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1. The Oka-Grauert principle

The subject of this paper is the homotopy principle, also called the h-principle
or the Oka-Grauert principle, concerning sections of certain holomorphic fiber
bundles on Stein manifolds. We give a proof of a theorem of Gromov (1989) from
Sect. 2.9 in [Gro]; see Theorems 1.3 and 1.4 below. This result, which extends
the work of H. Grauert from 1957 ([Gr3], [Gr4], [Car]), has been used in the
proofs of the embedding theorem for Stein manifolds into Euclidean spaces of
minimal dimension [EGr], [Sch].

1.1 Definition.Leth: Z — X be a holomorphic mapping of complex manifolds.
A section ofh is any mapf: X — Z such thath o f is the identity onX.

We say that sections éfsatisfy theh-principle (or the Oka-Grauert princi-

ple) if each continuous sectiofy: X — Z can be deformed to a holomorphic
sectionf1: X — Z through a continuous one parameter family (a homotopy)
of continuous sectiong;: X — Z (0 < ¢ < 1), and any two holomorphic
sectionsfy, f1: X — Z which are homotopic through continuous sections are
also homotopic through holomorphic sections. If this holds for a trivial bundle
Z =X x F — X, we say that mapX¥ — F satisfy the h-principle.

1.2 Definition. (Gromov [Gro])A (dominating)spray on a complex manifold
F is a holomorphic vector bundle: E — F, together with a holomorphic
maps: E — F, such thats is the identity on the zero sectidn C E, and for
eachx € F the derivativeDs(x) mapskE, (which is a linear subspace @i E)
surjectively ontdl’, F.
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The following result can be found in Sect. 2.9 of [Gro].

1.3 Theorem.If F is a complex manifold which admits a spray, then the sections
of any locally trivial holomorphic fiber bundle with fibét over any Stein mani-
fold satisfy the h-principle. In particular, mappings from Stein manifolds into
satisfy the h-principle.

Stronger results are given in Theorem 1.4 and Corollary 1.5 below. In the
sequel [FP] to this paper we give a proof of Gromov’s Main Theorem ([Gro],
Sect. 4.5) to the effect that the h-principle holds for sections of holomorphic sub-
mersiongd:: Z — X, whereX is Stein and each pointe X has a heighborhood
U C X suchthaZ|U = h~1(U) admits a fiber-spray (see Definition 3.1 below).

For non-specialists we recall that a complex manifold is caBezn(after
Karl Stein, 1951 [Ste]) if it has ‘plenty’ of global holomorphic functions. For the
precise definition and properties we refer the reader to the monographs [GRO],
[H02] and [GRe]. The most commonly used characterizations are the following.
A complex manifoldX is Stein if and only if any of the following two conditions
holds:

— X can be embedded as a closed complex submanifold of some complex Eu-
clidean space (the embedding theorem of Remmert, Bishop, and Narasimhan
[GRo, p. 224));

— X admits a smooth strongly plurisubharmonic exhaustion function (Grauert
[Gr1]).

By alocally trivial holomorphic fiber bundlevith fiber F over a complex
manifold X we mean a bundle obtained by patching the trivial buntiles F
over an open coverinfl/, } of X by transition functions of the form

¢a,ﬂ(xv$)=(xal//a,ﬂ(xvé)) (XEUot.ﬂ=Uoszﬂa ";:EF)»

wherey, s: Uy g x F — F is holomorphic andj, g(x, -) € AutF is an auto-
morpism of F for each fixedx. Of course these transition function must satisfy
the usual compatibility conditions, see for instance [Car].

Examples of bundles satisfying Theorem 1.3 include those whose fiber is
a complex Lie groupl or an L-homogeneous space; see examples (A) and
(B) below for the existence of spray. The simplest bundles of this type are the
principal holomorphicL-bundles in which the transition maps are given left
multiplications by holomorphid.-valued functiond/, s — L, andL acts on
each fiberE, by right multiplication. Another example are bundles in which the
transition maps/, g (x, - ) are Lie group automorphisms &f In these cases the
h-principle had been proved by Grauert [Gr3], [Car].

In general the automorphismg, z(x, - ) need not preserve any additional
structure the fiber might have and hence we get much more general fiber bundles.
In this connection we recall an important example of Demailly [Dem]:
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Example 1There exists a locally trivial holomorphic fiber bundleZz — X,

with baseX eitherC or the disc and with fibe€?, such tha® has no holomorphic
functions other than those of the fogn/, whereg is holomorphic on the base.

SoZ is not Stein. In particulaZ admits no holomorphic vector bundle structure
which gives a negative answer to the question of Gromov [Gro, 2.5.B]. The
transition functions used in the constructionz®fare (nonlinear) holomorphic
automorphisms of the fib&2?. Nevertheless the sections 6f— X satisfy the
h-principle according to Theorem 1.3. ®

One of the most important sources of spaces with sprays is the following
[Gro]:

(*) If F is a complex manifold which admits finitely ma@ycomplete holo-
morphic vector fieldd/;, 1 < j < J, such that the vector; (x) span the
tangent spacd, F at each pointc € F, thenF admits a spray.

Recall that a holomorphic vector field &-complete if for anyx € F the
flowr — ¢'(x) of V, with ¢°(x) = x, is defined for all complex valuese C of
the time parameter. (For a discussiorRe€ompleteness verscompleteness
see [Fol] and [AFR].) Indeed, if we denote bythe flow of V; on F and let

s:F x C/ — F be given by

SO 11, 1)) = ¢ 0 dF 00 B (x),

Wehave$(x;0,...,0):xanda%s(x;o,...,O): Vix)(x e F,1<j < ).
If these vectors spaf, F for eachx € X, s is a spray orF.

some examples of complex manifolds with sprays:

(A) Any complex Lie groupL. (Take any finite set of left or right invariant vector
fields onL which spanT, L =the Lie algebra of..)

(B) LetL be acomplex Lie group with Lie algebtalf L acts holomorphically
and transitively on a complex manifold, the map: F x £ — F,s(x,1) =
expl)x (x € F,l € ), is a spray on¥. F is then biholomorphic to the
L-homogeneous spade/H = {{H:l € L} whereH is a complex Lie
subgroup ofL (the isotropy group of a point ii).

(C) F = C"\X, whereX is an algebraic subvariety of complex codimension
at least two (see below).

We emphasize that, at the time of this writirige known proofs of the em-
bedding theorem for Stein manifolds (and Stein spaces) to Euclidean spaces of
minimal dimension depend on the validity of the h-principle in the cases (B) and
(C) (see Eliashberg and Gromov [EGr] and 8ahann [Sch]).

In case (C) we think of” as a set which should be avoided by the image of a
mapX — C". Theorem 1.3 asserts that we can avbithy a holomorphic map
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f:X — C"if we can do so by a continuous map. In this case we can obtain
complete vector fields of of the formV (z) = f(;w(z))v (shear fieldy where
v e C"\{0}, 7:C" — C"tisalinear projection withr (v) = 0, andf: C" ! —
C is an entire function which vanishes on the projected®et 7 (X) c C" L.
The flow of V, given by¢'(z) = z + tf (7 (z))v, fixes X and hence induces a
complete flow orC"\ X'. The projectiont must be chosen such that it is proper
when restricted ta~ to insure thatr (X)) = X’ is a proper closed subvariety
of C"~1 of codimension at least one. This is true for most projections, see e.g.
[Chi].

The argument above works as long as there exist sufficiently many linear
projectionz: C" — C"~! which are proper when restricted a The following
example shows that one cannot completely dispose of the last condition.

Example 2For any intege®V > 0 there exist discrete ses ¢ C" for which
there exist no non-degenerate holomorphic ma@fs— CV\X [RRu]. Fur-
thermore, for any 1< n < N there exist proper holomorphic embeddings
0:C" — CV such thatC"\o (C") admits no non-degenerate holomorphic im-
ages ofCV~" [BFo], [Fo2], and henc€"\o (C") admits no spray. In [FP] we
show thatthe h-principle fails in these cases. o

Inthese constructions, as in the work of Grauert [Gr3] and Gromov [Gro], one
must consider not a single section at a time but families of sections, depending
continuously on a parametgin a compact Hausdorff spa&e The basic objects
will be continuous mapg: X x Y — Z suchthatf (-, y): X — Zis asection of
h: Z — X for each fixedy € Y. A homotopyof such maps is a continuous map
H:X xY x[0,1] — ZsuchthatH,(-,y) = H(-, y,t): X — Z is a section of
h:Z — X forall y e Y andr € [0, 1].

Recall that a compact subskt C X is holomorphically convein X if for
eachx € X\K there is a holomorphic functioff on X such that| f(x)| >
supg | f]. If X is Stein then by the Oka-Weil theorem each function holomorphic
in a neighborhood of a holomorphically convex &et- X can be approximated
on K by functions holomorphic oX [H02].

Whenever we use a metric on a manifold, we always mean a metric compatible
with the underlying manifold topology. We shall not mention this again.

The next result is th@arametric h-principlewith approximation on holo-
morphic convex sets. A discussion in this direction can be found in Sect. 3 in
[Gro].

1.4 Theorem.Let X be a Stein manifold and: Z — X a locally trivial holo-
morphic fiber bundle whose fiber admits a spray. Y.dte a compact Hausdorff
space (the parameter spacé) C Y a compact subset and’ C Y an open
set containingly. Assume thaf: X x Y — Z is a continuous map such that
f(G,y): X — Zisasectionoh: Z — X foreachy € Y, and f (-, y) is holo-
morphic onX for eachy € Y'. Then thereisa homotofy: X x Y x [0, 1] — Z
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such thatHy = f, Hi(-, y): X — Z is holomorphic onX for eachy € Y, and
the homotopy is fixed dny (i.e., H,(x, y) is independent aoffor y € Yy). More-
over, if K is a compact holomorphically convex subsekXiand we assume that
there is a neighborhood” C X of K such that each sectiofi(-, y) (v € Y)
is holomorphic inV, then for any metrie/ on Z and for anye > 0 there is a
homotopyH as above which also satisfies

d(Ht(x,y),f(x,y)) <€ (xeK,yeY, 0<tr<1l).

Example 3.Theorem 1.4 fails for maps of any Stein manifald into any
Kobayashi-hyperbolic complex manifolél. To see this, tak& to be a small
piece of an embedded analytic discXnand letfy: K — F be a holomorphic

map which is close to being extremal with respect to the Kobayashi metric on
F. Such fy cannot be approximated oki by holomorphic maps: X — F

since this would create much larger analytic disc#'irOf course a hyperbolic
manifold admits no spray since it even admits no non-degenerate holomorphic
images ofC.

1.5 Corollary. If h: Z — X isasin Theorem 1.3, the inclusion map between the
spaces of holomorphic and continuous sectibfdp(X, Z) — Cont(X, Z), is

a weak homotopy equivalence, i.e., it induces an isomorphism of the homotopy
groups of the two spaces (endowed with the usual compact—open topology.)

Remarks1. The basic h-principle (Definition 1.1) is equivalent to saying that
each path connected component of the space of continuous sectinti¥, Z)
contains precisely one path connected component of the space of holomorphic
sectiondHolo(X, Z).

2. If the setYy in Theorem 1.4 is a deformation retraction of some open neigh-
borhoodY’ C Y, it suffices to assume only that the sectigfts, y) for y € Yy

are holomorphic orX since we can use the deformation retraction to suitably
reparametrize the family. In all our applicatiorswill be a polyhedron andy

a subpolyhedron.

Proof of Corollary 1.51f we takeY to be then-sphereS” andY’ = ¢, Theorem
1.4 implies that each (continuous) m&lp— Cont(X, Z) can be homotopically
deformed to a map” — Holo(X, Z). Similarly, if we takeY to be the closed
real (n + 1)-ball B"*! andY, = 9B"*! = S§”, we conclude that each map
S" — Holo(X, Z) which extends to a map"*! — Cont(X, Z) also extends to
amapB™! — Holo(X, Z). This is precisely the content of Corollary 1.54

We wish to put these results in historic perspective as we see it. ThOlai®
principle can vaguely be stated by saying trai,a Stein manifold or a reduced
Stein space, any analytic problem with no topological obstruction has an analytic
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solution.To be more precise we quote from p. 145 in [GR&jalytic problems
which can be cohomologically formulated have only topological obstructions
Early examples include Oka’s classification of holomorphic line bundles and the
solvability of the second Cousin problemd®, p.144. There are also examples
of this principle on non-Stein manifolds, such as the Riemann-Roch theorem.

