J. Korean Math. Soc. 40 (2003), No. 4, pp. 727-745

STRONGLY PSEUDOCONVEX HANDLEBODIES

FrANC FORSTNERIC AND JERNEJ KOZAK

ABSTRACT. We construct strongly pseudoconvex handlebodies in
C™ whose center is a quadratic strongly pseudoconvex domain with
an attached flat Lagrangian disc or plane.

1. Introduction

Let C™ be the complex n-dimensional Euclidean space with coordi-

nates z = (z1,..., %), 2; = &; + iy;. Let J denote the standard almost
complex structure operator on TC™: J (5%) = a%j, J (aiyj) = —5%. A

C! submanifold M C C" is totally real at p € M if T,M NJT,M = {0},
that is, the tangent space T,M C T,C" contains no complex line. A C?
function p: U C C™ — R is strongly plurisubharmonic on U if

(2)v;T, >0 (2 €U, veC"\{0}).

L,(z;v) is called the Levi form of p at z in the direction of the vector v.
Assume that D € C" is a closed, smoothly bounded, strongly pseu-
doconvex domain. Thus D = {p < 0} where p is a strongly plurisubhar-
monic function in an open set U D D, with dp # 0 on bD = {p = 0}.
Let M C C" be a smooth totally real submanifold with boundary
bM = S U S’, where each of the sets S, S’ is a union of connected
components of bM (S’ may be empty). Assume furthermore that

MND=S8CbD, T,S) C TE(bD) :=T,(bD) N JTH(bD) (p € S).

Such M will be called a totally real handle attached to D along the
Legendrian (complezr tangential) submanifold S C bD. (Some authors
reserve the word ‘handle’ for the case when M is diffeomorphic to the
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closed ball in some R¥ and bM = S*~1.) We consider the following
problem.

THE HANDLEBODY PROBLEM. Given a (small) open set U D M, find
a closed strongly pseudoconvex domain K C C™ satisfying DUM C K C
D U U which admits a strong deformation retraction onto E := DU M.

FIGURE 1. A handlebody K with center F = DU M

Such K will be called a strongly pseudoconvex handlebody with center
E (Figure 1). The existence of a strong deformation retraction of K
onto E implies that K is homotopically equivalent to E.

It is well known that any totally real submanifold M in C" (or in any
complex manifold) has a basis of strongly pseudoconvex tubular neigh-
borhoods. (If M C C™ is compact and of class C2, we may take neighbor-
hoods defined by the Euclidean distance to M.) Hence the above prob-
lem is nontrivial only along the attaching submanifold S = DNM C bD.
If S fails to be Legendrian in bD at some point p € S then D U M may
have a nontrivial local envelope of holomorphy at p, containing small
analytic discs with boundaries in bD U M (this follows from the results
in [1]), and in such case there exist no small pseudoconvex neighbor-
hoods. Local envelope may also appear at points p € M for which T,M
contains a nontrivial complex subspace; see [2]. This justifies the above
hypotheses on M and S.
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The simpler problem concerning the existence of a basis of (strongly)
pseudoconvex neighborhoods of E = D U M, without insisting on the
existence of a deformation retraction onto E, has been considered by
several authors; see e.g. Stolzenberg [17], Hormander and Wermer [14],
Fornzess and Stout [5], [6], Chirka and Smirnov [16], and Rosay [15].
However, in many problems one actually needs strongly pseudoconvex
handlebodies which have ‘the same shape’ as D U M.

An important general construction of handlebodies was given in 1990
by Eliashberg (Lemma 3.4.3 in [4]). Write the coordinates on C" in
the form z = z + iy, with z,y € R™. Set |z|? = 2% +--- + 22, |[y2 =
Y2+ +y2. Let

Dy={z+iyeC": |y|2 >1+ /\|x|2}, M = {iy: [y| < 1}

Thus M is the unit ball in the Lagrangian subspace iR® C C", at-
tached to the quadric domain D) along the (n — 1)-sphere S = bM =
{ty: ly| = 1} C bDy which is Legendrian in D). Note that D) is
strongly pseudoconvex precisely when A > 1. In this situation, Lemma
3.4.3 in [4] gives for each open set U D M a strongly pseudoconvex han-
dlebody K = {|y| > ¢(|z])}, for a suitably chosen function ¢, such that
K C D\UU and the center of K equals £y = D) U M. In [4] this was
used in the construction of Stein manifolds with prescribed homotopy
type (see also Gompf [9] and Chapter 11 in [10]).

