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A Theorem in Complex Symplectic Geometry

By Franc Forstneric

ABSTRACT. We prove that two simple, closed, real-analytic curves in C?" that are
polynomially convex are equivalent under the group of symplectic holomorphic auto-
morphisms of C?" if and only if the two curves have the same action integral. Every
two simple real-analytic arcs in C?” are so equivalent.

1. Introduction

The main object of this paper is to prove a result on global holomorphic symplectic equivalence
of curves in the complex symplectic space (C*", ). The analogous result in real symplectic geometry
is well known, and it holds in arbitrary symplectic manifolds.

To motivate we first recall basic notions of complex symplectic algebra and geometry. It seems
that this topic has been studied much less than the real symplectic geometry. Perhaps this is due to
the fact that the real symplectic geometry is intimately connected to mechanics and other areas of
physics (see Abraham and Marsden [1] or Arnold [4]), while this connection seems to be lost in the
complex case. Nevertheless, the subject offers very interesting global problems.

On every complex vector space V of even dimension 2n there exists a complex, alternating,
nondegenerate bilinear form w: V x V — C[12]. Every such form is called a complex symplectic
form, and the pair (V, w) is a complex symplectic space, terminology due to Weyl (1939). The group
of complex linearmaps V — V preserving w is called the complex symplectic group on V relative to
w, denoted Sp(V, w). Every two symplectic forms on V are linearly equivalent. In particular, every
complex symplectic space (V, w) is isomorphic to the space (C*", @) with the standard symplectic
form

n
a)(z, w):szij—z,,ﬂwj, Z,w GCZ". (1)
=
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We denote by Sp(n, C) C GL(2n, C) the symplectic group associated to this form, consisting of
maps A € GL(2n, C) which preserve w. The corresponding complex symplectic differential form
on C* is

n

j=l

The natural object to study on (C?", w) are mappings F: D — C*" from domains D C C?" such
that the derivative DF (z) belongs to Sp(n, C) for each z € D. Of course such a map is necessarily
holomorphic. We call such maps symplectic holomorphic. An equivalent definition is

Definition 1. A holomorphic mapping F: D C C* — C*" is called symplectic holomor-
phic if F*w = w, where w is the form (2).

We denote by Aut,, C?" the group of all symplectic holomorphic automorphisms of (C*", w).
Such maps are also called “symplectomorphisms,” a term that we prefer to avoid. In [10] we showed
that this is a large group that contains a dense subgroup S;,(#) consisting of finite compositions of
symplectic shears. These are maps of the form

F(z) =z + flw(z,v))v, z€C¥,

where w is the form (1), v is a fixed vector in C?", and f is an entire function of one variable.

In order to formulate our result we introduce the following notion of global symplectic equiva-
lence in C?". This should be compared to the notion of C"-equivalence introduced in [8].

Definition 2. (a) Two compact subsets K, K| C C*" are Autg, C?"-equivalent if there exist
an open neighborhood U of K; in C*" and a biholomorphic map F: U — F(U) C C* such
that F(Koy) = K, and F is the uniform limit in U of a sequence F; € Autg, C?" of symplectic
holomorphic automorphisms.

(b) Two maps f;, fi: K — C?' from a compact space K are Auty, C*"-equivalent if there
exist an open neighborhood U C C?" of fy(K) and a biholomorphic map F: U — F(U) C C*
such that F o fo = fi, and F is alimitin U of a sequence F; € Auty, C*".

Notice that a map F satisfying Definition 2 is necessarily symplectic holomorphic. We also
introduce the form

0 =Y zudz;, —db=uw. 3)

J=1
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Denote by I the interval [0, 1] C R and by T the circle. For a smooth map g: T — C?" we define
the action integral

Ag) = — fT 0. @)

Main Theorem. Let gy, g,: T — C*' be two real-analytic embeddings of the circle into
C>. Ifgoand g, are Autg, C?"-equivalent, then A(gy) = A(g,). Conversely we have

(@) if A(go) = A(g1) # O, then gy and g, are Auty, C*"-equivalent;

(b) if A(go) = A(g1) = 0, then gy and g, are Auty, C2-equivalent provided that the curves
go(T), g.(T) C C* are both polynomially convex;

(c) every two smooth, embedded, real-analytic arcs gy, g,:[0, 1] — C>" are Autg, c>.
equivalent.

