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1. The Oka-Grauert principle

The subject of this paper is the homotopy principle, also called the h-principle
or the Oka-Grauert principle, concerning sections of certain holomorphic fiber
bundles on Stein manifolds. We give a proof of a theorem of Gromov (1989) from
Sect. 2.9 in [Gro]; see Theorems 1.3 and 1.4 below. This result, which extends
the work of H. Grauert from 1957 ([Gr3], [Gr4], [Car]), has been used in the
proofs of the embedding theorem for Stein manifolds into Euclidean spaces of
minimal dimension [EGr], [Sch].

1.1 Definition.Leth:Z → X be a holomorphic mapping of complex manifolds.
A section ofh is any mapf :X → Z such thath ◦ f is the identity onX.
We say that sections ofh satisfy theh-principle (or theOka-Grauert princi-
ple) if each continuous sectionf0:X → Z can be deformed to a holomorphic
sectionf1:X → Z through a continuous one parameter family (a homotopy)
of continuous sectionsft :X → Z (0 ≤ t ≤ 1), and any two holomorphic
sectionsf0, f1:X → Z which are homotopic through continuous sections are
also homotopic through holomorphic sections. If this holds for a trivial bundle
Z = X × F → X, we say that mapsX → F satisfy the h-principle.

1.2 Definition. (Gromov [Gro])A (dominating)spray on a complex manifold
F is a holomorphic vector bundlep:E → F , together with a holomorphic
maps:E → F , such thats is the identity on the zero sectionF ⊂ E, and for
eachx ∈ F the derivativeDs(x) mapsEx (which is a linear subspace ofTxE)
surjectively ontoTxF .
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The following result can be found in Sect. 2.9 of [Gro].

1.3 Theorem.If F is a complex manifold which admits a spray, then the sections
of any locally trivial holomorphic fiber bundle with fiberF over any Stein mani-
fold satisfy the h-principle. In particular, mappings from Stein manifolds intoF

satisfy the h-principle.

Stronger results are given in Theorem 1.4 and Corollary 1.5 below. In the
sequel [FP] to this paper we give a proof of Gromov’s Main Theorem ([Gro],
Sect. 4.5) to the effect that the h-principle holds for sections of holomorphic sub-
mersionsh:Z → X, whereX is Stein and each pointx ∈ X has a neighborhood
U ⊂ X such thatZ|U = h−1(U) admits a fiber-spray (see Definition 3.1 below).

For non-specialists we recall that a complex manifold is calledStein(after
Karl Stein, 1951 [Ste]) if it has ‘plenty’ of global holomorphic functions. For the
precise definition and properties we refer the reader to the monographs [GRo],
[Hö2] and [GRe]. The most commonly used characterizations are the following.
A complex manifoldX is Stein if and only if any of the following two conditions
holds:

– X can be embedded as a closed complex submanifold of some complex Eu-
clidean space (the embedding theorem of Remmert, Bishop, and Narasimhan
[GRo, p. 224]);

– X admits a smooth strongly plurisubharmonic exhaustion function (Grauert
[Gr1]).

By a locally trivial holomorphic fiber bundlewith fiber F over a complex
manifoldX we mean a bundle obtained by patching the trivial bundlesUα × F

over an open covering{Uα} of X by transition functions of the form

φα,β(x, ξ) = (
x,ψα,β(x, ξ)

)
(x ∈ Uα,β = Uα ∩ Uβ, ξ ∈ F),

whereψα,β :Uα,β × F → F is holomorphic andψα,β(x, · ) ∈ AutF is an auto-
morpism ofF for each fixedx. Of course these transition function must satisfy
the usual compatibility conditions, see for instance [Car].

Examples of bundles satisfying Theorem 1.3 include those whose fiber is
a complex Lie groupL or anL-homogeneous space; see examples (A) and
(B) below for the existence of spray. The simplest bundles of this type are the
principal holomorphicL-bundles in which the transition maps are given left
multiplications by holomorphicL-valued functionsUα,β → L, andL acts on
each fiberEx by right multiplication. Another example are bundles in which the
transition mapsψα,β(x, · ) are Lie group automorphisms ofL. In these cases the
h-principle had been proved by Grauert [Gr3], [Car].

In general the automorphismsψα,β(x, · ) need not preserve any additional
structure the fiber might have and hence we get much more general fiber bundles.
In this connection we recall an important example of Demailly [Dem]:
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Example 1.There exists a locally trivial holomorphic fiber bundleh:Z → X,
with baseX eitherC or the disc and with fiberC2, such thatZ has no holomorphic
functions other than those of the formg◦h, whereg is holomorphic on the baseX.
SoZ is not Stein. In particular,Z admits no holomorphic vector bundle structure
which gives a negative answer to the question of Gromov [Gro, 2.5.B]. The
transition functions used in the construction ofZ are (nonlinear) holomorphic
automorphisms of the fiberC2. Nevertheless the sections ofZ → X satisfy the
h-principle according to Theorem 1.3. ♠

One of the most important sources of spaces with sprays is the following
[Gro]:

(*) If F is a complex manifold which admits finitely manyC-complete holo-
morphic vector fieldsVj , 1 ≤ j ≤ J , such that the vectorsVj(x) span the
tangent spaceTxF at each pointx ∈ F , thenF admits a spray.

Recall that a holomorphic vector field isC-complete if for anyx ∈ F the
flow t → φt(x) of V , with φ0(x) = x, is defined for all complex valuest ∈ C of
the time parameter. (For a discussion ofR-completeness versusC-completeness
see [Fo1] and [AFR].) Indeed, if we denote byφtj the flow ofVj on F and let
s:F × CJ → F be given by

s(x; t1, . . . , tJ ) = φ
t1
1 ◦ φt22 ◦ · · · ◦ φtJJ (x),

we haves(x; 0, . . . ,0) = x and ∂
∂tj
s(x; 0, . . . ,0) = Vj(x) (x ∈ F , 1 ≤ j ≤ J ).

If these vectors spanTxF for eachx ∈ X, s is a spray onF .

some examples of complex manifolds with sprays:

(A) Any complex Lie groupL. (Take any finite set of left or right invariant vector
fields onL which spanTeL =the Lie algebra ofL.)

(B) LetL be a complex Lie group with Lie algebra`. If L acts holomorphically
and transitively on a complex manifoldF , the maps:F ×` → F , s(x, l) =
exp(l)x (x ∈ F , l ∈ `), is a spray onF . F is then biholomorphic to the
L-homogeneous spaceL/H = {lH : l ∈ L} whereH is a complex Lie
subgroup ofL (the isotropy group of a point inY ).

(C) F = Cn\Σ , whereΣ is an algebraic subvariety of complex codimension
at least two (see below).

We emphasize that, at the time of this writing,the known proofs of the em-
bedding theorem for Stein manifolds (and Stein spaces) to Euclidean spaces of
minimal dimension depend on the validity of the h-principle in the cases (B) and
(C) (see Eliashberg and Gromov [EGr] and Sch¨urmann [Sch]).

In case (C) we think ofΣ as a set which should be avoided by the image of a
mapX → Cn. Theorem 1.3 asserts that we can avoidΣ by a holomorphic map
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f :X → Cn if we can do so by a continuous map. In this case we can obtain
complete vector fields onF of the formV (z) = f (π(z))v (shear fields), where
v ∈ Cn\{0},π : Cn → Cn−1 is a linear projection withπ(v) = 0, andf : Cn−1 →
C is an entire function which vanishes on the projected setΣ ′ = π(Σ) ⊂ Cn−1.
The flow ofV , given byφt(z) = z + tf (π(z))v, fixesΣ and hence induces a
complete flow onCn\Σ . The projectionπ must be chosen such that it is proper
when restricted toΣ to insure thatπ(Σ) = Σ ′ is a proper closed subvariety
of Cn−1 of codimension at least one. This is true for most projections, see e.g.
[Chi].

The argument above works as long as there exist sufficiently many linear
projectionπ : Cn → Cn−1 which are proper when restricted toΣ . The following
example shows that one cannot completely dispose of the last condition.

Example 2.For any integerN > 0 there exist discrete setsΣ ⊂ CN for which
there exist no non-degenerate holomorphic mapsCN → CN\Σ [RRu]. Fur-
thermore, for any 1≤ n < N there exist proper holomorphic embeddings
σ : Cn → CN such thatCN\σ(Cn) admits no non-degenerate holomorphic im-
ages ofCN−n [BFo], [Fo2], and henceCN\σ(Cn) admits no spray. In [FP] we
show thatthe h-principle fails in these cases. ♠

In these constructions, as in the work of Grauert [Gr3] and Gromov [Gro], one
must consider not a single section at a time but families of sections, depending
continuously on a parametery in a compact Hausdorff spaceY . The basic objects
will be continuous mapsf :X×Y → Z such thatf (· , y):X → Z is a section of
h:Z → X for each fixedy ∈ Y . A homotopyof such maps is a continuous map
H :X× Y × [0,1] → Z such thatHt(· , y) = H(· , y, t):X → Z is a section of
h:Z → X for all y ∈ Y andt ∈ [0,1].

Recall that a compact subsetK ⊂ X is holomorphically convexin X if for
eachx ∈ X\K there is a holomorphic functionf on X such that|f (x)| >
supK |f |. If X is Stein then by the Oka-Weil theorem each function holomorphic
in a neighborhood of a holomorphically convex setK ⊂ X can be approximated
onK by functions holomorphic onX [Hö2].

Whenever we use a metric on a manifold, we always mean a metric compatible
with the underlying manifold topology. We shall not mention this again.

The next result is theparametric h-principlewith approximation on holo-
morphic convex sets. A discussion in this direction can be found in Sect. 3 in
[Gro].

1.4 Theorem.LetX be a Stein manifold andh:Z → X a locally trivial holo-
morphic fiber bundle whose fiber admits a spray. LetY be a compact Hausdorff
space (the parameter space),Y0 ⊂ Y a compact subset andY ′ ⊂ Y an open
set containingY0. Assume thatf :X × Y → Z is a continuous map such that
f (· , y):X → Z is a section ofh:Z → X for eachy ∈ Y , andf (· , y) is holo-
morphic onX for eachy ∈ Y ′. Then there is a homotopyH :X×Y ×[0,1] → Z
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such thatH0 = f , H1(· , y):X → Z is holomorphic onX for eachy ∈ Y , and
the homotopy is fixed onY0 (i.e.,Ht(x, y) is independent oft for y ∈ Y0). More-
over, ifK is a compact holomorphically convex subset inX and we assume that
there is a neighborhoodV ⊂ X of K such that each sectionf (· , y) (y ∈ Y )
is holomorphic inV , then for any metricd onZ and for anyε > 0 there is a
homotopyH as above which also satisfies

d
(
Ht(x, y), f (x, y)

)
< ε (x ∈ K, y ∈ Y, 0 ≤ t ≤ 1).

Example 3.Theorem 1.4 fails for maps of any Stein manifoldX into any
Kobayashi-hyperbolic complex manifoldF . To see this, takeK to be a small
piece of an embedded analytic disc inX and letf0:K → F be a holomorphic
map which is close to being extremal with respect to the Kobayashi metric on
F . Suchf0 cannot be approximated onK by holomorphic mapsf :X → F

since this would create much larger analytic discs inF . Of course a hyperbolic
manifold admits no spray since it even admits no non-degenerate holomorphic
images ofC.

1.5 Corollary. If h:Z → X is as in Theorem 1.3, the inclusion map between the
spaces of holomorphic and continuous sections,Holo(X,Z) ↪→ Cont(X,Z), is
a weak homotopy equivalence, i.e., it induces an isomorphism of the homotopy
groups of the two spaces (endowed with the usual compact–open topology.)

Remarks.1. The basic h-principle (Definition 1.1) is equivalent to saying that
each path connected component of the space of continuous sectionsCont(X,Z)
contains precisely one path connected component of the space of holomorphic
sectionsHolo(X,Z).
2. If the setY0 in Theorem 1.4 is a deformation retraction of some open neigh-
borhoodY ′ ⊂ Y , it suffices to assume only that the sectionsf (· , y) for y ∈ Y0

are holomorphic onX since we can use the deformation retraction to suitably
reparametrize the family. In all our applicationsY will be a polyhedron andY0

a subpolyhedron.

Proof of Corollary 1.5.If we takeY to be then-sphereSn andY ′ = ∅, Theorem
1.4 implies that each (continuous) mapSn → Cont(X,Z) can be homotopically
deformed to a mapSn → Holo(X,Z). Similarly, if we takeY to be the closed
real (n + 1)-ball Bn+1 andY0 = ∂Bn+1 = Sn, we conclude that each map
Sn → Holo(X,Z) which extends to a mapBn+1 → Cont(X,Z) also extends to
a mapBn+1 → Holo(X,Z). This is precisely the content of Corollary 1.5.♠

We wish to put these results in historic perspective as we see it. The termOka’s
principlecan vaguely be stated by saying that,on a Stein manifold or a reduced
Stein space, any analytic problem with no topological obstruction has an analytic
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solution.To be more precise we quote from p. 145 in [GRe]:Analytic problems
which can be cohomologically formulated have only topological obstructions.
Early examples include Oka’s classification of holomorphic line bundles and the
solvability of the second Cousin problem [H¨o2], p.144. There are also examples
of this principle on non-Stein manifolds, such as the Riemann-Roch theorem.