Five years later, in 1995, B. Boonstra [3] (Ph. D. dissertation, unpub-
lished) constructed handlebodies whose center is the union of an ellip-
soid with a Lagrangian plane in C". He also constructed handlebodies in
more general situations by the ‘osculation and patching’ technique. Even
though Boonstra cited Eliashberg’s paper [4], his construction seems in-
dependent since the details are somewhat different.

The content of this paper is as follows. In Section 2 we obtain a
differential condition on a function f which gives the necessary and
sufficient condition for (strong) pseudoconvexity of the domain Dy =
{z+1y € C*: |y| > f(|z])} (resp. of D_ = {|y| < f(|z|)}) along the
hypersurface £ = {|y| = f(|z|)} (Proposition 2.1 and Corollary 2.2).
A sufficient condition for strong pseudoconvexity of such domains was
obtained earlier by Eliashberg; see (*, **) on p. 39 of [4]. Our derivation
of these conditions is different from the one in [4] and is somewhat similar
to the one in [3].

In Section 3 we prove Proposition 3.1 which is the same as Lemma
3.4.3 in [4]. Our proof, based on the differential conditions from Section
2, is similar to the original proof in [4], but differs from it in certain
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details. The extension to handles of lower dimension is immediate; see
Lemma 3.1.1 in [4].

Proposition 3.3 in the same section gives an explicit construction of
strongly pseudoconvex handlebodies whose center is the union of D =
{z +1iy € C*: |y|*> < Az|*> + 1} (with XA < 1) and the Lagrangian plane
iR™. Note that D is strongly pseudoconvex precisely when A < 1; it is
an unbounded hyperboloid when 0 < A < 1, a tube when A = 0, and a
bounded ellipsoid when A < 0. Boonstra [3] found explicit handlebodies
for A < 0 and gave an indirect construction for 0 < A < 1. We give an
explicit construction for all values A < 1.

In Sect. 4 we construct monotone families of strongly pseudoconvex
handlebodies whose center is the union of a sublevel set of a general
quadratic strongly plurisubharmonic function p: C* — R and an at-
tached disc M C R*¥ C C™ that passes through the critical point 0 € C"
of p. Unlike the handlebodies constructed by Eliashberg (or in Section
3 above), these handlebodies are not ‘thin’ everywhere around M, but
only in a smaller neighborhood of the origin. Indeed these handlebodies
are sublevel sets of a certain noncritical strongly plurisubharmonic func-
tion. The construction is independent from the one in [4] (and from the
rest of this paper) and is much simpler. A crucial use of this result was
made in [7] (Lemma 6.7) in the construction of holomorphic submersions
of Stein manifolds to complex FEuclidean spaces.

Using standard bumping and patching techniques for strongly pluri-
subharmonic functions one may adapt the construction of handlebodies
in [4] (and in this paper) to more general handle attachments, assuming
of course that the boundary of the handle is Legendrian in the boundary
of the domain D. A particularly simple case is when the handle M is
real analytic along bM; in such case M can be locally flattened near
any point p € bM by a local biholomorphic change of coordinates, and
the resulting domain can be osculated along bM C D by a quadratic
model of the type considered in [4] or in this paper. (This was used for
instance in [15], but with the weaker conclusion that D U M admits a
Stein neighborhood basis. Certain cases have been treated by Boonstra
(3], but his work remains unpublished.)

The case of smooth (but non real-analytic) handles can possibly be
handled by using coordinate changes near points p € bM which are 0-flat
on M. Such coordinate changes clearly preserve strong pseudoconvexity
of bD locally near p. However, to see that the model handlebodies
remain strongly pseudoconvex under such coordinate changes, one must
estimate the terms in their Levi form coming from the non-holomorphic
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terms in the coordinate change. We are not aware of any published work
in this direction.