Recall that a compact set K C C™ is polynomially convex if for every point z € C"\K
there is a holomorphic polynomial f such that | f ()} > supg | f|. A smooth, simple, closed curve
C C C™ that is not polynomially convex bounds a one-dimensional analytic variety A according
to Stolzenberg [13] (and Wermer [14] in the real-analytic case), and A=AUCis polynomially
convex. The Stokes theorem implies .o = [, da = 0 for every holomorphic 1-form o on
C™. Since 6 (3) is such a form, the condition .A(g) # 0 ensures that the curve g(T) C C* is
polynomially convex.

The conclusion of Theorem 1.1 does not hold in general for curves that are not polynomially
convex, since equivalence of curves clearly implies equivalence of their polynomial hulls. For in-
stance, a curve C C C™ that bounds a smooth (nonsingular) analytic disc is not Aut C™-equivalent
to a curve that bounds an analytic disc with at least one singularity, even though both curves have
the action integral (4) equal to zero.

Remark 1. Thereal analogue of Theorem 1.1 is well known and holds in arbitrary symplectic
manifold M under the additional assumption that the two simple closed curves Cy, C; C M are
isotopic in M. In this case there exists a symplectic diffeomorphism of M which carries Cy onto C
and which is supported in a neighborhood of the isotopy C, (0 < t < 1) connecting Cy to C|.

Remark 2. One could introduce a more restrictive notion of symplectic equivalence of sets
Ko, K, C C*" by requiring that there exist an F € Autg, C* satisfying F(K,) = K. However,
this notion of equivalence, which is a perfectly natural one in real symplectic geometry, is much too
strong in the holomorphic category and it would not give any interesting results.

Remark 3. Since " is a complex volume form on C?", a constant multiple of the form
dzy Adzy A - -+ A dza,, every symplectic holomorphic map is complex volume preserving, i.e., it
has Jacobian one. On C? the two classes of mappings coincide.
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The paper is organized as follows. In Section 2 we recall some standard results of symplectic
geometry which are needed in the proof, as well as results from [10] on decomposition of polynomial
Hamiltonian vector fields. In Section 3 we construct isotopies of embedded, polynomially convex
curves in C?" with constant action integral. In Section 4 we show that every such isotopy can be
realized by a Hamiltonian isotopy, consisting of symplectic holomorphic maps (Theorem 4.1). At
the end of Section 4 we prove the main theorem.

I thank Y.-G. Oh for stimulating conversations on this subject. I learned from him about the
analogue of the main theorem in real symplectic geometry. The present paper, as well as the paper
[9], would not exist without our previous joint work [8] with J.-P. Rosay. I thank him for everything
that he has contributed.

2. Holomorphic Hamiltonian vector fields and flows

In this section we first recall some standard results of symplectic geometry which will be needed
in the proof of the main theorem. We refer the reader to Abraham and Marsden [1] for the details
and proofs. At the end of the section we also recall some results of [10].

The symplectic form w (2) induces an isomorphism between the tangent and cotangent bundles
of type (1, 0) on C*" via

X eTOC" 5 ix(w) e ;MOCY,  zeC™

Here, iy denotes the contraction (interior product) by X. Thus to each holomorphic vector field X
on a domain D C C?* corresponds the holomorphic 1-form o = ix{(w) on D.

Definition 3. A holomorphic vector field X on a domain D C C* is said to be locally
Hamiltonian if the holomorphic differential 1-form o = iy (w) on D is closed (dae = 0). The field

X is (exact) Hamiltonian if the form iy (w) is exacton D, i.e., ix(w) = d H for some function H
on D.

If X is exact Hamiltonian and iy (w) = d H, then the function H is called the energy function
of X, and we write X = Xy. The terminology comes from Hamiltonian mechanics where H
represents the total energy of the system. Since the form iyw is of type (1, 0), H is necessarily
holomorphic, and it is determined up to a constant if D is connected. The explicit expression for X y
is

" 9H@) 8 9H@ 9

Xu(@) =)

j=1

82n+j aZj 82,» 8Zn+j.