A major extension of Oka'’s principle was obtained by H. Grauert in a series
of deep and influential papers [Gr2]-[Gr4] in 1957-58; see also Cartan [Car] for a
nice exposition of Grauert’s work. The main result of Grauert [Gr3] was the proof
of Theorems 1.3 and 1.4 above for holomorphic fiber bungélles X over Stein
spacesX (possibly with singularities), where the fibEris a complex Lie group
and the transition mapg, s (x, - ) are Lie group automorphisms bf Each fiber
E. therefore carries a natural Lie group structure isomorphic,tand there is
a well defined identity section df. The (flows of) left invariant holomorphic
vector fields ol induce a spray oh, and hence Theorem 1.3 includes Grauert's
theorem. In fact there exists even a global sprayEoinduced by flows of left
invariant fields ont tangent to the fiberg, .

Cartan [Car] observed that Grauert’s proof carries over immediately to fiber
bundlesE — X over a Stein base, whefe — X is as above and where each
fiber E, is a E.-homogeneous space, i.e., the elementg,of~ L act onkE,
by right multiplication. Cartan calls such an espace analytique E-principal.
(Cartan’s observation was acknowledged by Grauert in the sentence preceeding
his Satz 2in [Gr3] on p.267.) Wheli ~ X x L is atrivial bundle E is a classical
principal L-bundle The validity of the h-principle for such bundlésimplies
thatthe holomorphic classification of the principal holomorphic bundles over
a Stein space agrees with the topological classificaf©ar, Gr4]. This holds
in particular for holomorphic vector bundles. Further results were obtained by
Ramspott [Ram], Forster and Ramspott [FR1, FR2], Forster [For], Heinzner and
Kutzschebauch [HKu], and others.

Grauert’s constructions were similar in spirit to the usual proof of Cartan’s
theorems A and B for coherent analytic sheaves. The local patching of holomor-
phic sections on small sets was obtained (like the ‘patching of syzygies’) by an
analogue of the Cartan’s splitting lemma for holomorphic matrices. The global-
ization followed the usual scheme of passing from one compact Stein black in
to the next block. (A Stein block is a compact seKithat can be embedded as a
closed complex subvariety of a cube in a Euclidean s@dcby a holomorphic
mapX — CV.) To insure the convergence one must correct the section at each
step by a suitable version of the Runge approximation theorem which had been
established in [Gr2].

This scheme does not seem to carry over to more general fiber bundles be-
cause no simple proof of the Runge theorem is available. Things didn’t progress
very much until 1986 when Henkin and Leiterer ([HL2], [HL3]) introduced the
Grauert'sbump methodo this problem and gave a conceptually new proof of
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Grauert’s theorem. This method had been used earlier in the solution of the Levi
problem [HL1]; we shall comment on it more extensively below. The crucial
point in this approach is thalhe Runge theorem is only needed for sections on
small compact subsets &f. Possibly the only shortfall is that, so far at least, the
method only applies taonsingularStein bases.

In 1989 M. Gromov [Gro] made a crucial step by replacing the exponential
map in fibers by the much more flexible concept of a spray. This made it possible
to extend the results to the present form.

When reading Sect. 2 in [Gro] we were unable to complete the proof as
suggested there due to seemingly nontrivial analytic and geometric problems.
Eventually we completed the proof in a different way, using the work of Henkin
and Leiterer [HL3] and the tools from [Gro]. We give here a complete exposition
of our version of the proof. We also take this opportunity to provide a detailed
account, with proofs, of all major tools.

In the rest of this section we explain the outline of our proof and also point
out the difficulties that we had with Sect. 2 in [Gro]. For the sake of simplicity
we only discuss the simplest case: to deform a continuous section by a homotopy
to a holomorphic section.

The underlying geometric scheme is the Grauert’s ‘bump method’ (Sect. 2);
our reference for this is [HL3]. The manifold is exhausted by an increasing
family of smooth, compact, strongly pseudoconvex domdinsc X such that
Ari1 = AU By, whereB, is a small strongly pseudoconvex domain attached to
A, in a certain special way (@ecial pseudoconvex burmpthe terminology of
[HL3]; see Definition 2.6 there or Definition 2.2 in the present paper). We may
assume that the bundg is trivial over a neighborhood aB,. To obtain such
an exhaustion one begins with a smooth strongly plurisubharmonic exhaustion
function p: X — R with nice critical points. One can pass from one sublevel
set{p < c} to a higher sublevel s¢p < ¢'}, wherec < ¢’ are regular values
of p, by attaching a small ‘bumB,, at each step. These bumps are contractible
strongly pseudoconvex domains such that= A, N B, is also contractible,
except when passing a critical point @fwhenC, becomes a torus. Moreover,

Cy is Runge inBy.

Granted such an exhaustion Bf we inductively construct a sequence of
continuous sectiong;: X — Z such thatf; is holomorphic in a neighborhood
of Ay, it approximatesf;_1 on A;_1, and is homotopic to the original section
fo. The desired holomorphic section is then obtained as the locally uniform limit
f= iMoo Jiir X — Z.

Supposef; as above has been constructed. To constfjct we proceed
as in [Gro] or [HL3]. SinceZ is trivial over By, there is a holomorphic section
bo: Br — Z homotopic tofp. The first step is to constructelomorphichomo-
topyb,: Cy — Z,0 <t < 1, connectingg andb; = f;|C; overCy. This is the
difficult part and it is here that our proof differs from [Gro]. We shall comment
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on this later. From now on the process follows [Gro]. Sihgés holomorphic
on By, andCy is Runge inB,, the homotopy version of Runge theorem (Sect.
4) allows us to approximate the homotapyuniformly onC; by a holomorphic
homotopyb, defined onB,. The sectionh = b, approximatesf, as well as
desired onCy, so we can glue them (see Sect. 5) into a single sediionthat

is holomorphic on4,,; = A; U By and approximateg; on A;. It remains to
extendf;1 continuously toX so that it is homotopic tgfp. In the process we
must also insure the convergence of homotopies ffgno f; on X.

Back to the homotop¥, on C,. In thenon-critical casehe setC, = A, N By,
is holomorphically contractible. Sincg is trivial over C;, we immediately get
the required homotopy by using the contractiongCpfto a point. This non-
critical case allows us to proceed in a finite number of steps from a sublevel set
{p < co} to a higher sublevel s¢p < ¢}, provided thap has no critical values
on the intervalcg, ¢1] C R. A similar method (withC, = @) allows us to cross
the critical points ofp which are local minima.

To pass a critical poinkg of p which is not a local minimum, Gromov
suggested (Sect. 2.7 in [Gro]) to attach to the 4gt= {p < c}, for some
¢ < cg = p(xp) andc close tocy, a real-analytic, totally real disB; containing
xo. We must then find small strongly pseudoconvex neighborhdbds X of
A, U By such that we can reach a suitable higher sublevejset ¢’} for ¢’ > ¢
by attaching convex bumps 10 (i.e., as a non-critical pseudoconvex extension
of V). If we understand correctly, the idea in [Gro] was to take a homotbjly
from by = bo to b} = fi over the discB; (such exist sinceB; is contractible),
then approximate it by a real-analytic homotdpwn B,, and finally complexify
b; to get a holomorphic homotopy whose final secthoa b, approximatesf;
on (and hence near) the totally real col@r= A; N By. It was then suggested
to proceed with gluing as before.

We could notcomplete this fortwo reasons. The first problemisto find suitable
neighborhood¥” of A; U B, with the required properties. We do not know of
any such result in the literature; for partial results see [Eli] and [Ros]. Another
independent problem is that the rate of approximatiorf,oby b, required to
glue them into a single section, dependsiorsince we must solve a certain
3-equation with sup norm estimates in the process. Even though this can be done
on any strongly pseudoconvex domain, the constant in such estimate depends
(unlike for theL? estimate!) on the geometry of the set. If the sets degenerate,
the constants will blow up in general. If on the other hand we work with.the
estimates, the loss in the Cauchy estimates again depends on the shape of
However, we do not see how to control the rate of approximatiof &y b in
any fixed neighborhood of the colldr, N B, whenb is obtained as above. See
also Remark 1 following the Proof of Lemma 2.4 below.

We instead proceed as follows. Suppose ffgat X is a critical point of
0. Setcg = p(xp). It was proved in [HL3] that, it < ¢g andc is sufficiently
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close tocg, we can attach to the sdt, = {x € X: p(x) < ¢} a pseudoconvex
bump B, as follows. The se€; = A, N By is a sublevel sefr < 1} of some
strongly plurisubharmonic function > 0, defined in a neighborhood &,
such that (in some holomorphic coordinate system in a neighborhaBg ttie
setS = t~%(0) is a sphere contained in an affine totally real subspacezand
has no critical points o'\ S. In particular,C; is obtained from a small tubular
neighborhood of by attaching convex bumps. Furthermore, a suitable sublevel
set{p < ¢’} for somec’ > ¢g is a non-critical strongly pseudoconvex extension
of Aps1 = Ar U By.

To construct the homotogy overC; we initially deform a given continuous
homotopyb; from by = bg to b} = fi (which exists onBy) in a small tube
around the spherg to make it holomorphic there. This is possible sirfcés
totally real. Subsequently we extend it@p in a finite number of steps. In each
step we extend the homotopy (by approximation) across a convex bump, using
parametric versions of the h-principle and of the gluing lemma. Sinces a
non-critical extension of a tube aroufdthis allows us to complete the Proof of
Theorems 1.3 and 1.4. The crucial new steps in our proof are Theorem 4.5 and
Corollary 5.6.

The paper is organized as follows. In section 2 we recalbtimap method
following [HL3], and we reduce the proof of Theorem 1.4 to Theorem 2.6 con-
cerning the extension of holomorphic sections across pseudoconvex bumps. The-
orem 2.6 is proved in Sect. 6 after we develop the necessary tools in Sect. 3-5. In
Sect. 3 we recall from [Gro] the relevant properties of sprays and iterated spray
bundles, and we prove that any homotopy of holomorphic sectio’s-ef X
can be lifted to a homotopy of sections of an iterated spray bundle Zvar
Sect. 4 we prove Runge-type approximation theorems for sections of holomor-
phic submersions which admit a spray. In Sect. 5 we prove results on gluing
holomorphic sections over Cartan pairs. In Sect. 6 we complete the Proof of
Theorem 2.6.

We wish to thank G. Henkin and J. Leiterer for their interest in our work
and for several useful discussions. We also thank J. Globevnik who got us in-
terested in this topic, and the participants in the Seminar for complex analysis
at the University of Ljubljana who suffered through our lectures. The first au-
thor acknowledges partial support by the National Science Foundation, by the
Vilas Foundation at the University of Wisconsin-Madison, and by the Ministry
of Science and Technology of the Republic of Slovenia. The second author was
supported by the Ministry of Education of the Republic of Slovenia.

2. Pseudoconvex bumps and Cartan pairs

The main reference for this section is [HL3]. Létbe a complex manifold. We
say that a compact s€t C X is Runge in another compact set> C if C has
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a basis of neighborhoods; which are Runge in some open neighborhddd
of B, i.e., each function holomorphic ii; can be approximated uniformly on
compacts irC; by functions holomorphic itB. This is the case for instanceGf
is holomorphically convex in some Stein neighborhoodof

2.1 Definition. Let X be a complex manifold.

(i) A compact strongly pseudoconvex domaiin X is a compact set of the
formA = {p < 0} C X, wherep: X — R is aC? function which is strongly
plurisubharmonic in a neighbourhood §f = 0} and has no critical points
on{p = 0}.

(i) Let A C A’ be a pair of compact strongly pseudoconvex domairs.ikve
say thatA’ is astrongly pseudoconvex extensionf A in X if there is aC?
functionp: X — R which is strongly plurisubharmonic a#'\ A such that,
for some real numberg > « which are regular values o4,

A={xeX:iplx) <0}, A ={xeX pix) <§8.

If p can be chosen such that it has no critical points4RA, A’ is called a
non-critical strongly pseudoconvex extensiomf A.