Professor Eliashberg informed us in a private communication (May
14, 2003) that a solution of the handlebody problem for handles M of
different topological type (i.e., non-disc type) follows from the case of
disc-handles. Indeed, taking any Morse function on M which is con-
stant on bM, one decomposes M into a union of disc-handles and then
successively applies the disc-handle lemma. (The details do not seem to
exist in print.) We wish to thank him for this remark.

2. Pseudoconvexity of spherical domains

Let z = (21,...,2n) = z+iy € C", with z;, = zp+iyp fork =1,...,n.
Set |22 = 2+ - -+a2, |y|2 = y?+- - -+y2. Let U be a nonempty open set
in R™ which is invariant under the action of the orthogonal group O(n)
(ie, z € U and |#'| = |z| implies ' € U). Set I = {|z|®>: z € U} C R,.
Assume that 6: I — (0,+00) is a positive function of class C2.

PrOPOSITION 2.1. Let n > 1. The domain
(1) D_={z+iyeC*:zcU, |y* <8(z|*)}

is strongly pseudoconvex along the hypersurface & = {|y|2 = 8(|z|)} if
and only if § satisfies the following differential inequalities on I :

(2) o<1, 200" < (1-0)(|z°6? +0).
(6 and its derivatives are calculated at |x|?). The domain
(3) Diy={z+iyeCt:zel, y]*>0(z/>)}

is strongly pseudoconvex along ¥ if and only if the reverse inequalities
hold in (2). If 6 solves the differential equation

(4) 2|z|20¢" = (1 - 6)- (|z|*0” +6)
then @' < 1 implies that D_ is weakly pseudoconvex along ¥ while 8’ > 1

implies that D is weakly pseudoconvex along X.

Proof. Set p(z+iy) = |y|? — 6(|z|?). A calculation gives for 1 < j #
k<n
Pz = xkel + iyka
20,7 = 2a20"+6 —1,
—2p.7, = 2a:jmk0”,
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where 6 and its derivatives are evaluated at |z|?>. The calculation of
the Levi form of ¥ = {p = 0} can be simplified by observing that p
is invariant under the action of the real orthogonal group O(n) on C™
by A(x + iy) = Az +iAy for A € O(n). Fix apoint p=r+is € &
(r,s € R™). After an orthogonal rotation we may assume that p =
(1 + 9y1,%Y2, - - ., 8Yn), With 21 = |r| > 0. Applying another orthogonal
map which restricts to the identity on Cx {0}"~! we may further assume
that p = (z1 + iy1, 12,0, . ..,0), where y? + 42 = |s|?> = 0(22). At this
point we have

P2 (p) = =210 — i1, p(p) = —iya, p,(P)=0fork=3,...,n.
Hence the complex tangent space TfZ ={velCm: Y\, ng’;(p)vk = 0}

consists of all v € C" satisfying v1 = —Aiya, va = Az16' + i) for
arbitrary choices of A € C and v" = (vs,...,v,) € C*~2. We also have
2pz121 (p) = 1- 0/ - 2"17%9,/’
2pzkzk(p) =1 —0’ (k = 2,...,n),
2pzj7k (p) =0 (1 <j#k< n)

For v € TEE, we thus get (noting that y2 + v2 = 0(z?))

() 2L,(pv)
= (1-6 —2230")[\Py3 + (1 - 0)AP (236" + 42) + (L — 8"

= A2 (=222420" + (1 — 6') (220> + 0)) + (1 — &)V ]2,
2 1

where 0 and its derivatives are evaluated at 22 = |r|2. Thus £,(p;v) > 0
for all choices of A € C and v” € C"~2 with |A\]2 + [v”|?> > 0 if and only
if
0 <1, 2a%20" < (1-06) (220" +9).

