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Abstract. We prove a basic version of the Oka principle for multivalued sections of ramified
holomorphic mappings h : Z ! X of a complex space Z onto an irreducible Stein space X.
Assume that X0 HX is a closed complex subvariety of X such that h is an elliptic submersion
over XnX0, in the sense that it admits a fiber-dominating spray over a small neighborhood of
any point in XnX0. If F0 is a d-valued continuous section of h which is holomorphic in a
neighborhood of X0, unramified over XnX0 and whose discriminant locus has Hausdor¤
ð2n � 1Þ-dimensional measure zero, where n ¼ dim X , then F0 can be homotopically deformed
to a holomorphic d-valued section F of h. Since the graph VðFÞ of such F is an e¤ective ana-
lytic chain in Z such that h : VðFÞ ! X is an analytic cover, we obtain an existence result for
such chains. Our results apply to maps h whose generic fibers are parabolic or elliptic curves.
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0 Introduction

A central problem in the analysis of holomorphic mappings h : Z ! X between
complex manifolds (or complex spaces) is to find holomorphic sections, i.e., maps
f : X ! Z satisfying hð f ðxÞÞ ¼ x for all x A X . If h is unramified (a holomorphic
submersion), there exist plenty of local holomorphic sections passing through any
point of Z, and the main question is the existence of global sections. The most one
may hope for is that every continuous section can be homotopically deformed to a
holomorphic section. This holds only for special classes of submersions and is com-
monly referred to as the Oka principle (or the Oka-Grauert principle) for sections of
h. The strongest result in this direction [F3] extends the works of Oka [O], Grauert
[Gr1, Gr2], Forster and Ramspott [FR] and Gromov [Gro]. (For proofs of Gromov’s
results see [FP1, FP2, FP3] and [L].)

In this paper we consider the analogous problem for ramified mappings. A point
z A Z is a ramification point of h : Z ! X if dhz : TzZ ! ThðzÞX is not surjective,
and the set of all such points is the ramification locus brh. (For maps of complex
spaces we include Zsing W h�1ðXsingÞ into brh.) There need not exist any local sections,



not even continuous ones, passing through a ramification point (consider hðzÞ ¼ z2 at
z ¼ 0). Furthermore, the existence of a continuous section need not imply the exis-
tence of a local holomorphic section at such points. For instance, the function
hðz;wÞ ¼ zpwq on C2 for coprime p; q A N admits the Hölder-continuous section

f ðreiyÞ ¼ ðr1=2peip 0y; r1=2qeiq 0yÞ, where p 0; q 0 are integers with pp 0 þ qq 0 ¼ 1, but it
admits no local single-valued holomorphic section with f ð0Þ ¼ ð0; 0Þ.
The natural objects associated to ramified maps h : Z ! X are complex subvarieties
V HZ such that hjV : V ! X is a proper finite projection onto X, i.e., an analytic

cover. (For properties of analytic covers we refer to Whitney [W].) If the base X is
a connected complex manifold or an irreducible complex space, there are an integer
d A N and a closed complex subvariety dHX such that for all x A Xnd the fiber Vx ¼
V X h�1ðxÞ consists of precisely d distinct points while the exceptional fibers Vx over
points x A d contain less than d points. The number d is the degree and d is the dis-

criminant locus of the analytic cover. If we consider the points in Vx with algebraic
multiplicities then every fiber consists of precisely d points and we may think of V as
the graph of a holomorphic d-valued section F of h. This notion can be made precise
by considering F as a fiber preserving holomorphic map from X to the d-fold sym-
metric power Zd

sym of Z. The latter point of view is especially convenient since it al-
lows us to consider the topological objects in Z, with combinatorial properties anal-
ogous to analytic covers, as graphs of continuous (or smooth) multivalued sections of
h. The graph of a holomorphic multivalued section of h is an e¤ective analytic chain

in Z, i.e., a formal combination V ¼
P

j mjVj of finitely many closed irreducible com-
plex subvarieties Vj HZ with coe‰cients mj A N such that hjVj

: Vj ! X is an ana-
lytic cover for each j.

Our main result (Theorem 1.1) is a basic version of the Oka principle for multivalued
sections of certain ramified maps over an irreducible Stein base. It applies in partic-
ular to maps h whose regular fibers are compact complex curves of genus zero or one
(Corollary 1.2). We also prove the Oka principle for liftings of holomorphic maps
(Theorem 1.3 and Corollary 1.4). We hope that these results will be useful in the study
of ramified mappings which arise naturally in analytic and algebraic geometry.

1 The results

All complex spaces are assumed to be reduced and finite dimensional. If X is a com-
plex space then Xsing denotes its singular locus and Xreg ¼ XnXsing its regular locus.
Given a holomorphic map h : Z ! X , we denote by brh HZ its ramification locus,
consisting of all points z A Z such that Z is singular at z or X is singular at x ¼ hðzÞ
or the derivative dhz : TzZ ! TxX is not surjective.

For d A N we denote by Zd
sym the d-fold symmetric power of Z, the quotient of the

Cartesian power Zd by the action of the permutation group on d elements permuting
the entries of ðz1; . . . ; zdÞ A Zd . Thus a point in Zd

sym is an unordered d-tuple of points
in Z. Zd

sym inherits from Zd the structure of a complex space and hence we may speak
of continuous resp. holomorphic maps X ! Zd

sym. For details we refer to section 4
below and to [W].
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Definition 1. A holomorphic (resp. continuous) d-valued section of h is a holomorphic
(resp. continuous) map F : X ! Zd

sym such that FðxÞH h�1ðxÞ for each x A X . The
number d is called the degree of F. F is unramified at x A X if its restriction to some
small open neighborhood U HX of x is a union of d continuous (resp. holomorphic)
single-valued sections of h. We denote by brF the ramification locus of F consisting of
all points x A X such that F is not a union of single-valued sections in any neighbor-
hood of x.

Let aF ðxÞ denote the number of distinct points in FðxÞ. Set

mF ¼ maxfaFðxÞ : x A Xga d; dF ¼ fx A X : aFðxÞ < mFg:

The set dF is called the discriminant locus of F. Clearly brF H dF and both sets are
closed when F is continuous. If F is holomorphic then brF and dF are closed complex
subvarieties of X.

Definition 2. A holomorphic map h : Z ! X between complex spaces is an elliptic

submersion over an open subset WHXreg if the restriction h : h�1ðWÞ ! W is a sub-
mersion of complex manifolds and each point x A W has an open neighborhood U

such that there exist a holomorphic vector bundle p : E ! ZjU :¼ h�1ðUÞ and a
holomorphic map s : E ! ZjU satisfying the following conditions for each z A ZjU :

(i) sðEzÞHZhðzÞ (equivalently, hs ¼ hp),

(ii) sð0zÞ ¼ z, and

(iii) the derivative ds : T0z
E ! TzZ maps the subspace Ez HT0z

E surjectively onto
the vertical tangent space VTzðZÞ :¼ ker dhz.

A triple ðE; p; sÞ as above is called a (fiber-) dominating spray associated to the sub-
mersion h : ZjU ! U , (iii) being the domination property of s. To our knowledge
sprays were first introduced by M. Gromov in [Gro] as a weaker replacement of the
exponential map on a Lie group which was used in the proof of the classical Oka-
Grauert principle.