2.2 Definition.Let X be a complex manifold. A pairi, B) of compact subsets of
X is apseudoconvex bumgor B is a pseudoconvex bump dnif the following
hold:

(i) ThesetsA, B, AU B andC = A N B are compact strongly pseudoconvex
domains C may be empty);

(i) A\BNB\A =#;

(iii) there are holomorphic coordinates in a neighborhoodRin which B is
star-shaped;

(iv) Cis Runge inB;

(v) if C # ¢ there is aC? strongly plurisubharmonic function > 0 defined
in a neighborhood/ C X of B such thatC = {z € U:1(z) < 1}, the set
S = 71(0) is a compact totally real submanifold contained in an affine
totally real subspace (with respect to some holomorphic coordinates in a
neighborhood o), andt has no critical points inC\S = {z € U:0 <
7(z) < 1}.

We say thaB is aconvex bumpon A (or the pair(A, B) is a convex bump) if,

in addition to the above, there are holomorphic coordinates in a neighborhood
of B in which bothB and C are strongly convex domains. (The s&may be
empty.)

For certain purposes we can relax the above conditions and co@sd@an
pairs. Gromov's definition of a Cartan pair is rather imprecise (Sect. 1.5.A in
[Gro]); we shall adopt the following definition.
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2.3 Definition. A Cartan pair in X is a pair of compact setd, B ¢ X such
that

() A, B,andA U B have bases of Stein neighborhoods, and
(i) AN\BN B\A = 0.

Any pseudoconvex bump is clearly a Cartan pair. We denotd $5y$2) the
algebra of bounded holomorphic functions @n The following lemma will be
used in Sect. 5 for gluing holomorphic sections over Cartan pairs; this is similar
to what Gromov takes as the definition of a Cartan pair.

2.4 Lemma.If (A, B) is a Cartan pair in a Stein manifold such that =
AN B # ¢, there are bases of Stein open neighborhoags> A, B, O B,
C; = AjNB; D AN B, and bounded linear operatord;: H*(C;) — H>(A;),
B;: H*(C;) — H>(B;), satisfying

c=A;i(c)—Bj(c), ceH™C), j=123, ... (2.1)

Proof.LetU D A andV D B be open neighborhoods df resp.B. Choose
Stein open setdd andB in X sothatA ¢ A c U andB c B C V. Set

C = A N B. By the separation condition (ii) in Definition 2.3 there is a smooth
functiony: X — [0, 1] suchthaj = Oinaneighborhood of\Bandy = lina
neighborhood oB\A Hence there are open setg Bo C X, with A C Ag C A
andB C By C B, such thaty = 0 onA\B andy = 1 on Bo\A. Choose a
smooth strongly pseudoconvex setwith AU B C 2 C Ao U B, and set

A=ANR, B=BNR, C=ANB =CNL.

Then A’, B andC’ are Stein domains containing, B, C respectively, with
A CAcCU,B Cc BcCV,andA’UB’' = 2. Moreover by the choice a we
have

A\C' = A\B' = 2\B C Ag\B C {x =0}

and similarlyB'\C’ c {x = 1}. If ¢ is any bounded holomorphic function in
C’ then the above implies thatc extends to a bounded smooth functiondih
which vanishes id’\C’, (1 — x)c extends to a bounded smooth function in
B’ which vanishes inB’\C’, andd(xc) = cdx extends to a bounded smooth
3-closed(0, 1)-formin £2. Let T, be alinear solution operator for theequation

in 2 (i.e.,3(Toa) = « for eachd-closed smoothi0, 1)-form « on £2) which is
bounded in the sup norm (and also in @Hynorm); see [HL1], p. 82 or [HI].
The linear operators

Ac=xc—Tao(cdy), Be=(x —1c—To(cdy)
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then satisfy the required properties with respect to the neighborho®s, C’.
In fact, sinceT; is bounded in alC* norms, so are the operatofsandB. &

Remarksl. Gromov requires the existence of decompositions (2.1) with the sup
norm estimates o, (c) andB;(c) only depending om and B and not on the
neighborhoods (see Sect. 1.5.A in [Gro]). The Proof of Lemma 2.4 shows that
this is possible if we can solve tldeequation with the sup norm estimates on a
system of neighborhoods df U B so that the constant in these estimates only
depends omt andB. This can be achieved only rarely, for instance wien B
is itself a strongly pseudoconvex domain. This problem causes difficulties in
Sect. 2.7 of [Gro] when crossing a critical point. The Remark 1.5.A'in [Gro0] is
incorrect, with immediate counterexamples. (The union of two holomorphically
convex sets irX need not have a basis of Stein neighborhoods, and there may
be no decomposition (2.1).)
2. Instead of the Banach spaté*° we could as well use in Lemma 2.4 any of
the spacest* (holomorphic functions which are smooth of claZsup to the
boundary) as in [HL3]. The solution operatfg on any strongly pseudoconvex
domain is bounded in any of these norms.

The inductive construction of sections 6f— X is based on the following
geometric result from [HL3].

2.5 Theorem.Let X be a complex manifold and let’ ¢ X be a strongly
pseudoconvex extension of a subset A’ (Definition 2.1 (ii)). Then there exist
pseudoconvex bumpd;, B;) in X, 0 < j < k, such that

A=Ay, Aj1=A;UB;for 0<j<k—1 andA =A.

Moreover for any open coveringd/;} of X we can choose the bumps such that
eachB; is contained in somé#;. If A" is a non-critical strongly pseudoconvex
extension ofd then we may choose eadh to be a convex bump of;.

The following is the main technical result of this paper. It allows us to extend
a holomorphic section af — X from a neighborhood ofl to a neighborhood
of A U B for each pseudoconvex bungg, B) in X, with approximation om.

2.6 Theorem.Leth: Z — X be aholomorphic submersion onto a Stein manifold
X and let(A, B) be a pseudoconvex bumpih Assume that there is an open
neighborhoodB ¢ X of B such thatZ|B = h~1(B) is isomorphic to a trivial
bundle B x F, whereF admits a spray. LeY be a compact Hausdorff space
(the parameter space), C Y a compact subset, and’ C Y, an open set
containingYy. LetU C X be a neighborhood of. Supposethat: X x Y — Z

is a continuous map such that for eaghe Y, a(-,y): X — Z is a section

of h: Z — X which is holomorphic i/, and the sections, for y € Y’ are
holomorphic onX. Then for any metrid on Z and for anye > O there exists a
homotopy;: X x Y — Z (0 <t < 1) satisfying
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) a(,y):X—> Zisasectionoh:Z — X foreachy e Y and0 <t < 1,

(i) ag=a,

(iii) each sectioru; (-, y) is holomorphic in a neighborhood @fU B (indepen-
dent ofy),

(iv) the homotopy is fixed forin a neighborhood ofy, i.e.,a; (-, y) = a(-, y)
for y nearYpandO <t < 1, and

(V) d(a,(x, y), a(x, y)) <eforxe A,yeYand0<r <1

Theorem 2.6 is proved in Sect. 6 below. In the rest of this section we assume
that Theorem 2.6 holds and prove Theorem 1.4. For simplicity we write the proof
in the case without the parameterthe proof of the general case is the same.

Proof of Theorem 1.4Me may assume thdtis complete metric oZ. Fix an open
covering/d = {U;} of X such thatz|U; is a trivial bundle with fibe for eachi.
SinceX is Stein and is holomorphically convex X, there is a smooth strongly
plurisubharmonic exhaustion functign X — R such thatp < 0 onkK, Ois a
regular value ofo, and the given sectior is holomorphic in a neighborhood
of Ag = {x € X:p(x) < 0}. By Theorem 2.5 there is a sequence of compact
strongly pseudoconvex domaids C Ay C Az C ... C ;oo Ax = X such
thatA,.1 = Ay U By for eachk, where(A;, By) is a pseudoconvex bump and
B, C U; for somei (so thatZ is trivial over a neighborhood a8,).

Applying Theorem 2.6 to each pseudoconvex buip, B;) we can induc-
tively construct a sequence of continuous sectignX — Z (with f, being
the given initial section) and homotopies of continuous sectiBfhsX — Z
(0 <t < 1) satisfying the following properties for eaéh= 0,1, 2, ... and
O<r<1:

() fi andH} are holomorphic in a neighborhood 4f;
(i) H§ = fo, Hf = fira;
(iiiy d(Hf(x), fu(x)) < e/2" forallx € Ay and 0< ¢ < 1.

We begin by applying Theorem 2.6 to the data= f;, A = Ao, B = By,
ande replaced by /2 to get a homotopyZ? such that the sectioH? = f is
holomorphic in a neighborhood df, U B; = A, and the properties (i)—(iii) hold
with k = 0.

Suppose inductively thdt > 0 and we have already constructed sections
fiandH! forl < k and 0< ¢ < 1. Then we takef, = Hj " (this section is
holomorphic in a neighborhood df,) and apply Theorem 2.6 to the data= f;,

A = Ay, B = By, ande replaced by /2¢*1, to getH* and fi,1 = Hf satisfying
(h—(iii). This completes the induction step.
Property (iii) witht = 1 impliesforallk =0,1,2...

d(figr(x), fie(x)) < €/2F (x € Ap).
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Since the metrid is complete, it follows that the limitf = lim;_ o fi: X — Z
exists uniformly on compacts i, it is holomorphic onX since f; is holomor-
phic on 4, for eachk > [, and it satisfies the estimaté f (x), fo(x)) < € for
X € Ao.

To construct a homotop¥, betweenH, = fo and H; = f we divide the
t-interval [0, 1) into subintervals, = [1 —27%,1—-2%1(k =0,1,2,...)
and takeH, for ¢ € I, to be the homotopyi/}, suitably rescaled. To be precise,
let A2 I, — [0, 1] be the linear bijection (r) = 28t%(r — 1+ 27*). For each
k=0,1,2, ... we set

H,(x) = Hy (,(x) (t € I, x € X).

Clearly this defines a homotog,: X — Z for 0 < ¢t < 1. The property (iii)
above implies that lim,; H, = f uniformly on compacts irX, so by setting
H; = f we obtain the required homotopy frofgto f. This completes the Proof
of Theorem 1.4, provided that Theorem 2.6 holds. (]

3. Holomorphic submersions with sprays

The reference for this section are sections 1.1-1.3 in [Gro]. We fist recall the
notion of a (fiber dominating) spray associated to a holomorphic submersion
h:Z — X.We also recall the notion of adterated spray bundland we prove
results on lifting homotopies to iterated spray bundles. This is used in Sect. 4
in the proof of h-Runge theorems. While it would be possible to avoid iterated
spray bundles, their use simplifies Proof of Theorem 4.2.

Let i: Z — X be a holomorphic submersion between complex manifolds
(not necessarily Stein). Far € X we denote byZ, = A~ 1(x) c Z the fiber
overx.Ateach point € Z the tangent space Z contains a well definedertical
tangent space

VT.(Z) = {e € T.Z: Dh(z)e = 0} = T.Z). (3.1)

We denote bW T(Z) the correspondingertical tangent bundleto Z which is

a holomorphic subbundle of the tangent bunfl&. SinceZ is not assumed to
be Stein, there is in general no splitting ®¥ into a direct sunVT(Z) @ E’
for some holomorphic vector bundle — Z. However such a splitting exists
over any open Stein subset (or a Stein submanifgld) Z (see [GRo], p.256).
Also if f: X — Z is a holomorphic section then along the gragf(iX) c Z the
tangent bundle has a canonical splitting

TZIf(X) =VT(2)|f(X)DTf(X).

If p:E — Z is a holomorphic vector bundle ovef, we denote byF, =
p~1(z) C E its fiber overz € Z and by Q € E. the zero element of .
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3.1 Definition. A spray on Z associated to the submersianZ — X (or a
fiber-spray) is a tripple (E, p, s), wherep: E — Z is a holomorphic vector
bundle ands: E — Z is a holomorphic map such that for eagle Z we have

() s(E.) C Zue (equivalentlyh o p =hos),

(i) s(0,) =z,and

(iii) the restriction of the derivativeDs(0,): To, E — VT;(Z) to the subspace
E. C To E mapsE; surjectively ontoV T (Z).

We denote the restriction in (iii) by
VDs(z) = Ds(O)|E,: E, —> VT, (Z) 3.2

and call it thevertical derivative of s at the point Q € E. Gromov [Gro]
calls such a map afiberwise dominating sprayhe word dominating referring

to the property (iii). We shall call it simply a spray when there is no danger
of confusion with Definition 1.2, or a fiber-spray if we wish to emphasize the
difference between the two notions.