Observe that 0 < y2 < |s|? = 6(x?), and y2 assumes both extreme values
0 and 6(z?) when (y1,y2) traces the circle y# + y2 = 6(x?). Thus the
second inequality above holds at all points of this circle precisely when
it holds at the point y; = 0, y2 = /8(x?). This gives the conditions

0 <1, 22200" < (1—0)(z%6"* +6)

characterizing strong pseudoconvexity of D_ along the mentioned circle
in 3. Since z; = |r|, the above is equivalent to the pair of inequalities
(2) at p = r + is. Similarly we see that negativity of L,(p;v) for all
choices of A and v” (which characterizes strong pseudoconvexity of D, )
is equivalent to the reverse inequalities in (2).
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Assume now that @ satisfies (4). As before we reduce to the case
p=zx+iy = (z1 +iy1,192,0,...,0). From (5) we obtain

2L,(p;v) = |A|2(—2x%y%0" + 2:1:%80”) + (1 -0)"?
— AP + (1 0o

(We used 0(2?) — y§ = y3.) From (4) we see that §” is of the same
sign as 1 — #’. Thus § < 1 implies £,(p;v) > 0, with equality precisely
when v = 0 and 0 = 71y, = z-y. In this case D_ = {p < 0} is
weakly pseudoconvex along ¥ = {p = 0}, strongly pseudoconvex on
{z +1iy € T: z-y # 0}, and has one zero eigenvalue of the Levi form
at each point of {z + iy € T: z-y = 0}. When 6 > 1 the analogous
conclusions hold for D, = {p > 0}. If # = 1 holds identically then
p = ly]> = [z> + ¢ = —R(X}_; 27) + ¢ is pluriharmonic. a

The second inequality in (2) simplifies further in the variables |z|, |y|:

CoROLLARY 2.2. Let U c R™\{0} be an O(n)-invariant open set
and f: I — (0,+00) a C? function on I = {|z|: z € U}. The domain
D_={z+iyeC':z e, |yl < f(|z|)} is strongly pseudoconvex along
the hypersurface ¥ = {|y| = f(|z|)} if and only if

ff wo I°
(6) — <1, flfr+=]<1

|| ||
for all x € U, where f and its derivatives are evaluated at |z|. The
domain Dy = {z +iy: z € U, |y| > f(|z|)} is strongly pseudoconvex
along ¥ when the reverse inequalities hold in (6). If f satisfies the
differential equation

13
¢ () =
||
then ff'/|z| < 1 implies that D_ is weakly pseudoconvex along ¥ while
ff'/|xz| > 1 implies that D.. is weakly pseudoconvex along T.

Proof. Sett=|z| > 0 for z € U. The functions f and § are related
by f(t)? = (t?). Differentiation gives f(t)f'(t) = t0'(t?) whence ¢' < 1
is equivalent to ff'/t < 1. Another differentiation of f(t)f(t) = t8'(t?)
gives

ff” + f/2 — 2t20!l + 9/ — 2|37|29” + ff'/t.
Hence 2|z|%0” = ff" + f”> — ff'/t. Multiplying by § = f? we obtain the
first line in the following display. In the second line we used |x|26"2 =
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(tel)2 — f2fl25
2]%]299" — f2(ff"+f'2 _ _J_t_tf_’),

Q-0 (aPo?+0) = - Dyppmip

YR L ik ff

= f2au-1 EERY
== )

Comparing the two sides, dividing by f2 > 0 and cancelling the common

terms f’2 — ff'/t we see that the second inequality in (2) is equivalent

to f(f" + f’3/t) < 1. Similarly one treats the other cases. a

REMARKS 2.3. (A) The differential inequalities (2) and (6) are in-
variant up to the sign with respect to taking the inverses. More precisely,
assume 6'(|xg|?) # 0 for 2o € U and denote by 7 the local inverse of 4.
At points where 8’ > 0 the inequalities (2) transform into the reverse
inequalities for 7:

> 1, 2|y|27'7'” >(1-17) (|y[27'2 + 7') .