A major extension of Oka’s principle was obtained by H. Grauert in a series
of deep and influential papers [Gr2]–[Gr4] in 1957-58; see also Cartan [Car] for a
nice exposition of Grauert’s work. The main result of Grauert [Gr3] was the proof
of Theorems 1.3 and 1.4 above for holomorphic fiber bundlesE → X over Stein
spacesX (possibly with singularities), where the fiberL is a complex Lie group
and the transition mapsψα,β(x, · ) are Lie group automorphisms ofL. Each fiber
Ex therefore carries a natural Lie group structure isomorphic toL, and there is
a well defined identity section ofE. The (flows of) left invariant holomorphic
vector fields onL induce a spray onL, and hence Theorem 1.3 includes Grauert’s
theorem. In fact there exists even a global spray onE, induced by flows of left
invariant fields onE tangent to the fibersEx .

Cartan [Car] observed that Grauert’s proof carries over immediately to fiber
bundlesẼ → X over a Stein base, whereE → X is as above and where each
fiber Ẽx is aEx-homogeneous space, i.e., the elements ofEx ' L act onẼx
by right multiplication. Cartan calls such̃E an espace analytique E-principal.
(Cartan’s observation was acknowledged by Grauert in the sentence preceeding
his Satz 2 in [Gr3] on p.267.) WhenE ' X×L is a trivial bundle,Ẽ is a classical
principal L-bundle. The validity of the h-principle for such bundles̃E implies
that the holomorphic classification of the principal holomorphic bundles over
a Stein space agrees with the topological classification[Car, Gr4]. This holds
in particular for holomorphic vector bundles. Further results were obtained by
Ramspott [Ram], Forster and Ramspott [FR1, FR2], Forster [For], Heinzner and
Kutzschebauch [HKu], and others.

Grauert’s constructions were similar in spirit to the usual proof of Cartan’s
theorems A and B for coherent analytic sheaves. The local patching of holomor-
phic sections on small sets was obtained (like the ‘patching of syzygies’) by an
analogue of the Cartan’s splitting lemma for holomorphic matrices. The global-
ization followed the usual scheme of passing from one compact Stein block inX

to the next block. (A Stein block is a compact set inX that can be embedded as a
closed complex subvariety of a cube in a Euclidean spaceCN by a holomorphic
mapX → CN .) To insure the convergence one must correct the section at each
step by a suitable version of the Runge approximation theorem which had been
established in [Gr2].

This scheme does not seem to carry over to more general fiber bundles be-
cause no simple proof of the Runge theorem is available. Things didn’t progress
very much until 1986 when Henkin and Leiterer ([HL2], [HL3]) introduced the
Grauert’sbump methodto this problem and gave a conceptually new proof of
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Grauert’s theorem. This method had been used earlier in the solution of the Levi
problem [HL1]; we shall comment on it more extensively below. The crucial
point in this approach is thatthe Runge theorem is only needed for sections on
small compact subsets ofX. Possibly the only shortfall is that, so far at least, the
method only applies tononsingularStein bases.

In 1989 M. Gromov [Gro] made a crucial step by replacing the exponential
map in fibers by the much more flexible concept of a spray. This made it possible
to extend the results to the present form.

When reading Sect. 2 in [Gro] we were unable to complete the proof as
suggested there due to seemingly nontrivial analytic and geometric problems.
Eventually we completed the proof in a different way, using the work of Henkin
and Leiterer [HL3] and the tools from [Gro]. We give here a complete exposition
of our version of the proof. We also take this opportunity to provide a detailed
account, with proofs, of all major tools.

In the rest of this section we explain the outline of our proof and also point
out the difficulties that we had with Sect. 2 in [Gro]. For the sake of simplicity
we only discuss the simplest case: to deform a continuous section by a homotopy
to a holomorphic section.

The underlying geometric scheme is the Grauert’s ‘bump method’ (Sect. 2);
our reference for this is [HL3]. The manifoldX is exhausted by an increasing
family of smooth, compact, strongly pseudoconvex domainsAk ⊂⊂ X such that
Ak+1 = Ak ∪Bk, whereBk is a small strongly pseudoconvex domain attached to
Ak in a certain special way (aspecial pseudoconvex bumpin the terminology of
[HL3]; see Definition 2.6 there or Definition 2.2 in the present paper). We may
assume that the bundleZ is trivial over a neighborhood ofBk. To obtain such
an exhaustion one begins with a smooth strongly plurisubharmonic exhaustion
functionρ:X → R with nice critical points. One can pass from one sublevel
set{ρ ≤ c} to a higher sublevel set{ρ ≤ c′}, wherec < c′ are regular values
of ρ, by attaching a small ‘bump’Bk at each step. These bumps are contractible
strongly pseudoconvex domains such thatCk = Ak ∩ Bk is also contractible,
except when passing a critical point ofρ whenCk becomes a torus. Moreover,
Ck is Runge inBk.

Granted such an exhaustion ofX, we inductively construct a sequence of
continuous sectionsfk:X → Z such thatfk is holomorphic in a neighborhood
of Ak, it approximatesfk−1 onAk−1, and is homotopic to the original section
f0. The desired holomorphic section is then obtained as the locally uniform limit
f = limk→∞ fk:X → Z.

Supposefk as above has been constructed. To constructfk+1 we proceed
as in [Gro] or [HL3]. SinceZ is trivial overBk, there is a holomorphic section
b0:Bk → Z homotopic tof0. The first step is to construct aholomorphichomo-
topybt :Ck → Z, 0 ≤ t ≤ 1, connectingb0 andb1 = fk|Ck overCk. This is the
difficult part and it is here that our proof differs from [Gro]. We shall comment
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on this later. From now on the process follows [Gro]. Sinceb0 is holomorphic
onBk, andCk is Runge inBk, the homotopy version of Runge theorem (Sect.
4) allows us to approximate the homotopybt uniformly onCk by a holomorphic
homotopyb̃t defined onBk. The sectionb = b̃1 approximatesfk as well as
desired onCk, so we can glue them (see Sect. 5) into a single sectionfk+1 that
is holomorphic onAk+1 = Ak ∪ Bk and approximatesfk onAk. It remains to
extendfk+1 continuously toX so that it is homotopic tof0. In the process we
must also insure the convergence of homotopies fromf0 to fk onX.

Back to the homotopybt onCk. In thenon-critical casethe setCk = Ak ∩Bk
is holomorphically contractible. SinceZ is trivial overCk, we immediately get
the required homotopy by using the contractions ofCk to a point. This non-
critical case allows us to proceed in a finite number of steps from a sublevel set
{ρ ≤ c0} to a higher sublevel set{ρ ≤ c1}, provided thatρ has no critical values
on the interval[c0, c1] ⊂ R. A similar method (withCk = ∅) allows us to cross
the critical points ofρ which are local minima.

To pass a critical pointx0 of ρ which is not a local minimum, Gromov
suggested (Sect. 2.7 in [Gro]) to attach to the setAk = {ρ ≤ c}, for some
c < c0 = ρ(x0) andc close toc0, a real-analytic, totally real discBk containing
x0. We must then find small strongly pseudoconvex neighborhoodsV ⊂ X of
Ak∪Bk such that we can reach a suitable higher sublevel set{ρ ≤ c′} for c′ > c0

by attaching convex bumps toV (i.e., as a non-critical pseudoconvex extension
of V ). If we understand correctly, the idea in [Gro] was to take a homotopy{b′

t}
from b′

0 = b0 to b′
1 = fk over the discBk (such exist sinceBk is contractible),

then approximate it by a real-analytic homotopybt onBk, and finally complexify
bt to get a holomorphic homotopy whose final sectionb = b1 approximatesfk
on (and hence near) the totally real collarCk = Ak ∩ Bk. It was then suggested
to proceed with gluing as before.

We could not complete this for two reasons.The first problem is to find suitable
neighborhoodsV of Ak ∪ Bk with the required properties. We do not know of
any such result in the literature; for partial results see [Eli] and [Ros]. Another
independent problem is that the rate of approximation offk by b, required to
glue them into a single section, depends onV since we must solve a certain
∂-equation with sup norm estimates in the process. Even though this can be done
on any strongly pseudoconvex domain, the constant in such estimate depends
(unlike for theL2 estimate!) on the geometry of the set. If the sets degenerate,
the constants will blow up in general. If on the other hand we work with theL2

estimates, the loss in the Cauchy estimates again depends on the shape ofV .
However, we do not see how to control the rate of approximation offk by b in
any fixed neighborhood of the collarAk ∩ Bk whenb is obtained as above. See
also Remark 1 following the Proof of Lemma 2.4 below.

We instead proceed as follows. Suppose thatx0 ∈ X is a critical point of
ρ. Setc0 = ρ(x0). It was proved in [HL3] that, ifc < c0 andc is sufficiently
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close toc0, we can attach to the setAk = {x ∈ X: ρ(x) ≤ c} a pseudoconvex
bumpBk as follows. The setCk = Ak ∩ Bk is a sublevel set{τ ≤ 1} of some
strongly plurisubharmonic functionτ ≥ 0, defined in a neighborhood ofBk,
such that (in some holomorphic coordinate system in a neighborhood ofBk) the
setS = τ−1(0) is a sphere contained in an affine totally real subspace, andτ

has no critical points onCk\S. In particular,Ck is obtained from a small tubular
neighborhood ofS by attaching convex bumps. Furthermore, a suitable sublevel
set{ρ ≤ c′} for somec′ > c0 is a non-critical strongly pseudoconvex extension
of Ak+1 = Ak ∪ Bk.

To construct the homotopybt overCk we initially deform a given continuous
homotopyb′

t from b′
0 = b0 to b′

1 = fk (which exists onBk) in a small tube
around the sphereS to make it holomorphic there. This is possible sinceS is
totally real. Subsequently we extend it toCk in a finite number of steps. In each
step we extend the homotopy (by approximation) across a convex bump, using
parametric versions of the h-principle and of the gluing lemma. SinceCk is a
non-critical extension of a tube aroundS, this allows us to complete the Proof of
Theorems 1.3 and 1.4. The crucial new steps in our proof are Theorem 4.5 and
Corollary 5.6.

The paper is organized as follows. In section 2 we recall thebump method,
following [HL3], and we reduce the proof of Theorem 1.4 to Theorem 2.6 con-
cerning the extension of holomorphic sections across pseudoconvex bumps. The-
orem 2.6 is proved in Sect. 6 after we develop the necessary tools in Sect. 3–5. In
Sect. 3 we recall from [Gro] the relevant properties of sprays and iterated spray
bundles, and we prove that any homotopy of holomorphic sections ofZ → X

can be lifted to a homotopy of sections of an iterated spray bundle overZ. In
Sect. 4 we prove Runge-type approximation theorems for sections of holomor-
phic submersions which admit a spray. In Sect. 5 we prove results on gluing
holomorphic sections over Cartan pairs. In Sect. 6 we complete the Proof of
Theorem 2.6.

We wish to thank G. Henkin and J. Leiterer for their interest in our work
and for several useful discussions. We also thank J. Globevnik who got us in-
terested in this topic, and the participants in the Seminar for complex analysis
at the University of Ljubljana who suffered through our lectures. The first au-
thor acknowledges partial support by the National Science Foundation, by the
Vilas Foundation at the University of Wisconsin-Madison, and by the Ministry
of Science and Technology of the Republic of Slovenia. The second author was
supported by the Ministry of Education of the Republic of Slovenia.

2. Pseudoconvex bumps and Cartan pairs

The main reference for this section is [HL3]. LetX be a complex manifold. We
say that a compact setC ⊂ X is Runge in another compact setB ⊃ C if C has
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a basis of neighborhoodsCj which are Runge in some open neighborhoodB̃

of B, i.e., each function holomorphic inCj can be approximated uniformly on
compacts inCj by functions holomorphic iñB. This is the case for instance ifC
is holomorphically convex in some Stein neighborhood ofB.

2.1 Definition.LetX be a complex manifold.

(i) A compact strongly pseudoconvex domainin X is a compact set of the
formA = {ρ ≤ 0} ⊂ X, whereρ:X → R is aC2 function which is strongly
plurisubharmonic in a neighbourhood of{ρ = 0} and has no critical points
on {ρ = 0}.

(ii) Let A ⊂ A′ be a pair of compact strongly pseudoconvex domains inX. We
say thatA′ is astrongly pseudoconvex extensionofA in X if there is aC2

functionρ:X → R which is strongly plurisubharmonic onA′\A such that,
for some real numbersβ > α which are regular values ofρ,

A = {x ∈ X: ρ(x) ≤ 0}, A′ = {x ∈ X: ρ(x) ≤ β}.
If ρ can be chosen such that it has no critical points onA′\A,A′ is called a
non-critical strongly pseudoconvex extensionofA.

2.2 Definition.LetX be a complex manifold. A pair(A,B) of compact subsets of
X is apseudoconvex bump(orB is a pseudoconvex bump onA) if the following
hold:

(i) The setsA, B, A ∪ B andC = A ∩ B are compact strongly pseudoconvex
domains (C may be empty);

(ii) A\B ∩ B\A = ∅;
(iii) there are holomorphic coordinates in a neighborhood ofB in whichB is

star-shaped;
(iv) C is Runge inB;
(v) if C 6= ∅ there is aC2 strongly plurisubharmonic functionτ ≥ 0 defined

in a neighborhoodU ⊂ X of B such thatC = {z ∈ U : τ(z) ≤ 1}, the set
S = τ−1(0) is a compact totally real submanifold contained in an affine
totally real subspace (with respect to some holomorphic coordinates in a
neighborhood ofB), andτ has no critical points inC\S = {z ∈ U : 0 <
τ(z) ≤ 1}.