The notation HkðAÞ ¼ 0 means that A has the k-dimensional Hausdor¤ measure
zero; this makes sense for subsets of analytic spaces.

1.1 Theorem (Oka’s principle for multivalued sections). Let h : Z ! X be a holomor-

phic map of a complex space Z onto an irreducible n-dimensional Stein space X. Assume

that X0 is a closed complex subvariety of X containing hðbrhÞ such that h is an elliptic

submersion over XnX0. Let F be a continuous d-valued section of h which is holomorphic

in a neighborhood of X0, unramified over XnX0 and satisfies H2n�1ðdF Þ ¼ 0. Then there

is a homotopy Ft : X ! Zd
sym ðt A ½0; 1
Þ of continuous d-valued sections of h such that

F0 ¼ F , each Ft is holomorphic in a neighborhood of X0, unramified over XnX0 and

satisfies FtðxÞ ¼ FðxÞ for x A X0, and F1 is holomorphic on X.
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We have already mentioned that the graph of a holomorphic multivalued section of
h is an e¤ective n-dimensional analytic chain in Z with proper finite projection onto
X (Proposition 4.2), and hence Theorem 1.1 may be viewed as an existence result for
such chains. The problem of extending a holomorphic d-valued section of h defined
locally near X0 to a continuous d-valued section over X can be treated by methods of
obstruction theory (see for instance [Wd]).

Remarks concerning Theorem 1.1. 1. The space Z need not be Stein (the fibers of h

may even be compact). Theorem 1.1 is new even for d ¼ 1 since the known results
only apply to single-valued sections of unramified maps. Under suitable hypotheses
the result also holds over a reducible Stein space X (for single-valued sections no ex-
tra hypotheses are needed).

2. Theorem 1.1 holds with the usual additions described in [Gro, FP2, FP3]. For in-
stance, if F is holomorphic in a neighborhood of K WX0 for some compact, holomor-
phically convex subset K HX and if h is elliptic over XnðK WX0Þ then the homotopy
Ft in Theorem 1.1 may be chosen such that each Ft is holomorphic in a neighborhood
of K WX0, it approximates F uniformly on K, and it agrees with F to a given finite
order along X0. (See Theorem 1.4 in [FP3] for a precise statement of such a result for
single-valued sections.) In addition, Theorem 1.1 holds under the weaker condition
that h is a subelliptic submersion over ~XX ¼ XnX0 (this is explained in the subsequent
paper [F3]). The same applies to Theorems 1.3 and 2.1 below.

3. The condition H2n�1ðdF Þ ¼ 0 is satisfied for any holomorphic multivalued section
since dF is a proper complex subvariety of X. It implies that dF is nowhere dense in
X and XndF is path connected and locally path connected (provided that X is irre-
ducible) which guarantees a unique decomposition of F into irreducible components
by Proposition 4.1. This is no longer the case if H2n�1ðdF Þ > 0. For instance, the
2-valued map F : C ! C2

sym given by Fðx þ iyÞ ¼ ½jxj;�jxj
 (with dF ¼ fx ¼ 0g of
Hausdor¤ dimension one) has two splittings into single-valued continuous maps: (a)
F1ðzÞ ¼ jxj, F2ðzÞ ¼ �jxj; (b) F1ðzÞ ¼ x, F2ðzÞ ¼ �x.

4. A jet-transversality argument shows that for a generic smooth multivalued section
the set dXXreg is a smooth real submanifold of real codimension at least two and
hence H2n�1ðdÞ ¼ 0. However, a generic perturbation may introduce additional ram-
ification points as the next example shows.

Example 1. Let w : C ! Rþ be a smooth function which vanishes precisely on D ¼
fjzja 1g. Consider the maps Fe : C ! C2

sym defined by

FeðzÞ ¼ ½ðwðzÞ þ eÞ
ffiffiffi
z

p
;�ðwðzÞ þ eÞ

ffiffiffi
z

p

; z A C:

Clearly F0 is unramified and dF0
¼ D, but for any e > 0 the map Fe is ramified at

z ¼ 0 and satisfies dFe ¼ f0g. There exists no unramified perturbation G of F0 sat-
isfying H1ðdGÞ ¼ 0 which can be seen as follows. If such G exists, its normalized
graph (obtained by separating the self-intersections as in the proof of Lemma 5.1) is a
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covering space over C and hence trivial. This is a contradiction since the graph of F

over any circle fjzj ¼ rg for r > 1 is a nontrivial covering space which remains non-
trivial after a perturbation. y

1.2 Corollary. Let h : Z ! X be a holomorphic map of a complex space Z onto an ir-

reducible n-dimensional Stein space X. Assume that X0 is a closed complex subvariety

of X such that h : ~ZZ ¼ Znh�1ðX0Þ ! ~XX ¼ XnX0 is a submersion of complex mani-

folds. Then Theorem 1.1 applies in each of the following cases:

(a) Each connected component of the fiber Zx ¼ h�1ðxÞ for x A ~XX is either a rational

curve ðCP1Þ or an elliptic curve (a complex torus).

(b) The restriction h : ~ZZ ! ~XX is locally trivial (a holomorphic fiber bundle) and the

fiber Zx is a complex Lie group or a complex homogeneous space.

(c) ~ZZ ¼ VnS where h : V ! ~XX is a holomorphic vector bundle over ~XX of rank k b 2
and S is complex subvariety of the associated bundle ~VV ! ~XX with fibers ~VVx FCPk

such that dimSx a k � 2 for all x A ~XX .

Proof. In each case the restricted submersion h : ~ZZ ! ~XX is elliptic and hence Theo-
rem 1.1 applies. Case (b) was considered in [Gr1, Gr2] and [FP2], and case (c) was
considered in [Gro] and, more explicitly, in [FP2, Theorem 1.7]. In case (c) the fibers

Sx are algebraic subvarieties of ~VVx FCPk ( ~VVx is obtained by compactifying Vx FCk

by a hyperplane at infinity).

In case (a) the connected components of the fiber Zx ¼ h�1ðxÞ for x A ~XX are all of
the same type (either CP1 or elliptic). In the first case the complex structure on Zx

is independent of x and hence ~ZZ ! ~XX is a fiber bundle with complex homogeneous
fiber CP1, so the result is a special case of (b). If the components of Zx are elliptic
curves Cx; j ð1 a j a j0Þ, the parameter of the complex structure on Cx; j is locally
a holomorphic function of x. Hence the universal covering maps C ! Cx; j can be
chosen to be locally holomorphic in x, and these maps give sprays on ZjU over small
open sets U H ~XX . y

Example 2. This is an explicit example of a fibration of type (a) in Corollary 1.2. Let
S be a compact complex surface in CPN . Choose a point p A CPNnS and let X F
CPN�1 denote the set of all complex hyperplanes lHCPN passing through p. Set
Z ¼ fðl; zÞ : l A X ; z A lXSg and denote by h : Z ! X the projection hðl; zÞ ¼ l.
The ramification locus brh is the set of points ðl; zÞ A Z such that the intersection of l
with S is non-transverse at z. Since h is proper, its projection X0 ¼ hðbrhÞHX is a
closed complex subvariety of X. For l A XnX0 the fiber h�1ðlÞ ¼ lXS is a union of
finitely compact Riemann surfaces whose genus g is independent of l. If g ¼ 0 then S

is called a ruled surface, and if g ¼ 1 then S is an elliptic surface (see [BV]). In each of
these two cases Theorem 1.1 holds over any Stein domain in X, but it fails when
g b 2 because of the hyperbolicity. y