+f,2_

On the other hand, near points where 8 < 0 the inequalities (2) trans-
form into the same inequalities for 7 = 6~!. This can be explained
geometrically as follows. If 8'(|zo|?) > O then for z near zo we have
ly2 < 8(|z|?) if and only if |z|> > 7(|y|?), and strong pseudoconvexity of
the latter region is equivalent to the above inequality for 7 according to
Proposition 2.1. If '(|zo|?) < 0 then for z near xo we have |y|? < 6(|z|?)
if and only if |z|? < 7(|y|?), and pseudoconvexity is now characterized
by (2). Similarly the equations (4) and (7) are invariant with respect to
taking the inverses.

(B) If f(t) (t € R) is a function of class C! and piecewise C2, we adopt
the convention that f satisfies the second inequality in (6) at a point of
discontinuity #o of the second derivative f” when both the left and the
right limit of f” at ¢y satisfies it. (At endpoints we consider only the
one sided limit.) A similar convention is adopted for (2).

EXAMPLE 2.4. We illustrate the above by looking at model domains
defined by the quadratic function

pa(z) = pa(z +iy) = Nz —[y?  (AeR, z€C")
which will be used in the following section. Setting g o(t) = +VAt2 +a
we have {p) < —a} = {z +iy € C": |y| > gr.a(|z])}. From (B—‘Z;gg—k) =
Q—g}lf we see that py is strongly plurisubharmonic when A > 1, strongly
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plurisuperharmonic when A < 1, and py(z+iy) = |z]2—|y]2 =R (E};l zf)
is pluriharmonic. It is easily verified directly that g, satisfies (6) on
{t € Ry: M2 +a > 0} if A < 1, and it satisfies the reverse inequalities
in (6) if A > 1. If X\ # 0 then g = g, , satisfies the differential equation

g (g” + *‘%) =\
3. Strongly pseudoconvex handlebodies
In this section we find functions f: I — (0, +o00) on intervals I C

R, = [0,400) which satisfy one of the following pairs of differential
inequalities:

(8) f (f"+7,3) <1 and fol<1,
(9) f (f”+le3>>1 and f—tf:>1.

If f is of class C' and piecewise C? then at a point of discontinuity of f”
it should be understood that f satisfies the first inequality in (8) resp.
in (9) if the one-sided limits of f” at that point satisfy it. By Corollary
2.2 the condition (8) characterizes strong pseudoconvexity of the domain
{z +iy € C": |y| < f(|=])} along £ = {|y| = f(Jz|)} while (9) does the
same for {z + iy € C": |y| > f(|z])}.

PropPOSITION 3.1. Let A > 1,a > 0 and g(t) = +VAt2 +a. For
every sufficiently small € > 0 there exists a number o = o(€) € (0,¢€) and
a continuous, positive, strictly increasing function f = f¢: [0, +00) —
[f(o), +00) which is C* on (o, +00), satisfies (9) and also the following:

(1) F(t) = g(t) fort >

(i) f(t) < g(¢) for o <t <,

(iii) f'(o+) = limy, f'(t) = +o0, and

(iv) the inverse function f~': Ry — [0, +00) is of class C* and satisfies
(8) provided that we set f~1(u) = o for 0 < u < f(0).

COROLLARY 3.2. Let A > 1,6 > 0, D = {z+iy € C": |y|* >
Mz|? +a} and M = {iy: y € R*, |y| < a}. If f satisfies Proposition
3.1 then K = {z +1iy € C": |z| < f~(ly|)} (Figure 2) is a smooth
strongly pseudoconvex handlebody with center E = D U M, satisfying
DuU{|z| <o} c K C DU{|z| <¢€}.
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FIGURE 2. The handlebody K

REMARK. We have already said in the Introduction that Proposi-
tion 3.1 (and Corollary 3.2) is the same as Lemma 3.4.3 in [4]. The
handlebodies on figures 2 and 4 are shown in the coordinate system
(Izl,|yl) € R%; the actual handlebody is the preimage under the map
z + 1y — (|, |yl)-

Proof of Proposition 3.1. Without loss of generality we may take

a =1 and g(t) = VAt? + 1 (the general case follows by rescaling). A
calculation gives for ¢ > 0 '