Remark. One could take this as the definition of an exact Hamitonian vector field, where
H is a smooth function, possibly real-valued. It is easily seen that X 5 is holomorphic if and only
if H is pluriharmonic [7]. This point of view does not seem to be the most natural one since the
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antiholomorphic part of a pluriharmonic function H does not contribute anything to the Hamiltonian
vector field X .

The quotient space of locally Hamiltonian modulo exact Hamiltonian fields on D is isomorphic
to the cohomology group of closed holomorphic 1-forms on D modulo the exact ones. If D is a
domain of holomorphy (or, more generally, a Stein manifold), this group is isomorphic to H'(D; C)
{11, p. 58].

Recall that the flow F, of a vector field X on D is the solution of the ordinary differential
equation

d
EF’(Z) =X(F(2), K@ =zeD.

For each compact set K CC D there is a number T > 0 such that the flow F;(z) is defined for all
z € K and |t| < T.If X is holomorphic, then each F; is injective holomorphic where defined.

Recall from [1, p. 91] that the Lie derivative Ly with respect to a vector field X satisfies the
following identity for any tensor field a:

d
o Fla = F'(Lxa).

In fact, at time ¢ = 0, this may be taken as the definition of the Lie derivative. If X is holomorphic,
then Ly maps holomorphic tensors (vector fields, forms, ...) to holomorphic tensors. If & is a
differential form, we have [1, p. 121]

an =d(lxa)+lx(da) (5)

Applying this to the symplectic form w for which dw = 0 we get

d
EF’*CD = F'(Lxw) = F/d(ixw).

This identity implies that a holomorphic vector field X onadomain D C C?" islocally Hamiltonian if
and only if the flow F; preserves w, i.e., every time map F; is symplectic holomorphic where defined.

We must also consider time-dependent vector fields X,(z) which are holomorphic in z for
é~ach fixed ¢, and of class C' in (¢, 2); see [1, p. 92]. Such a field is usually defined on a domain in
D C R x C™ of the form

D= U{t} x Dy,

teJ

where each D, is a domain in C" and J is an interval in R containing 0. The flow F; ; of such a field
is defined as the solution of

%F,.s(z) = X,(F,,(2)), F.,(2) =z
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Thus s represents the initial time of the flow. Again every time map F; ; is injective holomorphic
where defined.

The most important observation for us is that such time-dependent holomorphic vector fields
correspond to one-parameter families (isotopies) of biholomorphic maps ®,: D — D, between
domains in C™ which depend smoothly (at least of class C?) on (f,z) € J x D for some time
interval J C R. Infact, if we fixans € J, then ®, o CD_:': D, — D, is the flow of the vector field

d
X (z) = ;cb,(cb,“(z)) ., tel, zeD,
T=t

with initial condition at time ¢ = s given by the identity on D;. The field X, is called the infinitesimal
generator of the family @, . Since every holomorphic automorphism ¢ € Aut C” can be joined to the
identity on C™ by such an isotopy &, for0 < ¢ < 1[8], P is the time one map of a time-dependent
holomorphic vector field on [0, 1] x C™.

For any tensor & we have the identity

d * *
g e = F' (Lx,a)

on the set where these quantities are defined [1, p. 92]. Applying this to the form w and using (5) we
get

d * * h
g fe = F (d(ix,0)).

This implies the following lemma.

Lemma 2.1. Let X, be a time-dependent holomorphic vector field, defined on an open subset
of R X C?, such that the flow F, o(2) is defined forz € D C C* and0 <t < T forsome T > 0.
Then the following are equivalent: '

(a) the field X, is locally Hamiltonian on the domain D, = F, o(D) foreacht € [0, T];

(b) themap F,;: D, — D, is symplectic holomorphic whent,s € [0, T).

The following result plays a central role in the proof of the main theorem.