Our next result extends Theorem 2.1 in [F2] to ramified maps h.
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1.3 Theorem (The Oka principle for liftings). Let h : Z ! X and f : Y ! X be hol-

omorphic maps of reduced complex spaces. Assume that X0 HX is a closed complex

subvariety containing f ðYsingÞW hðbr hÞ and g0 : Y ! Z is a continuous map which is

holomorphic in an open set containing Y0 :¼ f �1ðX0Þ and satisfies h � g0 ¼ f . If Y is

Stein and h is an elliptic submersion over an open set in X containing f ðY ÞnX0 then for

each k A N there exists a homotopy of continuous maps gt : Y ! Z such that for each

t A ½0; 1
 we have h � gt ¼ f , gt and g0 are tangent to order k along Y0, and g1 is hol-

omorphic on Y. If in addition g0 is holomorphic in a neighborhood of a compact hol-

omorphically convex subset K HHY then the homotopy fgtg can be chosen such that,

in addition to the above, each gt approximates g0 uniformly on K.

The following diagram illustrates Theorem 1.3:

Z

g

??
??

y

???yh

Y ���!
f

X

A map g for which this diagram commutes is called a lifting of f , and the result is
that (under the stated conditions) a continuous lifting can be homotopically deformed

to a holomorphic lifting. The spaces Z and X in Theorem 1.3 need not be Stein. The-
orem 1.3 is proved in section 3.

We can apply Theorem 1.3 to the construction of entire maps on vector bundles whose
images avoid certain complex subvarieties. Let h : E ! X be a holomorphic vector
bundle of rank q over a Stein manifold X. For each x A X we denote by ÊEx GCPq

the compactification of the fiber Ex GCq by the hyperplane at infinity Lx GCPq�1.
The resulting fiber bundle ĥh : ÊE ! X is again holomorphic since the transition maps
for E, which are C-linear automorphisms of fibers Ex, extend to projective linear au-
tomorphisms of ÊEx.

1.4 Corollary. Let h : E ! X be a holomorphic vector bundle of rank q over a Stein

manifold X and let ÊE ! X be the associated bundle with fiber CPq as above. Let S be

a closed complex subvariety of ÊE whose fiber Sx has complex codimension at least two

in ÊEx and satisfies 0x B Sx for each x A X . Then for every k A N there exists a fiber-

preserving holomorphic map F : E ! EnS which is tangent to the identity to order k

along the zero section of E.

The conclusion of Corollary 1.4 can also be stated as follows: There exists a family of

entire mappings Fx on the fibers Ex GCq, depending holomorphically on the parameter

x A X , such that Fx is tangent to the identity at the origin 0x A Ex and its image FxðExÞ
misses the subvariety Sx HEx for each x A X . Of course the point 0x can be replaced
by gðxÞ where g : X ! EnS is a holomorphic section. Each fiber Sx is projective-
algebraic by Chow’s theorem. The result is false in general if Sx has codimension one
in Ex (since its complement may be Kobayashi hyperbolic).
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Proof of Corollary 1.4. Let Z ¼ EnS. The hypothesis on S implies that the restricted
submersion hjZ : Z ! X is elliptic (see Corollary 1.8 in [FP2]). Take Y ¼ E (which is
Stein) and let Y0 denote the zero section of E. By hypothesis we have Y0 XS ¼ j.
Choose a continuous fiber preserving map g0 : E ! Z which equals the identity in an
open set U HE containing Y0 (such g0 can be obtained by contracting each fiber Ex

to a neighborhood of 0x which does not intersect Sx). Since hjZ � g0 ¼ h, g0 is a con-
tinuous lifting of the holomorphic map h : Y ¼ E ! X with respect to the submersion
hjZ : Z ! X . By Theorem 1.3 we obtain a homotopy of liftings gt : Y ! Z from g0

to a holomorphic lifting g1 : Y ! Z such that the homotopy is fixed to order k along
Y0. The map F ¼ g1 satisfies Corollary 1.4. y

Open problem. Is it possible to choose F : E ! EnS in Corollary 1.4 to be injective

(i.e., such that Fx is a Fatou-Bieberbach map on Ex FCq for each x A X )? By Prop-
osition 1.4 in [F1] the answer is a‰rmative when X consists of a single point.

In the remainder of this section we explain the organization of the paper. In section 2
we prove Theorem 1.1 for single-valued sections of ramified maps (this is stated sep-
arately as Theorem 2.1). The main point is that the proof of Oka’s principle for el-
liptic submersions, given in [FP2] and [FP3], extends to ramified maps provided that
one can construct a local spray around the graph of any holomorphic section of h over
a holomorphically convex subset of X, such that this local spray is dominating out-
side of the branch locus of h. In [FP2, FP3] we used the fact that the vertical tangent
space VTðZÞ ¼ ker dh of a holomorphic submersion h : Z ! X is a holomorphic
vector bundle over Z and hence is generated over any open Stein subset WHZ by
finitely many sections (vertical holomorphic vector fields). The composition of local
flows of these sections is a local spray on W. When h has ramification points, VTðZÞ
is no longer a vector bundle but merely a linear space over Z [Fi]. Nevertheless, germs
of holomorphic sections of this space form a coherent analytic sheaf over Z which is
locally free over Znbrh (Proposition 2.2) which enables us to complete the proof.

In section 3 we reduce Theorem 1.3 to Theorem 2.1. We associate to the map f :
Y ! X the pull-back ĥh : ẐZ ! Y of h : Z ! X so that sections of ĥh over Y are in one-
to-one correspondence with maps g : Y ! Z satisfying hg ¼ f (i.e., with liftings of
f ). Furthermore, if U HX is an open subset of X and V ¼ f �1ðUÞHY then any h-
spray associated to h�1ðUÞ ! U pulls back to an ĥh-spray associated to ĥh�1ðVÞ ! V .
Hence Theorem 1.3 follows from Theorem 2.1 applied to sections of ĥh.

In section 4 we collect some basic results on multivalued sections which are used in
the proof of Theorem 1.1 for d > 1.

In section 5 we deduce the general case of Theorem 1.1 from Theorem 1.3. Given a d-
valued section F : X ! Zd

sym of h : Z ! X as in Theorem 1.1, we construct a normal
Stein space Y and a continuous map g0 : Y ! Z satisfying the following:

– the composition f ¼ hg0 : Y ! X is a d-sheeted analytic cover onto X which is
unramified over XnX0,
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– g0 maps the fiber Yx :¼ f �1ðxÞ onto FðxÞ for each x A X , and

– g0 is holomorphic in f �1ðU0Þ if F is holomorphic in U0 HX .