V) A 3%t
g'(t) =

n n
@ % SO g T = e <O
which shows that g is increasing, convex, and ¢’ is concave. We also
obtain ¢'(t) — tg"(t) = A%t3/g(t)® > 0. Fix a small ¢ > 0 and let
¢ = g'(€) — eg”(€) > 0. Choose a number 0 < 7 < min(e, c3/3) and let
c1 = c+ng’(e). Let 0 > 0 be a number satisfying 20 < 7 < € (its



Strongly pseudoconvex handlebodies 737

precise value will be determined later). We shall first obtain a solution
f of class C! and piecewise C2 on (o, +00); the final solution will be
obtained by smoothing. Let

£(t) = gle) + / fr)dr (o <t<+oo)

where f’ is a continuous and piecewise C* function defined as follows:

g (), if € < t;
1) = g +g"(e)t—e), ifn<t<e
c1 + nlog(n/t), if 20 <t < m;

2o/t -0, ifo<t<2eo.

The graph of f’ is shown on Figure 3. (However, due to technical dif-
ficulties we show the case for large ¢. For small € > 0 the derivative of
the linear part of the graph should be close to A > 1. The same remark
applies to Figure 5.)

Note that f’ is continuous at ¢ = 7, with f'(n) = c¢;. To insure
the continuity of f’ at ¢ = 20 we choose o to be the solution of ¢; +
nlog(n/20) = 2. Clearly f(¢) = g(t) for t > e. It is also clear that
f'(t) > ¢'(t) for 0 <t < e ont € [n, e the graph of f is the tangent line
to the graph of ¢’ at (e, ¢’(€)) which stays above ¢’ due the to concavity
of ¢’; on (o, n] this is clear since g’ is increasing while f’ is decreasing.
Hence f is strictly increasing and satisfies f(t) < g(t) for 0 < t < e.
Also f'(o+) = +oo. It remains to show that f(o+) > 0 and that f
satisfies (9) on (o, ¢€).

Case 1: n <t <e. On this interval

Fit) =g'(e) + g"(e)(t — €) = c+tg"(e) > tg"(e).
The graph of f’ is the tangent line to the graph of ¢’ at the point (¢, ¢'(¢)).

Since ¢’ is strongly concave, we conclude f’(¢) > g'(t) for all t € [n,¢).
We have

£(t) > g(e) - /0 (66 + ") — 9)dr > gle) — eg'(€) = 1/(6).

Since f'(t) > 0 and f'(t) = g"(c), we get f(f"+ f3/t) > ff" >
g"(€)/g(e) = X/g(e)* which is > 1 if € is small (since A > 1 and
g(e) = g(0) = 1). From f(t) > 1/g(e) and f'(t) > tg"(e) we also
get f()f'(t)/t > g"(e)/g(e) > 1.
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FIGURE 3. The graph of f’

Case 2: 20 <t < n. Using f(n) > 1/g(e), f'(n) < ¢'(¢) (Case 1)
we get

n 1
f&) > f(n) —/0 (f'() ~nlog(r/m) dr > = —ng'(e) =" =: M.

a(

Clearly M > 1/2 when ¢ > 0 is small. From f"(t) = —n/t, f'(t) =
f'(n) +nlog(n/t) > f'(n) > c¢>0and 0 < 3n < ¢ we obtain

13 3
nyd ) U/
f(f+t) 1>M(t+t> 1
>]~\t/£(c3—n—2t)>%(c3—-3n)>0.

Also, ff'/t > Mf'(n)/n > Mc/n > 3M/c® > 1 (since ¢ > 0 is small)
which verifies the second inequality in (9).
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Case 3: 0 < t < 20. As before we easily obtain a lower bound
f(t) > 1/2 provided that € > 0 is sufficiently small. We have f'(t) =

2o/t —o, f'(t) = —/o/\/T— o°, and hence
f(fl/+f13/t)>_;_< —\/0 n 8o+/0 )

\/t—-a3 t\/t—a3
> _\/E___g(_1+4) > 3 > 1.
2/t—o 20

The second inequality in (2) is trivial as in Case 2.

