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Abstract

We study the existence of topologically closed complex curves normalized by bordered
Riemann surfaces in complex spaces. Our main result is that such curves abound in
any noncompact complex space admitting an exhaustion function whose Levi form
has at least two positive eigenvalues at every point outside a compact set, and this
condition is essential. We also construct a Stein neighborhood basis of any compact
complex curve with €*-boundary in a complex space.
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1. Introduction

Let X be an irreducible (reduced, paracompact) complex space of dimension greater
than 1. For every topologically closed complex curve C in X, we have a sequence of
holomorphic maps

{CP',C,A})>5D—> D — C = X,

where C — X is the inclusion, D — C is a normalization of C by a Riemann
surface D, and D — D is a universal covering combined with a uniformization map.
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Here A = {z € C: |z| < 1}. Thus C is the image of a generically one-to-one proper
holomorphic map D — X; hence it is natural to ask which Riemann surfaces D admit
any proper holomorphic maps to a given complex space and how plentiful they are.
This question has been investigated most intensively for compact complex curves that
form a part of the Douady space and of the cycle space of X (see [3], [8], [18]).

In this article, we obtain essentially optimal existence and approximation results
when D is a finite bordered Riemann surface, that is, a one-dimensional complex
manifold with compact closure D = D U bD whose boundary b D consists of finitely
many closed Jordan curves; such a D is uniformized by the disc A. The existence
of a proper holomorphic map D — X implies that X is noncompact, but additional
conditions are needed in general since there exist open complex manifolds without
any topologically closed complex curves; an example is obtained by removing a point
from a compact complex manifold that admits no closed complex curves (a condition
satisfied, e.g., by certain complex tori of dimension greater than 1).

We begin by a brief survey of the known results. Every open Riemann surface
admits a proper holomorphic immersion in C? and a proper holomorphic embedding
in C3 (see [7], [61]). Some open Riemann surfaces also embed in C?, but it is unknown
whether all of them do; impressive results on this subject have been obtained recently
by Wold in [77], [ 78], [79], where the reader can find references to older works on the
subject.

Turning to more general target spaces, we note that the Kobayashi hyperbolicity
of X excludes curves uniformized by C but imposes fewer restrictions on those
uniformized by the disc A (see [50], [51]). There are other, less tangible obstructions:
Dor [17] found a bounded domain with nonsmooth boundary in C" without any proper
holomorphic images of A; even in smoothly bounded (non-pseudoconvex) domains
in C", the union of images of all proper analytic discs can omit a nonempty open
subset (see [27]). On the positive side, every point in a Stein manifold X of dimension
greater than 1 is contained in the image of a proper holomorphic map A — X (see
Globevnik [35]; see also [16], [19], [20], [21], [27], [28], [29]). The same holds for
discs in any connected complex manifold X that is g-complete for some g < dim X
(see [21]). The first cases of interest, inaccessible with the existing techniques, are
Stein spaces with singularities.

Recall that a smooth function p: X — R on a complex space X is said to be
g-convex on an open subset U C X (in the sense of Andreotti and Grauert [2] and
[38, Definition 1.4, page 263]) if there is a covering of U by open sets V; C U,
biholomorphic to closed analytic subsets of open sets €2; C C"/, such that for each
J the restriction p|y, admits an extension pj: 2; — R whose Levi form i 8551»
has at most ¢ — 1 negative or zero eigenvalues at each point of £2;. The space X is
q-complete (resp., g-convex) if it admits a smooth exhaustion function p: X — R
which is g-convex on X (resp.,on {x € X: p(x) > c} for some ¢ € R). A 1-complete
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complex space is just a Stein space, and a 1-convex space is a proper modification of
a Stein space. We denote by X, (resp., by Xg,,) the set of regular (resp., singular)
points of X.

We are now ready to state our first main result; it is proved in §6.

THEOREM 1.1

Let X be an irreducible complex space of dim X > 1,and let p: X — R be a smooth
exhaustion function that is (n — 1)-convex on X, = {x € X: p(x) > c} for some
c € R. Given a bordered Riemann surface D and a €*-map f: D — X which is
holomorphic in D and satisfies f(D) ¢ Xgne and f(bD) C X, there is a sequence
of proper holomorphic maps g,: D — X homotopic to f|p and converging to f
uniformly on compacts in D as v — 00. Given an integer k € N and finitely many
points {z;} C D, each g, can be chosen to have the same k-jet as f at each of the
points ;.

We now show by examples that the conditions in Theorem 1.1 are essentially optimal.
The assumption on p means that its Levi form has at least two positive eigenvalues
at every point of X, = {p > c}. One positive eigenvalue does not suffice in view
of Dor’s example of a domain in C" without any proper analytic discs (see [17])
and the fact that every domain in C” is n-complete (see [39], [64]). Necessity of the
hypothesis f(D) ¢ Xing is seen by [34, Proposition 3] (based on an example of
Kaliman and Zaidenberg [48]): an analytic disc contained in X;,, may be forced to
remain there under analytic perturbations, and it need not be approximable by proper
holomorphic maps A — X. The only possible improvement is a reduction of the
boundary regularity assumption on the initial map. If D is a planar domain bounded
by finitely many Jordan curves and X is a manifold, it suffices to assume that f is
continuous on D by appealing to [9, Theorem 1.1.4] in order to approximate f by a
more regular map.

If f: D — X in Theorem 1.1 is generically injective, then so is any proper
holomorphic map g,: D — X approximating f sufficiently closely; its image g, (D)
is then a closed complex curve in X normalized by D. Assuming that f(D) C Xregs
one can choose each g, to be an immersion, and even an embedding when n > 3.
Each map g, is a locally uniform limit in D of a sequence of *-maps f;: D — X
which are holomorphic in D and satisfy

lim inf{p o f;(z): z € bD} — +o0; (1.1)
Jj—>o0

that is, their boundaries f;(bD) tend to infinity in X. Embedding D as a domain in
an open Riemann surface S, we can choose each f; to be holomorphic in open set
U; C S containing D.
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Theorem 1.1 also gives new information on algebraic curves in (n — 1)-convex
quasi-projective algebraic spaces X = Y\Z, where Y, Z C CPP" are closed complex
(i.e., algebraic) subvarieties in a complex projective space. We embed our bordered
Riemann surface D as a domain with smooth real analytic boundary in its double S,a
compact Riemann surface obtained by gluing two copies of D along their boundaries
(see[5, page 581],[74, page 217]). There is a meromorphic embedding S < CP? with
poles outside of D; the subset S C S which is mapped to the affine part C* ¢ CP? isa
smooth affine algebraic curve, and D is Runge in S. A holomorphicmap f: U — X
from an open set U C S to a quasi-projective algebraic space X is said to be Nash
algebraic (see Nash [63]) if the graph

Gr={(z, f2)) e Sx X: z e U}

is contained in a one-dimensional algebraic subvariety of S x X.

COROLLARY 1.2

Let X be an irreducible quasi-projective algebraic space of dim X > 1, and let
D @ S be a smoothly bounded Runge domain in an affine algebraic curve S. Assume
that p: X — Rand f: D — X satisfy the hypotheses of Theorem 1.1. Then there is
a sequence of Nash algebraic maps fj: U; — X inopensets U; D D satisfying (1.1)
such that the sequence fj|p converges to a proper holomorphic map g: D — X.

Corollary 1.2 is obtained by approximating each of the holomorphic maps f;: U; —
X, obtained in the proof of Theorem 1.1, uniformly on D by a Nash algebraic map,
appealing to theorems of Demailly, Lempert, and Shiffman [15, Theorem 1.1] and
Lempert [54, Theorem 1.1, page 335]. Their results give Nash algebraic approxim-
ations of any holomorphic map from an open Runge domain in an affine algebraic
variety to a quasi-projective algebraic space. Of course, g can be chosen to also
satisfy the additional properties in Theorem 1.1. If I"; C S x X is an algebraic curve
containing the graph of the Nash algebraic map f;: U; — X, then its projection
C; C X under the map (z, x) — x is an algebraic curve in X containing f;(U;);
as j — oo, the domains f;(D) C C; converge to the closed transcendental curve
g(D) C X, while their boundaries f;(bD) leave any compact subset of X.

Corollary 1.2 applies, for example, to X = CIP"\ A, where A is a closed complex
submanifold of dimension d € {[(n + 1)/2],...,n — 1}. Indeed, CIP"\ A is then
(2(n — d) — 1)-complete by a result of Peternell [65] (improving an earlier result of
Barth [4]) and hence is (n — 1)-complete if n < 2d.

Another interesting and relevant example is due to Schneider [71], who proved that
for acompact complex manifold X and a complex submanifold A C X of codimension
q whose normal bundle Ny is (Griffiths) positive, the complement X\ A is g-convex.
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Thus Theorem 1.1 furnishes closed complex curves in X\ A wheneverg < dim X — 1,
which is equivalent to dim A > 1 (for further examples, see Grauert [38] and Coltoiu
[13D).

The following consequence of Theorem 1.1 was proved in [21] in the special case
when X, =@ and D = A.

COROLLARY 1.3

Let X be an irreducible (n — 1)-complete complex space of dimension n > 1, and let
D be a bordered Riemann surface. Given a €*-map f: D — X which is holomorphic
in D and satisfies f(D) ¢ Xiing, a positive integer k € N, and finitely many points
{z;} C D, there is a sequence of proper holomorphic maps g,: D — X converging
to f|p uniformly on compacts in D such that each g, has the same k-jets as f at each
of the points z;. This holds, in particular, if X is a Stein space.

Let X be a complex manifold. The Kobayashi-Royden pseudonorm of a tangent vector
v € T, X is given by

kx(v) = inf{A > 0: 3f: A — X holomorphic, f(0)=x, f'(0)=1""v}.

The same quantity is obtained by using only maps that are holomorphic in small
neighborhoods of A in C. Corollary 1.3 implies the following.

COROLLARY 1.4

If X is an (n — 1)-complete complex manifold of dimensionn > 1, then its infinitesimal
Kobayashi-Royden pseudometric kx is computable in terms of proper holomorphic
discs f: A — X.

On a quasi-projective algebraic manifold X, the pseudometric xkx and its integrated
form, the Kobayashi pseudodistance, are also computable by algebraic curves (see
[15, Corollary 1.2]).

It is natural to inquire which homotopy classes of maps D — X from a bordered
Riemann surface admit a proper holomorphic representative. Hyperbolicity properties
of X may impose a major obstruction on the existence of a holomorphic map in a given
nontrivial homotopy class (see [50], [51], [22]). The following opposite property is
important in Oka-Grauert theory.

A complex manifold X is said to enjoy the m-dimensional convex approximation
property (CAP,,) if every holomorphic map U — X from an open set U C C” can be
approximated uniformly on any compact convex set K C U by entire maps C" — X
(see [26]).
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COROLLARY 1.5

Let X be an (n — 1)-complete complex manifold of dimension n > 1. If X satisfies
CAP, 1, then for every continuous map f: D — X from a bordered Riemann
surface D, there exists a proper holomorphic map g: D — X homotopic to f.
If f is holomorphic on a neighborhood of a compact subset K C D, then g can
be chosen to approximate f as close as desired on K. This holds, in particular, if
X = CP"\A, where n > 4 and A C CP" is a closed complex submanifold of
dimensiond € {[((n + 1)/2],...,n —2}.

Proof

We may assume that D = {z € S: v(z) < 0}, where S is an open Riemann surface
and v: S — R is a smooth function with dv # 0 on bD = {v = 0}. Choose
numbers ¢y < 0 < ¢; close to zero so that v has no critical values on [cg, ¢;]. Let
D; ={z € §:v(z) < ¢j} for j = 0,1. We may assume K C D,. There is a
homotopy of smooth maps t,: D; — D; (¢ € [0, 1]) such that 7 is the identity on
Dy, 11(Dy) = Dy, and for all r € [0, 1] we have t,(D) C D, and 7, equals the identity
map near K. Set ? = for1: D; — X.Note that 7|D is homotopic to f via the
homotopy f o 7;|p (¢ € [0, 1]).