We say thatB is a convex bumponA (or the pair(A,B) is a convex bump) if,
in addition to the above, there are holomorphic coordinates in a neighborhood
of B in which bothB andC are strongly convex domains. (The setC may be
empty.)

For certain purposes we can relax the above conditions and considerCartan
pairs. Gromov’s definition of a Cartan pair is rather imprecise (Sect. 1.5.A in
[Gro]); we shall adopt the following definition.
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2.3 Definition. A Cartan pair in X is a pair of compact setsA,B ⊂ X such
that

(i) A, B, andA ∪ B have bases of Stein neighborhoods, and
(ii) A\B ∩ B\A = ∅.

Any pseudoconvex bump is clearly a Cartan pair. We denote byH∞(Ω) the
algebra of bounded holomorphic functions onΩ. The following lemma will be
used in Sect. 5 for gluing holomorphic sections over Cartan pairs; this is similar
to what Gromov takes as the definition of a Cartan pair.

2.4 Lemma. If (A,B) is a Cartan pair in a Stein manifold such thatC =
A ∩ B 6= ∅, there are bases of Stein open neighborhoodsAj ⊃ A, Bj ⊃ B,
Cj = Aj ∩Bj ⊃ A∩B, and bounded linear operatorsAj :H∞(Cj ) → H∞(Aj ),
Bj :H∞(Cj ) → H∞(Bj ), satisfying

c = Aj (c)− Bj (c), c ∈ H∞(Cj ), j = 1,2,3, . . . (2.1)

Proof. Let U ⊃ A andV ⊃ B be open neighborhoods ofA resp.B. Choose
Stein open sets̃A and B̃ in X so thatA ⊂ Ã ⊂ U andB ⊂ B̃ ⊂ V . Set
C̃ = Ã ∩ B̃. By the separation condition (ii) in Definition 2.3 there is a smooth
functionχ :X → [0,1] such thatχ = 0 in a neighborhood ofA\B andχ = 1 in a
neighborhood ofB\A. Hence there are open setsA0, B0 ⊂ X, withA ⊂ A0 ⊂ Ã

andB ⊂ B0 ⊂ B̃, such thatχ = 0 onA0\B̃ andχ = 1 onB0\Ã. Choose a
smooth strongly pseudoconvex setΩ, with A ∪ B ⊂ Ω ⊂ A0 ∪ B0, and set

A′ = Ã ∩Ω, B ′ = B̃ ∩Ω, C ′ = A′ ∩ B ′ = C̃ ∩Ω.
ThenA′, B ′ andC ′ are Stein domains containingA, B, C respectively, with
A′ ⊂ Ã ⊂ U ,B ′ ⊂ B̃ ⊂ V , andA′ ∪B ′ = Ω. Moreover by the choice ofΩ we
have

A′\C ′ = A′\B ′ = Ω\B̃ ⊂ A0\B̃ ⊂ {χ = 0}
and similarlyB ′\C ′ ⊂ {χ = 1}. If c is any bounded holomorphic function in
C ′ then the above implies thatχc extends to a bounded smooth function inA′
which vanishes inA′\C ′, (1 − χ)c extends to a bounded smooth function in
B ′ which vanishes inB ′\C ′, and∂(χc) = c∂χ extends to a bounded smooth
∂-closed(0,1)-form inΩ. LetTΩ be a linear solution operator for the∂-equation
in Ω (i.e.,∂(TΩα) = α for each∂-closed smooth(0,1)-form α onΩ) which is
bounded in the sup norm (and also in anyCk norm); see [HL1], p. 82 or [H¨o1].
The linear operators

A c = χc − TΩ(c ∂χ), B c = (χ − 1)c − TΩ(c ∂χ)
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then satisfy the required properties with respect to the neighborhoodsA′,B ′,C ′.
In fact, sinceTΩ is bounded in allCk norms, so are the operatorsA andB. ♠

Remarks.1. Gromov requires the existence of decompositions (2.1) with the sup
norm estimates onAj (c) andBj (c) only depending onA andB and not on the
neighborhoods (see Sect. 1.5.A in [Gro]). The Proof of Lemma 2.4 shows that
this is possible if we can solve the∂-equation with the sup norm estimates on a
system of neighborhoods ofA ∪ B so that the constant in these estimates only
depends onA andB. This can be achieved only rarely, for instance whenA∪B
is itself a strongly pseudoconvex domain. This problem causes difficulties in
Sect. 2.7 of [Gro] when crossing a critical point. The Remark 1.5.A’ in [Gro] is
incorrect, with immediate counterexamples. (The union of two holomorphically
convex sets inX need not have a basis of Stein neighborhoods, and there may
be no decomposition (2.1).)
2. Instead of the Banach spaceH∞ we could as well use in Lemma 2.4 any of
the spacesAk (holomorphic functions which are smooth of classCk up to the
boundary) as in [HL3]. The solution operatorTΩ on any strongly pseudoconvex
domain is bounded in any of these norms.

The inductive construction of sections ofZ → X is based on the following
geometric result from [HL3].

2.5 Theorem.Let X be a complex manifold and letA′ ⊂ X be a strongly
pseudoconvex extension of a subsetA ⊂ A′ (Definition 2.1 (ii)). Then there exist
pseudoconvex bumps(Aj , Bj ) in X, 0 ≤ j ≤ k, such that

A = A0, Aj+1 = Aj ∪ Bj for 0 ≤ j ≤ k − 1, and A′ = Ak.

Moreover for any open covering{Ui} ofX we can choose the bumps such that
eachBj is contained in someUi . If A′ is a non-critical strongly pseudoconvex
extension ofA then we may choose eachBj to be a convex bump onAj .

The following is the main technical result of this paper. It allows us to extend
a holomorphic section ofZ → X from a neighborhood ofA to a neighborhood
of A ∪ B for each pseudoconvex bump(A,B) in X, with approximation onA.

2.6 Theorem.Leth:Z → X be a holomorphic submersion onto a Stein manifold
X and let(A,B) be a pseudoconvex bump inX. Assume that there is an open
neighborhoodB̃ ⊂ X of B such thatZ|B̃ = h−1(B̃) is isomorphic to a trivial
bundleB̃ × F , whereF admits a spray. LetY be a compact Hausdorff space
(the parameter space),Y0 ⊂ Y a compact subset, andY ′ ⊂ Y0 an open set
containingY0. LetU ⊂ X be a neighborhood ofA. Suppose thata:X×Y → Z

is a continuous map such that for eachy ∈ Y , a(· , y):X → Z is a section
of h:Z → X which is holomorphic inU , and the sectionsay for y ∈ Y ′ are
holomorphic onX. Then for any metricd onZ and for anyε > 0 there exists a
homotopyat :X × Y → Z (0 ≤ t ≤ 1) satisfying
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(i) at (· , y):X → Z is a section ofh:Z → X for eachy ∈ Y and0 ≤ t ≤ 1,
(ii) a0 = a,
(iii) each sectiona1(· , y) is holomorphic in a neighborhood ofA∪B (indepen-

dent ofy),
(iv) the homotopy is fixed fory in a neighborhood ofY0, i.e.,at (· , y) = a(· , y)

for y nearY0 and0 ≤ t ≤ 1, and
(v) d

(
at (x, y), a(x, y)

)
< ε for x ∈ A, y ∈ Y and0 ≤ t ≤ 1.

Theorem 2.6 is proved in Sect. 6 below. In the rest of this section we assume
that Theorem 2.6 holds and prove Theorem 1.4. For simplicity we write the proof
in the case without the parametery; the proof of the general case is the same.

Proof of Theorem 1.4.We may assume thatd is complete metric onZ. Fix an open
coveringU = {Ui} ofX such thatZ|Ui is a trivial bundle with fiberF for eachi.
SinceX is Stein andK is holomorphically convex inX, there is a smooth strongly
plurisubharmonic exhaustion functionρ:X → R such thatρ < 0 onK, 0 is a
regular value ofρ, and the given sectionf0 is holomorphic in a neighborhood
of A0 = {x ∈ X: ρ(x) ≤ 0}. By Theorem 2.5 there is a sequence of compact
strongly pseudoconvex domainsA0 ⊂ A1 ⊂ A2 ⊂ . . . ⊂ ⋃∞

k=0Ak = X such
thatAk+1 = Ak ∪ Bk for eachk, where(Ak, Bk) is a pseudoconvex bump and
Bk ⊂ Ui for somei (so thatZ is trivial over a neighborhood ofBk).

Applying Theorem 2.6 to each pseudoconvex bump(Ak, Bk) we can induc-
tively construct a sequence of continuous sectionsfk:X → Z (with f0 being
the given initial section) and homotopies of continuous sectionsHk

t :X → Z

(0 ≤ t ≤ 1) satisfying the following properties for eachk = 0,1,2, . . . and
0 ≤ t ≤ 1:

(i) fk andHk
t are holomorphic in a neighborhood ofAk;

(ii) Hk
0 = fk,Hk

1 = fk+1;
(iii) d

(
Hk
t (x), fk(x)

)
< ε/2k+1 for all x ∈ Ak and 0≤ t ≤ 1.

We begin by applying Theorem 2.6 to the dataa = f0, A = A0, B = B0,
andε replaced byε/2 to get a homotopyH 0

t such that the sectionH 0
1 = f1 is

holomorphic in a neighborhood ofA0 ∪B0 = A1 and the properties (i)–(iii) hold
with k = 0.

Suppose inductively thatk > 0 and we have already constructed sections
fl andHl

t for l < k and 0≤ t ≤ 1. Then we takefk = Hk−1
1 (this section is

holomorphic in a neighborhood ofAk) and apply Theorem 2.6 to the dataa = fk,
A = Ak,B = Bk, andε replaced byε/2k+1, to getHk

t andfk+1 = Hk
1 satisfying

(i)–(iii). This completes the induction step.
Property (iii) witht = 1 implies for allk = 0,1,2 . . .

d
(
fk+1(x), fk(x)

)
< ε/2k+1 (x ∈ Ak).
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Since the metricd is complete, it follows that the limitf = limk→∞ fk:X → Z

exists uniformly on compacts inX, it is holomorphic onX sincefk is holomor-
phic onAl for eachk ≥ l, and it satisfies the estimated

(
f (x), f0(x)

)
< ε for

x ∈ A0.
To construct a homotopyHt betweenH0 = f0 andH1 = f we divide the

t-interval [0,1) into subintervalsIk = [1 − 2−k,1 − 2−k−1] (k = 0,1,2, . . .)
and takeHt for t ∈ Ik to be the homotopyHk

t , suitably rescaled. To be precise,
let λk: Ik → [0,1] be the linear bijectionλk(t) = 2k+1

(
t − 1 + 2−k). For each

k = 0,1,2, . . . we set

Ht(x) = Hk
λk(t)

(x) (t ∈ Ik, x ∈ X).
Clearly this defines a homotopyHt :X → Z for 0 ≤ t < 1. The property (iii)
above implies that limt→1Ht = f uniformly on compacts inX, so by setting
H1 = f we obtain the required homotopy fromf0 tof . This completes the Proof
of Theorem 1.4, provided that Theorem 2.6 holds. ♠

3. Holomorphic submersions with sprays

The reference for this section are sections 1.1-1.3 in [Gro]. We fist recall the
notion of a (fiber dominating) spray associated to a holomorphic submersion
h:Z → X. We also recall the notion of aniterated spray bundleand we prove
results on lifting homotopies to iterated spray bundles. This is used in Sect. 4
in the proof of h-Runge theorems. While it would be possible to avoid iterated
spray bundles, their use simplifies Proof of Theorem 4.2.

Let h:Z → X be a holomorphic submersion between complex manifolds
(not necessarily Stein). Forx ∈ X we denote byZx = h−1(x) ⊂ Z the fiber
overx.At each pointz ∈ Z the tangent spaceTzZ contains a well definedvertical
tangent space

V Tz(Z) = {e ∈ TzZ:Dh(z)e = 0} = TzZh(z). (3.1)

We denote byV T (Z) the correspondingvertical tangent bundle toZ which is
a holomorphic subbundle of the tangent bundleT Z. SinceZ is not assumed to
be Stein, there is in general no splitting ofT Z into a direct sumV T (Z) ⊕ E′
for some holomorphic vector bundleE′ 7→ Z. However such a splitting exists
over any open Stein subset (or a Stein submanifold)V ⊂ Z (see [GRo], p.256).
Also if f :X → Z is a holomorphic section then along the graphf (X) ⊂ Z the
tangent bundle has a canonical splitting

T Z|f (X) = V T (Z)|f (X)⊕ Tf (X).

If p:E → Z is a holomorphic vector bundle overZ, we denote byEz =
p−1(z) ⊂ E its fiber overz ∈ Z and by 0z ∈ Ez the zero element ofEz.
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3.1 Definition. A spray on Z associated to the submersionh:Z → X (or a
fiber-spray) is a tripple (E, p, s), wherep:E → Z is a holomorphic vector
bundle ands:E → Z is a holomorphic map such that for eachz ∈ Z we have

(i) s(Ez) ⊂ Zh(z) (equivalently,h ◦ p = h ◦ s),
(ii) s(0z) = z, and
(iii) the restriction of the derivativeDs(0z): T0zE → V Tz(Z) to the subspace

Ez ⊂ T0zE mapsEz surjectively ontoV Tz(Z).

We denote the restriction in (iii) by

VDs(z) = Ds(0z)|Ez:Ez → V Tz(Z) (3.2)

and call it thevertical derivative of s at the point 0z ∈ E. Gromov [Gro]
calls such a maps a fiberwise dominating spray, the word dominating referring
to the property (iii). We shall call it simply a spray when there is no danger
of confusion with Definition 1.2, or a fiber-spray if we wish to emphasize the
difference between the two notions.