Proposition 2.2. Let X, be a holomorphic Hamiltonian vector field on C* foreacht € [0, 1]
such that (t, z) +> X,(z) is of class C'. Let D be an open set in C*" and let 0 < T < 1. Assume
that the flow F,(z) = F,(z) exists for 0 <t < Tandz € D.Then F, for0 <t < T isa
symplectic biholomorphic map from D to F,(D) which can be approximated, uniformly on compact
sets in D, by symplectic automorphisms in Autg, c?.
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For time-independent fields this was proved in [10], Proposition 5.4. The proof depends on the
fact that every polynomial (time-independent) Hamiltonian vector field on C** is a finite sum of
complete Hamiltonian fields of the form

X)) = f(w(z, v)v, zeC™,

where v € C¥", w is the symplectic form (1), and f is a holomorphic polynomial in one variable.
(See [10], Proposition 5.2.) The flow of this field, given by

F(z) =z +tf(w(z,v))v, ze€C” teC,

consists of symplectic shears. In the case when f is linear, f () = A¢ for some A € C*, such maps
are also called symplectic transvections [12]. For similar approximation results for holomorphic and
divergence zero vector fields see [2], [3], and Lemma 1.4 in [8]. The proof of Proposition 2.2 for time-
dependent Hamiltonian fields then follows as in [10] by approximating the given time-dependent
field X, for ¢t on short time intervals [k/N, (k + 1)/N] C [0, 1] by the time-independent field
Xy/n- See also [8].

In Proposition 2.2 it is very important that the field X, is defined globally on C*" for each ¢.
Instead it suffices to assume that X, is defined on D, = F,(D) and it can be approximated by global
Hamiltonian fields defined on C?", uniformly on compacts in D,. The following proposition will be
useful to us. Recall that a domain D C C” is Runge in C™ if every holomorphic function on D is
a limit of holomorphic polynomials, uniformly on compacts in D.

Proposition 2.3. Ler X,(z) be a time-dependent holomorphic vector field on an open subset
of R x C*, and let D C C*" be a domain such that the flow F,(z) = F, o(2) of X, is defined for all
z€D CC?and0 <t < T forsomeT > 0.Set D, = F,(D). Assume that for eacht € [0, T},
X, is exact Hamiltonian on D,, and the domain D, is Runge in C*". Then each map F, is the limit
of symplectic holomorphic automorphisms of C*", uniformly on compacts in D.

Proof. The assumption on X, is that X, = Xy for some holomorphic function H, on
D,. Since D, is Runge in C*", H, can be approximated by holomorphic polynomials P. The
corresponding Hamiltonian vector field Y,, defined by d P = iy w, is globally defined, and it
approximates X, on compacts in D;,. The result follows as above. O

Remark. If the domain D C C?" is pseudoconvex, and if H' (D; C) = 0, then every locally
Hamiltonian holomorphic vector field on D is exact Hamiltonian. If, in addition, D is Runge in c?,
it follows that every locally Hamiltonian holomorphic vector field on D is a limit of polynomial
Hamiltonian vector fields on C*", uniformly on compacts in D. If F,;: D — D; is an isotopy of
symplectic biholomorphic mappings from such a domain D such that Fj is the identity on D and
F,(D) is Runge in C* for each ¢, Proposition 2.3 implies that each F, is a limit of symplectic
holomorphic automorphisms of C?", uniformly on compacts in D. However, we can not use this
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result directly in the proof of the main theorem, since tubular neighborhoods of closed curves have
the first cohomology group isomorphic to Z.

3. Isotopies of curves with constant action

In this section we prove the following result. Recall that T is the circle, and foramap g: T —
C?" the action integral A(g) is defined by (4). An isotopy of embeddings g,: T — C*",t € [0, 1],
is piecewise real-analytic if g is continuous on [0, 1] x T, and [0, 1] is the union of finitely many
closed subintervals I, such that the map (f, s) € I, x T — g,(s) is real-analytic for each I,,.

Proposition 3.1. If gy, g,: T — C?" are real-analytic embeddings such that A(gy) =
A(g)), then there exists a piecewise real-analytic isotopy of embeddings g,: T — C*",0 <t < 1,
such that A(g,) is independent of t. If, in addition, the curves go(T ), g(T) C C*" are polynomially
convex, we can choose the isotopy as above such that g, (T ) is polynomially convex foreacht € [0, 1].

Proof. We identify T with the circle {¢”*:s € R}. We represent a real-analytic embedding
g: T — C* by a Fourier series

gls) =Y d'e*, d'=@)Hr, ec”. (6)
kel

The series for g and also for its derivatives are converging uniformly on 7. By a preliminary isotopy
involving translations we can eliminate the constant term a® and consider only series with a® = 0.