By the main result [26, Theorem 1.2], the CAP,,, property of X implies the
existence of a holomorphic map fi: D; — X homotopic to 7: D, — X.Then fi|p
is homotopic to 7| p and hence to f. Theorem 1.1, applied to the map fi|p: D — X,
furnishes a proper holomorphic map g: D — X homotopic to fi|p and hence to f.
In addition, f; and g can be chosen to approximate f uniformly on K.

The last statement follows from the aforementioned fact that CP"\ A is (n — 1)-
complete if A is as in the statement of the corollary (see [65]), and it enjoys CAP,,
for all m € N provided that dim A < n — 2 (see [26]). O

By [26] and [25], the property CAP = ()_, CAP,, of a complex manifold X is
equivalent to the classical Oka property concerning the existence and the homotopy
classification of holomorphic maps from Stein manifolds to X. Examples in [40] and
[26] show that Corollary 1.5 fails in general if X does not enjoy CAP, and the most
that one can expect is to find a proper map D — X in the given homotopy class which
is holomorphic with respect to some complex structure on the smooth 2-surface D.
This indeed follows by combining Theorem 1.1 with a very special case of the main

result [33, Theorem 1.1, page 616].

COROLLARY 1.6
Let X be an (n — 1)-complete complex manifold of dimension n > 1, and let D be a
compact, connected, oriented real surface with boundary. For every continuous map
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f: D — X, there exist a complex structure J on D and a proper J-holomorphic
map g: D — X which is homotopic to f.

Another result of independent interest is Theorem 2.1 to the effect that a compact
complex curve with ¢2-boundary in a complex space admits a basis of open Stein
neighborhoods. The following special case is proved in §2.

THEOREM 1.7

Let X be an n-dimensional complex manifold. If D is a relatively compact, smoothly
bounded domain in an open Riemann surface S and f: D < X is a €*-embedding
that is holomorphic in D, then f(D) has a basis of open Stein neighborhoods in
X which are biholomorphic to open neighborhoods of D x {0)"~'in § x C"~'. In
particular, if D is a smoothly bounded planar domain, then f(D) has a basis of open
Stein neighborhoods in X which are biholomorphic to domains in C".

Royden showed in [70] that for any holomorphically embedded polydisc f: A* < X
in a complex manifold X and for any r < 1, the smaller polydisc f(rA¥) C X
admits open neighborhoods in X biholomorphic to A" with n = dim X. We have
the analogous result for closed analytic discs, showing that they have no appreciation
whatsoever of their surroundings.

COROLLARY 1.8

Let X be an n-dimensional complex manifold. For every €*-embedding f: A — X
which is holomorphic in A, the image f(A) has a basis of open neighborhoods in X
which are biholomorphic to A".

These and related results are used to obtain new holomorphic approximation theorems
(Corollary 2.7, Theorem 5.1).

Outline of proof of Theorem 1.1

Theorem 1.1 is proved in §6 after developing the necessary tools in §§2 —5. We begin
by perturbing the initial map f: D — X to a new map for which f(bD) C Xreg
(see Theorem 5.1). The rest of the construction is done in such a way that the image
of b D remains in the regular part of X. A proper holomorphic map g: D — X is
obtained as a limit g = lim;_,, fj|p of a sequence of ¢*-maps f;: D — X which
are holomorphic in D such that the boundaries f;(hD) converge to infinity.

Our local method of lifting the boundary f(bD) is similar to the one used (in the
special case D = A) in earlier articles on the subject (see [16], [19], [20], [27], [28],
[35]). Since the Levi form £, is assumed to have at least two positive eigenvalues at
every point of f(bD), we get at least one positive eigenvalue in a direction tangential
to the level set of p at each point f(z), z € bD; this gives a small analytic disc in
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X, tangential to the level set of p at f(z), along which p increases quadratically.
By solving a certain Riemann-Hilbert boundary value problem, we obtain a local
holomorphic map whose boundary values on the relevant part of bD are close to the
boundaries of these discs, and hence po f has increased there. (One positive eigenvalue
of Z, does not suffice since the corresponding eigenvector may be transverse to the
level set of p and cannot be used in the construction.)

To globalize the construction, we develop a new method of patching holomorphic
maps by improving a technique from the recent work of Forstneri¢ [26] on localization
of the Oka principle. We embed a given map f: D — X into a spray of maps, that
is, a family of maps f;: D — X depending holomorphically on the parameter ¢
in a Euclidean space and satisfying a certain submersivity property outside of an
exceptional subvariety. The local modification method explained above gives a new
spray near a part of the boundary b D; by ensuring that the two sprays are sufficiently
close to each other on the intersection of their domains Wl, we patch them into
a new spray over Dy U D; (see Proposition 4.3). This is accomplished by finding a
fiberwise biholomorphic transition map between them and decomposing it into a pair
of maps over D, (resp., D;) which are used to correct the two sprays so as to make
them agree over Dy N D;.

The main step, namely, a decomposition of the transition map (Theorem 3.2), is
achieved by a rapidly convergent iteration. This result generalizes the classical Cartan
lemma to nonlinear maps, with ¢ -estimates up to the boundary. Unlike in [26, Lemma
2.1], the base domains do not shrink in our present construction — this is not allowed
since all action in the construction of proper maps takes place at the boundary.

Our method of gluing sprays is also useful in proving holomorphic approximation
theorems (see Theorem 5.1).

One of the difficult problems in earlier works has been to avoid running into a
critical point of the given exhaustion function p: X — R. For Stein manifolds, this
problem was solved by Globevnik [35]. Here we apply an alternative method from

[23] and cross each critical level by using a different function constructed especially
for this purpose.

We believe that the methods developed in this article are applicable in other
problems involving holomorphic maps. With this in mind, many of the new technical
tools are obtained in the more general context of strongly pseudoconvex domains in
Stein manifolds.

2. Stein neighborhoods of smoothly bounded complex curves

Let (X, Ox) be a complex space. We denote by ((X) the algebra of all holomorphic
functions on X, endowed with the compact-open topology. A compact subset K of
X is said to be (O(X)-convex if for any point p € X\ K, there exists f € O(X) with
| f(p)| > supg|f|. If X is Stein and K is contained in a closed complex subvariety
X’ of X, then K is O(X’)-convex if and only if it is (( X)-convex. (For Stein spaces,
we refer to [41] and [47].)
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Figure 1. Theorem 2.1

We say that a compact set A in a complex space X is a complex curve with
@"-boundary bA in X if
(1) A\bA is a closed, purely one-dimensional complex subvariety of X\bA
without compact irreducible components; and
(i)  every point p € bA has an open neighborhood V C X and a biholomorphic
map ¢: V — V' C Q C CV onto a closed complex subvariety V' in an open
subset € C" such that (AN V) is a one-dimensional complex submanifold
of 2 with " -boundary ¢p(bA N V).
Note that bA consists of finitely many closed Jordan curves and has no isolated
points, but it may contain some singular points of X.

THEOREM 2.1

Let A be a compact complex curve with 6*-boundary in a complex space X. Let K
be a compact O(2)-convex set in a Stein open set 2 C X. I[fbANK =@ and ANK
is O(A)-convex, then AU K has a fundamental basis of open Stein neighborhoods
in X (see Figure 1).

Theorem 2.1 is the main result of this section (see also Theorem 2.6). For X = C",
this follows from results of Wermer [76] and Stolzenberg [75]. We use only the special
case with K = ¢, but the proof of the general case is not essentially more difficult, and
we include it for future applications. The necessity of (/( A)-convexity of K N A is seen
by taking X = C?, A = {(z,0): |z] < 3},and K = {(z, w): 1 < |z| <2, |w| < 1}.
Every Stein neighborhood of A U K contains the bidisc {(z, w): |z] < 2, |w| < 1}.

In this connection, we mention a result of Siu [73, Main Theorem, page 89] to the
effect that a closed Stein subspace (without boundary) of any complex space admits
an open Stein neighborhood. Extensions to the g-convex case and simplifications of
the proof were given by Coltoiu [12] and Demailly [14]. These results do not seem to
apply directly to subvarieties with boundaries.
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Proof

We adapt [25, proof of Theorem 2.1]. (It is based on the proof of Siu’s theorem [73,
Main Theorem, page 89] given in [14].) We begin with preliminary results. We have
bA = |J]_, C;, where each C; is a closed Jordan curve of class %* (a diffeomorphic
image of the circle T = {z € C: |z| = 1}).

LEMMA 2.2

There are a Stein open neighborhood U; C X of C;, with U; N K = @, and a
holomorphic embedding Z = (z, w): U; — C'" for some n; € N such that Z(U;)
is a closed complex subvariety of the set

Ui = {(z,w)e@l+"f: L—rj<lzl <l4r, Jwil<1,..., |w,l < 1}
forsome 0 <r; <1, and
Z(ANU)) = {(z,w)e Ui:zeTy, w=gj(z)},
where
I = {z =re? e C: l—r;<r< hj(Q)},

h; is a €*-function close to 1 (in particular, |h;(6) — 1| < r; for every 8 € R), and
8i =(8i1r---:8jm;): Tj > A isa @*-map that is holomorphic in the interior of
r;.
Proof

We claim that C}, being a totally real submanifold of class %? in X, admits a basis
of open Stein neighborhoods in X. This is standard when X is smooth (without
singularities), in which case the squared distance to C; with respect to any smooth
Riemannian metric on X is a strongly plurisubharmonic function in a neighborhood
of C;, and its sublevel sets provide a basis of open Stein neighborhoods of C;. In the
general case, when C; contains some singular points of X we cover C; by finitely
many open sets Uy C X (k = 1, ..., m;) such that each U admits a holomorphic
embedding ¢y : Uy — £, C CM onto a closed complex subvariety ¢ (Uy) in an
open set ©; C CM. The function pi(x) = dist? (¢ (x), o (C;NU)) > 0(x € Uj)
is then strongly plurisubharmonic near the set p, 'oy=c 7 N Uyg. (We are using the
Euclidean distance in the above definition of py.) Patching these functions py, .. ., Prm;
by a smooth partition of unity along C; in X, we obtain a strongly plurisubharmonic
function p > 0 in a neighborhood of C; which vanishes precisely on C;, and the
sublevel sets {o < c} for small ¢ > 0 provide a Stein neighborhood basis of C; (see
[62]). The details of the patching argument are similar to the nonsingular case and are
omitted.
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Choose a Stein open neighborhood U; © X of C;. By shrinking U; slightly
around C;, we may assume that U; embeds holomorphically into a Euclidean space
C'+". Denote by C’; € C'*" (resp., by A’) the image of C; (resp., of A N U;) under
this embedding. We identify the circle T with T x {0} c C'*". The complexified
tangent bundle to C ; and the complex normal bundle to C ; in C'*" are trivial (since
every complex vector bundle over a circle is trivial). Using standard techniques for
totally real submanifolds (see, e.g., [31]), we find a %>-diffeomorphism ® j from a
tube around C ; in C'*" onto a tube around the circle 7 such that ® J(@ }) =T and
such that d ®; and its total first derivative D'(d ®;) vanish on C o

By [31, Theorems 1.1, 1.2], we can approximate ®; in a tube around C’; by a
biholomorphic map ®’; that maps C’; very close to 7" and that spreads a collar around
C’ in A" as a graph over an annular domain in the first coordinate axis. Composing
the initial embedding U; — C!i with CD/j, we obtain (after shrinking U; around
C;) the situation in the lemma. ]

Using the notation in the statement of Lemma 2.2, we set

Aj={xeU;:zx)eT;} C X, 2.1

¢;(x) = wx) — g;(z(x)) € C, x € A;. (2.2)

We can extend |¢ j|2 to a ¥>-function on U ; which is positive on U;\I'";. Choose
additional open sets U,, .1, ..., Uy in X whose closures do not intersect any of the
sets Uj\A; for j = 1,...,m such that AU K C Uj-vzl U;. By choosing these sets
sufficiently small, we also get for each j € {m + 1,..., N} a holomorphic map

¢;: U; — C" whose components generate the ideal sheaf of A at every point of U;.
If U; N A = {) for some j, we take n; = 1 and ¢;(x) = 1. Choose slightly smaller
opensets V; €U; (j=1,...,N)suchthat AUK C Uj.vzl V;. Choose an open set
VcXwithAUK c Ve, V;, andlet

m N
A={Jvnapu [ vnvy. (2.3)

Jj=1 Jj=m+1

LEMMA 2.3

There are a family of €*-functions vs: V — R (8 € (0, 1]) and a constant M > —oo
such that id0 vs > M on A for all § € (0, 1) and such that vy(x) = lims_,o vs(x) is
of class €* on V\ A and satisfies vo|, = —o0.