Example Each spray: E — F in the sense of Definition 1.2 induces a fiber-
spray(E, p, §) associated to the trivial fibratidn Z = X x F — X by taking

E=XxXE, px,e)=(x,ple)eXxF=2Z, 3§x,e)=(x,s(e)) e Z.

Hence ifZ — X is a locally trivial bundle whose fiber admits a spray, thén
can be covered by open séfssuch that each restrictiafi| U; admits a (fiber-)
spray (but in general there is no global spray a¥gr ®

The main use of sprays is to lift homotopies of sections:df — X to ho-
motopies of sections of a certain vector bundles, thereby linearizing the approx-
imation and gluing problems for such sections. The first result in this direction
is

3.2 Lemma.(Gromov [Gro], Sect. 1.2)et X be a Stein manifold antl: Z —

X a holomorphic submersion which admits a spi@y, p, s). Then for each
holomorphic sectiorf: X — Z there exists a holomorphic vector subbunéle
of the restricted bundl&| f (X) such thats: E’ — Z maps a neighborhood of
the zero section ik’ biholomorphically onto a neighborhood ¢f(X) in Z. In
particular, if f;: X — Z (0 <t < 1) is a homotopy of holomorphic sections,
then for eachy € [0, 1] and each open relatively compact subBetc X there

is neighborhoodly C [0, 1] of £, and a homotopy of holomorphic sectiohs
(t € Ip) of E' C E|f,,(X) over the setf,,(V) such that, is the zero section
ands o &(z) = fi(h(z)) fort € Iy andz € f;,(V).

Proof. By definition of the spray the map E| f (X) — Z is the identity on the
zero section (which we identify withli (X) c Z) and it is a submersion near the
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zero section. Denote iy = kerV Ds C E the kernel of the vertical derivative
(3.2) and letE = E/E, be the quotient bundle with the quotient projection
n:E — E.SinceX is Stein, this projection splits ovef(X), i.e., there is a
holomorphic vector bundle homomorphisth E| £ (X) — E|f(X) such that

7 o G is the identity onZ| f (X). If we denote byE’ the image ofG, we have a
direct sum decomposition

E|f(X)=Eolf(X)®E" (3.3

The restrictions|E’: E' — Z maps the zero section &’ onto f(X) and its
derivative is an isomorphism at each point of the zero section. Heies
biholomorphic near the zero section. The second statement follows immediately
from this. )

Lemma 3.2 allows us to lift short pieces of a homotopy of sectioris wf a
homotopy of sections of a vector bundle. In order to lift the entire homotopy we
recall from [Gro] the concept of composed and iterated sprays.

3.3 Definition. (Gromov [Gro], Sect. 1.3.0a) Let(Ey, p1, s1) and(Ez, p2, 52)
be sprays orZ associated to a submersignZ — X. Thecomposed spray
(E*, p*, s*) over Z is defined by

E* ={(e1,e2) € E1 x Ep. s1(e1) = pa(ex)},
p*e1, e2) = pi(e1), s*(e1, e2) = s2(e2).

(b) Let(E, p, s) be a spray onZ associated tth: Z — X. For each integer
k=12 3, ...thek-thiterated spray (E®, p® s®) is defined by

E® ={e = (e1,e2,...,ex)eje E forj=1,2,...,k,
s(ej) = plejp)for j=1,2,..., k—1}, (3.4)
p®(e) = pler), sP(e) = s(ep).

Note that the composed spraynist a sprayover Z in the sense of Definition
3.1 becaus&™* does not have a natural structure of a holomorphic vector bundle
over Z with respect to the projectiop*: E* — Z (the other requirements are
satisfied). In fact* is the pullback of the vector bundle: E, — Z by the spray
mapsi: E1 — Z, soitis a holomorphic vector bundle o€y with the projection
(e1, e2) — e1. Similarly we can define the iterated sprays inductively as the
composition ofk copies of(E, p, s). We begin by taking E®, p®, s®) =
(E, p,s). Suppose thatE*—D p*-b ¢*k-1) has already been defined. Let
g®: E® — E%=D pe the pullback of the bundle: E — Z by the spray map
skD Ek-D 5 7 Setp® = pk=D o5 4®: E® 5 7 and lets: E® — Z
be the map induced by E — Z under the pullback. This gives the next iterate
(E®, p® 50y,
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The following lemma implies that the restriction of composed and iterated
sprays to Stein subsets gfadmit a holomorphic vector bundle structure.

3.4 Lemma.LetY be a Stein manifold and le;: E; — Y resp.p: E — E; be
holomorphic vector bundles ov&rresp. overE;. ThenE has the structure of a
holomorphic vector bundle ovérwith respect to the projectiopmop: E — Y.
In fact, this bundle is isomorphic to the Whitney sBin® (E|Y), whereE|Y
denotes the restriction df to the zero sectiolf C E; of E;.

3.5 Corollary. (Gromov [Gro], Sect. 1.3.AThe restriction of any composed or
iterated spray bundle oZ to any Stein subséf C Z admits a structure of a
holomorphic vector bundle ovér.

Proof of Lemma 3. SinceE; — Y is a holomorphic vector bundle over a Stein
manifold Y, the total spacé; is itself a Stein manifold. Denote the points of
E1 by (y,e), wherey € Y andpi(y,e) = y. Leth,: E; — E; fort € C be the
homotopy#, (v, e) = (y, te). Consider the family of pull-backs’(E) — E; of
the vector bundlg: E — Ej. It follows from Grauert’s theorem [Gr4] (Satz I)
that all bundles in the family are holomorphically isomorphic; see [Lei] for an
elementary proof. In particular the bundlgg £') andhj(E) are isomorphic. The
maph, is the identity onE; whenceh; E = E. The maphg = p1 is the projection
of E1 onto the zero sectiori C E; and hencéy(E) = pj(E) = pi(E|Y). The
latter bundle is clearly isomorphic to the Whitney s#ime (E|Y) which is a
holomorphic vector bundle ovét. This proves Lemma 3.4. ®

The next result indicates the main application of iterated sprays.

3.6 Proposition.Let f;: X — Zt € [0, 1] be ahomotopy of holomorphic sections
of a holomorphic submersiait Z — X. Assume that the baséis Stein and
thath: Z — X admits a sprayE, p, s). Then for each open relatively compact
subsetV cC X there are an integek > 0 and a homotopy of holomorphic
sectionst, (0 < ¢ < 1) of the iterated spray bundl€® (3.4) over the set
fo(V) C Z such that

fo() =z, sYE@) = fith() (z€ fo(V), 0<t<1).

Proof. For each fixed < [0, 1] we can apply Lemma 3.2 to lift the sections
f- for t neart by the spray map to a homotopy of holomorphic sections of
E|f,(V). Hence by compactness[@f, 1] there are numbers8 1y < t; < f, <

- <t = 1suchthatforeach =0,1, ...,k — 1there exists a homotopy of
holomorphic sections’ of E|f, (V) for#; <t < 1;,1 satisfying

SOEN(f,(x) = fi(x) (xeV, f; <1 <ij1).
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In particular we haveog,jﬂ(f,j (x)) = fy,(x)forj=0,1,...,k—1. Compar-

ing these compatibility conditions with those defining the iterated spray bundle
E® (3.4) we see that thegdamilies can be joined into a single family of sections

& (0 <t < 1) of E®| fo(V). Explicitly we define forx € V ands; <t < t;11:

£ (fo(x) = (E2(fo(x), EL(fin (X)), ...,
£ f, (), E (f,(0)),0,...,0) € E®

(the lastk — j — 1 components are the zero elements in the fibeE afver
so&l( fi;(x)) = fi(x)). One easily verifies that these sections satisfy the stated
conditions. P

4. The h-Runge theorems

In this section we prove Runge-type approximation theorems for holomorphic
sections of submersions with a spray over a Stein base. Theorems 4.1 and 4.2
are due to Gromov [Gro], while Theorem 4.5 is new. The idea in these proofs is
essentially the same as in Grauert's paper [Gr2] where the analogous results had
been proved for sections of bundles over Stein spaces whose fiber is a complex
Lie groupL and the transition functions are Lie group automorphisms.of

To motivate the discussion we recall thatXiis a Stein manifold and c X
is a compact holomorphically convex subset, we can approximate each function
holomorphic in a neighborhood & uniformly on K by functions holomorphic
on X. This is the Oka-Weil theorem [d2] which extends the classical Runge
theorem for planar sef§ ¢ C with connected complement. Of course we cannot
expect such results for sections of an arbitrary holomorphic submersioXover
in particular this fails for maps of Stein manifolds into a hyperbolic complex
manifold F. On the other hand, it: Z — X admits a fiber-spray (Definition
3.1) then the Runge approximation property is homotopy independent in the
following senself f, is a homotopy of sections in a neighborhoodkbfuch
that fy has a holomorphic extension %, then each section in the homotopy
can be approximated oK by sections holomorphic oK. Following Gromov
we call such resultb-Runge theorem¥Ve first state the special case, Theorem
4.1. The general parametric case is explained in Theorem 4.2.

4.1 Theorem.Let X be a Stein manifold and: Z — X a holomorphic sub-
mersion which admits a fiber-spray (Definition 3.1). lketc X be a compact
holomorphically convex set. Assume thatc X is an open set containing
andf;:U — Z (0 <t < 1)isahomotopy of holomorphic sectiongioZ — X
overU such thatfy extends to a holomorphic section overThen for any metric

d on Z and anye > 0 there exists a continuous family of holomorphic sections
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fi:X - Z (0 <t < 1) such thatfo = f, and
d(fi(x), fi(x)) <e (xeKk,0<t<1.

RemarkIn fact we will prove the following stronger resukhere is a continuous
family of continuous sections,: X — Z (0 < ¢, u < 1) which are holomorphic
in a neighborhood oK and satisfy:

(@) gro= fionK forall0 <z <1,

(b) the sectionf, = g, 1 is holomorphic onX for eachr € [0, 1],
() gou = foforall0<u <1, and

(d) d(gt,u(x), f,(x)) <eforxe KandO<r,u <1.

The existence of such a homotopy, connectingf, and f, comes from the
Proof of Theorem 4.1 and will be useful to us in Sect. 6.

Proof.Let (E, p, s) be the spray o associated ta. After shrinkingU around
K we obtain by Proposition 3.6 an integer- 0 and a homotopy of sectiofs
over the setfy(U) C Z of the iterated spray bundlg®: E® — Z which are
mapped back tg, by s®: E® — 7. In particularg is the zero section. Since
is Stein, the restrictio® ®| f,(X) admits the structure of a holomorphic vector
bundle by Corollary 3.5. It now suffices to approximgten the holomorphi-
cally convex subsefy(K) of fo(X) by a homotopy of holomorphic sections of
E®| fo(X) (keeping the zero section fixed) and to takeo be their images in
Z by the spray map®. This can be done by the usual Oka-Weil approximation
theorem for sections of a holomorphic vector bundle, and it can be reduced to
the aproximation of functions by embedding the given bundle as a subbundle
of a trivial bundle. Even though this is standard, we outline the proof for later
purposes.

For convenience we let": E' = f§(E®) — X be the pull-back oft®
by the sectionfo: X — Z, and we denote by’: E’ — Z the holomorphic
map induced by the spray®: E® — Z. We may then considéy as sections
of the bundlep”: E’ — X overU C X such thatg is the zero section and
s'o&(x) = fi(x) forallx € U and 0< ¢ < 1. Choose a smooth function
x: X — [0, 1] which is identically one in a neighborhood &fand has compact
support contained /. Since K is holomorphically convex irX, there is a
smooth plurisubharmonic exhaustion functipnX — R which vanishes in a
neighborhood/y cc U of K and is strictly positive on the support @f . We
can choose such that for each fixed value of> 1 there is a sectiop, of E’
which solves the equation

gvz = 5()(51) =§& §X 4.1

and whosd.? norm with weighte=" (measured in a fixed hermitian metric) is
bounded on each compact sefdrby a constant times the norm of the d&tay
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(with a constant independentof. By Hormander [H1] such a solution is given
by a linear operatov, = T, (§¢,0x). We havevg = 0, eachv, is smooth, and the
family is continuous irr. Set

St = X& — UV, Gy = s’ Og’t,u O<t,u<l).