The function f constructed above is invertible and its inverse func-
tion f~1: [f(0),+00) — [0, +00) is of class C, piecewise C? (actually
piecewise real-analytic), and satisfies (8). We extend f~! to [0, +o0) by
taking f~1(u) = o for u € [0, f(0)]; this extension satisfies the same
properties also near the point u = f(¢). The final solution is obtained
by smoothing h := f~1 in a small neighborhood of any point of disconti-
nuity of it second derivative. (We interpolate smoothly between the left
and the right limit of A” at such a point and integrate twice to obtain
the new h. This does not change h and A’ very much and hence the
inequality (8) is preserved.) This completes the proof. a

A small modification of the above construction gives strongly pseu-
doconvex handlebodies L C C™ with center

E={z+iyeC": |y < Nz +1}UR® (A< 1).

A typical L is shown on Figure 4. Observe that D = {|y|* < A|z|? + 1}
is strongly pseudoconvex precisely when A < 1. It is an unbounded
hyperboloid when 0 < A < 1, a tube when A\ = 0 and a bounded
ellipsoid when A < 0. The Lagrangian plane ¢{R" is an (unbouded) handle
attached to D along the sphere {iy: y € R", |y| = 1}. Boonstra [3]
found explicit handlebodies for A < 0 and gave an indirect ‘bumping and
patching’ construction for 0 < A < 1. We give an explicit construction
for all A < 1. (Our example is easily modified to obtain handlebodies
with center D U M where M C i{R" is a compact domain such that
D N4R™ is contained in the relative interior of M.) Set

L= {z+iy: |z| >0, |yl < f(z]}U{z +iy: |z| < o}

where f is given by the following proposition.
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| v |

| x|

FIGURE 4. The handlebody L

PROPOSITION 3.3. Let A < 1 and g(t) = +V 2+ 1. For every
sufficiently small € > O there exists a number o = o(¢) € (0,€) and a
continuous function f: [o,+00) — (0,400), smooth on (o, +00), which
satisfies the inequalities (8) and the following:

(1) f(t) = g(t) fort > ¢,

(if) f(t) > g(t) foro <t <k,

(ii) 7/(o+) = limyyo £/(2) = —o0,

(iv) there exists a smooth inverse function f~! near the point u = f(c),
with f~(u) = o foru > f(0), satisfying the inequalities (8) on its
domain.

Proof. Choose numbers 0 < o < 20 < 7 < ¢; additional conditions
will be imposed later. We have ¢'(¢)/e = A/g(e) < 1. Choose a number k
satisfying ¢'(¢)/e < k < 1 and let ¢ := ¢'(¢) —ke < 0. Clearly ¢ > —~1if €
is small. Choosing 1 > 0 sufficiently small we have ¢; := ¢'(¢)+k(n—¢) =
c+kn<0andn+c} <0. Let o € (0,7/2) solve ¢; — nlog(n/20) = —2.
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With these choices we define f on (o, +00) by f(t) = g(e) + fet fl(r)ydr
where

g'(t), if e <t
ge)+k(t—e), ifn<t<e
a1 —nlog(n/t), if20<t<m

2o /\t—0, ifo<t<2o.

fi(e) =

Me-------—--

v
r

Cy 9

0

FIGURE 5. The graph of f’

The graph of f’ is shown on Figure 5. We verify that f satisfies (8). For
t > e this is clear since f(t) = g(¢). For n <t < ¢ we have

9(t) < F(8) < g(e) + | / “(g'(6) + Kr — ) dr| < g(e) + (1 + ¢ (&))).

By our choice of k the graph of f lies below the secant line through (0, 0)
and (e, ¢'(e)), and the secant is below g’ due to concavity of ¢’. This
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gives f(t) < ¢'(e)t/e = At/g(e). Also, f"(t) = k. At points t € [n,€)
where f”(t) + f'(t)3/t > 0 we thus have

FOF" @) + £ /1) < (9(e) +e(L +1g' () (k+ A% /g(e)) < 1
provided that € > 0 is sufficiently small (since k < 1, g(€) = 1 and the
other quantities are O(e)). At points where f”(t)+ f/(t)3/t < 0 the same
estimate holds since f(t) > 0. Also, f(t)f'(t)/t < (g(e) +O(€))A/g(e) =
A+ 0(€e) < 1if € >0 is small.