Proof

We adapt [14, proof of Lemma 5]. Let rmax denote a regularized maximum (see [14,
page 286]); this function is increasing and convex in all variables (hence it preserves
plurisubharmonicity), and it can be chosen as close as desired to the usual maximum.
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On every set V;, we choose a smooth function 7;: V; — R which tends to —oo at
bV;.Foreach§ € [0, 1], we set

vs,;(x) = log(8 + |¢;(0)*) + T;(x), x€V;

and vs(x) = rmax(..., vs j(x),...), where the regularized maximum is taken over
all indices j € {I,..., N} for which x € V;. As § — 0, vs decreases to v, and
{vo = —oo} = A. Since the generators ¢; and ¢ for the ideal sheaf of A can be
expressed in terms of one another on U; N Uy, the quotient |¢;|/|¢y| is bounded
on V; N Vy, and hence (8 + |$;1*)/(8 + |¢x|?) is bounded on V; N V uniformly
with respect to 6 € [0, 1]. Since 7; tends to —oo along bV, none of the values
vs j(x) for x sufficiently near bV; contributes to the value of vs(x) since the other
functions take over in rmax, and this property is uniform with respect to § € [0, 1].
Since log(§ + Id)j(x)lz) is plurisubharmonic on A if j € {1, ..., m} (resp., on U; if
je{m+1,...,N}), we have i90 Vs,j > i90 7; on the respective sets. The above
argument therefore gives a uniform lower bound for i 99 vs on the compact set A (see
(2.3)). However, we cannot control the Levi forms of vs from below on the sets V;\ A ;
for j € {1, ..., m} since ¢, fails to be holomorphic there. O

LEMMA 2.4

Let U C X be an open set containing AU K . There exists a neighborhood W of AUK
with W C U and a @*-function p: X — R which is strongly plurisubharmonic on
W such that p < 0on K and p > 0 on bW.

Proof

Since AN K is O(A)-convex, there exists a compact neighborhood K’ € U N Q of K
suchthatthe set K'NA C A\bA isalso (O(A)-convex. Since K is (/(£2)-convex, there is
a smooth strongly plurisubharmonic function py: €2 — R such that py < 0 on K and
po > 1 on Q\K' (see [47, Theorem 5.1.5, page 117]). Set 2, = {x € Q: po(x) < c}.
Fixing a number ¢ with 0 < ¢ < 1/2, we have K C Q. C 2. C K.

Since the restricted function pg|ngq is strongly subharmonic and the set K’ N A is
((A)-convex, a standard argument (see [25, page 737]) gives another smooth function
0o: X — R which agrees with p, in a neighborhood of K’ in X such that pg|, is
strongly subharmonic, Py > ¢ on A\, Py > 2¢ on A\Qye, and Polpa = co > 1 is
constant.

Choose a strongly increasing convex function i: R — R satisfying h(¢) > ¢ for
allt e R, h(t) =t fort < c¢,and h(t) > t + 1 for t > 2¢. The function

pi=hopy: X > R (2.4)

is then strongly plurisubharmonic on K’ and along A, and it satisfies
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i)  p1 =10 =poon §c_’
(i)  p1 = po > con A\Q,
(i)  p1 > Po+ 1 on A\, and
(iv)  pilpa =c1 > 2.
To complete the proof of Lemma 2.4, we need the following result (see [14,
Theorem 41]).

LEMMA 2.5

Let A be a compact complex curve with €*-boundary in a complex space X . For every
function p;: X — R of class €* such that p;|4 is strongly subharmonic, there exists
a G*-function p,: X — R which is strongly plurisubharmonic in a neighborhood of
A and satisfies p2|a = p1]a.

Proof

Let {U;: j = 1,..., N} be the open covering of A chosen at the beginning of the
proof of Theorem 2.1. (For the present purpose, we delete those sets that do not
intersect A.) Foreachindex j € {1, ..., m},letZ = (z, w): U; — Uj’- c Cltni, r;,
A, and ¢; be as above. Denote by ¢;: I'; x C" — R the unique function that is
independent of the variable w € C" and satisfies p; = W} oZonANU;. Weextend
W} to a ¢>-function W} U j’ — R which is independent of the w-variable and set

Yj=y;joZ:U;—> R (2.5)

Then ¥/;|anu;, = p1, and there is an open set Fj C{l—-r; <lzl <1+4r;}, with
I'; C I'j, such that ¥; is subharmonic in the open set

Uj={xeU;:zx)eT;} cx. (2.6)

By choosing the remaining sets U; for j € {m + 1, ..., N} sufficiently small,
we also get a holomorphic map ¢;: U; — C"/, whose components generate the
ideal sheaf of A at every point of Uj;, and a strongly plurisubharmonic function
V;: U; — Rextending p1|any, -

Choose a smooth partition of unity {#;} on a neighborhood of A in X with
suppf; C U for j =1,..., N.Fixan € > 0, and set

N
pa(x) =D 0;(x) (¥(x) + € log(l + € *[¢p;(x)).

j=1

For x € A, we have p,(x) = Zj 0;(x)¥rj(x) = pi(x). One can easily verify that
P2 is strongly plurisubharmonic in a neighborhood of A in X provided that € > 0
is chosen sufficiently small. Indeed, as € — 0, the function €*log(1 + €~*|¢;(x)|*)
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is of size O(e?), its first derivatives are of size O(¢), and its Levi form at points of
A, NU; in the direction normal to A is of size comparable to €~!, which implies
that the Levi form of p, is positive definite at each point of A provided that € > 0 is
chosen sufficiently small (see [14, proof of Theorem 4] for the details). O

With p; given by (2.4) and p, furnished by Lemma 2.5, we set

p = rmax{po, py — 1}.

It is easily verified that p is strongly plurisubharmonic on a compact nelghborhood
W C Uoftheset AUS,, p = Py = po on 2, (hence p < 0 on K), p =
p2 — 1 > g in a neighborhood of A\, and p|, has a constant value C > 1. After
shrinking W around A U Q., we also have p > 0 on bW. This concludes the proof of
Lemma 2.4. O

Completion of the proof of Theorem 2.1

We use the notation established at the beginning of the proof: U; C X is an open Stein
neighborhood of a boundary curve C; C bA, A; and ¢p;: U; — C" are defined by
(2.1) (resp., by (2.2)), and ¥;: U; — R is defined by (2.5).

Let V be an open set containing A U K, and let v5: V. — R (§ € [0, 1]) be a
family of functions furnished by Lemma 2.3. Let A denote the corresponding set (2.3)
on which i3 vs is bounded from below uniformly with respect to § € (0, 1]. As §
decreases to zero, the functions vs decrease monotonically to a function vy satisfying
{vg = —oo} = A. By subtracting a constant, we may assume that v; < v; < 0 on K
for every § € [0, 1].

Given an open set U C X containing A U K, we must find a Stein neighborhood
w C U of AU K. We may assume that U C V. Let p be a function furnished by
Lemma 2.4; thus p is strongly plurisubharmonic on the closure W C U of an open
set WD AUK, p|lg <0,and p|, > 0. Let

Pes=p+evs: W— R

Choose € > 0 sufficiently small such that p.o > 0 on bW (such € exists since
{vg = —o0} = A); hence p.5 > p.o > 0 on bW for every § € [0, 1]. Decreasing
€ > 0 if necessary, we may assume that p, 4 is strongly plurisubharmonic on A N W
for every § € (0, 1] (since the positive Levi form of p compensates the small negative
part of the Levi form of €vy). Fix an € with these properties. Now, choose a sufficiently
small § > O such that p. s < 0 on A. (This is possible since vs decreases to vy, which
equals —oo on A.) Note that p. s < 0 on K since both p and v; are negative on K.
By continuity, p. s is strongly plurisubharmonic also on the set W N U ; for every
j=1,...,m, where 17, C Uj is an open set of the form (2.6).
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The function ¥, : U ; — R (see (2.5)) is plurisubharmonic on the open set l7_,~
(see (2.6)) that contains A ;, ¥; has a constant value ¢; on the curve C; C bA, and
{V <c}=A; DANU;.Let x: R — R, be a smooth increasing convex function
with X(t) =0 fort < ¢y and x(¢) > O fort > c;. The plurlsubharmonlc function
x o¥;: U; — R then vanishes on A; and is positive on U \A ;; extending it by
zero along A, we obtain a plurlsubharrnomc function ¥ : V — R, which vanishes
on W N A and is positive on each of the sets U i\ A (where it agrees with x o v;). By
choosing x to grow sufficiently fast on {f > c;}, we can ensure that the sublevel set

w = {x e W:r(x)+ pes(x) < 0} eWw

(which contains A U K) is contained in the set on which p, s is strongly plurisubhar-
monic. The purpose of adding v is to round off the sublevel set sufficiently close to b A,
where it exists from A N W, thereby ensuring that o remains in the region where the
defining function ¥ + p. s is strongly plurisubharmonic. Narasimhan’s theorem [62,
Theorem, page 355] now implies that  is a Stein domain. This completes the proof of
Theorem 2.1. O

The restriction to one-dimensional subvarieties A C X was essential only in the proof
of Lemma 2.2. For higher-dimensional subvarieties, we have the following partial
result.

THEOREM 2.6

Let h: X — S be a holomorphic map of a complex space X to a complex manifold
S, and let D @ S be a strongly pseudoconvex Stein domain in S. Let f: D — X
be a €*-section of h (i.e., h(f(z)) = z for z € D) which is holomorphic in D. If
f(bD) C Xy and h is a submersion near f(bD), then A = f(D) has a basis of
open Stein neighborhoods in X.

Proof
The only necessary change in the proof is in the construction of the sets A; (2.1)
and the functions ¢; (2.2), which describe the subvariety A C X in a neighborhood
of its boundary. When dim A = 1, we can choose ¢; globally around the respective
boundary curve C; C bA due to the existence of a Stein neighborhood of C;. When
dim A > 1, this is no longer possible, and hence this step must be localized as follows.
Fix a point p € bD, and let ¢ = f(p) € bA C Xy. Since / is a submersion
near ¢, there are local holomorphic coordinates x = (z, w) in an open neighborhood
U C X of g, and there is an open neighborhood U’ C § of the point p = h(g) such
that h(x) = h(z, w) =z € U’ forx € U, and f(2) = (z, g(z)) forz € U' N D. We
take A = {x = (z,w) e U: z € U'ND}and ¢(x) = ¢(z, w) = w — g(z). Covering
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bA by finitely many such neighborhoods, the rest of the proof of Theorem 2.1 applies
mutatis mutandis. O

COROLLARY 2.7

Let S and X be complex manifolds, and let D € S be a strongly pseudoconvex Stein
domain with boundary of class €°. If2 < r < {, then every €"-map f: D — X
which is holomorphic in D is a € (D)-limit of a sequence of maps fi:U; —> X
which are holomorphic in small open neighborhoods of D in S.

For maps from Riemann surfaces, a stronger result is proved in §5.

Proof

When § = C*, X = CV, ¢ = 2, and r = 0, this classical result on uniform
approximation of holomorphic functions that are continuous up to the boundary fol-
lows from the Henkin-Ramirez integral kernel representation of functions in .oZ(D)
(see Henkin [42], Ramirez [66], Kerzman [49], Lieb [55], Henkin and Leiterer
[44, page 87]). Another approach that works for 0 < r < ¢, 2 < ¢, is via the
solution to the d-equation with %" -estimates (see Range and Siu [68], Lieb and Range
[57], Michel and Perotti [60], and [56, Chapter 8, §3, Theorem 3.43]).