Clearlyg; ,: X — Zisacontinuous family of sections @f — X which satisfies
(a)—(c) in the Remark following Theorem 4.1. By choosingufficiently large
(depending ow) the familyg; , will also satisfy (d) which can be seen as follows.
Whent — oo, the L2 norm with weighte=* of £, x tends to zero since > 0

on supp x. Sincep vanishes inly, it follows that unweighted.?(Uy) norm
llv¢ [l 20 t€NdS tO ZEro as — +oco. By the Cauchy estimates the sup norm
of v,|K tends to zero and hence the sectigns converge tof; ast — +oo,
uniformly in ¢ andu. In particular, f; = g1 (0 < ¢ < 1) is a homotopy of
holomorphic sections of — X satisfying Theorem 4.1. ®

We will also need the following parametric version of the h-Runge theorem.

4.2 Theorem.Let X be a Stein manifold ankt Z — X a holomorphic submer-
sion which admits a spray (Definition 3.1). LEtC X be a compact holomor-
phically convex set and 1€, V C X be open, relatively compact subsetsxin
such thatk ¢ U c V. LetY be a compact Hausdorff space (the parameter
space)Y, C Y acompact subset, arll C Y an open set containing,. Assume
that f, ,: U — Z is a family of holomorphic sections 6f Z — X, depending
continuously ory € Y and0 < ¢ < 1, such that the sectiong, o (y € ¥) and
fr.e (v € Y',0 <t < 1) extend to holomorphic sections ovEr Then for each

¢ > 0 there exists a continuous family of holomorphic sectigns V — Z
overV (y e Y, 0 <r < 1) satisfying

@) fro= foforalyeyv,
(b) f,. = fy.forally e Yoand0 < < 1, and
(©) a’(fy,t(x), fy,t(x)) <eforallx e K,yeYandO<r <1

Remarksl. As in Theorem 4.1 the proof will show that the approximating family
fy,, can be chosen so that it can be connected to the initial fagjilyby a
homotopy of sectiong, ; , (u € [0, 1]) such that the homotopy is fixed for each
y € Yo (Wheref,; = f,.).

2. By a standard limiting procedure we could obtain a fam’gly on all of X,

but we shall not need this.

Proof. We begin by reducing to the approximation problem for families of sec-
tions of an iterated spray bundle. This is essentially Proposition 3.6 with the ad-
dition of the parametey € Y. Let(E, p, s) be aspray o and(E®, p® | s®)

its k-th iterated spray (3.4). ®
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4.3 Proposition.(Assumptions as in Theorem 4.28t U’ be an open set iX
such thatk ¢ U’ cc U. Then there are an integér > 0 and a continuous
family of holomorphic sections, ; of E®|f, o(U’) (y € ¥, 0 <t < 1) such
that

(i) &0 isthe zero section for eache Y,

(i) &, extends to a holomorphic section®Bf”| £, (V) for eachy in a neigh-
borhood ofYy andr € [0, 1], and

(i) s®o&y (fy.o(x) = fy.(x)forallx € U,y € Y andO < ¢ < 1. Moreover,
for eachy in a neighborhood ofj this holds for allx € V.

Proof. It suffices to prove that each fixegl € [0, 1] has a neighborhoof) C
[0, 1] such that there exists a family of holomorphic sectignsof the vector
bundleE| f, ,(U’), depending continuously one Y and: € Iy, such that,
is the zero section and

502 = fy(h(@) (z€ f1.,U), y €Y, t €lp. (4.2)

Moreover, fory in a neighborhood of; the property (4.2) must hold over the
larger set € f, (V). Proposition 4.3 then follows from this as in the Proof of
Proposition 3.6 by using the compactnesg®fl] and combining the finitely
many families of sectiong,t obtained ovek subintervals € [¢;, ¢j11] C [0, 1]
into a single family of sections of the iterated spray bunéli€ over the sets
fy,O(U/) resp-fy,O(V)-

We will consider the casg = 0 when all initial sectionsf, o exist overV'.
The only difference fory > 0 is that some sections only exist over the smaller set
U’, but the proof goes through in the same way. Denot&py- kerVDs C E
the kernel of the vertical derivative of(3.2) and letr: E — E = E/Eq be the
quotient projection. Recall thattelomorphic splittingof 7 is a holomorphic
vector bundle homomorphisi@i: E — E such thatr o G is the identity onE;
in such case we have = E, & G(E). A splitting exists over any Stein subset
of Z [GRo, p. 256].

4.4 Lemma.(Hypotheses as in Theorem 4.Zhere is a family of holomorphic
splittingsG,: E| f,,0(V) — E| f,,0 which depends continuously ene Y, and
hence there is a holomorphic direct sum splitting

E|fy.o(V) = Eolfy.0(V) ® E| (4.3)
depending continuously one Y.
RemarkWe may consider the restricted bundles in Lemma 4.4 as subsets of the

bundleE resp.E = E/Eg, and the continuity of the familg , with respect to
y should be understood in this sense. Lemma 4.4 also holds if we repta€e
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by an arbitraryty € [0, 1], except that in this case one must replace for each
y € Y\Y' the setV in (4.3) by the smaller sdf’ (since the sectiotf, ,, is only
defined onU’).

Proof of Lemma 4.4For each fixedy € Y the sectionf, o(X) C Z (which is
a Stein submanifold oF) is contained in an open Stein set{ C Z according
to a theorem of Siu [Siu]. Hence by compactnes¥ difiere is an open covering
{Y;:1 < j < J}ofY and a family of open Stein subsd®;:1 < j < J}of Z
such thatf, o(V) C D; wheny € Y;. Let x; be a continuous partition of unity
on Y subordinate to the covering;}. Let H;: E|D; — E|D; be a splitting of
n: E — E overD; (suchH; exists sinceD; is Stein). Then the family

J
=Y xiWH;: Elfyo(V) > Elfyo(V)

j=1

satisfies Lemma 4.4. Note that the m@p is well defined since the coefficient
x;(y) vanishes wherf; o(V) is not contained irD;, andG,, is a splitting ofr
since it is a convex linear combination of finitely many splittings. ®

We continue with the Proof of Proposition 4.3. By the inverse function the-

orem the map: E| — Z (the restriction of the spray mapE — Z to E))

is a blholomorphlc map from a neighborhood of the zero sectuﬂyorbnto a
neighborhood of the sef, o(V) in Z (since the vertical derivativ& Ds is an
isomorphism when restricted ;). Denote the local inverse of this map by
u,. Because of continuous dependence on the data®ry and the compact-
ness ofY the neighborhoods on which the maps are defined can be cho-
sen uniformly with respect t¢ € Y. Hence there is & > 0 such that for
0 <t <n andy € Y the setf, ,(U’) belongs to the domain of,. The sections
& =uyo fy,ohl fyoU) — E, C Efor0 <t <1 then satisfy (4.2). This
completes the Proof of Proposition 4.3. [

To complete the Proof of Theorem 4.2 it remains to approximate the sections
g, uniformly on £, o(K) by holomorphic sections @ ®| f, o(V). We shall first
do this locally with respect t¢ and finally patch the approximations together.
LetY’ D Y, be a neighborhood dfy such that the sectioris , for y € Y’ are
defined and holomorphic over the sgto(V) C Z. As in the Proof of Lemma
4.4 there exist a finite open coverify;:1 < j < J} of Y and open Stein
subsetsD; C Z such thatf, o(V) C D; for all y in a neighborhood’; > Y;

of Y;. By Corollary 3.5 the restrictio® ¥’| D; has a vector bundle structure and
we can embed it as a vector subbundle of a trivial burigfle< CV. With this
identification we may write

Ey1(fy0(0)) = (fr.0(), gy.0(x))
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whereg, ,: U’ — C" is a holomorphic map. Note thgt o = O forally € Y},
andg,,, extends holomorphically t& for y € ¥’ N Y. Choose a continuous
functionu:Y — [0, 1] which vanishes in smaller neighborhood If and is
identically one outsidé”. In now suffices to approximate the functiogis, by
functions holomorphic i without changing their values fore Y’ (when they
are already holomorphic ii¥). This is done by taking

gy,t(x) = M(Y)X(X)gy,z(x) - Uy,r(x)a

wherev, , is the solution of the-equation

3,0y, () = u(Y) gy (X)d, x (x)

with minimal L2-norm with respect to a suitable weight apdX — R, is a
cut-off function as in the Proof of Theorem 4.1. Singg) = 0 for y nearYy,
we havev, ; = 0 and hencg, ; = g, , for suchy.

This givesforeach =1, 2, ..., J an approximating family of holomorphic
sectionst; , of E®| f, o(V) for y in a neighborhood’ of Y;. To conclude the
Proof of Theorem 4.2 it suffices to combine these families into a single family
of sections;, ; (y € Y) and then take

fru=s®ok ,0fho (reY,0<r<1. (4.4)

However we cannot do the patching by the usual partition of unity inythe
variable since the vector bundle structures on different restricidisD; may

not agree on their intersection. Instead we can do a stepwise extension as follows.
Fory € Y] we takeé},,, = Sf,t- Choose a continuous functign: ¥ — [0, 1]

such thaty;(y) = 1 fory € Y3 and supgyy C Y;. Fory € Y, we then set

Evi = &, + L — xa()EZ, (4.5)

where the linear combination is taken with respect to a vector bundle structure
on E®|D,. This definition is good sincg1(y) = 0 for those values of (i.e.,

for y e Y\Y;) for which the sectlorfl is not defined, and so the patching
only occurs over the set € Y. CIearIy the family (4.5) extends continuously

to all parameter values € Y; U Y, and it equals the previously chosen family
of sections fory € Y. Moreover, fory € Y; NY, both sectiong, and&?,
approximate the initial sectiofy, , over f, o(K), and hence the same is true for
their convex combination (4.5). We now continue in the same way by patching
the family (4.5) with’;‘it over the parameter sete Y; with respect to the vector
bundle structure o€ ® | Ds. In finite number in steps we obtain a continuous
family of sectionéy,, such that the sections (4.4) satisfy Theorem 4.2. &

Our next result, which is an immediate application of Theorem 4.2, is essen-
tial in our approach to extending a holomorphic section across a pseudoconvex
bump in the critical case.
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4.5 Theorem.Let X be a Stein manifold and = X x F — X a trivial
bundle whose fibeF admits a spray (Definition 1.2). Suppose that X is a
Stein domain which is Runge and®,: X — X is a family of holomorphic
mappings, depending continuously©® [0, 1], such that

(i) ©qis the identity onX,
(i) ©,U)cUforalluel0,1],and
(i) @(X) cU.

Let f;: U — Z (0 <t < 1) be a homotopy of holomorphic sections such tfhat
and f; extend holomorphically tX. Letd be any metric orZ. For each choice
of a compact seK C U, a relatively compact s&f cC X, ande > 0 there

exists a homotopy of holomorphic sectiohsV — Z (0 < ¢ < 1) such that

fo = fo, f1 = f1,and
d(fi(x), fi(x)) <e (xeKk,0<t<1.

Remarksl. In a typical application of Theorem 4.5 the sEtg- X are bounded
convex domains iI€" and®,, is a family of linear contractions to a point .

By a limiting argument it is possible to prove that such a holomorphic homotopy
f; exists on all ofX, but we shall not need this.

2. The analogous result holds, with the same proof, for parametrized families of
sections. We leave out the obvious details.

Proof. By reparametrizing the family;, we may assume that for some small
5§ > 0we havef, = foforO<r <dandf, = fiforl—4§ <t < 1. Choose
a continuous functiom: [0, 1] — [0, 1] such thatu(z) = 0 for ¢t near 0 or 1,
andu(tr) = 1for§ <r < 1—§. We shall identify sections of the trivial bundle
X x F — X with mappingsX — F. Set

frs = fioOasun O=t,s=<1).
This family satisfies the following properties:

(@) fi.s is defined and holomorphic iti for each 0<¢,s < 1,

(b) fi.0o= fi o O, is defined and holomorphic on all &f for eachr € [0, 1],
(€©) fi1= fio®y = f; foreachr € [0, 1], and

(d) Jos = foo @u(o) = fo andfl,s = fio @u(l) =fi forall s € [0, 1].

It remains to apply Theorem 4.2 with the parameter spac& = [0, 1] and the
subspacé&y = {0, 1}. (Note that our current variabbeplays the role of the time
parameter in Theorem 4.2.) Iff, , is the approximating family of holomorphic
sections inV as in Theorem 4.2 then the sectiofis= f,1 (0 < ¢ < 1) satisfy
Theorem 4.5. ®
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5. Gluing holomorphic sections over Cartan pairs

The main results of this section are Theorems 5.1 and 5.5 on gluing holomorphic
sections over Cartan pairs. This can be found in Sect. 1.6 of [Gro] and is similar
to the corresponding results of Grauert [Gr3] and Cartan [Car].