For t € [20,7n] the estimates (8) are almost trivial: from f'(t) <
f'(n) =c1 <0and f"(t) =n/t we get f'(t)+ f/(¢)3/t < (n+c3)/t <0
which implies the first estimate in (8) (since f(t) > g(t) > 0). Also
f(&)f'(t)/t < 0 and hence (8) holds. Similarly we verify (8) on (o, 20].
We complete the proof as in Proposition 3.1 by smoothing f~1. O

4. Handlebodies on general quadratic domains

In this section we consider handlebodies modeled on general qua-
dratic strongly plurisubharmonic functions p: C* — R. Choose a k €
{0,1,...,n} and write the coordinates on C" in the form { = (z,w),
with 2 = 2 + iy € C*¥ and w = w4+ iv € C**. Let A, B be positive
definite real symmetric matrices of dimension k resp. n — k. Denote by
(-,-) the Euclidean inner product on any R™. Given these choices let

(10)  p(z,w) = Qy,w) — |21>,  Q(y,w) = (Ay,y) + (Bv,v) + |ul*.
It is easily seen that p is strongly plurisubharmonic if and only if all
eigenvalues of A are larger than 1. (Equivalently, the matrix A — I
must be positive definite which we denote by A > I.) Clearly p has
a Morse critical point of index k at the origin and no other critical
points. It is proved in [12] that every Morse critical point of a strongly
plurisubharmonic function is of this form in some local holomorphic
coordinates, modulo terms of order > 2.

Assume now that k > 1. Let A* = {(z 4+ i0,0) € C": = € R¥}. We
identify « € R¥ with (z + i0,0) € A¥ ¢ C" when appropriate.

PROPOSITION 4.1. (Notation as above.) Let p be given by (10) where
A>1I,B>0. Givenr > 0, € > 0 there exist constants 0 < r < ¢y < R,
0 > 0 and a smooth, increasing, weakly convex function h: Ry — Ry
such that 7(z,w): = Q(y,w) — h(|z|?) is a strongly plurisubharmonic
function on C", with a Morse critical point of index k at 0 € C", satis-
fying

(i) for |z|?> < r we have 7(z,w) = Q(y,w) — §|z|?,
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(i) for |z|? > R we have 7(z,w) = p(z,w) + co, and
(iii) {p < —cp}UA* C{r <0} C{p<—r}u{Q <e}.

COROLLARY 4.2. For every sufficiently small ¢ > 0 the set K, =
{T < ¢} is a strongly pseudoconvex handlebody with center

Ee ey ={¢ €C™: p(¢) < c = co} UAF,
satisfying F._., C K. C {p < —r}U{Q < €} (Figure 6).
Proof of Proposition 4.1. We modify slightly the construction in
Lemma 6.7 of [7] (the function constructed there was not Morse). Let
to = r+e Choose 0 < § < 1,u > 1 such that §tg < € and 1 <

i+ 6 < A; where A\; > 1 denotes the smallest eigenvalue of A. Set
R = p’to/(p+6 —1)? and

dt, if 0 <t <t
h(t) = § 6t + p(Vt — Vig)?, ifto <t < R;
t - R+ h(R), if R <t.

FIGURE 6. The handlebody K. = {7 < ¢}

It is easily verified that h is an increasing convex function of class C!
and piecewise C2 on R which satisfies

Ah+h=p+8<A  (tg<t<R)
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and § = h(tg) < h(t) <1 = h(R) for all t € R. By smoothing h we
obtain an increasing convex C* function, still denoted h, which equals
dt for 0 < t < #o, it equals t — R+ h(R) for ¢t > R, and satisfies

h(t) < A1, 2th(t)+h(t) <A  (tE€R).

A simple calculation shows that, as a consequence of these inequalities,
the associated function 7 is strongly plurisubharmonic on C™" and satis-
fies Proposition 4.1 with ¢g = R — h(R). (See the proof of Lemmas 6.7
and 6.8 in [7] for the details of this calculation.) O
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