We denote by P the vector space of all Fourier series (6) with coefficients a* € C*, a° = 0,
which represent real-analytic maps T > C?". For each N € Z_ we denote by Py the subspace
of P satisfying a* = 0 for [k| > N. In other words, Py contains all trigonometric polynomials of
degree at most N with coefficients in C*, and with no constant term. Py is a complex vector space
of dimension 4n N, with complex coordinates aj’F (k| < N,k #0,1<j <2n).If gis given by
(6), the action integral equals

A©) = =Y [ &Gy dz)
=

= — - [ a,'j ks alile™ ) ds
+Jj J
j=170 lez

keZ

n
_ . ko —k
= 2mi E E kanﬂ.aj .

j=I keZ

Lemma 3.2. Given a real-analytic embedding g: T — C*", there exists an integer N > 0
and a real-analytic isotopy of embeddings g,: T — C> (0 <t < 1) such that 8 = 8. 8 € Py,
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and A(g,) is independent of t. If g(T') is polynomially convex, we can choose the isotopy such that
g,(T) is polynomially convex for each t € [0, 1].

Proof. Forc € C we define
h(c,s) = (Vce™™,0,...,0,/ce"/2mi,0,...,0), s €R,

where the second entry is on the (n + 1)st spot. Then .A(h (c, - )) = c¢. (It does not matter which
square root of ¢ we take.) We write g = gy + £, where gy € Py and g contains only terms e'**
with |k| > N. Set

g/(s) = gn(s) + (1 —Z(s) +th(A@Q),s), 0<t<I1,s€eR

Then gy = g, g1 = gnv + h(A(g), -) € Py, and A(g,) = A(g) for all . Moreover, if we choose
N sufficiently large, the functions g and A (A(g), - ) are small in the C? norm, and hence g, is a small
C? deformation of g = g. Thus, if g is an embedding and g(T') is polynomially convex, the same
is true for every g, (0 <t < 1), provided that N is chosen large enough. This proves Lemma 3.2.

O

Lemma 3.2 reduces the proof of Proposition 3.1 to the case when gy, g, € Py. We define the
following subsets in Py:

A

{g € Pn: A(g) =0},
X(s) = {g € Py:g'(s) =0}, s €R,
[I(s,t) = {g € Py:g(s) = g(®)}, s,t €R, s #t(mod2m).

The set A is defined by the homogeneous quadratic equation

i > kay at =o0.

J=1 [k|<N

Hence A is an irreducible conical complex hypersurface in Py with vertex at the origin, and A\{0)
is a smooth, connected complex manifold. For each s, ¢ € [0, 277), with s # £, the sets X (s) and
I1(s, t) are complex subspaces of Py of complex codimension 2n (since we have 2n independent
equations, one for each component g; of g). Set

m=|J=@) Vs, 0,

where the union is over all 5,¢ € [0, 27] such that s 7% ¢ modulo 2. Since this is a union
of complex subspaces of real codimension 4n in Py, depending analytically on two additional
real parameters, its Hausdorff codimension in Py is 4n — 2 > 2. (See Appendix 6 in [6] for a
survey of Hausdorff measures and Hausdorff dimension.) Therefore the Hausdorff codimension of
A U I in Py is two, and hence A U IT does not disconnect Py. Moreover, as  # s converge
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to some # € R, the normalized defining equations for I1(s, t) converge to those of 3 (u). Hence
lim, ,_,, T1(s, r) C X(u). This implies that the sets IT and A U IT are closed in Py.

We can now prove Proposition 3.1 in the case A(go) = A(g)) # 0. This means that gy and
g belong to the connected open set B = Py\(A U I1), and hence we can connect them within
B by a real-analytic path g,, 0 < t < . By construction, this path defines a real-analytic isotopy
of embeddings g,: T — C*" such that A(g,) # O for each 7. It remains to modify g, to make the
action constant. This is achieved by the (nonhomogeneous) dilations on c>

Rz, ... 220) = @1y ooy Ty €Tyt + - -5 CZ2n)-

Clearly A(R(c) o0 g) = cA(g) foreach map g:T — C*.Setc, = A(gy)/A(g,) and g, =
R(c;) o g,. Then we have A(g,) = A(go) for all £. Since the dilations R(c) for ¢ # 0 preserve
all other properties of the path (embedding, polynomial convexity), the new isotopy g, satisfies
Proposition 3.1.