The space Y is the normalized graph of F in which the multiple points over XnX0

have been separated. Since f : Y ! X is a proper finite map onto a Stein space X, Y

is also Stein. The inverse f �1 : X ! Y d
sym is a holomorphic d-valued section of f . The

map g0 : Y ! Z is a continuous lifting of f ¼ h � g0 : Y ! X with respect h : Z ! X .
Theorem 1.3 provides a homotopy of liftings gt : Y ! Z of f connecting g0 to a hol-
omorphic lifting g1. Then Ft ¼ gt � f �1 : X ! Zd

sym is a homotopy of d-valued sec-
tions of h : Z ! X satisfying Theorem 1.1.

2 Proof of Theorem 1.1 for single-valued sections

In this section we prove the following version of Theorem 1.1 for single-valued sec-
tions. All complex spaces are assumed to be reduced and finite dimensional.

2.1 Theorem. Let X be a Stein space (possible reducible) and h : Z ! X a holomor-

phic map of a complex space Z onto X. Assume that X0 is a closed complex subvariety

of X containing hðbrhÞ such that h is an elliptic submersion over XnX0. Given a con-

tinuous section F : X ! Z which is holomorphic in an open set containing X0, there

is for any k A N a homotopy Ft : X ! Z ðt A ½0; 1
Þ of continuous sections such that

F0 ¼ F , for each t A ½0; 1
 the section Ft is holomorphic in a neighborhood of X0 and

tangent to F0 to order k along X0, and F1 is holomorphic on X. If F is holomorphic in a

neighborhood of K WX0 for some compact, holomorphically convex subset K of X then

we can choose Ft to be holomorphic in a neighborhood of K WX0 and to approximate

F ¼ F0 uniformly on K.

When Z and X are complex manifolds and h is a surjective submersion (i.e., brh ¼ j),
Theorem 2.1 is a special case of Theorem 1.4 in [FP3]. When X0 ¼ j it is included in
[Gro, 4.5 Main Theorem] and in [FP2, Theorem 1.5]. The presence of ramification
points of h requires a refinement of the proof, related to the construction of local
sprays in neighborhoods of graphs of holomorphic sections over Stein sets in X, which
we now describe.

2.2 Proposition (Existence of local sprays). Let h : Z ! X be a holomorphic map of

reduced complex spaces. For any open Stein subset W of Z there exist an integer N A N,
an open set V HW� CN containing W�f0g, and a holomorphic map s : V ! Z sat-

isfying the following:

(i) sðz; 0Þ ¼ z for z A W,

(ii) hðsðz; tÞÞ ¼ hðzÞ for ðz; tÞ A V ,

(iii) sðz; tÞ ¼ z when ðz; tÞ A V and z A brh,

(iv) for each z A Wnbrh the derivative at t ¼ 0 A CN of t ! sðz; tÞ A Z maps T0CN

surjectively onto VTzZ :¼ ker dhz.
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A map s satisfying Proposition 2.2 is called a local spray for h over W. Indeed s sat-
isfies all properties of a spray except that it is not defined globally on W� CN and the
domination property (iv) only holds in the complement of the ramification locus brh.
When h is a submersion of complex manifolds, Proposition 2.2 coincides with Lemma
5.3 in [FP1].

Proof of Proposition 2.2. Our reference are Chapters 1 and 2 in [Fi]. Recall that the
tangent space of a complex space Z is a linear space p : TZ ! Z (a complex space
with linear fibers over Z) obtained as follows. Fix a point z0 A Z and represent an
open neighborhood Z0 HZ of z0 as a closed complex subspace of an open subset W

of Cm, defined by a sheaf of ideals IHOW which is generated by holomorphic
functions f1; . . . ; fr A OðWÞ. Thus the structure sheaf OZ0

is isomorphic to the quo-
tient OW=I restricted to f f ¼ 0g ¼ Z0. If ðw1; . . . ;wm; x1; . . . ; xmÞ are coordinates in
W � Cm then TZ0 ¼ TZjZ0

is the closed complex subspace of W � Cm generated by
the functions

ð2:1Þ f1; . . . ; fr and
qfi

qw1
x1 þ � � � þ qfi

qwm

xm for i ¼ 1; . . . ; r:

The projection TZ0 ! Z0 is induced by W � Cm ! W , ðw; xÞ ! w. Di¤erent local
representations of Z in Cm give isomorphic representations of the tangent space. Over
Zreg the space TZ is the usual tangent bundle of Z.

Suppose furthermore that h : Z ! X is a holomorphic map of complex spaces. The
vertical tangent space p : VTðZÞ ! X with respect to h (also called in [Fi] ‘the tan-
gent space of Z over X ’ and denoted TðZ=XÞ) is a linear space over Z (a subspace of
TZ) with the following local description. Fix a point z0 A Z and let x0 ¼ hðz0Þ A X .
Let Z0 HW HCm be a local representation of a neighborhood of z0 as above and let
X0 HW 0 HCn be a local representation of a neighborhood X0 HX of x0. We may
choose these neighborhoods such that hðZ0ÞHX0 and the restriction h : Z0 ! X0

extends to a holomorphic map H ¼ ðH1; . . . ;HnÞ : W ! Cn. One takes TðZ=X ÞjZ0

to be the closed complex subspace of W � Cm generated by the functions (2.1) to-
gether with

ð2:2Þ qHi

qw1
x1 þ � � � þ qHi

qwm

xm for i ¼ 1; . . . ; n:

Again the result is independent of the local representations up to isomorphism and
the complex space obtained in this way coincides with the usual vertical tangent
bundle over Znbrh. The spaces TZ and VTðZÞ need not be reduced even if Z is, but
this will not be important for our purposes.

We denote by TZ (resp. VTZ) the sheaf of germs of holomorphic sections of TZ (resp.
of VTðZÞ). These are OZ-analytic sheaves which are free over Znbrh. Sections of TZ

are called vector fields on Z and sections of VTZ are called vertical vector fields.

2.3 Lemma. The OZ-analytic sheaves TZ and VTZ are coherent.
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Proof. Indeed the sheaf L of holomorphic sections of any linear space L ! Z over
a complex space Z is a coherent OZ-analytic sheaf [Fi, p. 53, Corollary]. In the
present case this can be seen directly as follows. Using a local representation for
VTðZÞjZ0

as above, the sheaf VTZ0
consists of germs of holomorphic maps x ¼

ðx1; . . . ; xmÞ : Z0 ! Cm satisfying

Pm

k¼1

qfiðwÞ
qwk

xkðwÞ ¼ 0 ð1 a i a rÞ;
Pm

k¼1

qHjðwÞ
qwk

xkðwÞ ¼ 0 ð1 a j a nÞ:

To get TZ we only take the first set of equations. Thus both sheaves are locally sheaves
of relations and hence coherent [GR, p. 131]. y

We continue with the proof of Proposition 2.2. Let JHOZ denote the (coherent)
sheaf of ideals of the ramification locus brh. For any k A N the sheaf Sk ¼ Jk�VTZ

(the product of k copies of J with VTZ) is also coherent analytic. Fix k and write
S ¼ Sk. Let W be a Stein open subset of Z. We claim that there exist finitely many
sections X1; . . . ;XN of S over W which generate S at each point of Wnbrh. This can
be seen by a standard argument as follows.

