and the 
target we extend F to a mapping F- , defined on the opposite wedge 

~- = (JRs - ff o) n VO ' 
so that F- E O((k- 3 ) 12 , 0)(~- ), and F- matches with F+ on the common 

edge JRs n VO . Theorem 1 in [23] implies that the restriction F+l JR.snv: is 
0 

smooth of class ~(k- l)/2-0 , so Fl M is of the same class. 

Since k > 3, we get Fl M E ~1 • This implies that the distance estimate 
(18) holds without the power 1/2 on the right, and l8FI is bounded on 
~ . Repeating the same proof with these improved estimate gives F± E 

O(k- 2 , 0)(~±), so Theorem 1 in [23] implies Fl ii E ~k- l -O. This proves 

fl ME ~k- l-O when k > 3. The same applies to f- 1
, so the Main Theorem 

is proved. 
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