In the proof for the remaining case A(gy) = A(g;) = 0 we will need the following
Lemma 3.3. The set A\I1 C Py is a connected complex manifold.

Proof. We already know that A\ {0} is a connected, smooth complex hypersurface in Py. It
remains to show that each intersection A N X (s) and A NTI(s, t) is a proper complex subvariety of
A. Once this is shown, we conclude as before that A NI is a closed subset of Hausdorff codimension
at least 2 in A which therefore does not disconnect A.

Fix s € R. Both sets A and 2 (s) are complex cones with vertex at the origin, and therefore it
suffices to consider their intersections with complex hyperplanes aj’.‘ = const for various |[k| < N,
k #0,and1 < j < 2n.Fixsuchapair (jy, ko). Assume that 1 < j, < n (the proofin the other case
is analogous). Consider the intersections with the hyperplane H = H (jy, ky) = {afk” =1} C Pn.

Jo
The intersection A M H is given by

1
—ko __ ke _ § : k —k
a;, = L, Anvjo = ko ka"+jaj ’

where the summation is over 1 < j < n, |k| < N,k # 0, and (j, k) # (Jo, ko). The equations
defining X (s) are

ikake™ =0, 1<j<o2n.

These equations for j # jyand j # n + jy are completely independent of the defining equations
for AN H, and hence they cut out of A N H an analytic subset of complex codimension 2n — 2. If
n > 1 this already proves Lemma 3.3 (since the real codimension is 4n — 4 > 4). In the remaining
case when n = 1 we have j, = 1. A straightforward calculation shows that A N X (s) N H is
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defined by the following four equations

—ki
a] 0 — 1,
1
ko K —k
@ = X:kazal ,
0 ks#ko
ikoe—k()x — Z ika/l(elks,
k#—ko
0= Zika;‘(e”” —ap").
k#kq

We have already used the first two equations, defining A N H, to eliminate a,_k" and alz‘" from the
last two equations. The third equation defines a complex hyperplane in the variables a¥, k # —ko.
For most points in this hyperplane the last equation defines a complex hyperplane in the remaining
variables a’z‘, k # k. Thus the last two equations define a complex plane of codimension two in the
space with variables ajl.‘ for (j, k) # (1, —kgo) and (j, k) # (2, ko). The first two equations now
define a graph over this plane in Py. This shows that A N H M X (s) has complex codimension two
in A N H. Since this is true for every H = H (jy, ko), the result follows. Similarly one deals with
intersections A N I1(s, t); we leave out the details. This establishes Lemma 3.3. O

We now conclude the proof of Proposition 3.1 in the case when A(go) = A(g;) = 0. This
means that gy and g, are points in the connected complex manifold A\, and therefore they can
be connected within A\IT by a real-analytic path g,, 0 < t < 1. We must ensure in addition
that the closed curve g,(T) C C>* is polynomially convex. This can be done by choosing another
holomorphic 1-form & on C*" such that [r g # 0 for j = 0, 1. In fact, most holomorphic
1-forms will satisfy this property. The set B = {g € A: [, g*a = 0} is a proper analytic subset
of A that does not disconnect A and A\II. Choosing our path g, inside the connected complex
manifold A\ (B U II) ensures that g,(7T") is polynomially convex for each t € [0, 1] (see the remark
following the main theorem). l

4. Construction of holomorphic Hamiltonian isotopies

Recall that T is the circle and I = {0, 1}.

Theorem 4.1. Ifg,:T — C>, 0 <t < 1, is a real-analytic isotopy of closed, embedded,
real-analytic curves such that the action integral A(g,) (4) is independent of t, then there exists a
neighborhood U C C*" of the curve go(T) and an isotopy F,: U — F,(U) C C" (0 <t < 1),
consisting of symplectic biholomorphic mappings, such that

(i) F,ogy=g foreacht € [0,1],
(ii) Fy is the identity on U, and

(iii) the infinitesimal generator X, of F, is an exact Hamiltonian vector field on F,(U) C C¥
foreacht € [0, 1].
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Ifwe replace T by I (i.e., we have an isotopy of embedded real-analytic arcs in C*"), the same result
holds without any condition on the action integral.