Since W is Stein, Cartan’s Theorem A gives for each point z A W finitely many sec-
tions of S over W which generate S at z. We can choose a point aj in each con-
nected component Wj of Wnbrh such that the sequence fajg is discrete in W. Since S
is a free sheaf over the complex manifold Wnbrh, a simple (and well known) extension
of Cartan’s Theorem A gives finitely many sections of S over W which generate S at
each point aj. The exceptional set Z1, consisting of points in W at which these sections
fail to generate S, is a complex subspace of W satisfying dim Z1 XWj < dimWj for
each j. For each index j for which Z1 XWj 0j we now choose a point bj A Z1 XWj

such that fbjg is discrete in W. By Cartan’s Theorem A there exist finitely many sec-
tions of S over W which, together with the sections chosen in the first step, generate
S at each bj. The exceptional set Z2 HW at which all these sections fail to generate
S now satisfies dim Z2 XWj a dimWj � 2 for each j.

Continuing this way we obtain in finitely many steps sections X1; . . . ;XN of the sheaf
S over W which generate S at each point of Wnbrh. (However, the minimal number
of generators of S at ramification points z A brh need not be bounded from above
and hence there need not exist finitely many sections generating S over W.) By con-
struction X1; . . . ;XN are holomorphic vector fields on W which are vertical with re-
spect to h, they vanish to order k along brh, and they generate the vertical tangent
space VTzZ ¼ ker dhz at each point z A Wnbrh. Let f j

t denote the flow of Xj for com-
plex time t. The map

sðz; t1; . . . ; tNÞ ¼ f1
t1
� � � � � fN

tN
ðzÞ;

which is defined and holomorphic in an open neighborhood of W� f0gN in W� CN

and takes values in Z, satisfies Proposition 2.2. Indeed, its partial derivative on tj at
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t ¼ 0 equals XjðzÞ, and since these vectors generate VTzðZÞ for z A Wnbrh, s satisfies
(iv). The properties (i)–(iii) are clear. y

Proof of Theorem 2.1. Proposition 2.2 enables us to prove Theorem 2.1 by following
step by step the proof of Theorem 1.4 in [FP3]. We shall point out those places in the
proof where a change or remark is needed.

The reader should first look at Theorem 5.2 in [FP3] (and Theorem 5.1 in [FP1]).
The situation is the following (we describe the basic case without parameters). We
are given a Cartan pair ðA;BÞ in X, where the set A contains a neighborhood of the
subvariety X0 HX and where h admits a dominating spray over a neighborhood of
BHXnX0, and holomorphic sections a, b of h defined over a neighborhood of A

resp. of B such that a and b are uniformly close to each other over a neighborhood of
C ¼ AXB. We wish to patch a and b into a single holomorphic section ~aa over a
neighborhood of AWB which is uniformly close to a over A.

The problem is reduced to the model situation given by Proposition 5.2 in [FP1] (when
X0 ¼ j) or by Proposition 4.2 in [FP3] (in the general case). The model situation also
applies in the present case without any changes. The reduction is accomplished by
Lemmas 5.3 and 5.4 in [FP1]. Denote by BnðeÞHCn the open ball of radius e and
center at the origin. These lemmas show how to construct the following:

– a local h-spray s1 : UA � BnðeÞ ! Z over a Stein neighborhood UA HZ of aðAÞ
such that s1 is dominating over a neighborhood of aðCÞ,

– a global spray s2 : UB � Cn ! Z over a Stein neighborhood UB HZ of bðBÞ such
that s2 is dominating over a neighborhood of bðCÞ, and

– an injective fiber preserving holomorphic map c : ~CC � BnðeÞ ! ~CC � Cn (where
~CC HXnX0 is an open neighborhood of C ¼ AXB) such that

s2ðbðxÞ;cðx; tÞÞ ¼ s1ðaðxÞ; tÞ ðx A ~CC; t A BnðeÞÞ:

The local spray s1 is obtained from the spray s granted by Proposition 2.2 above (the
corresponding spray in [FP1] was denoted ~ss). The main point to observe with respect
to the exposition in [FP1] is that the construction of s1 only requires the domination
property of s over a neighborhood of aðCÞ (and not over a neighborhood of aðAÞ).
Since the spray s furnished by Proposition 2.2 is dominating outside of brh and since
hðbrhÞXC ¼ j, s is dominating over a neighborhood of aðCÞ as required. The spray
s2 is obtained from the global dominating spray over a neighborhood of B which
exists by assumption.

In order to get the transition map c as above we must insure in addition that the
kernels of ds1 and ds2 along the zero section are isomorphic (as holomorphic vector
bundles) over a neighborhood UC HZ of bðCÞ (which is chosen such that UC HUA X
UB). The details of this construction are given by Lemmas 5.3 and 5.4 in [FP1] (where
s1 and s2 are constructed such that the above kernels are even close to each other and
hence isomorphic).
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Since X may have singularities contained in the subvariety X0, a remark is in order
regarding the proof of Proposition 4.2 in [FP3] (the attaching lemma in the model
situation). In the present case the patching is performed over open sets in XnX0 H
Xreg. The q-problems which arise in this patching have compact support contained in
XnX0 HXreg. Such q-problems can be solved by transporting them to CN via a hol-
omorphic map g : X ! CN which is a homeomorphism of X onto a closed complex
subvariety ~XX HCN and which is biholomorphic on Xreg. (Compare with section 7 in
[FP3].)

We now proceed to section 6 of [FP3] where Theorem 1.4 of that paper is proved.
The crucial step is furnished by Proposition 6.1 in [FP3]. To see that its proof remains
valid in our current situation we observe that the sets A0;A1; . . . ;An HX , which are
chosen at the beginning of the proof of Proposition 6.1 in [FP3], are such that A0

contains a neighborhood of X0 while the sets A1; . . . ;An do not intersect X0. Since h is
a submersion of complex manifolds over XnX0, the techniques developed in [FP2,
FP3] for holomorphic submersions onto Stein manifolds can be applied whenever the
first set A0 is not involved. Using those techniques we can patch any collection of
holomorphic sections aj : ~AAj ! Z ð1 a j a nÞ, where ~AAj HXnX0 is a small open
neighborhood of Aj over which h admits a spray, into a single holomorphic section b

over a neighborhood of An ¼ A1 WA2 W � � � WAn, provided that the sections aj be-
long to a holomorphic complex. (We are referring to the transformation of a hol-
omorphic complex associated to the Cartan string ðA1; . . . ;AnÞ into a holomorphic
section over their union An; the details of this procedure are explained in [FP2, Prop-
osition 5.1].) The same procedure also gives a homotopy of holomorphic sections
over a neighborhood of A0 XAn connecting a and b.

It remains to patch a and b into a single holomorphic section over a neighborhood of
A0 WAn. This is accomplished as in [FP3] by combining the homotopy version of the
Oka-Weil approximation theorem (see e.g. Theorem 2.1 in [FP3]) with Theorem 5.2
in [FP3] which holds in the current situation as explained above. The proof of The-
orem 2.1 can now be concluded by the globalization procedure given in [FP3] (proof
of Theorem 1.4).

3 Proof of Theorem 1.3

In this section we reduce Theorem 1.3 to Theorem 2.1. Let h : Z ! X and f : Y ! X

be as in Theorem 1.3. Set

ð3:1Þ ẐZ ¼ fðy; zÞ : y A Y ; z A Z; f ðyÞ ¼ hðzÞg;

ĥhðy; zÞ ¼ y A Y ; sðy; zÞ ¼ z A Z:

Clearly ẐZ is a closed complex subspace of Y � Z, the maps ĥh : ẐZ ! Y and s : ẐZ ! Z

are holomorphic, and we have f ĥh ¼ hs.