Example.Each sprays:E → F in the sense of Definition 1.2 induces a fiber-
spray(Ẽ, p̃, s̃) associated to the trivial fibrationh:Z = X × F → X by taking

Ẽ = X × E, p̃(x, e) = (x, p(e)) ∈ X × F = Z, s̃(x, e) = (x, s(e)) ∈ Z.
Hence ifZ 7→ X is a locally trivial bundle whose fiber admits a spray, thenX

can be covered by open setsUi such that each restrictionZ|Ui admits a (fiber-)
spray (but in general there is no global spray overZ). ♠

The main use of sprays is to lift homotopies of sections ofh:Z → X to ho-
motopies of sections of a certain vector bundles, thereby linearizing the approx-
imation and gluing problems for such sections. The first result in this direction
is

3.2 Lemma.(Gromov [Gro], Sect. 1.2.)LetX be a Stein manifold andh:Z →
X a holomorphic submersion which admits a spray(E, p, s). Then for each
holomorphic sectionf :X → Z there exists a holomorphic vector subbundleE′
of the restricted bundleE|f (X) such thats:E′ → Z maps a neighborhood of
the zero section inE′ biholomorphically onto a neighborhood off (X) in Z. In
particular, if ft :X → Z (0 ≤ t ≤ 1) is a homotopy of holomorphic sections,
then for eacht0 ∈ [0,1] and each open relatively compact subsetV ⊂⊂ X there
is neighborhoodI0 ⊂ [0,1] of t0 and a homotopy of holomorphic sectionsξt
(t ∈ I0) of E′ ⊂ E|ft0(X) over the setft0(V ) such thatξt0 is the zero section
ands ◦ ξt (z) = ft(h(z)) for t ∈ I0 andz ∈ ft0(V ).

Proof.By definition of the spray the maps:E|f (X) → Z is the identity on the
zero section (which we identify withf (X) ⊂ Z) and it is a submersion near the
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zero section. Denote byE0 = kerVDs ⊂ E the kernel of the vertical derivative
(3.2) and letẼ = E/E0 be the quotient bundle with the quotient projection
π :E → Ẽ. SinceX is Stein, this projection splits overf (X), i.e., there is a
holomorphic vector bundle homomorphismG: Ẽ|f (X) → E|f (X) such that
π ◦G is the identity onẼ|f (X). If we denote byE′ the image ofG, we have a
direct sum decomposition

E|f (X) = E0|f (X)⊕ E′. (3.3)

The restrictions|E′:E′ → Z maps the zero section ofE′ onto f (X) and its
derivative is an isomorphism at each point of the zero section. Hences|E′ is
biholomorphic near the zero section. The second statement follows immediately
from this. ♠

Lemma 3.2 allows us to lift short pieces of a homotopy of sections ofZ to a
homotopy of sections of a vector bundle. In order to lift the entire homotopy we
recall from [Gro] the concept of composed and iterated sprays.

3.3 Definition. (Gromov [Gro], Sect. 1.3.)(a) Let(E1, p1, s1) and(E2, p2, s2)

be sprays onZ associated to a submersionh:Z → X. Thecomposed spray
(E∗, p∗, s∗) overZ is defined by

E∗ = {(e1, e2) ∈ E1 × E2: s1(e1) = p2(e2)},
p∗(e1, e2) = p1(e1), s∗(e1, e2) = s2(e2).

(b) Let (E, p, s) be a spray onZ associated toh:Z → X. For each integer
k = 1,2,3, . . . thek-th iterated spray (E(k), p(k), s(k)) is defined by

E(k) = {e = (e1, e2, . . . , ek): ej ∈ E for j = 1,2, . . . , k,
s(ej ) = p(ej+1) for j = 1,2, . . . , k − 1},

p(k)(e) = p(e1), s(k)(e) = s(ek).

(3.4)

Note that the composed spray isnot a sprayoverZ in the sense of Definition
3.1 becauseE∗ does not have a natural structure of a holomorphic vector bundle
overZ with respect to the projectionp∗:E∗ → Z (the other requirements are
satisfied). In factE∗ is the pullback of the vector bundlep2:E2 → Z by the spray
maps1:E1 → Z, so it is a holomorphic vector bundle overE1 with the projection
(e1, e2) 7→ e1. Similarly we can define the iterated sprays inductively as the
composition ofk copies of(E, p, s). We begin by taking(E(1), p(1), s(1)) =
(E, p, s). Suppose that(E(k−1), p(k−1), s(k−1)) has already been defined. Let
q(k):E(k) → E(k−1) be the pullback of the bundlep:E → Z by the spray map
s(k−1):E(k−1) → Z. Setp(k) = p(k−1) ◦ q(k):E(k) → Z and letsk:E(k) → Z

be the map induced bys:E → Z under the pullback. This gives the next iterate
(E(k), p(k), s(k)).
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The following lemma implies that the restriction of composed and iterated
sprays to Stein subsets ofZ admit a holomorphic vector bundle structure.

3.4 Lemma.LetY be a Stein manifold and letp1:E1 → Y resp.p:E → E1 be
holomorphic vector bundles overY resp. overE1. ThenE has the structure of a
holomorphic vector bundle overY with respect to the projectionp1 ◦p:E → Y .
In fact, this bundle is isomorphic to the Whitney sumE1 ⊕ (E|Y ), whereE|Y
denotes the restriction ofE to the zero sectionY ⊂ E1 ofE1.

3.5 Corollary. (Gromov [Gro], Sect. 1.3.A’)The restriction of any composed or
iterated spray bundle onZ to any Stein subsetU ⊂ Z admits a structure of a
holomorphic vector bundle overU .

Proof of Lemma 3.4. SinceE1 → Y is a holomorphic vector bundle over a Stein
manifoldY , the total spaceE1 is itself a Stein manifold. Denote the points of
E1 by (y, e), wherey ∈ Y andp1(y, e) = y. Let ht :E1 → E1 for t ∈ C be the
homotopyht(y, e) = (y, te). Consider the family of pull-backsh∗

t (E) → E1 of
the vector bundlep:E → E1. It follows from Grauert’s theorem [Gr4] (Satz I)
that all bundles in the family are holomorphically isomorphic; see [Lei] for an
elementary proof. In particular the bundlesh∗

1(E) andh∗
0(E) are isomorphic. The

maph1 is the identity onE1 whenceh∗
1E = E. The maph0 = p1 is the projection

of E1 onto the zero sectionY ⊂ E1 and henceh∗
0(E) = p∗

1(E) = p∗
1(E|Y ). The

latter bundle is clearly isomorphic to the Whitney sumE1 ⊕ (E|Y ) which is a
holomorphic vector bundle overY . This proves Lemma 3.4. ♠

The next result indicates the main application of iterated sprays.

3.6 Proposition.Letft :X → Zt ∈ [0,1]be a homotopy of holomorphic sections
of a holomorphic submersionh:Z → X. Assume that the baseX is Stein and
thath:Z → X admits a spray(E, p, s). Then for each open relatively compact
subsetV ⊂⊂ X there are an integerk > 0 and a homotopy of holomorphic
sectionsξt (0 ≤ t ≤ 1) of the iterated spray bundleE(k) (3.4) over the set
f0(V ) ⊂ Z such that

ξ0(z) = z, s(k)(ξt (z)) = ft(h(z)) (z ∈ f0(V ), 0 ≤ t ≤ 1).

Proof. For each fixedt ∈ [0,1] we can apply Lemma 3.2 to lift the sections
fτ for τ neart by the spray maps to a homotopy of holomorphic sections of
E|ft(V ). Hence by compactness of[0,1] there are numbers 0= t0 < t1 < t2 <

· · · < tk = 1 such that for eachj = 0,1, . . . , k − 1 there exists a homotopy of
holomorphic sectionsξ jt of E|ftj (V ) for tj ≤ t ≤ tj+1 satisfying

s ◦ ξ jt (ftj (x)) = ft(x) (x ∈ V, tj ≤ t ≤ tj+1).
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In particular we haves◦ξ jtj+1
(ftj (x)) = ftj+1(x) for j = 0,1, . . . , k−1. Compar-

ing these compatibility conditions with those defining the iterated spray bundle
E(k) (3.4) we see that thesek families can be joined into a single family of sections
ξt (0 ≤ t ≤ 1) ofE(k)|f0(V ). Explicitly we define forx ∈ V andtj ≤ t ≤ tj+1:

ξt (f0(x)) = (
ξ0
t1
(f0(x)), ξ

1
t2
(ft1(x)), . . . ,

ξ
j−1
tj

(ftj−1(x)), ξ
j
t (ftj (x)),0, . . . ,0

) ∈ E(k)

(the lastk − j − 1 components are the zero elements in the fiber ofE over
s ◦ ξ jt (ftj (x)) = ft(x)). One easily verifies that these sections satisfy the stated
conditions. ♠

4. The h-Runge theorems

In this section we prove Runge-type approximation theorems for holomorphic
sections of submersions with a spray over a Stein base. Theorems 4.1 and 4.2
are due to Gromov [Gro], while Theorem 4.5 is new. The idea in these proofs is
essentially the same as in Grauert’s paper [Gr2] where the analogous results had
been proved for sections of bundles over Stein spaces whose fiber is a complex
Lie groupL and the transition functions are Lie group automorphisms ofL.

To motivate the discussion we recall that, ifX is a Stein manifold andK ⊂ X

is a compact holomorphically convex subset, we can approximate each function
holomorphic in a neighborhood ofK uniformly onK by functions holomorphic
onX. This is the Oka-Weil theorem [H¨o2] which extends the classical Runge
theorem for planar setsK ⊂ C with connected complement. Of course we cannot
expect such results for sections of an arbitrary holomorphic submersion overX;
in particular this fails for maps of Stein manifolds into a hyperbolic complex
manifoldF . On the other hand, ifh:Z → X admits a fiber-spray (Definition
3.1) then the Runge approximation property is homotopy independent in the
following sense:If ft is a homotopy of sections in a neighborhood ofK such
that f0 has a holomorphic extension toX, then each section in the homotopy
can be approximated onK by sections holomorphic onX. Following Gromov
we call such resultsh-Runge theorems. We first state the special case, Theorem
4.1. The general parametric case is explained in Theorem 4.2.

4.1 Theorem.LetX be a Stein manifold andh:Z → X a holomorphic sub-
mersion which admits a fiber-spray (Definition 3.1). LetK ⊂ X be a compact
holomorphically convex set. Assume thatU ⊂ X is an open set containingK
andft :U → Z (0 ≤ t ≤ 1) is a homotopy of holomorphic sections ofh:Z → X

overU such thatf0 extends to a holomorphic section overX. Then for any metric
d onZ and anyε > 0 there exists a continuous family of holomorphic sections
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f̃t :X → Z (0 ≤ t ≤ 1) such thatf̃0 = f0 and

d
(
f̃t (x), ft (x)

)
< ε (x ∈ K, 0 ≤ t ≤ 1).

Remark.In fact we will prove the following stronger result:There is a continuous
family of continuous sectionsgt,u:X → Z (0 ≤ t, u ≤ 1) which are holomorphic
in a neighborhood ofK and satisfy:

(a) gt,0 = ft onK for all 0 ≤ t ≤ 1,
(b) the sectionf̃t = gt,1 is holomorphic onX for eacht ∈ [0,1],
(c) g0,u = f0 for all 0 ≤ u ≤ 1, and
(d) d

(
gt,u(x), ft (x)

)
< ε for x ∈ K and0 ≤ t, u ≤ 1.

The existence of such a homotopygt,u connectingft and f̃t comes from the
Proof of Theorem 4.1 and will be useful to us in Sect. 6.

Proof.Let (E, p, s) be the spray onZ associated toh. After shrinkingU around
K we obtain by Proposition 3.6 an integerk > 0 and a homotopy of sectionsξt
over the setf0(U) ⊂ Z of the iterated spray bundlep(k):E(k) → Z which are
mapped back toft by s(k):E(k) → Z. In particularξ0 is the zero section. SinceX
is Stein, the restrictionE(k)|f0(X) admits the structure of a holomorphic vector
bundle by Corollary 3.5. It now suffices to approximateξt on the holomorphi-
cally convex subsetf0(K) of f0(X) by a homotopy of holomorphic sections of
E(k)|f0(X) (keeping the zero section fixed) and to takef̃t to be their images in
Z by the spray maps(k). This can be done by the usual Oka-Weil approximation
theorem for sections of a holomorphic vector bundle, and it can be reduced to
the aproximation of functions by embedding the given bundle as a subbundle
of a trivial bundle. Even though this is standard, we outline the proof for later
purposes.

For convenience we letp′:E′ = f ∗
0 (E

(k)) → X be the pull-back ofE(k)

by the sectionf0:X → Z, and we denote bys ′:E′ → Z the holomorphic
map induced by the sprays(k):E(k) → Z. We may then considerξt as sections
of the bundlep′:E′ → X overU ⊂ X such thatξ0 is the zero section and
s ′ ◦ ξt (x) = ft(x) for all x ∈ U and 0 ≤ t ≤ 1. Choose a smooth function
χ :X → [0,1] which is identically one in a neighborhood ofK and has compact
support contained inU . SinceK is holomorphically convex inX, there is a
smooth plurisubharmonic exhaustion functionρ:X → R+ which vanishes in a
neighborhoodU0 ⊂⊂ U of K and is strictly positive on the support ofdχ . We
can chooseρ such that for each fixed value ofτ > 1 there is a sectionvt of E′
which solves the equation

∂vt = ∂(χξt ) = ξt ∂χ (4.1)

and whoseL2 norm with weighte−τρ (measured in a fixed hermitian metric) is
bounded on each compact set inX by a constant times the norm of the dataξt∂χ
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(with a constant independent ofτ ). By Hörmander [H¨o1] such a solution is given
by a linear operatorvt = Tτ (ξt∂χ). We havev0 = 0, eachvt is smooth, and the
family is continuous int . Set

g̃t,u = χξt − uvt , gt,u = s ′ ◦ g̃t,u (0 ≤ t, u ≤ 1).