Proof. LetC, = g,(T) C C*.For0 <t; < Iset

sa)= J{yxC., S=50).

O=<i=n

2n

S is a real-analytic surface in [0, 1] X C*" (a tube) that is parametrized by the map g(z, s) = g,(s),
t €10, 1], s € T.LetY,(z)be the infinitesimal generator of the flow g,ogo‘l: Cy — C,.Explicitly,
Y, is a vector field of type (1, 0) on C**, defined along the curve C,, such that

Zid_g'(s) Yi(g(s))., seT,0<r<l1. M

Since the isotopy g, is real-analytic in both variables (¢, s) € [0, 1] x T, Y,(z) is real-analytic in
(t,z) € S.

For a fixed t € [0, 1] we define a differential (1, 0)-form &, on C*" along C; by

a,(2) = iy, (W) (8

Thus o, is a section of T*!"9C?" over C,, with coefficients which are real-analytic functions of
(t,2) € §.

Lemmad4.2. Ifg.: T — C* isa real-analytic isotopy of embeddings of the circle, and if a,
is defined by (8), then

d *
E.A(g,) = /Tg,oz,, 0<t<I.

Proof. Fix 0 < {; < 1. Since d8 = —w, Stokes’ theorem gives

—f 6+ 1] 6
Cy Co

- / o
S(n)

/dt w(dg/0t(t,s), dg/ds(t, 5)) ds

A(g) — A(go)

(=
~

f dt | w(Y,(g.(s)). dg/ds(t, s)) ds

T

(=)
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- f dt / (@ (8:(5)), 35,/35(s))
0 T

1
=/ dt/g,*a,.
0 T

Here (-, -) indicates the natural pairing between forms and vectors. The lemma follows by differen-
tiating both sides on ;. O

We continue with the proof of Theorem 4.1. Since the isotopy g; is such that A(g,) is independent
of t, Lemma 4.2 implies fc, o, = Oforall ¢t € {0, 1]. This means that the pull-back of the form «; to
C,isexacton C,,i.e., e o = dh; for some real-analytic function ,: C; — C that is determined up
to a constant. Since ¢; is real-analytic in (¢, z), we can adjust these constants such that the function
h(t,z) = h,(2), defined on (¢, z) € S, is real-analytic.

Lemma 4.3. There exists a holomorphic function H (t, z) in an open neighborhood of S in
C'*2" such that H|s = h, and for each t € [0, 1] the function H, = H(t, - ) satisfies

d,H,(z) =a,(z), zeC,. (9)
Here, d, is the exterior derivative with respect 1o the variables 7 € Cc.

We emphasize that (9) is an identity on the cotangent bundle T*"“®C?" at points of C,.

Proof. Fort € [0,1] and z € C, we denote by N, C T,C* =~ C?" the complex
hyperplane orthogonal to the tangent line T,C, to the curve C, at z. Set N, ,,(r) = N, ,,N B(z; 1),
where B(z; r) C C?" is the ball of radius r > 0 centered at z. If r is sufficiently small, then the set

N= U {t} x (z+ Nen(®)

(t,2)€S8

is a real-analytic, Levi flat, Cauchy—Riemann (C-R) submanifold in C'+2", foliated by the complex
balls N, ,,(r) of dimension 2n — 1. We will write points of N as (f, z, v), where (¢, z) € S and
v € N ,(r).Letw: N — S be the projection onto § with fibers a1, 2) = Ny o, (r). We define
a function H: N — Cby

H(I’Z’ U)Zh(t, Z)+(at(Z),U>, (t’ Z)ES’ v eIV(Y.Z)(")' (]0)

Clearly H is real-analytic and H | = h. Moreover, since H is complex linear on the fibers N, ,,(r)
of N, itis a C-R function on V. Thus H extends to a holomorphic function in a neighborhood of §
in C'*2" [5, p. 141]. We denote the extended function again by H.