5.1 Theorem.Leth: Z — X be aholomorphic submersion onto a Stein manifold
X. Letd be a metric onZ. Let (A, B) be a Cartan pair inX (Definition 2.3)
such that the sef = A N B is Runge inB. Suppose thaB is an open neigh-
borhood ofB in X such that the restrictio|B = h~1(B) admits a fiber-spray
(Definition 3.1). LetA ¢ X be an open neighborhood d&f and a: A—> Za
holomorphic section of — X over A. Then for eacke > Othereis a > 0
satisfying the following property. if: B — Z is a holomorphic section satisfy-
ingd(a(x), b(x)) < 8 forx € C = AN B, there exist homotopies (resp.b,),

0 <t < 1, of holomorphic sections over a neighborhaédof A (resp. over a
neighborhoodB’ of B) such thatug = a, bg = b,a; = b,onC’' = A'N B’, and

d(al(x),a(x)) <e (xeA,0<r<];
d(bi(x),b(x)) <€ (xeC, 0=<t=<1).

Using sprays we shall reduce the Proof of Theorem 5.1 to the model case
described by the following proposition; this is analogous to the classical Cartan—
Grauert attaching lemma [Gr3], [Car]. We denote B§°(£2, C") the Banach
space of bounded holomorphic maps— C”" equipped with the sup horm over
all components.

5.2 Proposition.Let (A, B) be a Cartan pair in a Stein manifold such that

C = AN BisRungeinB. LetC C X be an open neighborhood 6f U ¢ C”

an open neighborhood of the origin @, andy,:C x U — C" a bounded
holomorphic map such that for eaghe C, ¥o(x, 0) = Oandyo(x, -): U — C"

is injective (i.e., biholomorphic onto its image). Then there are neighborhoods
A’ > AandB’ D> BwithC’' = A'n B’ cc C, a neighborhoodV of v in the
Banach spacé/>(C x U, C"), and smooth Banach space operatgts W —
H>®A,C", B:W — H*®(B’,C"), with A'(y,g) = 0andB'(¥p) = 0, such

that for eachyy € W the bounded holomorphic maps= A'(y): A’ — C",

B =B(¥). B — C" satisfy

Y(x, a(x)) =Bx) (xe A NB). (5.1
Moreover, ify € W satisfiesy(x,0) = 0 for x € C then A'(y) = 0 and
B'(y) = 0.

RemarkWe can view a pair of maps satisfying (5.1) as a section of a nonlinear
bundle overA’ U B’ obtained by patching the trivial bundles ov&rresp.B’ by
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the mapy . For later application to parametrized families it is convenient to have
a canonically given solution (i.e., by operators), although this could be avoided
by a suitable analogue of Satz 8 in [Gr2].

Proof of Propositon 5.2By shrinkingC we may assume that it is Runge in a
neighborhoodBg of B. We choose neighborhoods > A andB’ © B as in
Lemma 2.4 so thaB’ C By, C' = A'N B’ cC C, and there are bounded linear
operatorsd: H*(C’,C") — H*(A’,C") andB: H>*(C',C") - H*(B',C")
satisfyingc = Ac — Bc for all c € H*(C’, C"). Consider first the case when
Yo(x, u) = u is the identity map in tha-variable for each e C. Consider the
operator

@:H>®(C',C") x H®(C x U,C") — H®(C',C"),

D(c, Y)(x) = ¥ (x, Ac(x)) — Be(x)  (x € C').
We claim thawp is defined and smooth fere H>°(C’, C") in a neighborhood of
the origin and fory € H*(C x U, C"). Clearly® is linear and hence smooth in
Y. To see tha is smooth irc we choose a neighborhodd ¢ C” of 0 such that
U cuU. By Cauchy estimates the restriction map—~ |C’ x U’ is a bounded
linear operator from the spa(Héoo(C x U, C"toC®(C’' x U’,C"). On the set
of ¢'s for which Ac(x) € U’ for all x € C’ (these form an open neighborhood
of the origin inH*°(C’, C")) the first term ind is the composition operator of a
linear operatot4 with a smooth map,. Hence® is a smooth operator. In fact
we only need tha® is of classC* which is seen directly from the formula for its
differential

D®(c, ¥)(', ") =¢'(-, Ac) + Dy (-, Ac) Ac’ — Bc'.

Note that® (c, ¥o) = Ac — Bc = ¢. HenceD.® (0, ¥o) (the partial deriva-
tive of @ with respect to the first variable) is the identity map & (C’, C").
By the implicit function theorem in Banach spaces there is an opeWset
H>®(C x U,C") containingyo and a smooth mag: W — H*(C’, C") such
that® (C(y), ¥) = 0 andC(yo) = 0. Moreover, ify € W satisfies(x,0) =0
for all x € C, thenc = 0 solves the equatiog (c, /) = 0 and hence by lo-
cal uniqueness of solutions we havg/) = 0 for any suchys. The operators
A" = AoCandB = B o C then satisfy Proposition 5.2.

The general case (whefy is not the identity, or even close to the identity)
can be reduced to the special case as follows. Sihég Runge inB, there
are open set€o C X, By C X, Uy, Uy C C", satisfyingC C Co cc C,
0€e Uy cCcUrCcCU,B C By such that we can approximatg as well as
desired orCy x Uy by a holomorphic. ma : Bo x C" — C" such that) (x, -)
is biholomorphic or/; for eachx € Co andi (x, 0) = Oforallx € Bo. If the
approximation ofyo by ¥ is sufficiently close orCy x Us, there is a unique
holomorphic mapy: Co x Ug — Uy which satisfies

Yolx, u) = ¥ (x, Yg(x,u)) (x € Co, u € Up)
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and which is so close to the map, u) — u on the seCy x U that it belongs
to the domaintW ¢ H>°(Co x Uy, C") of the operatorg, A, andB’ obtained
in the special case (with respect to the smallerGek Up). We may assume
that the setsA’” > A, B’ O B, related to the operatotd’ resp.B’ as above,
satisfyB’ ¢ BoandA’' N B’ cc Co. Note thatC (yy) = 0 sincey|(x, 0) = 0.
Moreover, for eachy which is sufficiently uniformly close tgyo onC x U we
have

Y(x,u) = Yx, ¥ (x,u)) (x € Co, u € Up)

wherey”: Cox Uy — U, belongstdV. Infact,y — v’ defines asmooth Banach
space operato¥: Wy ¢ H®(C x U,C") — H>(Cq x Uy, C") in an open
neighborhoodV, of v, with range inW . Foreachy € Woandy' = ¥ () e W
the holomorphic mapg = A'(y/): A’ — C"andp’ = B'(y'): B — C" satisfy
V' (x, a(x)) = B'(x) for x € C’. Hence the paiw(x) andB(x) = ¥ (x, B (x))
(the latter one is defined and holomorphichf) satisfies

Y, a() =9 (x, ¢ (x, a@x) = ¥x, B/(x) = x)

which is precisely (5.1). By constructian and 8 are obtained fromy by a
composition of smooth Banach space operators. )

In order to reduce the Proof of Theorem 5.1 to Proposition 5.2 we also need
the following lemma. Denote bB” () c C" the open ball of radius.

5.3Lemma.Leth: Z — X be a holomorphic submersion onto a Stein manifold
X,letA c X beacompact setwith a Stein neighborhood basis, aad let— Z

be a holomorphic section defined in an open 4eb A. Then there are an
integern > 0, a numbem > 0, a Stein open séf C Z containinga(A), and a
holomorphic mag: U x B"(n) — Z such that for allz € U we have

() hol(z,t)=h(z)forallt = (1,12, ...,1,) € B"(n),
(i) 3(z,0) =z and
(iii) the vectorsV;(z) = aitjg(z, 0) (L < j <n)spanVT,(Z).

Remark Note thats satisfies all requirements for a fiber-spray except that it is
not defined globally o/ x C".

Proof of Lemma 5.3The seta(A) C Z has a basis of Stein neighborhoods in
Z according to [Siu] and [Shd]. By Cartan’s theory there exist finitely many
holomorphic vector field¥y, Va, . .., V, in a neighborhood af(A) in Z which

are tangent t&’ 7'(2) (i.e., they are holomorphic sections of the vertical tangent
bundleV T (Z)) and which sparv T (Z) at each point in the given set. L@tbe
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the flow oij. There is a small Stein neighborhobdc Z ofa(A) and amy > 0
such that the map U x B"(n) — C", given by

g(Z,t} :g(Z,tl,...,tn) :9i109£20'~-09;l"(z)

satisfies all requirements. 'Y

Proof of Theorem 5.1.ets: U x B" () — Z be the local spray given by Lemma
5.3. Choose a Stein open $eb A sothau(A) cC U. Setsy(x, t) = §(a(x), 1)
forx € A andr € B"(n). Thensy(x, 0) = a(x) ands; is a submersion along=

0 (i.e., alocal spray onto a neighborhood 64l) in Z). Suppose thak > Bisan
open Stein setangt B — Z is a holomorphic section such thaapproximates
a in an open neighborhood of C = A N B. Our goal is to construct a fiber
preserving holomorphic map: B x C* — Z such thats,(x, 0) = b(x) and
such thak; is a submersion near= 0 which approximates in a neighborhood
of C x {0}". We then solve the equatiep(x, ¥ (x, 1)) = s1(x, 1) to get a mapy
as in Proposition 5.2. ¥ andg satisfy Proposition 5.2 (i.ey; (x, «(x)) = B(x)
for x nearC) then

ai(x) = s1(x, a(x)),  ba(x) = s2(x, B(x)

are holomorphic sections &f over neighborhoods ofl resp.B which agree
nearC = AN B.

To constructs, we assume thaB > B is so small that there exists a fiber-
spray(E, p, s) overZ|B = h~1(B). Choose a Stein open gét c Z such that
a(C) c U’ cc U Nh~(B). Let V; be the vector fields as in Lemma 5.3. Since
VDs(0): E — VT(Z)is a surjective vector bundle homomorphism and the set
U’ is Stein, we can spliE|U’ = kerV Ds(0) & E’ and lift the sectionsf/j to
holomorphic section/; of E/ ¢ E|U’ such thatV Ds(0,)V;(z) = V;(z) for
allz e U'and 1< j < n. For eachy € U’ and each collection of vectors
W= {Wy,...,W,} C E, we define amapy(z, -):C" — Z; by

swiz, t) = s(Z i Wj).

j=1

We havesyy,(z,0) = z and %sw(z, 0) = VDs(0,)W;. In particular, for the
collectionV(z) = {V1(2), ..., Vu(zx)} we getforj =1,2,...,nandz € U’

0 ~ J .
EY $v()(2, 0 =VDs(0,)Vi(z) = Vj(z) = —5(z,0). (5.2
1 9

The mapsyy(z, t) is holomorphic in all arguments, including.

5.4 Lemma.Letd be a metric onZ andd’ a metric onE. There are numbers
n > 0,8 > 0 with the following property. For each pair of pointsw €
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U’ such thath(z) = h(w) andd(z, w) < §, and for each collectionV =
{Wy,..., W,} C E, such thatd'(W;, V;(w)) < éforj=1,...,n,thereisan
injective holomorphic mapy, (z, w, - ): B"(n) — C" satisfying

) sww, dw(z, w, 1) =5(z,1),
(ii) ¢ is holomorphic in all arguments, w, W, t, and

(i) pw(z,z,0) =0.

Proof.SinceU c Z is Stein, we have a splitting x C" = M & N whereM, is
the kernel ofD,5(z, 0) (the¢-derivative ofs at the zero section) and is some
holomorphic complementary bundle. We split the fiber vectots (¢',1") €
M, & N, accordingly (so the splitting depends on the base pginfFor each
z € U the restriction ofs to the fiber N, maps a neighborhood of, G N,
biholomorphically onto a neighborhood ofn the fiberZ,,. The same is true
for the restriction

1" €N, = 5z, (t',1") € Zne) (5.3)

of 5 to fibers{t'} ® N, for all sufficiently small vectorg’ € M,.
Now (5.2) shows that for each pair of poingsw € U’ in the same fiber
Zn; Which are sufficiently close together, for each sufficiently small vector

t' € M,, and for each collection of vectorsWW = {Wy, ..., W,} C E, which
are sufficiently close to the corresponding vectd(s) = {Vi(w), ..., V,(w)},
the map

1" € N, = sw(w, (t',t") € Zne (5.4

takes a neighborhood oﬁ & N, in N, biholomorphically onto a neighborhood
of win Z,) = Zuw) such that the image also contains the painfor such
choice of points and vectors we tagg, (z, w,t',-): N, — N to be the map
(5.3) followed by the (unique!) local inverse of (5.4)t4t= 0, and then take

Sz w, (', 1) = (', pyy (2w, 1',17).