Clearlygt,u:X → Z is a continuous family of sections ofZ → Xwhich satisfies
(a)–(c) in the Remark following Theorem 4.1. By choosingτ sufficiently large
(depending onε) the familygt,u will also satisfy (d) which can be seen as follows.
Whenτ → ∞, theL2 norm with weighte−τρ of ξt∂χ tends to zero sinceρ > 0
on supp∂χ . Sinceρ vanishes inU0, it follows that unweightedL2(U0) norm
||vt ||L2(U0) tends to zero asτ → +∞. By the Cauchy estimates the sup norm
of vt |K tends to zero and hence the sectionsgt,u converge toft asτ → +∞,
uniformly in t andu. In particular,f̃t = gt,1 (0 ≤ t ≤ 1) is a homotopy of
holomorphic sections ofZ → X satisfying Theorem 4.1. ♠

We will also need the following parametric version of the h-Runge theorem.

4.2 Theorem.LetX be a Stein manifold andh:Z → X a holomorphic submer-
sion which admits a spray (Definition 3.1). LetK ⊂ X be a compact holomor-
phically convex set and letU,V ⊂ X be open, relatively compact subsets inX
such thatK ⊂ U ⊂ V . Let Y be a compact Hausdorff space (the parameter
space),Y0 ⊂ Y a compact subset, andY ′ ⊂ Y an open set containingY0. Assume
thatfy,t :U → Z is a family of holomorphic sections ofh:Z → X, depending
continuously ony ∈ Y and0 ≤ t ≤ 1, such that the sectionsfy,0 (y ∈ Y ) and
fy,t (y ∈ Y ′, 0 ≤ t ≤ 1) extend to holomorphic sections overX. Then for each
ε > 0 there exists a continuous family of holomorphic sectionsf̃y,t :V → Z

overV (y ∈ Y, 0 ≤ t ≤ 1) satisfying

(a) f̃y,0 = fy,0 for all y ∈ Y ,
(b) f̃y,t = fy,t for all y ∈ Y0 and0 ≤ t ≤ 1, and
(c) d

(
f̃y,t (x), fy,t (x)

)
< ε for all x ∈ K, y ∈ Y and0 ≤ t ≤ 1.

Remarks.1.As in Theorem 4.1 the proof will show that the approximating family
f̃y,t can be chosen so that it can be connected to the initial familyfy,t by a
homotopy of sectionsgy,t,u (u ∈ [0,1]) such that the homotopy is fixed for each
y ∈ Y0 (wheref̃y,t = fy,t ).
2. By a standard limiting procedure we could obtain a familyf̃y,t on all ofX,
but we shall not need this.

Proof.We begin by reducing to the approximation problem for families of sec-
tions of an iterated spray bundle. This is essentially Proposition 3.6 with the ad-
dition of the parametery ∈ Y . Let (E, p, s) be a spray onZ and(E(k), p(k), s(k))
its k-th iterated spray (3.4). ♠
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4.3 Proposition.(Assumptions as in Theorem 4.2.)LetU ′ be an open set inX
such thatK ⊂ U ′ ⊂⊂ U . Then there are an integerk > 0 and a continuous
family of holomorphic sectionsξy,t of E(k)|fy,0(U ′) (y ∈ Y, 0 ≤ t ≤ 1) such
that

(i) ξy,0 is the zero section for eachy ∈ Y ,
(ii) ξy,t extends to a holomorphic section ofE(k)|fy,0(V ) for eachy in a neigh-

borhood ofY0 andt ∈ [0,1], and
(iii) s(k)◦ξy,t (fy,0(x)) = fy,t (x) for all x ∈ U ′,y ∈ Y and0 ≤ t ≤ 1. Moreover,

for eachy in a neighborhood ofY0 this holds for allx ∈ V .

Proof. It suffices to prove that each fixedt0 ∈ [0,1] has a neighborhoodI0 ⊂
[0,1] such that there exists a family of holomorphic sectionsξy,t of the vector
bundleE|fy,t0(U ′), depending continuously ony ∈ Y andt ∈ I0, such thatξy,t0
is the zero section and

s ◦ ξy,t (z) = fy,t (h(z)) (z ∈ fy,t0(U ′), y ∈ Y, t ∈ I0). (4.2)

Moreover, fory in a neighborhood ofY0 the property (4.2) must hold over the
larger setz ∈ fy,t0(V ). Proposition 4.3 then follows from this as in the Proof of
Proposition 3.6 by using the compactness of[0,1] and combining the finitely
many families of sectionsξ jy,t obtained overk subintervalst ∈ [tj , tj+1] ⊂ [0,1]
into a single family of sections of the iterated spray bundleE(k) over the sets
fy,0(U

′) resp.fy,0(V ).
We will consider the caset0 = 0 when all initial sectionsfy,0 exist overV .

The only difference fort0 > 0 is that some sections only exist over the smaller set
U ′, but the proof goes through in the same way. Denote byE0 = kerVDs ⊂ E

the kernel of the vertical derivative ofs (3.2) and letπ :E 7→ Ẽ = E/E0 be the
quotient projection. Recall that aholomorphic splittingof π is a holomorphic
vector bundle homomorphismG: Ẽ → E such thatπ ◦G is the identity onẼ;
in such case we haveE = E0 ⊕G(Ẽ). A splitting exists over any Stein subset
of Z [GRo, p. 256].

4.4 Lemma.(Hypotheses as in Theorem 4.2.)There is a family of holomorphic
splittingsGy : Ẽ|fy,0(V ) → E|fy,0 which depends continuously ony ∈ Y , and
hence there is a holomorphic direct sum splitting

E|fy,0(V ) = E0|fy,0(V )⊕ E′
y (4.3)

depending continuously ony ∈ Y .

Remark.We may consider the restricted bundles in Lemma 4.4 as subsets of the
bundleE resp.Ẽ = E/E0, and the continuity of the familyGy with respect to
y should be understood in this sense. Lemma 4.4 also holds if we replacet = 0



138 F. Forstneriˇc, J. Prezelj

by an arbitraryt0 ∈ [0,1], except that in this case one must replace for each
y ∈ Y\Y ′ the setV in (4.3) by the smaller setU ′ (since the sectionfy,t0 is only
defined onU ′).

Proof of Lemma 4.4.For each fixedy ∈ Y the sectionfy,0(X) ⊂ Z (which is
a Stein submanifold ofZ) is contained in an open Stein setDy ⊂ Z according
to a theorem of Siu [Siu]. Hence by compactness ofY there is an open covering
{Yj : 1 ≤ j ≤ J } of Y and a family of open Stein subsets{Dj : 1 ≤ j ≤ J } of Z
such thatfy,0(V ) ⊂ Dj wheny ∈ Yj . Let χj be a continuous partition of unity
on Y subordinate to the covering{Yj }. LetHj : Ẽ|Dj → E|Dj be a splitting of
π :E → Ẽ overDj (suchHj exists sinceDj is Stein). Then the family

Gy =
J∑
j=1

χj(y)Hj : Ẽ|fy,0(V ) → E|fy,0(V )

satisfies Lemma 4.4. Note that the mapGy is well defined since the coefficient
χj(y) vanishes whenfy,0(V ) is not contained inDj , andGy is a splitting ofπ
since it is a convex linear combination of finitely many splittings. ♠

We continue with the Proof of Proposition 4.3. By the inverse function the-
orem the maps:E′

y → Z (the restriction of the spray maps:E → Z to E′
y)

is a biholomorphic map from a neighborhood of the zero section ofE′
y onto a

neighborhood of the setfy,0(V ) in Z (since the vertical derivativeVDs is an
isomorphism when restricted toE′

y). Denote the local inverse of this map by
uy . Because of continuous dependence on the data ony ∈ Y and the compact-
ness ofY the neighborhoods on which the mapsuy are defined can be cho-
sen uniformly with respect toy ∈ Y . Hence there is at1 > 0 such that for
0 ≤ t ≤ t1 andy ∈ Y the setfy,t (U ′) belongs to the domain ofuy . The sections
ξy,t = uy ◦ fy,t ◦ h: fy,0(U ′) → E′

y ⊂ E for 0 ≤ t ≤ t1 then satisfy (4.2). This
completes the Proof of Proposition 4.3. ♠

To complete the Proof of Theorem 4.2 it remains to approximate the sections
ξy,t uniformly onfy,0(K) by holomorphic sections ofE(k)|fy,0(V ). We shall first
do this locally with respect toy and finally patch the approximations together.
Let Y ′ ⊃ Y0 be a neighborhood ofY0 such that the sectionsξy,t for y ∈ Y ′ are
defined and holomorphic over the setfy,0(V ) ⊂ Z. As in the Proof of Lemma
4.4 there exist a finite open covering{Yj : 1 ≤ j ≤ J } of Y and open Stein
subsetsDj ⊂ Z such thatfy,0(V ) ⊂ Dj for all y in a neighborhoodY ′

j ⊃ Yj

of Yj . By Corollary 3.5 the restrictionE(k)|Dj has a vector bundle structure and
we can embed it as a vector subbundle of a trivial bundleDj × CN . With this
identification we may write

ξy,t (fy,0(x)) = (
fy,0(x), gy,t (x)

)
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wheregy,t :U ′ → CN is a holomorphic map. Note thatgy,0 = 0 for all y ∈ Yj ,
andgy,t extends holomorphically toV for y ∈ Y ′ ∩ Y ′

j . Choose a continuous
function u:Y → [0,1] which vanishes in smaller neighborhood ofY0 and is
identically one outsideY ′. In now suffices to approximate the functionsgy,t by
functions holomorphic inV without changing their values fory ∈ Y ′ (when they
are already holomorphic inV ). This is done by taking

g̃y,t (x) = u(y)χ(x)gy,t (x)− vy,t (x),

wherevy,t is the solution of the∂-equation

∂xvy,t (x) = u(y)gy,t (x)∂xχ(x)

with minimalL2-norm with respect to a suitable weight andχ :X → R+ is a
cut-off function as in the Proof of Theorem 4.1. Sinceu(y) = 0 for y nearY0,
we havevy,t = 0 and hencẽgy,t = gy,t for suchy.

This gives for eachj = 1,2, . . . , J an approximating family of holomorphic
sectionsξ jy,t of E(k)|fy,0(V ) for y in a neighborhoodY ′

j of Yj . To conclude the
Proof of Theorem 4.2 it suffices to combine these families into a single family
of sections̃ξy,t (y ∈ Y ) and then take

f̃y,t = s(k) ◦ ξ̃y,t ◦ fy,0 (y ∈ Y, 0 ≤ t ≤ 1). (4.4)

However we cannot do the patching by the usual partition of unity in they

variable since the vector bundle structures on different restrictionsE(k)|Dj may
not agree on their intersection. Instead we can do a stepwise extension as follows.
For y ∈ Y ′

1 we takeξ̃y,t = ξ1
y,t . Choose a continuous functionχ1:Y → [0,1]

such thatχ1(y) = 1 for y ∈ Y 1 and suppχ1 ⊂ Y ′
1. Fory ∈ Y ′

2 we then set

ξ̃y,t = χ1(y)ξ
1
y,t + (1 − χ1(y))ξ

2
y,t (4.5)

where the linear combination is taken with respect to a vector bundle structure
onE(k)|D2. This definition is good sinceχ1(y) = 0 for those values ofy (i.e.,
for y ∈ Y\Y ′

1) for which the sectionξ1
y,t is not defined, and so the patching

only occurs over the sety ∈ Y ′
2. Clearly the family (4.5) extends continuously

to all parameter valuesy ∈ Y ′
1 ∪ Y ′

2 and it equals the previously chosen family
of sections fory ∈ Y1. Moreover, fory ∈ Y ′

1 ∩ Y ′
2 both sectionsξ1

y,t andξ2
y,t

approximate the initial sectionξy,t overfy,0(K), and hence the same is true for
their convex combination (4.5). We now continue in the same way by patching
the family (4.5) withξ3

y,t over the parameter sety ∈ Y ′
3 with respect to the vector

bundle structure onE(k)|D3. In finite number in steps we obtain a continuous
family of sections̃ξy,t such that the sections (4.4) satisfy Theorem 4.2. ♠

Our next result, which is an immediate application of Theorem 4.2, is essen-
tial in our approach to extending a holomorphic section across a pseudoconvex
bump in the critical case.
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4.5 Theorem.Let X be a Stein manifold andZ = X × F → X a trivial
bundle whose fiberF admits a spray (Definition 1.2). Suppose thatU ⊂ X is a
Stein domain which is Runge inX andΘu:X → X is a family of holomorphic
mappings, depending continuously onu ∈ [0,1], such that

(i) Θ0 is the identity onX,
(ii) Θu(U) ⊂ U for all u ∈ [0,1], and
(iii) Θ1(X) ⊂ U .