It remains to show that for each ¢t € [0, 1], the function H, = H(t, -) satisfies (9). Fix
(r,2) € Sandatangent vectorv € T("YC* If v is tangent to the curve C, at z then (d H,(2), v) =
(dh(2), v) = (& (2), v} since H|s = handdh, = i{. () on C,.If on the otherhand v € N, ),
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we observe that the first term on the right-hand side in (10) is constant and the second is linear in the
direction v, and hence (d H,(z), v) = {®,(z), v). This proves Lemma 4.3. O

Choose a neighborhood U, C C?" of C, for 0 < t < 1 such that the function H, satisfying
Lemma 4.3 is defined and holomorphic in U,, and such that Uo;:g {t} x U, is an open neighborhood
of Sin [0, 1] X C¥'. We define a holomorphic vector field X, on U, by the equation

dH,(z) = ix,)(w), ze U, te]l0,1]

In other words, X, is the exact Hamiltonian vector field on U, with the energy function H,. Since
d,H, = «, at points of C,, it follows that X,(z) = Y,(z) for z € C,, where Y, is defined by (7).
The flow F,(z) of X,, which is defined for alt 0 < ¢t < 1 and for all z in a smaller neighborhood
U C Uy of the curve Cy in C?", satisfies the conclusions of Theorem 4.1. This completes the proof
for closed curves.

In case of arcs (when T is replaced by I = [0, 1]) the differential form «, defined by (8) is
automatically exact on the real-analytic arc g,(I) C C*". The rest of the proof is exactly the same
as above. This completes the proof of Theorem 4.1. ]

Proof of the main theorem. We will consider the case of closed curves; it will be obvious
that the same proof applies to arcs. Let g9, g1: T — C?" be closed, embedded, real-analytic curves
such that A(go) = .A(g)). Assume also that both curves are polynomially convex; this holds
automatically if this common number is nonzero. By Lemma 3.1 there exists a piecewise real-
analytic isotopy of embedding g,: T — C?", t € [0, 1], connecting g to g, such that A(g,) is
independent of ¢, and the curve g,(T) is polynomially convex for each t.

Consider first the case when the isotopy is real-analytic on all of [0, 1]. Let F, be the isotopy
as in Theorem 4.1, consisting of symplectic biholomorphic mappings, defined in a neighborhood
U C C* of Cy, such that F, o gy = g,. Recall that the infinitesimal generator X, of F; is exact
Hamiltonian, associated to a holomorphic function H,. Since every curve C; is polynomially convex,
we can choose the neighborhood U such that U, = F,(U) is Runge in C** for each ¢ € [0, 1]
[8]. Hence H, can be approximated by holomorphic polynomials, uniformly on compacts in U,.
Therefore X, is the limit of polynomial Hamiltonian vector fields on C?", uniformly on compacts
in U,. By Proposition 2.3 each map F;, and in particular the time one map F' = F), is the limit of
symplectic holomorphic automorphisms of C?" in some neighborhood of Cy. Thus F satisfies the
conclusion of the main theorem.

Consider now a piecewise real-analytic isotopy £, 0 <t < l.LetO=fy <t < --- <, <
1 be such that the isotopy is real-analytic on each interval ;_; <t < ;. Let F;forl < j < m
be a symplectic biholomorphic map, defined near g, ,(T') and satisfying F; o g, , = g;, which
is a limit of symplectic holomorphic automorphisms of C?". Such maps exist by what was already
proved. Then the map F = F,, o F,,_, o - - - o F] satisfies the conclusion of the main theorem.
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In the case of arcs, recall that every real-analytic arc in C™ is polynomially convex [14]. Since
the extension result in Lemma 4.3 holds without any further condition, the proof given above applies
and gives a map F as in the main theorem. O

Remark. In the case of real symplectic manifolds one can extend a local Hamiltonian iso-
topy F;, defined in a tube around the curve Cy, to the entire manifold by simply multiplying the
Hamiltonian energy function H, of the infinitesimal genarator X, with a smooth cut-off function
which vanishes outside a suitable neighborhood of the curve C,. This gives a global Hamiltonian
isotopy, consisting of symplectomorphisms of M, which is compactly supported. Of course this is
impossible in the holomorphic case, and the best one can do is to approximate F; as above.
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