Assume now that X is a complex manifold and 2 < r < £. By Theorem 2.6, the
graph G, = {(z, f(2)): z € D} admits an open Stein neighborhood € in S x X.
Choose a proper holomorphic embedding ¥ : < C" and a holomorphic retraction
7: W — () from an open neighborhood W C C¥ of ¥ (£2) onto 1/(£2). Choose
a neighborhood U C S of D and a sequence of holomorphic maps g iU —>CV
such that the sequence g;|p converges in %" (D) to the map z — V¥(z, f(z)) as
J — +oo. Denote by pry: § x X — X the projection (z,x) — x.Let U; = {z €
U: g;(z) € W}. The sequence f; = pryoy 'omog;: U; — X then satisfies Corol-
lary 2.7. |

Proofs of Theorem 1.7 and Corollary 1.8
Let D € S be a smoothly bounded domain in an open Riemann surface S, and let
f: D <> X be a%?-embedding that is holomorphic in D. By Theorem 2.1, the image
f(D) admits an open Stein neighborhood 2 C X. Choose a proper holomorphic
embedding ¥ : Q < CV, and let £ = ¥(R) C CV. Also, choose a holomorphic
retraction 7: W — X from an open neighborhood W C CV of X onto . The
embedding ¥ o f: D < ¥ extends to a %" -map F from a neighborhood of D in S
to X;as r > 2, 9 F and its first derivative D'(d F) vanish on D.

Set A = F(D) C ¥.Letv = TX|4/TA denote the complex normal bundle
of the embedding F: D < X; this bundle is holomorphic over IntA = F(D) and
is continuous (even of class ') up to the boundary. An application of Theorem B
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for vector bundles that are holomorphic in the interior and continuous up to the
boundary (see [46], [53], [68]) gives a direct sum splitting 7% |4 = T A @ v which is
holomorphic over Int A and continuous up to the boundary. (It suffices to follow the
proof for vector bundles over open Stein manifolds; see, e.g., [41, page 256].)

Since A is a bordered Riemann surface, the bundle v is topologically trivial and
hence also holomorphically trivial in the sense that it is isomorphic to the product
bundle A x C"~! (n = dim X = dim X) by a continuous complex vector bundle
isomorphism that is holomorphic over the interior of A (see [45, Theorem 2], [52]).
Hence there exist continuous vector fields vy, ..., v,_; tangent to v C 7 2|4 which
are holomorphic in the interior of A and generate v at every point of A. Considering
these fields as maps A — TC" = C" x C", we can approximate them uniformly on
A by vector fields (still denoted vy, . . ., v,_1) that are holomorphic in a neighborhood
of Ain ¥ and tangent to X. (The last condition can be fulfilled by composing them with
the differential of the retraction w: W — .) If the approximations are sufficiently
close on A, then the new vector fields are also linearly independent at each point of
A and transverse to 7 A. The flow 9} of v; is defined and holomorphic for sufficiently
small values of r € C beginning at any point near A. The map

FZt, .. ty) =6"0---06" o F(z)

n—1

is a diffeomorphism from an open neighborhood of D x {0}*~!in § x C"~! onto
an open neighborhood of A = F (D)inx c CV, Fis holomorphic in the variables
t =(t,...,1_1) and satisfies %(z, t)=0forz € D.

Choose a strongly subharmonic %>-function p: S — R such that D = {z €
S: p(z) < 0} and dp(z) # O for every z € bD = {p = 0}. For € > 0 (small and
variable) and M > 0 (large and fixed), the set

Oc={(z, ) e SxC'": p(z) + M|t|* < €}

is strongly pseudoconvex with %>-boundary and is contained in the domain of F.
(The latter condition is achieved by choosing M > 0 sufficiently large.) Note that
D x {0}*"! C O, for € > 0. The properties of F described above imply that
IIE_)FlILm(Oe) = o(€) as € — 0. There are constants C > 0 and ¢, > 0 such that for
every € € (0, ), the equation U = F has a solution U = U, € €*(0,) satisfying
a uniform estimate

1Uecll 0.y < C||5ﬁ||Lw(oe) = o(¢€) 2.7)
(see [43], [56], [68], and the discussion in §3). The map

G.=no(F-U): 0. — X cCV
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is then holomorphic, and it is homotopic to F |o, through the homotopy G.; = 7 o
(?—sUe) € X (s € [0, 1]) satisfying ||GE,S—TT||LN(OE) = o(e)ase€ — 0, uniformly in
s € [0, 1]. Choosing € > O sufficiently small, we conclude that G ,(z, t) € E\F(OO)
for each (z, 1) € bO.yp and s € [0, 1]. It follows that for each point x € 1::(00), the
number of solutions (z,7) € O of the equation G.(z,t) = x, counted with
algebraic multiplicities, does not depend on s € [0, 1], and hence it equals one (its
value at s = 0). Taking s = 1, we see that the set G.(O») contains F(Oo) D A.
From (2.7) and the interior elliptic regularity estimates (see [31, Lemma 3.2]), we
also see that ||dU. || .o, e
on O, , for every sufficiently small € > 0 (since itis a %" -small perturbation of F'). For
such values of €, the set U, := w_l(Ge(Oe/z)) C X is an open Stein neighborhood
of f(D), and U, is biholomorphic (via ¥ "' o G.) to the domain O, C § x C" 1.
Since X can be replaced by an arbitrary open neighborhood of £(D) in the above
construction, this concludes the proof of Theorem 1.7. O

y =o(1)as e — 0, and hence G, is an injective immersion

The same proof gives Corollary 1.8. O

3. A Cartan-type lemma with estimates up to the boundary
In this section, we prove one of our main tools, Theorem 3.2.

Definition 3.1

A pair of relatively compact open subsets Dy, D; € S in a complex manifold S is

said to be a Cartan pair of class €° (€ > 2) if

1) the sets Dy, D, D = Dy U D; and Dy ; = Dy N D; are Stein domains with
strongly pseudoconvex boundaries of class C¢, and

(i)  Dy\D; N D;\Dy = @ (the separation property).

Replacing S by a suitably chosen neighborhood of Dy U D, we can assume that S is
a Stein manifold.

Let P be a bounded open set in C". We denote the variable in S by z and the
variable in C" by t = (¢4, ..., t,,). For each pair of integers r, s € Z, = {0, 1,2, ...},
we denote by ™*(D x P) the space of all functions f: D x P — C with bounded
partial derivatives up to order r in the z-variable and up to order s in the ¢-variable,
endowed with the norm

I fllespxpy = SUP{|D§LD;)JC(Z, D:zeD, teP, |u|<r |v| < s} < +o0.

Here D, denotes the partial derivative of order v € 7" with respect to the real and
imaginary parts of the components #; of + € C". The same definition applies to D"
when S = C™; in general, we cover D with a finite system of local holomorphic
charts U; € V; C S, with biholomorphic maps ¢;: V; — V; C C", and take at each
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point z € D the maximum of the above norms calculated in the ¢ j-coordinates with
respect to those charts (V;, ¢;) for which z € U;. Alternatively, we can measure the
z-derivatives with respect to a smooth Hermitian metric on S; the two choices yield
equivalent norms on "*(D x P). Set

(D x P)=0D x PYNE*(D x P), rsel,.

For t = (t1,...,t,) € C", we write [t|] = (Z|tj|2)1/2. For a map f =
(fi,..., fa): D x P — C" with components fie €"(D x P), we set

n 1/2
2
1/ hoioxry = (3 1)
Jj=1

Let B(z;8) € C" denote the ball of radius § > 0 centered at r € C". For any
subset P C C" and § > 0, we set

Py ={re P:B(;8) C P}

THEOREM 3.2 (Generalized Cartan lemma)
Let (Dy, Dy) be a Cartan pair of class €° (€ > 2), and let P be a bounded open set
in C" containing the origin. Set D = Dy U Dy and Dy, = Dy N D;. Given §* > 0
andr € {0, 1, ..., 1€}, there exist numbers €* > 0and M,; > 1 (s =0,1,2,...)
satisfying the following. For every map y : Dy x P — C" of class .«/"°(Dy,; x P)"
satisfying
V(Zs t) :t+C(Z, t)! ||c||(6"0(D0A1><P) < 6*’

there exist maps a: Dy x P_g« — C", B: D; x P_s. — C" of the form

a(z, 1) =t +a(z, 1), B(z,t) =t +b(z,1),

with a € /™ (Dy X P_s:)" and b € /™ (D; x P_s)" for all s € Z., which are
fiberwise injective holomorphic and satisfy

y(z,a(z, 1)) = B(z,1), z€ Do, t € Py, 3.1)
and also the estimates
lallgspoxp_g) < My lIcllgropy, x Py
1D1l%rs Dy x pyy < Mg+ icllgropy  x P)-

If y(z,t) =t + c(z, 1) is tangent to the map yo(z,t) =t to order m € Natt =0
(i.e., the function c(- , t) vanishes to order m att = 0), then o and B can be chosen to
satisfy the same property.
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Remark 3.3
The relation (3.1) is equivalent to

yz:ﬁzoaz_l’ ZEDO,I-

The classical Cartan lemma (see [41, Theorem 7, page 199]) corresponds to the
special case when a, = a(z, - ), B., and y. are linear automorphisms of C" depending
holomorphically on the point z in the respective base domain. A version of the Cartan
lemma without shrinking the base domains was proved by Douady [18] and was proved
for matrix-valued functions of class .o/ by Sebbar [72, Theorem 1.4]. Berndtsson
and Rosay [6] proved a splitting lemma over the disc A for bounded holomorphic
maps into GL,,(C). A key difference between all these results and Theorem 3.2 is that
we do not restrict ourselves to fiberwise linear maps. A result similar to Theorem 3.2,
but less precise as it requires shrinking of the base domains, is [26, Lemma 2.1], which
follows from [23, Theorem 4.1]. That lemma does not suffice for the application in
this article, where it is essential that no shrinking be allowed in the base domain.

Theorem 3.2 is proved by a rapidly convergent iteration similar to the one in [23,
proof of Theorem 4.1], but with estimates of derivatives. At an inductive step, we
split the map c(z,t) = y(z,t) — t into a difference ¢ = b — a, where the maps
a:Dyx P — C"and b: D; x P — C" are of class .o/"°, with estimates of their
%"9-norms in terms of the ¢"-°-norm of ¢ (see Lemma 3.4). Set

o (t) = alz, 1) :=1 + a(z, 1), B:(t) = B(z, 1) :=1 + b(z, 1).

We then show that for z € Dy, and ¢ in a smaller set P_; C C", with € suffi-
ciently small compared to 8, there exists a map ¥: Dy x P_s — C" of the form
Y(z,t) =t +¢(z, t) satisfying

)/ZOOZZZ,BZO’J\/;, ZEDO,I,

and a quadratic estimate

2
~ ~ ”c”(gr,()(DOJ ><P)
€ = |[Cll¢ropy, x P, < const- — 5

(see Lemma 3.5). If € = ||c[l4ro(p,,x p) is sufficiently small compared to 8, then € is

much smaller than €. Choosing a sequence of 6 ’s with the sum §*/2 and assuming
that the initial map c is sufficiently small, the sequences of compositions of the maps
o, (resp., B;), obtained in the individual steps, converge on P_s-/, to limit maps o
(resp., B) satisfying y. o @, = B. for z € Dy ;. After another shrinking of the fiber
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by §*/2, we obtain injective holomorphic maps on P_s satisfying the estimates in
Theorem 3.2.

We begin by recalling the relevant results on the solvability of the d-equation. Let
D be a relatively compact strongly pseudoconvex domain with boundary of class €*
(¢ > 2) in a Stein manifold S. Let %gql(b) denote the space of (0, 1)-forms with ¢”-
coefficients on D, and let EZB’I(D) ={fe (56’1(D): d f = 0}. According to Range
and Siu [68] and Lieb and Range [57, Theorem 1] (see also [60, Theorem 1']), there
exists a linear operator 7 : (68’1(D) — @°(D) satisfying the following properties:
() if feb) (D)NE, (D)and df =0, then (T f) = f;
(i) if f € %) (D)NE,,(D)(1 <r <¢),thenforeachl =0,1,...,r,

ITf g2y < Cill fllay, 0y (3.2)

The results in [57] are stated only for the case bD € ¢*°, but a more careful analysis
shows that one needs only %‘-boundary in order to get estimates up to order ¢;
this is implicitly contained in the article by Michel and Perotti [60] (the special
case of domains without corners). The case of domains in Stein manifolds easily
reduces to the Euclidean case by standard techniques (holomorphic embeddings and
retractions). Lieb and Range showed that for strongly pseudoconvex domains with
smooth boundaries in C”, the estimates (3.2) also hold for the Kohn solution operator
T = 9*N (see [59], [58, Corollary 2]). Here 9* is the formal adjoint of d on (0, 1)-
forms (under a suitable choice of a Hermitian metric on §), and N is the corresponding
Neumann operator on (0, 1)-forms on D (the inverse of the complex Laplacian O =
0 0* 4 0*0 acting on (0, 1)-forms; see also [56, Chapter 8, §3, Theorem 3.43]; for
Sobolev estimates, see [11, Theorem 5.2.6, page 103]).