By assumption the set Y0 ¼ f �1ðX0ÞHY contains the singular locus Ysing. For each
y A YnY0 we have f ðyÞ A XnX0 and hence h is a submersion over an open neigh-
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borhood U HXnX0 of f ðyÞ. Setting V ¼ f �1ðUÞ it follows that ĥh : ĥh�1ðVÞ ! V is a
submersion. Thus ĥh is a surjective submersion over YnY0. For any section ĝg : Y ! ẐZ

of ĥh : ẐZ ! Y the map g ¼ sĝg : Y ! Z is a lifting of f with respect to h:

hg ¼ hðsĝgÞ ¼ ðhsÞĝg ¼ ð f ĥhÞĝg ¼ f ðĥhĝgÞ ¼ f :

Moreover, any lifting g of f is of this form: from hðgðyÞÞ ¼ f ðyÞ ðy A YÞ it follows

that the point ĝgðyÞ :¼ ðy; gðyÞÞ A Y � Z belongs to the subset ẐZHY � Z (3.1) and

hence ĝg : Y ! ẐZ is a section of ĥh. Furthermore, sðĝgðyÞÞ ¼ sðy; gðyÞÞ ¼ gðyÞ whence
g is obtained from the section ĝg : Y ! ẐZ. Therefore Theorem 1.3 follows immedi-
ately from Theorem 2.1 and the following lemma.

3.1 Lemma (Pull-back sprays). Let f : Y ! X and h : Z ! X be holomorphic maps.

Assume that U HX is an open set such that h : ZjU ¼ h�1ðUÞ ! U is a submersion

which admits a spray. Then the map ĥh : ẐZ ! Y defined by (3.1) is a submersion with

spray over V ¼ f �1ðUÞHY .

Proof. Let ðE; p; sÞ be a spray associated to the submersion h : ZjU ! U (Definition
1). Set V ¼ f �1ðUÞHY and observe that s maps ẐZjV ¼ ĥh�1ðVÞ to ZjU . Let p̂p :

ÊE ! ẐZjV denote the pull-back of the holomorphic vector bundle p : E ! ZjU by the
map s : ẐZjV ! ZjU . Explicitly, we have

ÊE ¼ fðẑz; eÞ : ẑz A ẐZjV ; e A E; sðẑzÞ ¼ pðeÞg

¼ fðy; z; eÞ : y A V ; z A Z; e A E; f ðyÞ ¼ hðzÞ; pðeÞ ¼ zg;

p̂pðẑz; eÞ ¼ ẑz:

Consider the map ŝs : ÊE ! ẐZjV , sðy; z; eÞ ¼ ðy; sðeÞÞ. We claim that ðÊE; p̂p; ŝsÞ is a spray

associated to the submersion ĥh : ẐZjV ! V . We first check that ŝs is well defined. If
ðy; z; eÞ A ÊE then pðeÞ ¼ z and hðzÞ ¼ f ðyÞ. Since s is a spray for h, we have hðsðeÞÞ ¼
hðzÞ ¼ f ðyÞ which shows that the point ŝsðy; z; eÞ ¼ ðy; sðeÞÞ A Y � Z belongs to the
fiber ẐZy. This verifies property (i) in Definition 1. Clearly ŝsðy; z; 0ðy; zÞÞ ¼ ðy; sð0zÞÞ ¼
ðy; zÞ which verifies property (ii) in Definition 1. It is also immediate that ŝs satisfies
property (iii) provided that s does since the vertical derivatives of the two maps co-
incide under the identification ẐZy GZf ðyÞ and ÊEðy; zÞ GEz. This proves Lemma 3.1.

4 Multivalued sections and analytic covers

In this section we recall some well known results on symmetric products and multi-
valued sections which will be used in the proof of Theorem 1.1. Our reference is
Appendix V in [W].

Denote by Zd the d-fold Cartesian power of a set Z. The group Pd of all permuta-
tions on d elements acts on Zd by permuting the entries, and we denote this action by
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r. The quotient space is called the d-fold symmetric power of Z and is denoted Zd
sym.

For z ¼ ðz1; . . . ; zdÞ A Zd we write pðzÞ ¼ ½z
 ¼ ½z1; . . . ; zd 
 A Zd
sym. A d-valued map

from X to Z is a map F : X ! Zd
sym. The number d is called the degree of F and de-

noted deg F .

Assume from now on that X and Z are reduced complex spaces. Then p : Zd ! Zd
sym

induces a natural (quotient) complex structure on Zd
sym such that holomorphic func-

tions on Zd
sym correspond to r-invariant holomorphic functions on Zd . In particular,

if F ¼ ½ f1; . . . ; fd 
 : X ! Zd
sym is a holomorphic map and if P is a r-invariant hol-

omorphic function on Zd then Pð f1; . . . ; fdÞ is a well defined holomorphic function
on X.

We recall some natural operations on symmetric products.

1. If Z is a complex subspace of another complex space S then Zd
sym is in a natural

way a subspace of Sd
sym, and any map X ! Sd

sym whose image belongs to Zd
sym may

also be considered as a map X ! Zd
sym. More generally, any holomorphic map

g : Z ! S induces a holomorphic map ĝg : Zd
sym ! Sd

sym.

2. For any pair of integers d; k A N we have a natural holomorphic map t : Zd
sym �

Zk
sym ! Zdþk

sym induced by the identification Zd � Zk ¼ Zdþk.

Given a pair of maps F1 : X ! Zd
sym and F2 : X ! Zk

sym, we denote

F1 lF2 ¼ tðF1;F2Þ : X ! Zdþk
sym :

The direct sum generalizes to several terms and we write F ¼
L

j mjFj, where the Fj’s
are multivalued maps of X to Z and mj A N. Clearly we have deg F ¼

P
j mj deg Fj. A

map F : X ! Zd
sym is called irreducible if it cannot be decomposed as a direct sum of

multivalued maps of smaller degrees. We recall the notation

mF ¼ maxfaFðxÞ : x A Xg; dF ¼ fx A X : aFðxÞ < mFg;

where aFðxÞ denotes the number of distinct points in F ðxÞ.

4.1 Proposition. Assume that F : X ! Zd
sym is a continuous (resp. holomorphic) map

such that dF is nowhere dense in X and XndF is pathwise connected and locally pathwise

connected. Then F has a decomposition F ¼
L

mjFj where the continuous (resp. hol-

omorphic) maps Fj : X ! Z
dj
sym are irreducible and the decomposition is unique up to

the order of terms. Furthermore br Fj H br F and dFj
H dF for each j. Such a decom-

position exists in particular if X is an irreducible n-dimensional complex space and

H2n�1ðdF Þ ¼ 0.