Letft :U → Z (0 ≤ t ≤ 1) be a homotopy of holomorphic sections such thatf0

andf1 extend holomorphically toX. Letd be any metric onZ. For each choice
of a compact setK ⊂ U , a relatively compact setV ⊂⊂ X, andε > 0 there
exists a homotopy of holomorphic sectionsf̃t :V → Z (0 ≤ t ≤ 1) such that
f̃0 = f0, f̃1 = f1, and

d
(
f̃t (x), ft (x)

)
< ε (x ∈ K, 0 ≤ t ≤ 1).

Remarks.1. In a typical application of Theorem 4.5 the setsU ⊂ X are bounded
convex domains inCn andΘu is a family of linear contractions to a point inU .
By a limiting argument it is possible to prove that such a holomorphic homotopy
f̃t exists on all ofX, but we shall not need this.
2. The analogous result holds, with the same proof, for parametrized families of
sections. We leave out the obvious details.

Proof. By reparametrizing the familyft we may assume that for some small
δ > 0 we haveft = f0 for 0 ≤ t ≤ δ andft = f1 for 1 − δ ≤ t ≤ 1. Choose
a continuous functionu: [0,1] → [0,1] such thatu(t) = 0 for t near 0 or 1,
andu(t) = 1 for δ ≤ t ≤ 1 − δ. We shall identify sections of the trivial bundle
X × F → X with mappingsX → F . Set

ft,s = ft ◦Θ(1−s)u(t) (0 ≤ t, s ≤ 1).

This family satisfies the following properties:

(a) ft,s is defined and holomorphic inU for each 0≤ t, s ≤ 1,
(b) ft,0 = ft ◦Θu(t) is defined and holomorphic on all ofX for eacht ∈ [0,1],
(c) ft,1 = ft ◦Θ0 = ft for eacht ∈ [0,1], and
(d) f0,s = f0 ◦Θu(0) = f0 andf1,s = f1 ◦Θu(1) = f1 for all s ∈ [0,1].
It remains to apply Theorem 4.2 with the parameter spacet ∈ Y = [0,1] and the
subspaceY0 = {0,1}. (Note that our current variables plays the role of the time
parametert in Theorem 4.2.) Iff̃t,s is the approximating family of holomorphic
sections inV as in Theorem 4.2 then the sectionsf̃t = f̃t,1 (0 ≤ t ≤ 1) satisfy
Theorem 4.5. ♠
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5. Gluing holomorphic sections over Cartan pairs

The main results of this section are Theorems 5.1 and 5.5 on gluing holomorphic
sections over Cartan pairs. This can be found in Sect. 1.6 of [Gro] and is similar
to the corresponding results of Grauert [Gr3] and Cartan [Car].

5.1 Theorem.Leth:Z → X be a holomorphic submersion onto a Stein manifold
X. Let d be a metric onZ. Let (A,B) be a Cartan pair inX (Definition 2.3)
such that the setC = A ∩ B is Runge inB. Suppose that̃B is an open neigh-
borhood ofB in X such that the restrictionZ|B̃ = h−1(B̃) admits a fiber-spray
(Definition 3.1). LetÃ ⊂ X be an open neighborhood ofA anda: Ã → Z a
holomorphic section ofZ → X over Ã. Then for eachε > 0 there is aδ > 0
satisfying the following property. Ifb: B̃ → Z is a holomorphic section satisfy-
ing d

(
a(x), b(x)

)
< δ for x ∈ C̃ = Ã ∩ B̃, there exist homotopiesat (resp.bt ),

0 ≤ t ≤ 1, of holomorphic sections over a neighborhoodA′ ofA (resp. over a
neighborhoodB ′ ofB) such thata0 = a, b0 = b, a1 = b1 onC ′ = A′ ∩B ′, and

d
(
at (x), a(x)

)
< ε (x ∈ A′, 0 ≤ t ≤ 1);

d
(
bt (x), b(x)

)
< ε (x ∈ C ′, 0 ≤ t ≤ 1).

Using sprays we shall reduce the Proof of Theorem 5.1 to the model case
described by the following proposition; this is analogous to the classical Cartan–
Grauert attaching lemma [Gr3], [Car]. We denote byH∞(Ω,Cn) the Banach
space of bounded holomorphic mapsΩ → Cn equipped with the sup norm over
all components.

5.2 Proposition.Let (A,B) be a Cartan pair in a Stein manifoldX such that
C = A ∩ B is Runge inB. Let C̃ ⊂ X be an open neighborhood ofC, U ⊂ Cn

an open neighborhood of the origin inCn, andψ0: C̃ × U → Cn a bounded
holomorphic map such that for eachx ∈ C̃,ψ0(x,0) = 0andψ0(x, · ):U → Cn

is injective (i.e., biholomorphic onto its image). Then there are neighborhoods
A′ ⊃ A andB ′ ⊃ B withC ′ = A′ ∩ B ′ ⊂⊂ C̃, a neighborhoodW ofψ0 in the
Banach spaceH∞(C̃ ×U,Cn), and smooth Banach space operatorsA′:W →
H∞(A′,Cn), B′:W → H∞(B ′,Cn), with A′(ψ0) = 0 andB′(ψ0) = 0, such
that for eachψ ∈ W the bounded holomorphic mapsα = A′(ψ):A′ → Cn,
β = B′(ψ):B ′ → Cn satisfy

ψ
(
x, α(x)

) = β(x) (x ∈ A′ ∩ B ′). (5.1)

Moreover, ifψ ∈ W satisfiesψ(x,0) = 0 for x ∈ C̃ thenA′(ψ) = 0 and
B′(ψ) = 0.

Remark.We can view a pair of maps satisfying (5.1) as a section of a nonlinear
bundle overA′ ∪B ′ obtained by patching the trivial bundles overA′ resp.B ′ by
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the mapψ . For later application to parametrized families it is convenient to have
a canonically given solution (i.e., by operators), although this could be avoided
by a suitable analogue of Satz 8 in [Gr2].

Proof of Propositon 5.2.By shrinkingC̃ we may assume that it is Runge in a
neighborhoodB0 of B. We choose neighborhoodsA′ ⊃ A andB ′ ⊃ B as in
Lemma 2.4 so thatB ′ ⊂ B0, C ′ = A′ ∩ B ′ ⊂⊂ C̃, and there are bounded linear
operatorsA:H∞(C ′,Cn) → H∞(A′,Cn) andB:H∞(C ′,Cn) → H∞(B ′,Cn)

satisfyingc = Ac − Bc for all c ∈ H∞(C ′,Cn). Consider first the case when
ψ0(x, u) = u is the identity map in theu-variable for eachx ∈ C̃. Consider the
operator

Φ:H∞(C ′,Cn)×H∞(C̃ × U,Cn) → H∞(C ′,Cn),

Φ(c, ψ)(x) = ψ
(
x,Ac(x)) − Bc(x) (x ∈ C ′).

We claim thatΦ is defined and smooth forc ∈ H∞(C ′,Cn) in a neighborhood of
the origin and forψ ∈ H∞(C̃×U,Cn). ClearlyΦ is linear and hence smooth in
ψ . To see thatΦ is smooth incwe choose a neighborhoodU ′ ⊂ Cn of 0 such that
U

′ ⊂ U . By Cauchy estimates the restriction mapψ → ψ |C ′ ×U ′ is a bounded
linear operator from the spaceH∞(C̃ ×U,Cn) to C∞(C ′ ×U ′,Cn). On the set
of c’s for which Ac(x) ∈ U ′ for all x ∈ C ′ (these form an open neighborhood
of the origin inH∞(C ′,Cn)) the first term inΦ is the composition operator of a
linear operatorA with a smooth mapψ . HenceΦ is a smooth operator. In fact
we only need thatΦ is of classC1 which is seen directly from the formula for its
differential

DΦ(c,ψ)(c′, ψ ′) = ψ ′(· ,Ac)+D2ψ(· ,Ac)Ac′ − Bc′.
Note thatΦ(c,ψ0) = Ac − Bc = c. HenceDcΦ(0, ψ0) (the partial deriva-
tive ofΦ with respect to the first variable) is the identity map onH∞(C ′,Cn).
By the implicit function theorem in Banach spaces there is an open setW ⊂
H∞(C̃ × U,Cn) containingψ0 and a smooth mapC:W → H∞(C ′,Cn) such
thatΦ(C(ψ), ψ) = 0 andC(ψ0) = 0. Moreover, ifψ ∈ W satisfiesψ(x,0) = 0
for all x ∈ C̃, thenc = 0 solves the equationΦ(c,ψ) = 0 and hence by lo-
cal uniqueness of solutions we haveC(ψ) = 0 for any suchψ . The operators
A′ = A ◦ C andB′ = B ◦ C then satisfy Proposition 5.2.

The general case (whenψ0 is not the identity, or even close to the identity)
can be reduced to the special case as follows. SinceC is Runge inB, there
are open sets̃C0 ⊂ X, B0 ⊂ X, U0, U1 ⊂ Cn, satisfyingC ⊂ C̃0 ⊂⊂ C̃,
0 ∈ U0 ⊂⊂ U1 ⊂⊂ U , B ⊂ B0, such that we can approximateψ0 as well as
desired onC̃0 ×U1 by a holomorphic map̃ψ :B0 × Cn → Cn such thatψ̃(x, · )
is biholomorphic onU1 for eachx ∈ C̃0 andψ̃(x,0) = 0 for all x ∈ B0. If the
approximation ofψ0 by ψ̃ is sufficiently close onC̃0 × U1, there is a unique
holomorphic mapψ ′

0: C̃0 × U0 → U1 which satisfies

ψ0(x, u) = ψ̃(x, ψ ′
0(x, u)) (x ∈ C̃0, u ∈ U0)
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and which is so close to the map(x, u) → u on the setC̃0 × U0 that it belongs
to the domainW ⊂ H∞(C̃0 × U0,Cn) of the operatorsC, A′, andB′ obtained
in the special case (with respect to the smaller setC̃0 × U0). We may assume
that the setsA′ ⊃ A, B ′ ⊃ B, related to the operatorsA′ resp.B′ as above,
satisfyB ′ ⊂ B0 andA′ ∩ B ′ ⊂⊂ C̃0. Note thatC(ψ ′

0) = 0 sinceψ ′
0(x,0) = 0.

Moreover, for eachψ which is sufficiently uniformly close toψ0 on C̃ × U we
have

ψ(x, u) = ψ̃(x, ψ ′(x, u)) (x ∈ C̃0, u ∈ U0)

whereψ ′: C̃0×U0 → U1 belongs toW . In fact,ψ → ψ ′ defines a smooth Banach
space operatorΨ :W0 ⊂ H∞(C̃ × U,Cn) → H∞(C̃0 × U0,Cn) in an open
neighborhoodW0 ofψ0, with range inW . For eachψ ∈ W0 andψ ′ = Ψ (ψ) ∈ W
the holomorphic mapsα = A′(ψ ′):A′ → Cn andβ ′ = B′(ψ ′):B ′ → Cn satisfy
ψ ′(x, α(x)) = β ′(x) for x ∈ C ′. Hence the pairα(x) andβ(x) = ψ̃(x, β ′(x))
(the latter one is defined and holomorphic inB ′) satisfies

ψ(x, α(x)) = ψ̃
(
x,ψ ′(x, α(x))

) = ψ̃(x, β ′(x)) = β(x)

which is precisely (5.1). By constructionα andβ are obtained fromψ by a
composition of smooth Banach space operators. ♠

In order to reduce the Proof of Theorem 5.1 to Proposition 5.2 we also need
the following lemma. Denote byBn(η) ⊂ Cn the open ball of radiusη.

5.3 Lemma.Leth:Z → X be a holomorphic submersion onto a Stein manifold
X, letA ⊂ X be a compact set with a Stein neighborhood basis, and leta: Ã → Z

be a holomorphic section defined in an open setÃ ⊃ A. Then there are an
integern > 0, a numberη > 0, a Stein open setU ⊂ Z containinga(A), and a
holomorphic map̃s:U × Bn(η) → Z such that for allz ∈ U we have

(i) h ◦ s̃(z, t) = h(z) for all t = (t1, t2, . . . , tn) ∈ Bn(η),
(ii) s̃(z,0) = z, and
(iii) the vectorsṼj (z) = ∂

∂tj
s̃(z,0) (1 ≤ j ≤ n) spanV Tz(Z).

Remark.Note thats̃ satisfies all requirements for a fiber-spray except that it is
not defined globally onU × Cn.

Proof of Lemma 5.3.The seta(A) ⊂ Z has a basis of Stein neighborhoods in
Z according to [Siu] and [Shd]. By Cartan’s theory there exist finitely many
holomorphic vector fields̃V1, Ṽ2, . . . , Ṽn in a neighborhood ofa(A) in Z which
are tangent toV T (Z) (i.e., they are holomorphic sections of the vertical tangent
bundleV T (Z)) and which spanV T (Z) at each point in the given set. Letθ tj be
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the flow ofṼj . There is a small Stein neighborhoodU ⊂ Z of a(A) and anη > 0
such that the map̃s:U × Bn(η) → Cn, given by

s̃(z, t) = s̃(z, t1, . . . , tn) = θ
t1
1 ◦ θ t22 ◦ · · · ◦ θ tnn (z)

satisfies all requirements. ♠

Proof of Theorem 5.1.Let s̃:U×Bn(η) → Z be the local spray given by Lemma
5.3. Choose a Stein open setÃ ⊃ A so thata(Ã) ⊂⊂ U . Sets1(x, t) = s̃(a(x), t)

for x ∈ Ã andt ∈ Bn(η). Thens1(x,0) = a(x) ands1 is a submersion alongt =
0 (i.e., a local spray onto a neighborhood ofa(Ã) inZ). Suppose that̃B ⊃ B is an
open Stein set andb: B̃ → Z is a holomorphic section such thatb approximates
a in an open neighborhood̃C of C = A ∩ B. Our goal is to construct a fiber
preserving holomorphic maps2: B̃ × Cn → Z such thats2(x,0) = b(x) and
such thats2 is a submersion neart = 0 which approximatess1 in a neighborhood
of C×{0}n. We then solve the equations2(x, ψ(x, t)) = s1(x, t) to get a mapψ
as in Proposition 5.2. Ifα andβ satisfy Proposition 5.2 (i.e.,ψ(x, α(x)) = β(x)

for x nearC) then

a1(x) = s1(x, α(x)), b1(x) = s2(x, β(x)

are holomorphic sections ofZ over neighborhoods ofA resp.B which agree
nearC = A ∩ B.