LEMMA 3.4
Let D = DyUD; @S, Dy = DyN Dy, and P C C" be as in Theorem 3.2. For
everyr € {0,1,..., ¢}, there are a constant C, > 1, independent of P, and linear
operators

A: /"Dy x P)" —> /"Dy x P)",

B: o/"°(Dy, x P)" — /"D, x P)"
satisfying

.0
¢ = Bc|p,,xp — AC|DU'1><Pa ce. /" (Do x P),
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and the estimates

| Acllgropyxpy < Cr- lIcllgroy, x Py

| Bellgrop,xpy < Cr- lIcllgroy, x p)-

If ¢ vanishes to order m € Natt = 0, then so do Ac and Bc.

Proof
The separation condition (ii) in the definition of a Cartan pair implies that there
exists a smooth function y on § with values in [0, 1] such that x = 0 in an open
neighborhood of Dy\D; and x = 1 in an open neighborhood of D;\D,. Note that
x(2)c(z, t) extends to a function in €"-°(Dy x P) which vanishes on Dy\D; x P, and
(x(2) — 1e(z, t) extends to a function in ¢-°(D, x P) which vanishes on D;\ Dy x P.
Furthermore, 3(xc) = d((x — 1)c) = cdx is a (0, 1)-form on D with %" -coefficients
and with support in Dy ; x P, depending holomorphically ont € P.

Let T denote a linear solution operator to the d-equation satisfying (3.2). For any
ce /%Dy, x P)and t € P, we set

(Ac)(z, 1) = (x(2) — 1)e(z, 1) = T(c(-,)dx)(2), z € Dy.
(Be)(z, 1) = x(2)e(z, 1) = T(c(-,)0x)(2), z € Dy.

Then Ac — Bc = c on Dy x P, d.(Ac) = 0, and 9.(Bc) = 0 on their respective
domains. The bounded linear operator 7 commutes with the derivative d, on the
parameter . Since 9,(c(z, 1)d x(z)) = 0, we get 3,(Ac) = 0 and 9,(Bc) = 0. The
estimates follow from boundedness of T (see (3.2)). O

LEMMA 3.5

Let D = DyU D, € S, Doy = DyN Dy, and P C C" be as in Theorem 3.2.
Given ¢ € /"Dy, x P)", let a = Ac and b = Bc be as in Lemma 3 4. Let
a:Dyx P—C", B: Dy x P— C" andy: Dy, x P — C" be given by

a(z,t)=t+a(z,t), B(z,t) =t +b(z,1), y(z,t) =t +c(z,1).

Let C, > 1bethe constant in Lemma 3 4. There is a constant K, > Qwith the following
property. If 4/nC, lcllgropy,xpy < 8, then there is a map y Do,1 x P_s — C" of
the form y(z,t) =t +¢(z, t), withT € /%Dy x P_s)", satisfying the identity

Y. 00; = ﬂz o ’)71’ Z € D(),l;
and the estimate

2
”c”(gr,()(DQ1 x P)

€l grope, x Py < K- 5
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If the functions a, b, and c vanish to order m € N at t = 0, then so does C.

Proof
We begin by estimating the composition y, o «.. Since the same estimate is used for
other compositions as well, we formulate the result as an independent lemma.

LEMMA 3.6

Let D be a domain with €"'-boundary in a complex manifold S, let P be an open
set in C", and let 0 < § < 1. Given maps aj(z,t) =t + a;(z,t) (j = 0, 1) with
ap € 40D x P)', a; € ™D x P_g)", and laillgropxp_y < 6/2, we have for
all (z,t) € D x P_g,

ao(z, a1(z, 1) = 1 +ao(z, 1) + ai(z, 1) + e(z, 1),

where

L,
llellgropxpy) < —- llaollgropxpy- llailleopxp_y

)

for some constant L, > O depending only on r and n.

Proof
We have

ao(z, a1(z, 1)) = a1(z, 1) + ao(z, a1 (z, 1))
=t+ai(zt)+ao(z, t +aiz, 1))
=t+ag(z,t)+a(z,t)+e(z, 1),

where the error term equals
e(z, 1) = ao(z, t + ai(z, 1)) — ao(z, 1).

Fix a point (z,1) € D x P_s. Since |a,(z, t)| < §/2, the line segment A C C" with
the endpoints 7 and o(z, f) = t + a;(z, t) is contained in P_s/,. Using the Cauchy
estimates for the partial derivative 9d;a,, we obtain

1
le(z, )| = ’/ (8,ao)(z,t+Ta1(z,t))-a1(z,t)dt‘
0

IA

supl|d,ao(z, )l lai(z, 1)]

t'ex

2/n
5 llaolgo0px Py llar lgoopx p_s)s

A
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which is the required estimate for 7 = 0. We proceed to estimate the partial differential
of e(z, t):

d.e(z,t) = (Bzao)(z, t+a(z, t)) — (0;a0)(z, 1)
+ (8a0)(z, t + ar(z, 1)) (8.a1)(z, 1).

The difference in the first line equals

1
/ 3,(0.a0)(z, t + tai(z, 1)) a\(z, 1) dr,
0

which can be estimated exactly as above (using the Cauchy estimates for 9d,0,a,) by

const
8

“llaollgrowxpy- llaillgoowxp_y)-
Applying the Cauchy estimate for d,a,, we estimate the remaining term in the expres-
sion for e(z, t) by

const
)

“MNaollgoopx Py llarllgropx p_y)-

This proves the estimate in Lemma 3.6 for r = 1.
We proceed in a similar way to estimate the higher-order derivatives of e. In the
expression for 8fe(z, t), we have a main term

1
(85610)(1, t+ al(Z7 t)) - (afa())(z, t) = / 3t(8§a0)(za t+ tal(za t))'al(zi t) df,
0

which is estimated by const- 87! ||lag|gcopx p): @1 ll0opx p_y)- The remaining terms
in e(z, t) are products of partial derivatives of order at most k of ay (with respect
to both z and ¢ variables) with partial derivatives of a; of order at most k with
respect to the z-variable. Each 7-derivative of a( can be removed by using the Cauchy
estimates, contributing another § in the denominator. The chain rule shows that each

term containing / derivatives of ay on the ¢-variable is multiplied by / factors involving

I

a; and its z-derivatives; this gives an estimate const- 8~ ||ag ||l gopx p)- [|a@1 ”w«ﬂ( DxP_y)"

Since we have assumed that ||a; [|¢-opx py < 6/2, this is less than

const
“Naollgcoxpy: larllgxopxp_y),
and the lemma is proved. O
Now, let &, B, and y be as in Lemma 3.5. Set € = [|c|l4-o(p, ,x py; then [lalgrop,xpy <

C,e and ||b|lgrop,xpy < C,€ by Lemma 3.4. Since we have assumed that
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4./nC,e < §, Lemma 3.6 with 9 = y and o = « gives, for z € DOJ and
t € P,

y(z, a(z, t)) =t+c(z, t)+alz, t)+e(z, t) =Pz, 1) +e(z, t) € Psp,

where

L,C,e?
5

lellgonxp-o < = lleluracporpy Iallaroionyxp <
It remains to find a map ¥(z,t) =t +¢(z, t) on Dy x P_; satisfying
Bz, 1) +e(z,t)=B(z,t +0z, 1) =1 +T(z, 1) + b(z, 1 + Tz, 1))
and an estimate
€1l 40Dy, x py) < const-e28~".

For the existence of ¥, it suffices to see that the map S, is injective on P_s/4 and
B.(P_s/4) D P_s, for every z € Dy 1; since y, o, € P_s/5, we can then take
Y. = B; ! o y. o a;. To see the injectivity of B, note that for 7,1 € P_ss, t # 1/, we
have

z’|(1 - —4*/55%6) >~ 0.

1B(6) = B()] = |t — '] = |b(t) = b(N)] = |t —
(We applied the Cauchy estimate to 9,b;.) The inclusion P_s;» C B.(P_s4) follows
from the estimate ||b||¢op,xpy < Cr€ < 8/(44/n) by Rouché’s theorem.

In order to estimate ¢, we rewrite its defining equation in the form

Tz, 1) =b(z,1) —b(z,t +C(z, 1)) + ez, 1)
1
= —/ (0,b)(z, 1 + 1¢(z, 1))-Cz, 1) dT + e(z, 1).
0

Since the path of integration lies in P_s,, the Cauchy estimates for 9,5 give

2 1) < 2@#

[c(z, D] + le(z, D] < % [c(z, D] + le(z, DI

and hence [¢(z, 1)| < 2|e(z, t)| < const- €25~!. We proceed inductively to estimate the
derivatives Bf? for k < r by differentiating the implicit equation for ¢. The top-order
differential | 8f?| appearing on the right-hand side is multiplied by a constant less than 1
arising from an estimate on b (just as was done above); subsuming this term by the left-
hand side, we obtain the estimates of |81"F| for all k < r. Although we obtain a term §"
in the denominator, we can cancel r — 1 powers of § by appropriate terms of size O (¢),
just as we did at the end of proof of Lemma 3.6 to get ||C]|¢rop,, xp_, = O(€*871). O
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Proof of Theorem 3.2
We write (ya)(z,t) = y(z,a(z, t)), and similarly for the fiberwise composition of
several maps. Let

v, )=y 1) =t+coz, 1), € =llcolleop,, xp)

and let §* > 0 be as in Theorem 3.2. We first describe the inductive procedure
and subsequently show convergence, provided that €y > 0 is sufficiently small. Let
Py = P and P, = P_s: 5. Forevery k € Z, set

& =278, P = (P)_s,

Then Y 28 = 8*/2, and (o Px = P.. Let C, > 1, K, > l,and L, > 1
be the constants in Lemmas 3.4, 3.5, and 3.6, respectively. We inductively construct
sequences of maps

a(z, ) =t +ar(z, 1), ar € LDy x P,
Bi(z,t) =t + bz, 1), by € /"Dy x P,
J/k(Za t) =t+ Ck(Za t)? Cr € %r’O(DO,l X P/()na

such that, setting €, = ||ck [l 4o, ,x P> the following hold for all k € Z,.:
(1) MNakllgropyxpy < Créw, 1billgrop,xpy < Créxs

2) 4ﬁCrek <& = 2_k_23*;

(Bx) Vi = BV on Doy X Py

) et = lersilleomy,xpuy < Ko€28. " = (4K, 8* )2kl

These conditions imply, for every k € Z,

Yolaoor o) = (BoP1 - B)Ver1  on Doy X Pryr. (3.3)

Assuming that €y = ||coll¢rop,,xpy > 0 is sufficiently small, we prove that as k —
400, the sequence of maps

Qp = gty - -0 : Dy x P, — C" (3.4)
converges to amap a: Dy x P, — C", the sequence
Br=BoBi-- Pr: Dy x P, — C" (3.5)

converges to amap f: D, x P, — C", and the sequence y; converges on Do,1 x P,
to the map (z,7) — t. (All convergences are in the %"’-norms on the respective
domains.) In the limit, we obtain a desired splitting

ya =8 on Dy, x P,.
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We begin at k = 0 with the given map yy(z,1) = t + co(z,t) on Dy x P,.
Lemma 3.4, applied to ¢y, gives maps ag and b, satisfying (1¢). If (2¢) holds (which is
the case if €g = |[coll4-op,,xpy) > 0 is sufficiently small), then Lemma 3.5 furnishes
amap y;: Do,1 x Py — C" satisfying (39) and (4y).