This map is defined for = (¢, t”) € M, & N, = C" in some neighborhood of

the origin 0e C" which we may take to be independentzofw, W, provided

that all conditions regarding closeness are satisfied. It is easily verified that this
map satisfies all required properties. Since both maps (5.3) and (5.4) depend
holomorphically on all arguments, so daks ®

Suppose now thaf c A N B is an open Stein set containin@ which
is Runge inB. Assume that: B — Z is a holomorphic section such that
b(C) C U', whereU’ C Z is the neighborhood af(C) chosen above. We
consider the restriction\§j|b(é‘) as holomorphic sections of the bundi¢h(B)
over the seb(C). By shrinkingC we get holomorphic sectior®; (1 < j <n)
of E|b(B) which approximate the sectiori§ uniformly onb(C) as close as
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desired. WriteW(z) = {W1(2), ..., W,(2)} for z = b(x) € b(B). The maps
s1. A x B"(n) - Z ands,: B x C" — Z, given by

s1(x, 1) = §(a(x), 1),

52(x, 1) = sweey (b(x), 1), ©5

are holomorphic. Ib is sufficiently uniformly close ta overC and if W;(b(x))
is sufficiently close td/; (b(x)) foreachj = 1,...,nandx € C,thenby Lemma
5.4 we have for each € € an injective holomorphic map

V(x, ) = dwenylax), bx), ). B"(n) — C"

which solves the equation

so(x, Y(x,1)) =s1(x,1) (x € C', t € B"(n)).

Moreover, if the approximations are sufficiently clogejs uniformly close to
the map

Volx, 1) = ¢y (ax), a(x), 1)

which satisfiegyo(x, 0) = 0 forx € C. By Proposition 5.3 we get open set§

B,C'=A'NB'inX,withA c A’ c AandB c B’ C B, and holomorphic
mapsa: A" — C", B: B" — C", such that/ (x, «(x)) = B(x) forx € C’'. The
homotopies of sections

a (x) = s1(x, ta(x)) (x € A),  bi(x) = s2(x,tB(x)) (x € B') (5.6)

for 0 <t < 1 then satisfy Theorem 5.1.

Perhaps a word is in order regarding the proximity of the sectipn®s
a = ag and ofb, to b = by. The rate of approximation afg by v depends on
the proximity ofb(x) to a(x) and on the proximity of the vector field®(b(x))
to the fieldsV(a(x)) for x € C. This in turn determines the estimates on the
norms||a|| gy and||Blln=s, (by Proposition 5.2). Since the map (5.5)
only depends on the sectien the Definition (5.6) shows that the estimate of
d(a;(x),a(x)) for x € A’ andr € [0, 1] depends only omje|| (4, and we
get the stated approximation result ov&r However, the map, (5.5) depends
both onb and onW. These quantities are under control only 6rand not
on all of B (since we apply Runge approximation). Therefore we can estimate
d(b;(x), b(x)) in terms of||B|| (s only for pointsx € C’ and not onB’\C".

®

The following is an extension of Theorem 5.1 to parametrized families of
sections.

5.5Theorem.Leth: Z — X be aholomorphic submersion onto a Stein manifold
X, letd ametriconZ, and let(A, B) be a Cartan pair inX (Definition 2.3) such
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thatthe seC = AN B is Runge inB. Suppose thak is an open neighborhood of
B in X such that the restrictio|B = h~1(B) admits a fiber-spray (Definition
3.1). LetY be a compact Hausdorff space (the parameter space)ard Y a
compact subset. Let ¢ X be an open neighborhood gfanda: A x Y — Z a
continuous map such that for eaghe Y, a(-, y) is a holomorphic section it
over A. Then for eaclk > Othere is as > 0 satisfying the following property.
If b: B x Y — Z is a continuous map such that for eaghe Y, b(-, y) is a
holomorphic section of over B satisfying

d(a(x,y),b(x,y))<8 (xeC:':Aﬂé, yevy),
a(x,)’)=b(x,y) (XGC’ ero),

then there exist smaller neighborhoats> A, B’ > B and homotopies,;: A" x
Y — Zresp.b;:B' x Y — Z (0 < r < 1) of families of holomorphic sections
such thatug =a, by = b, a1 = b1onC’ = A’ N B’, and for eaclD < r < 1we

have
d(a,(x, y), a(x, y)) <e (xedA,yeY),

d(bi(x,y),b(x,y)) <€ (xeC, yeY),
az(x,y)=br(x’)’) (.XGC/, erO)-

Proof. This can done by essentially repeating the Proof of Theorem 5.1 with the
addition of the parameter. We shall only indicate a few critical places in the
proof where it is not completely obvious what must be done. First one needs for
eachy € Y holomorphic maps

s1,0A X B"(9) = Z, s2,,BxC'— Z (5.7)

for some integen > 0 and some; > 0 which are related to the sections
ay, = a(-,y) resp.by = b(-,y) as in (5.5) and which depend continuously on
the parametey € Y. To gets;, we coverY by finite number of open sefs

(1 < j < J) such that for eacly there is an open Stein s&} C Z, with
a,(A) C D; for eachy e Y;, and there are finitely many holomorphic vector
fields f/,j (1 < k < kj) which generate/ T (Z) at each point otU;. (This is
similar to the Proof of Lemma 4.4 above.) LgtY — [0,1] (1< j < J)bea
continuous partition of the unity on subordinate to the coverifd;}. Then the

vector fieldsy; MV Q<j<J1<k< k;) are well defined and holomorphic
in a neighborhood of the sectiag;(fi) foreachy € Y (sincey;(y) = O for those

y € Y for which the fieldV}/ is not defined neat, (A), i.e., for y outsidey;).
Together these fields generate the vertical tangent bundlE(Z) at each point
ay(x) forx e A andy € Y. Using these fields and their local flows we get as
before a family of submersions , (5.7) depending continuously ane Y.

With a similar argument (see Lemma 4.4) we obtain a family of maps
(5.7) which are submersions in a neighborhood of the zero section over the set
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C and which approximate, nearC x {0}". This gives a family of transition
mappingsy, as in Proposition 5.2 which are continuousyind approximate
a certain initial familyyo ,. By Proposition 5.2 we obtain families of bounded
holomorphic mapsy,: A" — C”", g,: B" — C", depending continuously on
y € Y and satisfying

Yy (x, ay(x)) = By(x) (x €C’, y€eY).

This gives for ally € Y homotopies of sections
at(xa )’) = sl,y(-xv tay(x)) (x € A/)a bt(xa y) = Sz,y(-xv t:By(x)) ()C € B/)

Moreover, fory € Y, (when the sections, andb, agree ove€ and hence define
a section over a neighborhood #fU B) we have by constructiotr,(x,0) =0
forallx e C. Thereforen, = 0 andp, = 0 for suchy (Prop. 5.2), and hence
the above homotopies are fixed fpre Yy as required. Everything else is clear
from the earlier arguments. ®

5.6 Corollary. Let X be a Stein manifold and c A’ a non-critical strongly
pseudoconvex extensionXn(Definition 2.1). LetF be a complex manifold with
aspray andZ = X x F — X the associated trivial bundle with fibdt. Letd
be a metric orZ. Given a homotopy, (0 < ¢ < 1) of holomorphic sections &f

in a neighborhood oft such thatzg anda; are holomorphic in a neighborhood
of A’, there is for eacls > 0ahomotopyz, (0 < ¢ < 1) of holomorphic sections
in a neighborhood oA’ such thatig = ag, a; = a1, and

d(a,(x),a(x)) <e (xeA, 0<r<1).

Proof. By Theorem 2.5 there is a finite sequence
A=AOCA1CA2C...CA]¢:A/

suchthatforeach =0, 1,..., k—1wehaved;;; = A;UB;,where(A;, B;)isa
convex bump. Suppose inductively that we have already approximated the initial
homotopya, = a’ on A by a homotop)a,/ (0 <t < 1) consisting of sections
that are holomorphic in a neighborhood &f (with aj = ag anda] = a).
SinceB; is a convex bump oA, we can apply Theorem 4.5 to approximate the
homotopya,j ina neighborhood of ; = A; N B; by a homotopy; consisting of
holomorphic sections in a neighborhood®&fand such thaby = ag, b1 = a.

If the approximation is sufficiently close, we can apply Theorem 5.5 to glue the
famiIiESa,j andb, over C; into a single familyatj+l (0 <t < 1) consisting of
sections which are holomorphic in a neighborhoodigf; = A; U B;, which
equalag resp.a; whens = 0 resps = 1, and which approximate the sectiaris
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on A;. This completes the induction step. In a finite number of steps we reach a
desired homotopy, = af satisfying Corollary 5.6. ®

RemarkThe Proof of Corollary 5.6 remains valid if the bundies trivial over
a neighborhood of each bun® but not necessarily ovet’. Thus the corollary
provides an extension of the h-principle fromnto any non-critical strongly
pseudoconvex extension af

6. Extending holomorphic sections across pseudoconvex bumps

In this section we prove Theorem 2.6, thereby concluding the Proof of Theo-
rems 1.3 and 1.4. We present the proof in the case without parameters, but all
arguments go through in the general parametric case by using suitable versions
of the approximation and gluing theorems which were proved in sections 4 and
5. There are three main steps:

— approximate the given sectiarin a neighborhood of = AN B by a section
b which is holomorphic in a neighborhood Bf

— glue the sectiong and b by Theorem 5.1 (or Theorem 5.5) to obtain a
holomorphic sectioi in a neighborhood ofA U B;

— show that the new sectiof is homotopic toe and satisfies all required
properties.

We present all arguments in the general case wWHermB) is a pseudoconvex
bump and the s&f = AN B is not necessarily contractible. In the special case of
convex bumps the arguments involving homotopies can be substantially simplied
by using contractibility of” and the fact that is a strong deformation retraction
of AU B.

6.1 Proposition.There exists a homotopy (0 < ¢ < 1) of continuous sections
in a neighborhood oB such thathg is holomorphic in a neighborhood df,
eachb, is holomorphic in a neighborhood @f, andb; = a.

Proof. Since B is star-shaped, it has an open contractible neighbortidsly
hypothesis we may choosg2so small thatZ|B is a trivial bundle. Hence there
is a holomorphic sectiohy of Z over B (we may simply take a constant section
in a given trivialization) and a homotogy: B — Z (0 < t < 1) of continuous
sections connecting, = by andb; = a (such a homotopy exists sind is
contractible and the bundle is trivial ov8).

Recall (part (v) in Definition 2.2) that we have a strongly plurisubharmonic
functiont > Oinaneighborhood af = ANB suchthatS = {r = O}isatotally
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real sphere contained in an affine pldhén some holomorphic coordinates in a
neighborhood oB), C = {r < 1}, andr has no critical points o@’\ S. Our first
goal is to modify the homotopy, so as to make it holomorphic in a neighborhood
of §. Assume (as we may) thatis real-analytic. Lef”’ be the affine totally real
subspace of maximal dimension containinand hence). We can approximate
b;1S uniformly on S by a homotopy consisting of real-analytic sections over a
neighborhood o3 without changing the sectiortg = by andb; = a. We still
denote this real-analytic homotopy by For each the sectior; | T’ extends (by
complexification) to a unique holomorphic sectigin a neighborhood 6f’NC
(independent of). Henceb, is a holomorphic homotopy in a neighborhood of
So = {t < ¢o} for some sufficiently smaltg > 0. Of course this process does
not affect the sections that were already holomorphic, so we have b, and

by =aonSy.

SinceC is a non-critical strongly pseudoconvex extensiorsgfCorollary
5.6 implies that, can be approximated uniformly oy by another homotopy
b; (0 < ¢t < 1) which is holomorphic in a neighborhood 6fand connectgq
anda.