Proposition 4.1 is proved in [W, Appendix V]. The idea of the proof is as follows. Let
~VV be the graph of F over ~XX ¼ XndF , i.e., ~VV consists of all points in the fibers FðxÞ for
x A ~XX . Since ~XX is connected and aFðxÞ ¼ mF for all x A ~XX , ~VV is a union of finitely
many connected componets ~VVj such that h : ~VVj ! ~XX is a finite unramified covering
projection onto ~XX , say with dj sheets, and F has constant multiplicity mj A N along
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~VVj . Let Vj denote the closure of ~VVj in Z. One can then show that Vj is the graph of a
dj-valued section Fj of h and F ¼

L
mjFj. y

Assume now that h : Z ! X is a surjective holomorphic map of reduced complex
spaces. A map F ¼ ½ f1; . . . ; fd 
 : X ! Zd

sym such that fjðxÞ A Zx ¼ h�1ðxÞ for all x A X

and all j is called a d-valued section of h. The direct sum operation and Proposition
4.1 clearly extend to multivalued sections.

We shall assume from now on that F : X ! Zd
sym is a d-valued section of h : Z ! X

which satisfies the hypothesis of Proposition 4.1. If F is irreducible, we define its graph

VðFÞHZ by

VðF Þ ¼ fz A Z : z A F ðxÞ for some x A Xg:

If F ¼
L

mjFj with Fj irreducible for all j, we let VðFÞ ¼
P

mjVðFjÞ be the disjoint
union of mj copies of VðFjÞ for each j. If we consider VðF Þ as a multiplicity subset of
Z then h : VðF Þ ! X is a proper continuous map onto X which is d-sheeted over
XndF .

Recall that an analytic chain in Z is a formal locally finite combination V ¼
P

mjVj

of closed complex subvarieties Vj HZ with integer coe‰cients. If mj b 0 for all j

then V is called e¤ective, and if dim Vj ¼ n for all j then V is said to be purely n-
dimensional. In the sense of currents we have ½V 
 ¼

P
j mj ½Vj 
. The following propo-

sition shows that over an irreducble base X there is a bijective correspondence between
multivalued holomorphic sections of h : Z ! X and analytic chains V HZ such that
hjV : V ! X is an analytic cover.

4.2 Proposition. Let h : Z ! X be a holomorphic map onto an irreducible n-dimensional

complex space X. If F : X ! Zd
sym is a holomorphic d-valued section of h then its graph

VðFÞ is a chain in Z such that h : VðFÞ ! X is a d-sheeted analytic cover. Conversely,

any e¤ective n-chain V HZ such that h : V ! X is a d-sheeted analytic cover is the

graph of a holomorphic d-valued section F of h. Furthermore, the decomposition of F

into irreducible components given by Proposition 4.1 correponds to the decomposition of

its graph VðFÞ into irreducible complex subvarieties of Z. In particular, if h : V ! X is

a d-sheeted analytic cover then h�1 : X ! V d
sym is a d-valued holomorphic section of h.

Proof. We include a proof only for the sake of completness since arguments of this
kind are well known and we certainly do not claim any originality here (see e.g. [W]).

First we prove the converse part. Thus, let V ¼
Pk

j¼1 mjVj be an e¤ective purely
n-dimensional analytic chain in Z such that h : Vj ! X is a dj-sheeted analytic
cover for each j ¼ 1; . . . ; k. For any x A X we denote the points in Vj X h�1ðxÞ by
fj;mðxÞ, 1amadj, listed according to algebraic multiplicities. Then x A X ! FjðxÞ ¼
½ fj;1ðxÞ; . . . ; fj;dj

ðxÞ
 A Z
dj
sym is a dj-valued section of h : Z ! X . It remains to prove

that Fj is holomorphic. Let z0 A Fjðx0Þ for some x0 A X . Let I ¼ fi1; . . . ; isg be pre-
cisely those indices i A f1; . . . ; djg for which fj; iðx0Þ ¼ z0. Let g be a germ of a sym-
metric holomorphic function on Zs at the point ðz0; . . . ; z0Þ A Zs (i.e., g is invariant
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under the action of the permutation group on Zs). By the elementary properties of
analytic covers the function x ! gð fj; i1ðxÞ; . . . ; fj; isðxÞÞ is well defined and holomor-
phic for x near x0. This means that the local branches of Fj which at x ¼ x0 pass
through z0 are local holomorphic multivalued sections. Hence Fj is holomorphic as
claimed.

Assume now that F : X ! Zd
sym is a holomorphic d-valued section of h. Denote by

GðF Þ the subset of Z with fibers F ðxÞ, x A X , where the points in F ðxÞ are considered
without multiplicities. First we show that GðF Þ is a closed complex subvariety of Z

and h : GðF Þ ! X is an analytic cover.

Fix a point x0 A X and let z1; . . . ; zk denote the distinct points in F ðx0Þ, where zj ap-
pears with multiplicity dj (hence

Pk
j¼1 dj ¼ d). Choose pairwise disjoint open neigh-

borhoods Uj HZ of zj for j ¼ 1; . . . ; k. By continuity of F there is a neighborhood
U of x0 in X such that for each x A U0 we have FðxÞH

Sk
j¼1 Uj and Uj contains

precisely dj of the points in the d-tuple FðxÞ ¼ ½ f1ðxÞ; . . . ; fdðxÞ
. These points define
a dj-valued section Fj : U ! ZjU of h : ZjU ! U with values in Uj. It su‰ces to con-
sider the maps Fj separately.

Thus we may assume that Fðx0Þ consists of a single point z0 of multiplicity d, ~UU is an
open neighborhood of z0 in Z embedded as a closed complex subvariety in some
open set in CN , and U HX is an open neighborhood of x0 such that F ðxÞH ~UU
for all x A U . Write F ¼ ½ f1; . . . ; fd 
 where fjðxÞ is thought of as a point in CN for
each x A U and each j. Denote by z ¼ ðz1; . . . ; zNÞ the coordinates on CN . Let W ¼
fW1; . . . ;Wdg be any d-tuple of points Wk A CN . There exist finitely many holomor-
phic polynomials of the form

Fjðz;WÞ ¼
P

a

Pj;aðWÞza; z A CN ; W 2 ðCNÞd ; 1 a j a j0

such that (i) the coe‰cients Pj;a : ðCNÞd ! C are symmetric polynomials in the com-
ponents Wk A CN of W (i.e., they are invariant under permutations of the Wk’s), and
(ii) a point w A CN belongs to the d-tuple W if and only if Fjðw;WÞ ¼ 0 for all
j ¼ 1; . . . ; j0. (Any such collection of polynomials is called a set of canonical defining

functions for d-tuples in CN (see [W]). Set W ¼ F ðxÞ for some x A U . Then x !
Pj;aðF ðxÞÞ is a well-defined holomorphic function on U and we have

GðF jUÞ ¼ fðx; zÞ A U � CN : Fjðz;FðxÞÞ ¼ 0; 1 a j a j0g

(with obvious identifications). This is a closed complex subvariety of U � CN con-
tained in U � ~UU HU � Z.

This shows that GðFÞ is a closed complex subvariety of Z and h : GðF Þ ! X is an
analytic cover onto X. Let GðFÞ ¼

Sk
j¼1 Vj be its decomposition into irreducible com-

ponents. Then h : Vj ! X is an analytic cover for each j ¼ 1; . . . ; k. Since Vj is irre-
ducible, F has constant multiplicity mj along Vj and Vjnh�1ðdF WX0Þ is a connected
complex manifold. Hence Vj equals the graph VðFjÞ of an irreducible component Fj
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of F granted by Proposition 4.1. By the converse part proved above Fj is holomor-
phic, and we have VðF Þ ¼

Pk
j¼1 mjVðFjÞ in the sense of chains. This proves Propo-

sition 4.2. y

A suitable version of Proposition 4.2 remains valid over reducible spaces X. In such
case we must assume in addition that XndF is pathwise connected and locally path-
wise connected to insure that Proposition 4.1 applies (this is always the case if X is
irreducible).