Assume inductively that for some k € N, we already have maps satisfying
(1;)=(4;) for j =0,...,k — 1, and consequently, (3.3) holds with k replaced by
k — 1. Lemma 3.4, applied to ¢, (z,1) = y(z,t) —t on DOJ X Py, gives maps a;
and by satisfying (1;). If (2;) holds (and we show that it does if €, is sufficiently
small), then Lemma 3.5, applied with @« = oy, B = Bi, ¥ = V&, furnishes a map
YV = Yt D0,1 x Pry1 — C" satisfying (3;) and (4y). This completes the inductive
step.

To make the induction work, we must ensure that the sequence €, =
llck ll¢ropy, x p,) satisfies (2¢) for every k = 0, 1, 2, .. .. To control this process, we set
N = max{4K,/§*, 1} and define a sequence o; > 0 by

oo = €o, o1 =2No?, k=0,1,2,.... (3.6)

Any sequence €, > 0 beginning with €y = oy and satisfying (4;) for all k € Z,
clearly satisfies €, < oy. If we can ensure (by choosing €, > 0 sufficiently small) that
8*
< —?
Dk-+4 ﬁcr

then 4,/nC,e, < 4/nC,o, < 27%728* = §;, and hence (2;) holds.
We look for a solution in the form o, = 2** N"¢€,™. From (3.6), we get

o keZ, 3.7)

Mir1 =2 +k, o =0;
Vgl =20+ 1, vy =0;
Tyl = 2T, To=1.
Solutions are
k
=2y 127 < 24, v =2k —1, 7 = 2%,
I=1

Therefore
o < 22" N¥e¥ = Ne)®, keN. (3.8)

If €9 = |lcollgro(py, x Py > 0 is sufficiently small, then this sequence converges to zero
very rapidly and satisfies (3.7) (see [23, Lemma 4.8, page 166] for more details). For
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such €, we have
2k
lckllgropy, xpy = €k < 0x < (4Ne&y)™ — 0,

and hence y;(z,t) — ¢ in 4"%(Dy; x P,) as k — oo.

To complete the proof of Theorem 3.2, we must show that the sequences (3.4)
and (3.5) also converge in 6"°(Dy x P,) (resp., 6"°(D, x P,)), provided that €y > 0
is sufficiently small. Write

a(z,t) =t +ap(z, 1), Ek(z, =t +Zk(z,t).

By Lemma 3.6, we have Gy, | = di + agy1 + €xy1, where

I
llext1lleroDox Psyy < 8_”ak”‘é”-“(Doka)”ak-H [l %0 (Dox Pey1)-
13

Assuming a priori that ||di|l¢rop,xpy < 1 for all k € Z,, we get the following

estimates for the 6"°(Dy X Py1)-norms:

L,

=~ =~ k+1 k+1

a1 — all < llagsill + llegsill < Cr<1 + 5 24 >€k+1 < R2e
*

with R = C,(1 + L, /8,). Note that dy = ag and ||ag|| < C.€p. Hence

o0 [o.¢]
~ ~ ~ k
llaoll oDy py) + Z lak+1 — allgrooxpiy < Créo + R Z 2.
k=0 p

Since €, < 0 < (4Ney)? for k € N (see (3.8)), we see that RY 2, 2% < &
if ¢ > 0 is sufficiently small (see [23, Lemma 4.8, page 166] for the details).
This justifies the assumption ||d||¢-op,xp) < 1 and implies that the sequence @ =
ao + Z’;zl(a,- — @) converges on Dy x P, to a limit a = limy_, », @ satisfying
lallgopex p,y < (Co + 1)€o. Hence the estimate in Theorem 3.2 holds for s = 0 with
the constant M, o = Cy + 1.

The same proof shows convergence of the sequence Zk — bon D, x P, and the
estimate ||bl¢rop, xp,) < (Co + 1)éo.

By shrinking the fiber domain P, = P_s, by an extra §*/2 and applying the
Cauchy estimates to the maps a(z, -) and b(z, -), we also obtain the estimates in
the ¢"*-norms in Theorem 3.2. In addition, if €, is sufficiently small, then the maps
a(z,-): P_g = C"and B(z, -): P_s- — C" are injective holomorphic for each z in
their respective domain Dy (resp., D).

This completes the proof of Theorem 3.2. i
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Remark 3.7

Theorem 3.2 holds whenever Dy, Dy, Doy = Dy N Dy, D = Dy U D are relatively
compact domains with @'-boundaries satisfying the separation condition Dy\D; N
D\ Dy = {4, and there exists a linear operator T : Ef{),l(b) — " (D) satisfying

ITf) = f, IT fllermy < Coll flly ,(0)-

Strong pseudoconvexity of Dy is not needed here, but it is used in the gluing of
sprays (see Proposition 4.3). The proof of Theorem 3.2 carries over to the parametric
case when y depends smoothly on real parameters s = (sy, ..., s,,) € [0, 1]" C R™.
Indeed, the proof of Lemma 3.4 remains valid in the parametric case, and the estimates
controlling the iteration process are uniform with respect to a finite number of s-
derivatives. This gives a family of splittings y° = B: o (&)~ for z € Dy with
%*-dependence on the parameter s € [0, 1]" for a given k € N.

4. Gluing sprays on Cartan pairs

In this section, X is an irreducible complex space, and #: X — S is a holomorphic
map to acomplex manifold S. Its branching locus br(h) is the union of Xy, and the set
of all those points in X, at which £ fails to be a submersion; thus br(%) is an analytic
subset of X, X" = X\br(h) is a connected complex manifold, and &|y : X' — S is
a holomorphic submersion. For each x € X', we set VT, X = kerdh,, the vertical
tangent space of X.

A sectionof h: X — S overasubset D C Sisamap f: D — X satisfying
h(f(z)) = zforall z € D. Let D @ S be a smoothly bounded domain, and let
r € Z,. A section f: D — X is of class .o/"(D) if it is holomorphic in D and r
times continuously differentiable on D. (At points of f(bD) N Xing» We use local
holomorphic embeddings of X into a Euclidean space.)

Definition 4.1

An h-spray of class </"(D) with the exceptional set o = o(f) C D of order k > 0
isamap f: D x P — X, where P (the parameter set of f) is an open subset of a
Euclidean space C" containing the origin, such that the following hold:

(1) f is holomorphic on D x P and of class 4" on D x P;

(i) h(f(z,t)) =zforallz e Dandt € P;

(iii)  the maps f (-, 0) and f(-, ) agree on o up to order k fort € P; and

(iv) foreveryz € D\o andt € P, we have f(z,t) ¢ br(h), and the map

8,f(z, t): Tt(C" = (Cn — VTf(Z,,)X

is surjective (the domination condition).
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For a product fibration h: X = § x Y — §, h(z, y) = z, we can identify an h-spray

D x P — S x Y with a spray of maps D x P — Y by composing with the projection

SxY —Y,(z,y) = y.Inthis case, (ii) is redundant, and the domination condition

(iv) is replaced by the following:

(iv) ifz € D\o andt € P, then f(z,1) € Yreg, and 3, f(z,1): T,C" — Ty Y is
surjective.

Condition (ii) means that f, = f(-,¢): D — X is a section of & of class .«/" (D)
for every t € P, and by (i), these sections depend holomorphically on the parameter
t. We call fj the core (or central) section of the spray. Conditions (iii) and (iv) imply
that the exceptional set o (f) is locally defined by functions of class .7 (D).

Unlike the sprays used in Oka-Grauert theory, which are defined for all values
t € C" but are dominant only at the core section fy, our sprays are local with respect
to t and dominant at every point (z,?) with z ¢ o. In applications, the parameter
domain P is allowed to shrink.

LEMMA 4.2 (Existence of sprays)

Leth: X — S be a holomorphic map of a complex space X to a complex manifold S.
Letr > 2 and k > 0 be integers. Let D be a relatively compact domain with strongly
pseudoconvex boundary of class €* in a Stein manifold S, and let  C D be the
common zero set of finitely many functions in .«/" (D). Given a section fy: D — X
of class /" (D) such that the set {z € D: f(z) € br(h)} does not intersect bD and
is contained in o, there exists an h-spray f: D x P — X of class .«/" (D) with the
core section fy and with the exceptional set o of order k.

Proof
By Theorem 2.6, there exists a Stein open set & C X containing fy(D). (This is
the only place in the proof where the assumption » > 2 is used.) According to [24,
Proposition 2.2] (for manifolds, see [32, Lemma 5.3]), there exist an integer n € N, an
openset V C Q x C" containing € x {0}, and a holomorphic spray map s: V — Q
satisfying the following:
(a) s(x,0) = x forx € Q;
(b)  h(s(x,t)) = h(x) for (x,t) € V;
(©) s(x,t) = x when (x,t) € V and x € br(h); and
(d)  for each (x,7) € V with x € Q\br(h), we have s(x, ) € X\br(h), and the
partial differential 9,s(x, 1)|,—o: ToC" — VT, X = kerdh, is surjective.

A map s with these properties is obtained by composing small complex time flows of
certain holomorphic vector fields on €2 which vanish on br(/#) N 2 and are tangential
to the fibers of 4.

By the hypothesis, we have 0 = {z € D: gi(z) = 0, ..., gu(z) = 0}, where
8is--->8n € /" (D). We can assume that sup_.p [g;(z)] < 1 for j = 1,...,m.
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Denote the coordinates on (C")" = C"™ by t = (t,...,t,), where t; =
(tjn,....tjn) € C'for j =1,...,m.Let] € N. The map ¢;: D x (C"y" — C”,
defined by

¢I(Z’ t17 0ocop tm) = Zgl(z)k+l tl’

j=1

is a linear submersion C" — C" over each point z € D\o, and it vanishes to order
k+1lono.Let P C C" be abounded open set containing the origin. By choosing
the integer [ sufficiently large, we can ensure that the map

f@ 1) =s(fo), iz, 1) € X

is a spray D x P — X with the core section f; and with the exceptional set o of
order k. All conditions except Definition 4.1(iv) are evident. To get (iv), let X denote
the set of all points (x, t) € V such that either x € br(4), or x ¢ br(h) and the maps
9s(x,1): T,C" — VT, X fail to be surjective. Then X is a closed analytic subset
of V satisfying XN (€2 x {0}) = br(h) x {0} according to property (d) of s. Analyticity
of X is clear except perhaps near the points (xg, #p) € V with xy € br(h). To see the
analyticity near such points, we choose a holomorphic embedding ¥: U — U cC
CV of a small open neighborhood U C X of xq onto a local complex subvariety
U= Y (U) C CN with ¥(x) = 0. Note that s(x, f)) = xo. There is a holomorphic
map § from a neighborhood of (0,#) € CV¥ x C" to CV such that 5(0, tp) = 0
and 5(¥(x), t) = ¥(s(x, t)); that is, § is a local holomorphic extension of s if U is
identified with its image U cCV. Locally near the point (x, #p), X corresponds to the
set of points (w, t) € CV x C" near (0, ) such that w € U and the partial differential
9,;5(w, t) has rank less than dim V' T'(X\br(/)); the latter dimension is constant since
X is assumed irreducible. Clearly, the latter set is analytic. The contact between X and
Q x {0} is necessarily of finite order along their intersection br(/) x {0}. By choosing
[ € 7, large enough, we ensure that ¢;(z, 1) € V\X forevery z € D\o andt € P.
For such choices, f also satisfies property (iv). a

The following proposition provides the main tool for gluing holomorphic sections on
Cartan pairs by preserving their boundary regularity.

PROPOSITION 4.3 (Gluing sprays)

Leth: X — S be a holomorphic map from a complex space X onto a Stein manifold
S. Let (Dy, D) be a Cartan pair of class Gt >2)inS (see Definition 3.1), and let
D = Dy U Dy, Dy, = Dy N Dy. Given integers r € {0, 1,...,€}, k € Z,, and an
h-spray f: Dy x Py — X of class /" (Dy) with the exceptional set o ( f) of order k
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and satisfying o (f) N Do, = @, there is an open set P € Py containing 0 € C" such
that the following hold.