To complete the proof we must show that the homotlpiwvhich has so far
been defined and holomorphic in a neighborhood péxtends to a continuous
homotopy frombg to a in a neighborhood oB. To do this we first reparametrize
both homotopie$, andb, so that for some smadl > 0 we have

by =b,=by for0O<t <3, by=by=a forl—§<tr<1  (6.1)

6.2 Lemma.lf b,|S is sufficiently uniformly close tg|SonS = {r = 0} C C for
eachr € [0, 1], and if (6.1) holds for som® > 0, then there exist a neighborhood
C of C and a two-parameter homotoﬁys (0 < t,s < 1) of continuous sections
of Z overC satisfying

bio=b; b1=b for 0<t<1;
by =b,=b; for t €{0,1} and 0<s < 1.

Proof. If b,|S is sufficiently uniformly close td;|S for eacht € [0, 1] (which
we may assume to be the case), we can use the spray as in Lemma 3.2 to obtain
a two parameter homotopy of sectidng: S — Z (0 <, s < 1) satisfying

bio="0bS, b1=0)|S for 0<r <1,
bs=b,=b, for r €[0,5]U[1—-4,1] and O<s < 1.

Furthermores is a strong deformation retraction of a neighborhdoof C, i.e.,
there is a smooth family of mags,: C — C (0 < ¢ < 1) such tha®y is the
identity onC, each®, is the identity onS, and®,(C) = S. Choose a smooth
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functionu: [0, 1] — [0, 1] which is zero in a neighborhood of= 0 andr = 1
and is identically one of$, 1 — §]. We identify sections of overC (or overB)
by mappings into the fibeF, using the triviality ofZ| B. For eachx € C and
0 <t < 1 we define

b (O350 (x)); if0 <s <1/3,
br,s(x) = bt,Ss—l(@u(t)(x)); If 1/3 <s = 2/31
b(Osa-suy(®)); f2/3<s <1,

Clearly these maps are defined for-ale C.We havelS,,o =b; 00y = b, and
b;1 = b, o ©®9 = b;. Moreover, whern is near 0 or near 1, or whene S, we
haveb, ;(x) = b, ;(x) for all s € [0, 1]. Thusb;, ; satisfies Lemma 6.2. 'Y

Choose a smooth functian X — [0, 1] such thaty = 1 in a neighborhood
C’ c C of C and supp cc C. Let b,s be as in Lemma 6.2. Consider the
homotopy
biivw(x) (x€ B, 0<1<1).

By the choice ofv this equalsb, o(x) = b,(x) for x € C’ (so it is holomorphic
there), it is defined for alk € B, and it equal®;(x) for x outsideC. This
homotopy, which we again denote by satisfies Proposition 6.1. )

In what follows we shall shrink the neighborhoofisand C several times
without mentioning this again, and without changing the notation. We are now in
positionto apply the h-Runge approximation (Theorem 4.1 or 4.2) to approximate
the homotopy, from Proposition 6.1 uniformly id" by a holomorphic homotopy
b;: B — Z such thatby = by. The sectiorb = b, then approximates in C
as well as desired. Hence by Theorem 5.1 (or 5.5) we canagglredb into a
single sectio@ which is holomorphic in a neighborhood of A U B and which
approximates in a neighborhood oAl.

It remains to show that there is a homotopy of section® < ¢ < 1) in
a neighborhood oft U B, connectingug = a anda; = a, such that each;
is holomorphic in a neighborhood of and approximates there (soa, will
satisfy Theorem 2.6). In a neighborhoodA4fsuch a homotopy is provided by
Theorem 5.1. Our goal is to extend this homotopy to a neighborhodd oB
by modifying it outside some neighborhood 4f

Recall that ove3 we have the following homotopies:

() the homotopyb, from by to b1 = a, given by Proposition 6.1;

(i) the homotopyb, from by = by to b, = b, obtained by approximating in
Cl

(iii) the homotopyb; from by = b(= by) to b} = a, given by Theorem 5.1.

Note that all these homotopies are holomorphi€ iandb; approximate$ (and
henceq) there. If we combine these three homotopies in the correct order (first
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follow b,_, from a to by, then followd, from by to by = b, and finally follow
b, from b to a), we get a homotopy from to a over B which is holomorphic
over C. However, we must show that this homotopy oecan be glued with
the homotopyy, into a single homotopy from to a in a neighborhood oft U B.

In order to do this we will first join the above homotopies (i)—(iii) ov@r
into a new homotopy:, from a to a which in addition will approximates
in C. For convenience we shall defirg initially on the ¢-interval [0, 4] and
subsequently rescale the parametdftd]. According to the remark following
Theorem 4.1 we may assume that there is a two-parameter homotopy — Z
(0 < t, s < 1) which is holomorphic irC and satisfies

81,0 = by, 81 = Et’ 80,s = by,

and such thag; ; approximate$; = ain C foreachs € [0, 1]. Choose a smooth
function x on X with values in[0, 1] such thaty = 1 in a neighborhood of
andx = 0 in a neighborhood oB\C. Suchy exists since the set$\ B and
B\ A are separated. We now define for each B

b1ty (0 (%), ifo<r<1;

h(x) = gx(x),tfl(x)a ifl<r<2;
= bym+a-xopa-2x), if2 <t <3
b;_5(x), if3 <t <4.

The reader may verify that this is indeed a homotopy figm= a to h4 = a.
For x in a neighborhood of we havey (x) = 1 and hence

bi(x) =a(x), if0 <t <1,

i) — 1 8L, ifl<t<2;
()= by = br), 2 <1<3;
b, _5(x), if3 <r<4.

Henceh, is holomorphic nea€ and approximates there (since all homotopies

in question are close toonC). Hence we may assume thatGtoth homotopies

a; andh, (which we rescale to theinterval [0, 1]) approximate: so well that
their images (ove€) belong to a tubular neighborhood @fC) c Z in which

we can apply Lemma 3.2. This means that we can view these sectiaghgsn
sections of a certain holomorphic vector bundle o@efThis allows us to find

a two parameter homotogy , joining ¢, andi, overC (we can simply use the
convex combinations of the two sections in the given vector bundle.) Finally we
patcha, andh, usingk; s into the homotopy

Elt (x) = kt,l—x(x)(x)

wherey is a smooth function chosen as above. ForearA we havey (x) = 1
and hencé, (x) = k; o(x) = a,(x), while for x nearB\A we havey(x) = 0
and hence;, (x) = k; 1(x) = h,(x). We denote this new homotopy again
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Finally we choose a smooth functignon X with values in[0, 1] such that
n = 1 nearA U B and supp C A’, whereA’ is the neighborhood o U B on
which the homotopy:, has been defined. The homotapy,,(x) (0 <¢ < 1)is
now defined for allk € X, it equalsag(x) = a(x) for x € X\ A’ andr € [0, 1],
and it equalsy, (x) for x € A U B. This completes the Proof of Theorem 2.6.

References

[AFR]  P. Ahern, M. Flores, J.-P. Rosay: QRi" and C complete holomorphic vector fields.
Proc. Amer. Math. Soc., to appear.

[Car] H. Cartan: Espaces figs analytiques. Symposium Internat. de topologia algebraica,
Mexico, 97-121 (1958). (Also in Oeuvres, vol. 2, Springer, New York, 1979.)

[BFo]  G. Buzzard, J. E. Fornzess: An embeddingCoih C2 with hyperbolic complement.
Math. Ann.306, 539-546 (1996).

[Chi] E. M. Chirka: Complex analytic sets. Mathematics and its Applications (Soviet Series),
46, Kluwer, Dordrecht, 1989.

[Dem] J.-P. Demailly: Un exemple de fibholomorphe non de StedrfibreC?2 ayant pour base
le disque ou le plan. Invent. Math8, 293—-302 (1978).

[Eli] Y. Eliashberg: Topological characterization of Stein manifolds of dimensich Inter-
nat. J. Math1, 29-46 (1990).

[EGr] Y. Eliashberg, M. Gromov: Embeddings of Stein manifolds. Ann. Ma86 123-135
(1992).

[For] O. Forster: Topologische Methoden in der Theorie der Steinschemi:’ (Iternat.
Congress in Math., Nice, 1970, pp. 613—618) Gauthier-Villars, Paris, 1971.

[FR1] O. Forster and K. J. Ramspott: Okasche Paare von Garben nicht-abelscher Gruppen.
Invent. Math.1, 260—286 (1966).

[FR2]  O. Forster and K. J. Ramspott: Analytische Modulgarben und Endramsth. Invent.
Math. 2, 145-170 (1966).

[Fol] F. Forstneg? Actions of(R, +) and(C, +) on complex manifolds. Math. 223 123—
153 (1996).

[Fo2] F. Forstneg! Interpolation by holomorphic automorphisms and embedding¥'inJ.
Geom. Anal9, 93-118 (1999).

[FGR] F. Forstned; J. Globevnik, J.-P. Rosay: Non straightenable complex lin€2isrkiv
Mat. 34, 97-101 (1996).

[FP] F. Forstneg™and J. Prezelj: Oka'’s principle for holomorphic submersions with sprays.
Preprint, 1999.

[Gr1] H. Grauert: Charakterisierung der holomorph valigtigen Rume. Math. Ann129,
233-259 (1955).

[Gr2] H. Grauert: ApproximationsgZe fir holomorphe Funktionen mit Werten in komplexen
Raumen. Math. Ann133 139-159 (1957).

[Gr3] H. Grauert: Holomorphe Funktionen mitWerten in komplexen Lieschen Gruppen. Math.
Ann. 133 450-472 (1957).

[Gr4] H. Grauert: Analytische Faserungaer holomorph-vollstiidigen Rumen. Math. Ann.
135 263-273 (1958).

[GRe] H. Grauert, R. Remmert: Theory of Stein Spaces. Grundl. Math. 8255 Springer,
New York, 1977.

[Gro] M. Gromov: Oka’s principle for holomorphic sections of elliptic bundles. J. Amer. Math.
Soc.2, 851-897 (1989).



154 F. Forstneid; J. Prezelj

[GRo] C. Gunning, H. Rossi: Analytic functions of several complex variables. Prentice—Hall,
Englewood Cliffs, 1965.

[HKu]  P. Heinzner and F. Kutzschebauch: An equivariant version of Grauert’s Oka principle.
Invent. Math.119, 317-346 (1995).

[HL1] G.M.Henkin, J. Leiterer: Theory of functions on complex manifolds. Akademie-Verlag,
Berlin, 1984.

[HL2]  G. Henkin, J. Leiterer: Proof of Oka-Grauert principle without the induction over basis
dimension. Preprint, Karl Weierstrass Institut Mathematik, Berlin, 1986.

[HL3] G. Henkin, J. Leiterer: The Oka-Grauert principle without induction over the basis
dimension. Math. Ann311, 71-93 (1998).

[Ho1]  L.HormanderLZ? estimates and existence theorems fortioperator. Acta Mathl 13
89-152 (1965).

[Ho2] L.Hormander: An Introduction to Complex Analysis in Several Variables, 3rd ed. North
Holland, Amsterdam, 1990.

[Lei] J. Leiterer: Holomorphic Vector Bundles and the Oka-Grauert Priciple. Encyclopedia
of Mathematical Sciences, vol. 10, 63-103; Several Complex Variables IV, Springer,
1989.

[Ram] K. J. Ramspott: Stetige und holomorphe Schnitte in Bundeln mit homogener Faser.
Math. Z.89, 234—-246 (1965).

[Ros] J.-P. Rosay: A counterexample related to Hartogs phenomenon (a question by E. Chirka).
Michigan Math. J45, 529-535 (1998).

[RRu]  J.-P.Rosay, W. Rudin: Holomorphic maps fr@hto C". Trans. Amer. Math. So810,
47-86 (1988)

[Shd] M. Schneider: Tubenumgebungen Steinsclam®e. Manuscripta Matii.8, 391-397
(1976).

[Sch] J. Schfmann: Embeddings of Stein spaces into affine spaces of minimal dimension.
Math. Ann.307, 381-399 (1997).

[Siu] Y.T. Siu: Every Stein subvariety admits a Stein neighborhood. Invent. N348t89-100
(1976).

[Ste] K. Stein: Analytische Funktionen mehrerer komplexegveierlichen zu vorgegebenen

Periodiziitsmoduln und das zweite Cousinsche Problem. Math. AB8. 201-222
(1951).