To constructs2 we assume that̃B ⊃ B is so small that there exists a fiber-
spray(E, p, s) overZ|B̃ = h−1(B̃). Choose a Stein open setU ′ ⊂ Z such that
a(C) ⊂ U ′ ⊂⊂ U ∩ h−1(B̃). Let Ṽj be the vector fields as in Lemma 5.3. Since
VDs(0):E → V T (Z) is a surjective vector bundle homomorphism and the set
U ′ is Stein, we can splitE|U ′ = kerVDs(0) ⊕ E′ and lift the sections̃Vj to
holomorphic sectionsVj of E′ ⊂ E|U ′ such thatVDs(0z)Vj (z) = Ṽj (z) for
all z ∈ U ′ and 1≤ j ≤ n. For eachz ∈ U ′ and each collection ofn vectors
W = {W1, . . . ,Wn} ⊂ Ez we define a mapsW(z, · ): Cn → Zh(z) by

sW(z, t) = s

( n∑
j=1

tj Wj

)
.

We havesW(z,0) = z and ∂
∂tj
sW(z,0) = VDs(0z)Wj . In particular, for the

collectionV(z) = {V1(z), . . . , Vn(z)} we get forj = 1,2, . . . , n andz ∈ U ′

∂

∂tj
sV(z)(z,0) = VDs(0z)Vj (z) = Ṽj (z) = ∂

∂tj
s̃(z,0). (5.2)

The mapsW(z, t) is holomorphic in all arguments, includingW.

5.4 Lemma.Let d be a metric onZ andd ′ a metric onE. There are numbers
η > 0, δ > 0 with the following property. For each pair of pointsz,w ∈
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U ′ such thath(z) = h(w) and d(z,w) < δ, and for each collectionW =
{W1, . . . ,Wn} ⊂ Ew such thatd ′(Wj , Vj (w)) < δ for j = 1, . . . , n, there is an
injective holomorphic mapφW(z, w, · ):Bn(η) → Cn satisfying

(i) sW(w, φW(z, w, t)) = s̃(z, t),
(ii) φ is holomorphic in all argumentsz,w,W, t , and
(iii) φW(z, z,0) = 0.

Proof.SinceU ⊂ Z is Stein, we have a splittingU × Cn = M ⊕N whereMz is
the kernel ofDt s̃(z,0) (the t-derivative ofs̃ at the zero section) andN is some
holomorphic complementary bundle. We split the fiber vectorst = (t ′, t ′′) ∈
Mz ⊕ Nz accordingly (so the splitting depends on the base pointz). For each
z ∈ U the restriction ofs̃ to the fiberNz maps a neighborhood of 0z ∈ Nz
biholomorphically onto a neighborhood ofz in the fiberZh(z). The same is true
for the restriction

t ′′ ∈ Nz → s̃(z, (t ′, t ′′)) ∈ Zh(z) (5.3)

of s̃ to fibers{t ′} ⊕Nz for all sufficiently small vectorst ′ ∈ Mz.
Now (5.2) shows that for each pair of pointsz,w ∈ U ′ in the same fiber

Zh(z) which are sufficiently close together, for each sufficiently small vector
t ′ ∈ Mz, and for each collection ofn vectorsW = {W1, . . . ,Wn} ⊂ Ew which
are sufficiently close to the corresponding vectorsV(w) = {V1(w), . . . , Vn(w)},
the map

t ′′ ∈ Nz → sW(w, (t ′, t ′′)) ∈ Zh(z) (5.4)

takes a neighborhood of 0
′′
z ∈ Nz in Nz biholomorphically onto a neighborhood

of w in Zh(z) = Zh(w) such that the image also contains the pointz. For such
choice of points and vectors we takeφ′

W(z, w, t
′, · ):Nz → Nz to be the map

(5.3) followed by the (unique!) local inverse of (5.4) att ′′ = 0, and then take

φW(z, w, (t ′, t ′′)) = (
t ′, φ′

W(z, w, t
′, t ′′)

)
.

This map is defined fort = (t ′, t ′′) ∈ Mz ⊕ Nz = Cn in some neighborhood of
the origin 0∈ Cn which we may take to be independent ofz, w, W, provided
that all conditions regarding closeness are satisfied. It is easily verified that this
map satisfies all required properties. Since both maps (5.3) and (5.4) depend
holomorphically on all arguments, so doesφ. ♠

Suppose now that̃C ⊂ Ã ∩ B̃ is an open Stein set containingC which
is Runge inB̃. Assume thatb: B̃ → Z is a holomorphic section such that
b(C̃) ⊂ U ′, whereU ′ ⊂ Z is the neighborhood ofa(C) chosen above. We
consider the restrictionsVj |b(C̃) as holomorphic sections of the bundleE|b(B̃)
over the setb(C̃). By shrinkingC̃ we get holomorphic sectionsWj (1 ≤ j ≤ n)

of E|b(B̃) which approximate the sectionsVj uniformly on b(C̃) as close as
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desired. WriteW(z) = {W1(z), . . . ,Wn(z)} for z = b(x) ∈ b(B̃). The maps
s1: Ã× Bn(η) → Z ands2: B̃ × Cn → Z, given by

s1(x, t) = s̃(a(x), t),

s2(x, t) = sW(b(x))(b(x), t) ,
(5.5)

are holomorphic. Ifb is sufficiently uniformly close toa overC̃ and ifWj(b(x))
is sufficiently close toVj(b(x)) for eachj = 1, . . . , nandx ∈ C̃, then by Lemma
5.4 we have for eachx ∈ C̃ an injective holomorphic map

ψ(x, · ) = φW(b(x))(a(x), b(x), · ):Bn(η) → Cn

which solves the equation

s2(x, ψ(x, t)) = s1(x, t) (x ∈ C ′, t ∈ Bn(η)).
Moreover, if the approximations are sufficiently close,ψ is uniformly close to
the map

ψ0(x, t) = φV(a(x))(a(x), a(x), t)

which satisfiesψ0(x,0) = 0 for x ∈ C̃. By Proposition 5.3 we get open setsA′,
B ′, C ′ = A′ ∩ B ′ in X, with A ⊂ A′ ⊂ Ã andB ⊂ B ′ ⊂ B̃, and holomorphic
mapsα:A′ → Cn, β:B ′ → Cn, such thatψ(x, α(x)) = β(x) for x ∈ C ′. The
homotopies of sections

at (x) = s1(x, tα(x)) (x ∈ A′), bt (x) = s2(x, tβ(x)) (x ∈ B ′) (5.6)

for 0 ≤ t ≤ 1 then satisfy Theorem 5.1.
Perhaps a word is in order regarding the proximity of the sectionsat to

a = a0 and ofbt to b = b0. The rate of approximation ofψ0 by ψ depends on
the proximity ofb(x) to a(x) and on the proximity of the vector fieldsW(b(x))

to the fieldsV(a(x)) for x ∈ C̃. This in turn determines the estimates on the
norms||α||H∞(A′) and ||β||H∞(B ′) (by Proposition 5.2). Since the maps1 (5.5)
only depends on the sectiona, the Definition (5.6) shows that the estimate of
d
(
at (x), a(x)

)
for x ∈ A′ and t ∈ [0,1] depends only on||α||H∞(A′), and we

get the stated approximation result overA′. However, the maps2 (5.5) depends
both onb and onW. These quantities are under control only onC̃ and not
on all of B̃ (since we apply Runge approximation). Therefore we can estimate
d
(
bt (x), b(x)

)
in terms of||β||H∞(B ′) only for pointsx ∈ C ′ and not onB ′\C ′.

♠
The following is an extension of Theorem 5.1 to parametrized families of

sections.

5.5 Theorem.Leth:Z → X be a holomorphic submersion onto a Stein manifold
X, letd a metric onZ, and let(A,B) be a Cartan pair inX (Definition 2.3) such
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that the setC = A∩B is Runge inB. Suppose that̃B is an open neighborhood of
B in X such that the restrictionZ|B̃ = h−1(B̃) admits a fiber-spray (Definition
3.1). LetY be a compact Hausdorff space (the parameter space) andY0 ⊂ Y a
compact subset. Let̃A ⊂ X be an open neighborhood ofA anda: Ã×Y → Z a
continuous map such that for eachy ∈ Y , a(· , y) is a holomorphic section ofZ
overÃ. Then for eachε > 0 there is aδ > 0 satisfying the following property.
If b: B̃ × Y → Z is a continuous map such that for eachy ∈ Y , b(· , y) is a
holomorphic section ofZ overB̃ satisfying

d
(
a(x, y), b(x, y)

)
< δ (x ∈ C̃ = Ã ∩ B̃, y ∈ Y ),

a(x, y) = b(x, y) (x ∈ C̃, y ∈ Y0),

then there exist smaller neighborhoodsA′ ⊃ A,B ′ ⊃ B and homotopiesat :A′×
Y → Z resp.bt :B ′ × Y → Z (0 ≤ t ≤ 1) of families of holomorphic sections
such thata0 = a, b0 = b, a1 = b1 onC ′ = A′ ∩ B ′, and for each0 ≤ t ≤ 1 we
have

d
(
at (x, y), a(x, y)

)
< ε (x ∈ A′, y ∈ Y ),

d
(
bt (x, y), b(x, y)

)
< ε (x ∈ C ′, y ∈ Y ),

at (x, y) = bt (x, y) (x ∈ C ′, y ∈ Y0).

Proof.This can done by essentially repeating the Proof of Theorem 5.1 with the
addition of the parametery. We shall only indicate a few critical places in the
proof where it is not completely obvious what must be done. First one needs for
eachy ∈ Y holomorphic maps

s1,y : Ã× Bn(η) → Z, s2,y : B̃ × Cn → Z (5.7)

for some integern > 0 and someη > 0 which are related to the sections
ay = a(· , y) resp.by = b(· , y) as in (5.5) and which depend continuously on
the parametery ∈ Y . To gets1,y we coverY by finite number of open setsYj
(1 ≤ j ≤ J ) such that for eachj there is an open Stein setUj ⊂ Z, with
ay(Ã) ⊂ Dj for eachy ∈ Yj , and there are finitely many holomorphic vector
fields Ṽ j

k (1 ≤ k ≤ kj ) which generateV T (Z) at each point ofUj . (This is
similar to the Proof of Lemma 4.4 above.) Letχj :Y → [0,1] (1 ≤ j ≤ J ) be a
continuous partition of the unity onY subordinate to the covering{Yj }. Then the
vector fieldsχj(y)Ṽ

j

k (1 ≤ j ≤ J , 1 ≤ k ≤ kj ) are well defined and holomorphic
in a neighborhood of the sectionay(Ã) for eachy ∈ Y (sinceχj(y) = 0 for those
y ∈ Y for which the fieldṼ j

k is not defined nearay(Ã), i.e., fory outsideYj ).
Together thesen fields generate the vertical tangent bundleV T (Z) at each point
ay(x) for x ∈ Ã andy ∈ Y . Using these fields and their local flows we get as
before a family of submersionss1,y (5.7) depending continuously ony ∈ Y .

With a similar argument (see Lemma 4.4) we obtain a family of mapss2,y
(5.7) which are submersions in a neighborhood of the zero section over the set
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C̃ and which approximates1,y nearC̃ × {0}n. This gives a family of transition
mappingsψy as in Proposition 5.2 which are continuous iny and approximate
a certain initial familyψ0,y . By Proposition 5.2 we obtain families of bounded
holomorphic mapsαy :A′ → Cn, βy :B ′ → Cn, depending continuously on
y ∈ Y and satisfying

ψy
(
x, αy(x)

) = βy(x) (x ∈ C ′, y ∈ Y ).
This gives for ally ∈ Y homotopies of sections

at (x, y) = s1,y
(
x, tαy(x)

)
(x ∈ A′), bt (x, y) = s2,y

(
x, tβy(x)

)
(x ∈ B ′).

Moreover, fory ∈ Y0 (when the sectionsay andby agree over̃C and hence define
a section over a neighborhood ofA ∪ B) we have by constructionψy(x,0) = 0
for all x ∈ C̃. Thereforeαy = 0 andβy = 0 for suchy (Prop. 5.2), and hence
the above homotopies are fixed fory ∈ Y0 as required. Everything else is clear
from the earlier arguments. ♠

5.6 Corollary. LetX be a Stein manifold andA ⊂ A′ a non-critical strongly
pseudoconvex extension inX (Definition 2.1). LetF be a complex manifold with
a spray andZ = X × F → X the associated trivial bundle with fiberF . Letd
be a metric onZ. Given a homotopyat (0 ≤ t ≤ 1) of holomorphic sections ofZ
in a neighborhood ofA such thata0 anda1 are holomorphic in a neighborhood
ofA′, there is for eachε > 0 a homotopỹat (0 ≤ t ≤ 1) of holomorphic sections
in a neighborhood ofA′ such thatã0 = a0, ã1 = a1, and

d
(
ãt (x), at (x)

)
< ε (x ∈ A, 0 ≤ t ≤ 1).