For every h-spray f': Dy x Py — X of class o/"(D;) with the exceptional set
o (f) of order k, with o (f') N Do, = @, such that f' is sufficiently " close to f on
Do\ X Py, there exists an h-spray g: D x P — X of class .o/" (D) with the exceptional
set 6(g) = o(f) U a(f’) of order k whose restriction g: Dy x P — X is as close
as desired to f: Dy x P — X in the € -topology. The core section gy = g(-, 0) is
homotopic to f, on Dy, and gy is homotopic to foon D, . In addition, g, agrees with
fo up to order k on o (f), and gy agrees with f; up to order k on o (f).

If f and f' agree to order m € N along Dy | x {0}, then g can be chosen to agree
with f to order m along Dy x {0} and to agree with f' to order m along D; x {0}.

Proof

First, we find a holomorphic transition map between the two sprays (see Lemma
4.4); decomposing this map by Theorem 3.2, we can adjust the two sprays to match
them over Dy ;. The first step is accomplished by the following lemma applied on the
strongly pseudoconvex domain Dy ;.

LEMMA 4.4

Let D @ S be a strongly pseudoconvex domain with €*-boundary (£ > 2) in a Stein
manifold S, let Py be a domain in C" containing the origin, andlet f: D x Py — X be
a spray of class /" (D) (0 < r < £)with trivial exceptional set. Choose €* > 0. There
exists an open set Py C C", with 0 € P, € Py, satisfying the following. For every
spray f': D x Py — X of class .«/"(D) which approximates f sufficiently closely
in the €" -topology, there exists a map y: D x P, — C" of class .«/"°(D x P;)
satisfying

y(z7 t) =1+ C(Zs t)v ||c||(gr'0(D><P|) < 6*’ (41)

f(Z7 t)=f/(Z, V(Za t))7 (th)EDX Pl' (42)

If f and ' agree to order m along D x {0}, then we can choose y of the form
vz, t)=t+ Zm:m Tz, Ot withT; € /™D x Py)".

Assuming Lemma 4.4 for the moment, we conclude the proof of Proposition 4.3 as
follows. Let y and P; be as in the conclusion of Lemma 4.4. (We emphasize that this
lemma is applied on the set Dy ;.) Choose an open set P C C" with0 € P € P;. For
€* > 0 chosen sufficiently small, Theorem 3.2 applied to y gives a decomposition

y(z. a(z, 1)) = B(z, 1), (z,1) € Doy x P, (4.3)
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where o: Dy x P — P, C C"and B: D, x P — P, C C" are maps of class .&7"°.
Replacing ¢ by a(z, t) in (4.2) gives

f(z,a(z,0) = f'(z, Bz, 1)), (z,1) € Doy x P. (4.4)

Hence the two sides define a map g: D x P — X of class 4" (D x P) which is
holomorphic in D x P. Since the maps « and 8 are injective holomorphic on the
fibers {z} x P, g is a spray with the exceptional set 6(g) = o (f) Uo (f").

The estimates on « and B in Theorem 3.2 show that their distances from the
identity map are controlled by the number €* and hence (in view of Lemma 4.4) by
the @"-distance of f’ to f on Dy x Py. Hence the new spray g approximates f in
%" (Dy x P). On the other hand, we do not get any obvious control on the %" -distance
between f” and g on D; x P, the problem being that the ¢ -norm of f” is not a priori
bounded, and precomposing f’ by amap g (even if it is close to the identity map) can
still cause a big change. However, in our application in §6, we need only control the
range (location) of g, and this is ensured by the construction.

Finally, if f and f’ agree to order m along Dy ; x {0}, then by Lemma 4.4, we can
choose y of the form y (z, 1) =1+, _,, Cs(z, )t with€; € o/"*(Dg; x Py)" for
each multi-index J. Theorem 3.2 then gives a decomposition (4.3), where a(z, t) =
t+ Y jem sz, Ot and B(z, ) =t 4+ 37, _, b,(z, 1)t thereby ensuring that the
spray g (4.4) agrees with f (resp., f') to order m att = 0. This proves Proposition 4.3,
granted that Lemma 4.4 holds. a

Proof of Lemma 4.4
Let E denote the subbundle of D x C” with fibers

E. =ker(d, f(z, Dlimo: C" = VT 0X), z€D.

This subbundle is holomorphic over D and of class 4" on D. We claim that E is
complemented; that is, there exists a complex vector subbundle G C D x C" which is
continuous on D and holomorphic over D such that D x C" = E@®G. For holomorphic
vector bundles on open Stein manifolds, this follows from Cartan’s Theorem B [41,
page 256]; the same proof applies in the category of holomorphic vector bundles
with continuous boundary values over a strongly pseudoconvex domain by using the
corresponding versions of Theorem B due to Leiterer [53] and Heunemann [46].
Finally we use a result of Heunemann [45] to approximate G uniformly on D by a
holomorphic vector subbundle (still denoted G) of U x C" over an open neighborhood
U D D; a simple proof of this result can be found in the appendix to this article.

For each fixed z € U, we write C" > t = ¢, @t/ witht, € E. and 1] € G..
The partial differential d;|,—o f(-, ) gives an isomorphism G|p — VT X, and
it vanishes on E. The implicit function theorem now gives an open neighborhood
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P, @ Py of 0 € C" such that for each spray f': D x Py — X which is sufficiently
%" close to f on D x Py, there is a unique map

Ve @)=t +%z1)) e E. G, =C"

of class ./"*(D x Py) solving f(z, Y (z,1)) = f'(z, 1),and |[€]| ;70(p, , x p,) is controlled
by the %" -distance between f and f’ on D x P,. After shrinking P;, the fiberwise
inverse y(z,t) = t' @ (t + c"(z, 1)) of y then satisfies (4.2), and ||c”|| /ro(p,, x py) 18
controlled by the %" -distance between f and ' on D x P. O

Remark 4.5

The additions to Theorem 3.2, explained in Remark 3.7, yield the corresponding
additions to Proposition 4.3. First of all, one can relax the definition of a spray by
omitting the condition regarding the exceptional set. The only essential condition
needed in Proposition 4.3 is that the spray f is dominating on Dy 1, in the sense that
its ¢-differential is surjective on this set at # = 0. (This notion of domination agrees
with the one introduced by Gromov [40].) Approximating such spray f sufficiently
closely in the %" -topology on Dy x P (for some open neighborhood P C C" of the
origin) by another spray f’, we can glue f and f’ into a new spray g over Dy U D,
which is dominating over Do,1- The exceptional set condition in Definition 4.1 is
needed only when one wishes to interpolate a given spray on a subvariety of Dy. The
parametric version of Theorem 3.2 (see Remark 3.7) also gives the corresponding
parametric version of Proposition 4.3, in which the two h-sprays f and f’ depend
smoothly on a real parameter s € [0, 1]" C R™. The remaining ingredients of the
proof (such as Lemma 4.4) carry over to the parametric case without difficulties.

5. Approximation of holomorphic maps to complex spaces

In this section, we prove the following approximation theorem for maps of bordered
Riemann surfaces to arbitrary complex spaces. This result is used in the proof of
Theorem 1.1 to replace the initial map by another one that maps the boundary into the
regular part of the space.

THEOREM 5.1
Let D be a connected, relatively compact, smoothly bounded domain in an open
Riemann surface S, let X be a complex space, and let f: D — X be a map of class

@" (r = 2)which is holomorphic in D. Given finitely many points 71, . .., z; € D and
an integer k € N, there is a sequence of holomorphic maps f,: U, — X in open sets
U, C S containing D such that f, agrees with f to order k at zjforj=1,...,land

v € N, and the sequence f, converges to f in 6" (D) asv — +o00.If f(D) ¢ Xsing,
we can also ensure that f,(bD) C X, for eachv € N.
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Proof

We proceed by induction on n = dim X. The result trivially holds for n = 0. Assume
that it holds for all complex spaces of dimension less than n for some n > 0, and let
dimX = n. If f(D) C X, then the conclusion holds by applying the inductive
hypothesis with the complex space X,,. Suppose now that f(D) ¢ X,.. The set

o ={z€D: f(2) € Xging} (5.1)

is compact, o N D is discrete, and o N b D has empty relative interior in b D. Indeed,
as Xing 18 an analytic subset of X, and hence complete pluripolar, the existence of a
nonempty arc in bD which f maps to X, implies f (D) C Xing, in contradiction
to our assumption.

Set K = {z1,...,z}. Let bD = U;flzl C;, where each C; is a closed Jordan
curve. Foreach j =1, ..., m, we choose a point p; € C;\o and anopenset U; C §
such that p; € U; and U does not intersect o U K. We choose the sets U; so small
that (D N U) is contained in a local chart of Xes.

LEMMA 5.2

The map f can be approximated in €' (D, X) by maps f': D' — X of class
A"(D', X), where D' C S is a smoothly bounded domain (depending on f') sat-
isfying DU{p;}/_, C D' C DU (U'j”:l Uj). In addition, we can choose f’ such that
it agrees with f to order k at z; for j € {1,...,1}.

Proof

By Theorem 2.1, the graph of f over D has an open Stein neighborhood in § x X. It
follows that the set o (see (5.1)) is the common zero set of finitely many functions in
</"(D). By Lemma 4.2, there is a spray f: D x P — X (P C CV) of class .«/"(D),
with the core map ?(- ,0) = f and the exceptional set & = o U K of order k.

After shrinking the parameter set P C CV of 7 around 0 € CV, we may assume
that f maps the set E; = (U, N D) x P into a local chart @ C X, for each
j = 1,...,m. Hence we can approximate the restriction of ? to E; as close as
desired in the %" -sense by a spray g : v j X P — X, where V; is an open set in §
(depending on g ) satisfying U; N D cC Vs € U

If the approximations are sufficiently close, Lemma 4.4 furnishes a transition map
v; between ]~‘ and g; for each j (we shrink P as needed), and Proposition 4.3 lets us
glue ? with the sprays g; into a spray F' of class .o/”(D") over a domain D’ C § as in
Lemma 5.2. By the construction, F approximates ? in the ¢ (D x P)-topology, and it
agrees with ? to order k at the points z; € K. The core map ' = F(-,0): D — X
then satisfies the conclusion of the lemma.
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A word is in order regarding the application of Proposition 4.3. Unlike in that
proposition, the final domain D’ in our present situation depends on the choices of
the sprays g; (since the size of their z-domains in S depends on the rate of approx-
imation). We can choose from the outset a fixed domain D; C S such that (D, D)
is a Cartan pair in S satisfying D N D, C U;":I(D N U;). Applying Theorem 3.2
gives maps « and 8 over D (resp., D;); the new spray F is defined as 7(z, a(z,1))
for z € D and by g;(z, B(z,1)) for z € D; N U;. Thus we are not using
the map B on its entire domain of existence but only over the domain of the
sprays g;. O

We continue with the proof of Theorem 5.1. Let f': D’ — X be a map furnished by
Lemma 5.2. In each boundary curve C; C bD, we choose a closed arc A; C C; such
that C;\A; C D’. (This is possible since D’ contains the point p; € C;.) Let &; be
a holomorphic vector field in a neighborhood of ; in S such that £(z) points to the
interior of D for every z € A;. More precisely, if D = {v < 0}, withdv # O on bD,
we ask that 2(§;-v) < 0 on A;; such fields clearly exist.

Choose a domain Dy C S with D’ C Dy such that D is holomorphically convex
in Dy. (This holds when D\ D is connected.) The union of K with all the arcs A J
is a compact holomorphically convex set in Dy. The tangent bundle of D is trivial,
which lets us identify vector fields with functions. Hence there exists a holomorphic
vector field & on D, which approximates the field &; sufficiently closely on A ; so that
it remains inner radial to D there, and & vanishes to order k at the points z; € K. For
sufficiently small ¢ > 0, the flow ¢, of & carries each of the arcs A; into D, and hence
¢,(D) C D', provided that ¢ > 0 is small enough. (Recall that C i\Aj C D’; hence
the points of D which may be carried out of D by the flow ¢, along C;\1; remain in
D’ for small ¢t > 0.)