The following lemma shows that local multivalued sections of h exist at any point
where h has maximal rank.

4.3 Lemma. Let h : Z ! X be a holomorphic map. Suppose that Z is locally irreduc-

ible at z0 A Z, X is locally irreducible at x0 :¼ hðz0Þ A X and

dimz0
h�1ðx0Þ ¼ dimz0

Z � dimx0
X :

Then there exist an integer d A N and a local holomorphic d-valued section F of h in a

neighborhood of x0 such that F ðx0Þ ¼ ½z0; . . . ; z0
.

The number k :¼ dimz0
h�1ðx0Þ is called the corank of h at z0 and dimz0

Z � k is the
rank of h at z0. Clearly the rank cannot exceed dimx0

X , and the hypothesis in the
lemma is that h has maximal rank at z0.

Proof. Since h�1ðx0Þ is a complex subvariety of Z whose dimension at z0 equals
k, there exists a germ of an irreducible complex subvariety V HZ at z0 such that
dim V þ k ¼ dimz0

Z and z0 is an isolated point of V X h�1ðx0Þ. By a standard lo-
calization argument we obtain open neighborhoods U HX of x0 and ~UU HZ of z0

such that h : V X ~UU ! U is a proper finite map. The rank hypothesis implies dim V ¼
dimx0

X and hence hðV X ~UUÞ ¼ U provided that U is irreducible (as we may assume
to be the case). By Proposition 4.2 the set V X ~UU is the graph of a holomorphic
multivalued section of h over U. y

5 Proof of Theorem 1.1

Let F : X ! Z be a d-valued section of h : Z ! X satisfying the hypotheses of The-
orem 1.1. Thus F is holomorphic in an open set U0 HX containing a complex sub-
variety X0 HX , unramified over XnX0 and satisfies H2n�1ðdF Þ ¼ 0. Propositions 4.1
and 4.2 show that F ¼

L
mjFj where the Fj are irreducible multivalued sections of h

which are holomorphic on U0, unramified over XnX0 and satisfy H2n�1ðdFj
Þ ¼ 0. It

su‰ces to prove the result for each Fj. Hence we may assume that F is irreducible.
The heart of the proof is the following lemma.

5.1 Lemma. There exists a normal complex space Y and a continuous map g : Y ! Z

such that, setting f ¼ h � g : Y ! X and Yx ¼ f �1ðxÞ for each x A X , the following

hold:
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(a) g is holomorphic in f �1ðU0ÞHY and gðYxÞ ¼ F ðxÞ for each x A X,

(b) f : Y ! X is a d-sheeted analytic cover which is unramified (a holomorphic cov-

ering space) over XnX0.

The complex space Y is the ‘normalized graph’ of F in which the self-intersections
of the ordinary graph of F over XnX0 (considered as a subset of Z) have been sepa-
rated.

Proof. Since F is holomorphic over U0 HX , its graph VðF jU0
Þ is an e¤ective n-chain

in h�1ðU0ÞHZ and h : VðF jU0
Þ ! U0 is an analytic cover (Proposition 4.2). Let

i : VðF jU0
Þ ! Z denote the inclusion map. Let g 0

0 : ~YY ! VðF jU0
Þ be the normaliza-

tion of VðF jU0
Þ and g0 ¼ i � g 0

0 : ~YY ! Z. Set f0 ¼ h � g0 : ~YY ! U0. Thus ~YY is a nor-
mal complex space and g 0

0 is a holomorphic map which is biholomorphic over the
regular locus (in particular it is biholomorphic on f �1

0 ðU0nX0ÞH ~YY ). Clearly g0 and
f0 satisfy Lemma 5.1 over U0.

We now extend ð ~YY ; g0Þ as follows. Let U HXnX0 be any open set such that F jU ¼Ld
j¼1 Fj where Fj : U ! Z are continuous single-valued sections of h over U. (Since F

is unramified over XnX0, there is a covering of XnX0 by open sets satisfying this

property.) From H2n�1ðdF Þ ¼ 0 it follows by Proposition 4.1 that the Fj’s are unique
up to reordering, and there are no repetitions since mF ¼ d. Let Nd ¼ f1; 2; . . . ; dg.
Set YU ¼ U � Nd (the disjoint union of d copies of U ) and define the map gU :
YU ! Z by gUðx; jÞ ¼ FjðxÞ. We introduce a complex structure on YU by requiring
that the (trivial) d-sheeted projection fU ¼ h � gU : YU ! U is biholomorphic on
each sheet U � f jg.

If U 0 HXnX0 is another open subset such that F jU 0 ¼
Ld

j¼1 F 0
j , it follows from

H2n�1ðdF Þ ¼ 0 that for each connected component W of U XU 0 there is a permuta-
tion s on Np such that FjðxÞ ¼ F 0

sð jÞðxÞ for x A W and j ¼ 1; . . . ; d. This defines a
transition map

yU ;U 0 : YU jW ! YU 0 jW; ðx; jÞ ! ðx; sð jÞÞ:

Clearly yU ;U 0 is biholomorphic with respect to the complex structures on YU and YU 0

and satisfies fU ¼ fU 0 � yU ;U 0 . Using these transition maps we patch YU and YU 0 into
a complex manifold YUWU 0 which contains YU and YU 0 as open subsets such that the
maps gU , gU 0 coincide on the intersection of their domains to give a continuous map
gUWU 0 : YUWU 0 ! Z. Since F is assumed to be unramified over XnX0, we can glob-
alize this construction by covering XnX0 with open sets as above and using the
transition maps yU ;U 0 to construct a pair ðY ; gÞ with the required properties. y

We continue with the proof of Theorem 1.1. Since f ¼ h � g : Y ! X is a finite
holomorphic map of Y onto the Stein space X, Y is also Stein [LeB]. The inverse
f �1 : X ! Y d

sym is a d-valued holomorphic section of f : Y ! X by Proposition 4.2.
The map g : Y ! Z is a continuous lifting of f ¼ h � g : Y ! X with respect to
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h : Z ! X , and g is holomorphic on the open set f �1ðU0ÞHY containing the sub-
variety Y0 ¼ f �1ðX0Þ. Note that YnY0 is contained in the regular locus of Y. Theo-
rem 1.3 furnishes a homotopy of liftings gt : Y ! Z ðt A ½0; 1
Þ connecting g0 ¼ g to a
holomorphic lifting g1. In addition, the homotopy can be chosen to be holomorphic
near Y0 and fixed on Y0. Then Ft ¼ gt � f �1 : X ! Zd

sym for t A ½0; 1
 is a homotopy
of d-valued sections of h : Z ! X satisfying Theorem 1.1. y
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Copyright of Forum Mathematicum is the property of De Gruyter and its content may not be copied or emailed

to multiple sites or posted to a listserv without the copyright holder's express written permission. However,

users may print, download, or email articles for individual use.