Proof.By Theorem 2.5 there is a finite sequence

A = A0 ⊂ A1 ⊂ A2 ⊂ . . . ⊂ Ak = A′

such that for eachj = 0,1, . . . , k−1 we haveAj+1 = Aj∪Bj , where(Aj , Bj ) is a
convex bump. Suppose inductively that we have already approximated the initial
homotopyat = a0

t onA by a homotopyajt (0 ≤ t ≤ 1) consisting of sections
that are holomorphic in a neighborhood ofAj (with aj0 = a0 andaj1 = a1).
SinceBj is a convex bump onAj , we can apply Theorem 4.5 to approximate the
homotopyajt in a neighborhood ofCj = Aj ∩Bj by a homotopybt consisting of
holomorphic sections in a neighborhood ofBj and such thatb0 = a0, b1 = a1.
If the approximation is sufficiently close, we can apply Theorem 5.5 to glue the
familiesajt andbt overCj into a single familyaj+1

t (0 ≤ t ≤ 1) consisting of
sections which are holomorphic in a neighborhood ofAj+1 = Aj ∪ Bj , which
equala0 resp.a1 whent = 0 resp.t = 1, and which approximate the sectionsajt
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onAj . This completes the induction step. In a finite number of steps we reach a
desired homotopỹat = akt satisfying Corollary 5.6. ♠

Remark.The Proof of Corollary 5.6 remains valid if the bundleZ is trivial over
a neighborhood of each bumpBj but not necessarily overA′. Thus the corollary
provides an extension of the h-principle fromA to any non-critical strongly
pseudoconvex extension ofA.

6. Extending holomorphic sections across pseudoconvex bumps

In this section we prove Theorem 2.6, thereby concluding the Proof of Theo-
rems 1.3 and 1.4. We present the proof in the case without parameters, but all
arguments go through in the general parametric case by using suitable versions
of the approximation and gluing theorems which were proved in sections 4 and
5. There are three main steps:

– approximate the given sectiona in a neighborhood ofC = A∩B by a section
b which is holomorphic in a neighborhood ofB;

– glue the sectionsa and b by Theorem 5.1 (or Theorem 5.5) to obtain a
holomorphic sectioña in a neighborhood ofA ∪ B;

– show that the new sectioña is homotopic toa and satisfies all required
properties.

We present all arguments in the general case when(A,B) is a pseudoconvex
bump and the setC = A∩B is not necessarily contractible. In the special case of
convex bumps the arguments involving homotopies can be substantially simplied
by using contractibility ofC and the fact thatA is a strong deformation retraction
of A ∪ B.

6.1 Proposition.There exists a homotopybt (0 ≤ t ≤ 1) of continuous sections
in a neighborhood ofB such thatb0 is holomorphic in a neighborhood ofB,
eachbt is holomorphic in a neighborhood ofC, andb1 = a.

Proof. SinceB is star-shaped, it has an open contractible neighborhoodB̃. By
hypothesis we may choosẽB so small thatZ|B̃ is a trivial bundle. Hence there
is a holomorphic sectionb0 of Z overB̃ (we may simply take a constant section
in a given trivialization) and a homotopyb′

t : B̃ → Z (0 ≤ t ≤ 1) of continuous
sections connectingb′

0 = b0 andb′
1 = a (such a homotopy exists sincẽB is

contractible and the bundle is trivial overB̃).
Recall (part (v) in Definition 2.2) that we have a strongly plurisubharmonic

functionτ ≥ 0 in a neighborhood ofC = A∩B such thatS = {τ = 0} is a totally
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real sphere contained in an affine planeT (in some holomorphic coordinates in a
neighborhood ofB),C = {τ ≤ 1}, andτ has no critical points onC\S. Our first
goal is to modify the homotopyb′

t so as to make it holomorphic in a neighborhood
of S. Assume (as we may) thatS is real-analytic. LetT ′ be the affine totally real
subspace of maximal dimension containingT (and henceS).We can approximate
b′
t |S uniformly onS by a homotopy consisting of real-analytic sections over a

neighborhood ofB without changing the sectionsb′
0 = b0 andb′

1 = a. We still
denote this real-analytic homotopy byb′

t . For eacht the sectionb′
t |T ′ extends (by

complexification) to a unique holomorphic sectionb̃t in a neighborhood ofT ′∩C
(independent oft). Henceb̃t is a holomorphic homotopy in a neighborhood of
S0 = {τ ≤ c0} for some sufficiently smallc0 > 0. Of course this process does
not affect the sections that were already holomorphic, so we haveb̃0 = b0 and
b̃1 = a onS0.

SinceC is a non-critical strongly pseudoconvex extension ofS0, Corollary
5.6 implies that̃bt can be approximated uniformly onS0 by another homotopy
bt (0 ≤ t ≤ 1) which is holomorphic in a neighborhood ofC and connectsb0

anda.
To complete the proof we must show that the homotopybt (which has so far

been defined and holomorphic in a neighborhood ofC) extends to a continuous
homotopy fromb0 to a in a neighborhood ofB. To do this we first reparametrize
both homotopiesbt andb′

t so that for some smallδ > 0 we have

bt = b′
t = b0 for 0 ≤ t ≤ δ, bt = b′

t = a for 1 − δ ≤ t ≤ 1. (6.1)

6.2 Lemma.If bt |S is sufficiently uniformly close tob′
t |S onS = {τ = 0} ⊂ C for

eacht ∈ [0,1], and if (6.1) holds for someδ > 0, then there exist a neighborhood
C̃ ofC and a two-parameter homotopyb̃t,s (0 ≤ t, s ≤ 1) of continuous sections
ofZ overC̃ satisfying

b̃t,0 = bt , b̃t,1 = b′
t for 0 ≤ t ≤ 1;

b̃t,s = bt = b′
t for t ∈ {0,1} and 0≤ s ≤ 1.

Proof. If bt |S is sufficiently uniformly close tob′
t |S for eacht ∈ [0,1] (which

we may assume to be the case), we can use the spray as in Lemma 3.2 to obtain
a two parameter homotopy of sectionsbt,s : S → Z (0 ≤ t, s ≤ 1) satisfying

bt,0 = bt |S, bt,1 = b′
t |S for 0 ≤ t ≤ 1;

bt,s = bt = b′
t for t ∈ [0, δ] ∪ [1 − δ,1] and 0≤ s ≤ 1.

Furthermore,S is a strong deformation retraction of a neighborhoodC̃ ofC, i.e.,
there is a smooth family of mapsΘt : C̃ → C̃ (0 ≤ t ≤ 1) such thatΘ0 is the
identity onC̃, eachΘt is the identity onS, andΘ1(C̃) = S. Choose a smooth
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functionu: [0,1] → [0,1] which is zero in a neighborhood oft = 0 andt = 1
and is identically one on[δ,1− δ]. We identify sections ofZ overC̃ (or overB̃)
by mappings into the fiberF , using the triviality ofZ|B̃. For eachx ∈ C̃ and
0 ≤ t ≤ 1 we define

b̃t,s(x) =


bt

(
Θ3su(t)(x)

); if 0 ≤ s ≤ 1/3,
bt,3s−1

(
Θu(t)(x)

); if 1/3 ≤ s ≤ 2/3,
b′
t

(
Θ3(1−s)u(t)(x)

); if 2/3 ≤ s ≤ 1.

Clearly these maps are defined for allx ∈ C̃. We haveb̃t,0 = bt ◦Θ0 = bt and
b̃t,1 = b′

t ◦ Θ0 = b′
t . Moreover, whent is near 0 or near 1, or whenx ∈ S, we

haveb̃t,s(x) = bt,s(x) for all s ∈ [0,1]. Thusb̃t,s satisfies Lemma 6.2. ♠
Choose a smooth functionv:X → [0,1] such thatv = 1 in a neighborhood

C ′ ⊂ C̃ of C and suppv ⊂⊂ C̃. Let b̃t,s be as in Lemma 6.2. Consider the
homotopy

b̃t,1−v(x)(x) (x ∈ B̃, 0 ≤ t ≤ 1).

By the choice ofv this equals̃bt,0(x) = bt (x) for x ∈ C ′ (so it is holomorphic
there), it is defined for allx ∈ B̃, and it equalsb′

t (x) for x outsideC̃. This
homotopy, which we again denote bybt , satisfies Proposition 6.1. ♠

In what follows we shall shrink the neighborhoodsB̃ and C̃ several times
without mentioning this again, and without changing the notation. We are now in
position to apply the h-Runge approximation (Theorem 4.1 or 4.2) to approximate
the homotopybt from Proposition 6.1 uniformly iñC by a holomorphic homotopy
b̃t : B̃ → Z such thatb̃0 = b0. The sectionb = b̃1 then approximatesa in C̃
as well as desired. Hence by Theorem 5.1 (or 5.5) we can gluea andb into a
single sectioña which is holomorphic in a neighborhoodA′ ofA∪B and which
approximatesa in a neighborhood ofA.

It remains to show that there is a homotopy of sectionsat (0 ≤ t ≤ 1) in
a neighborhood ofA ∪ B, connectinga0 = a anda1 = ã, such that eachat
is holomorphic in a neighborhood ofA and approximatesa there (soat will
satisfy Theorem 2.6). In a neighborhood ofA such a homotopy is provided by
Theorem 5.1. Our goal is to extend this homotopy to a neighborhood ofA ∪ B
by modifying it outside some neighborhood ofA.

Recall that overB̃ we have the following homotopies:

(i) the homotopybt from b0 to b1 = a, given by Proposition 6.1;
(ii) the homotopyb̃t from b̃0 = b0 to b̃1 = b, obtained by approximatingbt in

C̃;
(iii) the homotopyb′

t from b′
0 = b(= b̃1) to b′

1 = ã, given by Theorem 5.1.

Note that all these homotopies are holomorphic inC̃ andb′
t approximatesb (and

hencea) there. If we combine these three homotopies in the correct order (first
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follow b1−t from a to b0, then follow b̃t from b0 to b̃1 = b, and finally follow
b′
t from b to ã), we get a homotopy froma to ã over B̃ which is holomorphic

over C̃. However, we must show that this homotopy overB̃ can be glued with
the homotopyat into a single homotopy froma to ã in a neighborhood ofA∪B.

In order to do this we will first join the above homotopies (i)–(iii) overB̃
into a new homotopyht from a to ã which in addition will approximatesa
in C̃. For convenience we shall defineht initially on the t-interval [0,4] and
subsequently rescale the parameter to[0,1]. According to the remark following
Theorem 4.1 we may assume that there is a two-parameter homotopygt,s : B̃ → Z

(0 ≤ t, s ≤ 1) which is holomorphic inC̃ and satisfies

gt,0 = bt , gt,1 = b̃t , g0,s = b0,

and such thatg1,s approximatesb1 = a in C̃ for eachs ∈ [0,1]. Choose a smooth
functionχ onX with values in[0,1] such thatχ = 1 in a neighborhood ofA
andχ = 0 in a neighborhood ofB\C̃. Suchχ exists since the setsA\B and
B\A are separated. We now define for eachx ∈ B̃

ht (x) =




b1−t+tχ(x)(x), if 0 ≤ t ≤ 1;
gχ(x),t−1(x), if 1 ≤ t ≤ 2;
b̃χ(x)+(1−χ(x))(t−2)(x), if 2 ≤ t ≤ 3;
b′
t−3(x), if 3 ≤ t ≤ 4.

The reader may verify that this is indeed a homotopy fromh0 = a to h4 = ã.
Forx in a neighborhood ofC we haveχ(x) = 1 and hence

ht(x) =



b1(x) = a(x), if 0 ≤ t ≤ 1;
g1,t−1(x), if 1 ≤ t ≤ 2;
b̃1(x) = b(x), if 2 ≤ t ≤ 3;
b′
t−3(x), if 3 ≤ t ≤ 4.

Henceht is holomorphic nearC and approximatesa there (since all homotopies
in question are close toa onC̃). Hence we may assume that onC̃ both homotopies
at andht (which we rescale to thet-interval [0,1]) approximatea so well that
their images (over̃C) belong to a tubular neighborhood ofa(C̃) ⊂ Z in which
we can apply Lemma 3.2. This means that we can view these sections onC̃ as
sections of a certain holomorphic vector bundle overC̃. This allows us to find
a two parameter homotopykt,s joining at andht overC̃ (we can simply use the
convex combinations of the two sections in the given vector bundle.) Finally we
patchat andht usingkt,s into the homotopy

ãt (x) = kt,1−χ(x)(x)

whereχ is a smooth function chosen as above. Forx nearA we haveχ(x) = 1
and hencẽat (x) = kt,0(x) = at (x), while for x nearB\Ã we haveχ(x) = 0
and hencẽat (x) = kt,1(x) = ht(x). We denote this new homotopy againat .
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Finally we choose a smooth functionη onX with values in[0,1] such that
η = 1 nearA ∪ B and suppη ⊂ A′, whereA′ is the neighborhood ofA ∪ B on
which the homotopyat has been defined. The homotopyatη(x)(x) (0 ≤ t ≤ 1) is
now defined for allx ∈ X, it equalsa0(x) = a(x) for x ∈ X\A′ andt ∈ [0,1],
and it equalsat (x) for x ∈ A ∪ B. This completes the Proof of Theorem 2.6.
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