Since the set 0’ = {z € D': f'(z) € Xging} is discrete, a generic choice of > 0
also ensures that ¢,(bD) N o’ = (. For such ¢, the map f’ o ¢, is holomorphic in an
open neighborhood of D, it maps bD to X reg> it approximates f in the 6" (D)-topology,
and it agrees with f to order k at each point z; € K. This provides a sequence f,
satisfying Theorem 5.1. O

Remark 5.3

D. Chakrabarti proved the following approximation result in [9, Theorem 1.1.4] (see
also [10]). If D is a domain in C bounded by finitely many Jordan curves and X is
a complex manifold, then every continuous map f: D — X which is holomorphic
on D can be approximated uniformly on D by maps that are holomorphic in open
neighborhoods of D in C. A comparison with Theorem 5.1 shows that there is a
stronger hypothesis on X but a weaker hypothesis on the map.
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Figure 2. A 2-convex bump

6. Proof of Theorem 1.1
We begin with the two main lemmas. The induction step in the proof of Theorem 1.1
is provided by Lemma 6.3, and the key local step is furnished by Lemma 6.2.

We denote by d, , the partial differential with respect to the first two complex
coordinates on C".

Definition 6.1

Let A and B be relatively compact open sets in a complex space X. We say that B is
a 2-convex bump on A (see Figure 2) if there exist an open set 2 C X, containing
B, a biholomorphic map ® from £ onto a convex open set @ C C", and smooth real
functions pg < p, on w such that

P(ANQ) = {x Ew: pa(x) < 0},
P((AUB)NQ) = {x € w: pp(x) <0},

pa and pp are strictly convex with respect to the first two complex coordinates, and
di2(tpa + (1 — t)pp) is nondegenerate on w for each ¢ € [0, 1].

Let p: X — R be a smooth function that is (n — 1)-convex on an open subset
U C X. Iftheset {x € U: ¢y < p(x) < ¢} is compact, contained in X,,, and
contains no critical points of p, then the set {x € U: p(x) < ¢} is obtained from
{x € U: p(x) < co} by a finite process in which every step is an attachment of
a 2-convex bump (see [44, Lemma 12.3]). The essential ingredient in the proof is
Narasimhan’s lemma on local convexification.

The following lemma was proved in [21] in the case when X is a complex
manifold and D is the disc and for holomorphic maps instead of sprays. Its proof in
[21, Lemma 3.1] was based on the solution of the nonlinear Cousin problem in [69].
This does not seem to suffice in the case of a complex space with singularities and an
arbitrary bordered Riemann surface. Instead, we use Proposition 4.3.
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Since the complex space X is paracompact, it is metrizable. Fix a complete
distance function d on X.

LEMMA 6.2

Let X be an irreducible complex space of dim X > 2. Let A € X be a relatively
compact open subset of X, and let B be a 2-convex bump on A (see Definition 6.1).
Let D be a bordered Riemann surface with smooth boundary, let P be a domain in
CV containing 0, and let k > 0 be an integer. Assume that f: D x P — X isa
spray of maps of class .«/*(D) with the exceptional set o of order k (see Definition
4.1) such that fo(bD)N A = (. (Here fo = f(-,0) is the core map of the spray.)
Further, assume that K is a compact subset of A and U is an open subset of D such
that fo(D\U)N K = 9.

Given € > 0, there are a domain P’ C P containing 0 € CV and a spray of
maps g: D x P' — X of class o/*(D), with the exceptional set o of order k, such
that gy is homotopic to fy and the following hold for all t € P’':

(i) &®D)NAUB =,

(i)  d(g(). fix) <eforzel,

(i) g(D\U)NK =0, and

(iv)  the maps fy and gy have the same k-jets at every point in o .

Proof
Let®: X D Q — w C C" be abiholomorphic map as in Definition 6.1. By enlarging
the set U € D, we may assume that o C U. For small A > 0, set

w; = {x ew: pp(x) < A, psa(x) > A}, Q;, = o (wy).

Then w; € w, and 2, € 2.

Since fy(bD) N A = ¥, we have py (CIJ( fo(z))) > ) for every sufficiently small
A > 0 and for all z € bD with fy(z) € 2. A transversality argument shows that
for almost every small A > 0, the set bD N f;'(Q,) is a finite union U'j":l ll5
of pairwise disjoint closed arcs I; (j = 1,...,m) and simple closed curves I;
(j=m+1,...,m'). Fix a A for which the above hold.

If /; is an arc, we choose a smooth simple closed curve I'; C D\U such that
I'; N bD is a neighborhood of /; in D, and I'; bounds a simply connected domain
U; C D\U (see Figure 3). Choose a smooth diffeomorphism % Ik A—>TU ; which is
holomorphic on A, and choose a compact set V; C U j containing a neighborhood of
Ijin A.

If 1; is a simple closed curve, there is a collar neighborhood U; € D\U of I;
in D whose boundary bU; = I; U I ; consists of two smooth simple closed curves.
For consistency of notation, we set I'; = I;. There are an open subset W; of A
and a diffeomorphism 4 ;: A\W; — U, which is holomorphic on A\W such that
h;j(bA) =T';. Choose a compact annular neighborhood V; of I'; in U; UT';.
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Figure 3. Cartan pair (Do, D;)

By choosing the sets Uy, ..., U, sufficiently small, we can ensure that their
closures are pairwise disjoint and do not intersect U, and we have

foU) C{xeQ:ps(®) >4}, j=1,...m.

Denote by D; the union U’]”/:l U;. There is a smoothly bounded open set Dy, with
D\D, C Dy C D\ U'j"=1 Vi, such that (Dy, D) is a Cartan pair (see Definition 3.1;
see also Figure 3). Let Dy, = Dy N D;.

Our goal is to approximate f in the %>-topology on D, by a spray f’ over
D; so that the maps Jf; satisfy properties (i) and (iii) on its domain. (The final spray
g over D is obtained by gluing the restriction of f to D, with the spray f’, using
Proposition 4.3.) To this end, we now find a suitable family of holomorphic discs that
are used to increase the value of p o f on the part of »D which is mapped by f; into
Q;.

Consider the homotopy p,: @ — R defined by

ps = (1L —s5)pa—2A)+s(op —A), s€l0,1].

The function p; is strictly convex with respect to the first two coordinates (since it is
a convex combination of functions with this property), and d, ,p, is nondegenerate
on w by the definition of a 2-convex bump. As the parameter s increases from s = 0
tos = 1, the sets {p; < 0} increase smoothly from {p4 < A} to {pp < A}. (Inside
w;,, these sets are strictly increasing.) For each point ¢ € w;, we have p,(q) > A,
while pp(q) < A; hence there is a unique s € [0, 1] such that p,(¢) = 0. Write
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q = (q1, g2, q") with ¢” € C"~2. The set

My = {(xl’ x2,q") € w: py(x1, %2,q") = 0}

is a real three-dimensional submanifold of C?> x {g”}. Let T, M; ,» denote its real
tangent space at ¢; then E, = T, M, ,» Ni T, M, , is a complex line in 7,C" = C".
By strict convexity of pg with respect to the first two variables, the intersection

L, :(q—{—Eq)ﬂ{x cEw: pB(x)f)»}

is a compact, connected, smoothly bounded convex subset of ¢ + E, with bL, C
{ps = A} (see Figure 2). The sets L, depend smoothly on ¢ € w; and degenerate to
the point L, = {g} forg € bw, N {pa > A}. We set L, = {q} for all points g € w
with pp(gq) > A.

Given apoint z € I'; C bD, for some j € {1, ..., m'}, we set

L.=L, with ¢ =®(fo(2)).

The definition is good since p4 (CI>( fo(z))) > Aforall z € D;.

An elementary argument (see, e.g., [35, §4]) gives for each j € {1,...m'} a
continuous map H;: I'; x A —  such that for each z € I;, the map A > n >
Hi(z,n) € Zz is a holomorphic parametrization of ZZ and H;(z,0) = ®(fo(2)); if
z € T;\I;, then H;(z, n) = ®(fo(z)) forall n € A.

Recall that /4 is a parametrization of ﬁj byaAif j € {l1,...,m} (resp., by an
annular regionin Aif j € {m +1,...,m'}). Let G;: bA x A — C" be defined by

G (&, m) = Hj(h;j©),n) — ®(foh;(€)), & ebA, neA.

Observe that G;(¢,n) =0if ¢ € h;l(l“j\lj) and n € A.

Let B C C”" denote the unit ball and § B the ball of radius §. For each j €
{1,...,m’} and each § > 0, we solve approximately the Riemann-Hilbert problem
for the map G, using [35, Lemma 5.1], to obtain a holomorphic polynomial map
Qs,;: C — C” satisfying the following properties:

05, € Gj(¢,bA)+ 8B for¢ € bA, (6.1)
|D*Q5,;(0)| <8 for¢ € hi (U\V)), (6.2)
05,j(¢) € G;(bA, D) +8B  for € h;'(U)). (6.3)

Here D*Q = (Q, Q’, Q") is the second-order jet of Q. Although [35, Lemma 5.1]
only gives a uniform estimate in (6.2), we can apply it to a larger disc containing
h; '(U;\V;) in its interior to obtain the estimates of derivatives.
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Define amap Q5: Dy = J_, U; — C" by

05(z) = 0s.,;(h;' @), z€U;.

By (6 2), the map Qs and its first two derivatives have modulus bounded by § on
U, ,U;\V; and hence on Dy ;. If z € I'; N b D, then (6.1) gives

|05(2) + ®(foz)) — Hj(z. )| <8 forsome n € bA,

and hence the point Qs(z) + ®(fo(z)) is contained in the §-neighborhood of bzz.
Recall that for z € I;, we have bL, C {pp = A}, and for z € I';\/;, we have
L, = {®(fy(z))}. By choosing §, > O sufficiently small, we ensure that

p5(Qs(2) + ®(f(z, 1)) > 0

forallz e I';y NbD, j =1,...,m', 0 < 6 < &, and all ¢ in a certain neigh-
borhood Py C P of 0 € CV. For such choices (and a fixed § € (0, &)), the map
f''= fi: Dy x Py — X, defined by

Fi@ =0 (0@ + (f(z,1)), z€Dy 1€ Py,

is a spray of maps of class .&7>(D;), with trivial (empty) exceptional set, whose
boundary values on bD; N b D lie outside of A U B. By choosing § > 0 small enough,
we ensure that f’ approximates the spray f as closely as desired in the ¥2-norm on
Do x Py.

By Proposition 4.3, we can glue f and f’ into aspray of maps g: D x P’ — X ap-
proximating f on Dy x P’; hence the central map gy = g(-, 0) satisfies Lemma 6.2(ii)
and also property (i) on bDoy N bD. For z € D, we have g(z,t) = f'(z, B(z, 1)) by
(4.4), where the %2-norm of  is controlled by 8. Choosing § > 0 sufficiently small,
we ensure that for each z € bD| N bD, we have go(z) = g(z,0) € X\A U B, so
(1) holds also on »D; N bD. Similarly, since f; (D;) does not intersect A O K, we
see that g satisfies property (iii). By shrinking P’, we obtain the same properties for
all maps g,, t € P’. Finally, property (iv) holds by the construction. (This does not
depend on the choice of the constants.) O

LEMMA 6.3

Let X be an irreducible complex space of dimensionn > 2, and let p: X — R be a
smooth exhaustion function that is (n — 1)-convex on {x € X: p(x) > M,}. Let D
be a finite Riemann surface, let P be an open set in CV containing the origin, and
let My > M. Assume that f: D x P — X is a spray of maps of class «/*(D) with
the exceptional set 0 C D of order k € 7., and U € D is an open subset such that
fo(z) € {x € Xpeg: p(x) € (M1, M>)} for all z € D\U. Given € > 0 and a number



244 DRINOVEC DRNOVSEK and FORSTNERIC

M3 > M,, there exist a domain P’ C P containing 0 € CV and a spray of maps
g: D x P' — X of class «/*(D), with exceptional set o of order k, satisfying the
following properties:

D) g0(2) € {x € Xieg: p(x) € (Ma, M3)} forz € bD,

(i) go(z) € {x € X: p(x) > M} forz € D\U,

(i)  d(go(z), fo(z)) < € forz € U, and

@iv)  fo and gy have the same k-jets at each of the points in .

Moreover, g, can be chosen homotopic to fj.

Proof

The idea is the following. Lemma 6.2 allows us to push the boundary of our curve out
of a 2-convex bump in X. By choosing these bumps carefully, we can ensure that in
finitely many steps, we push the boundary of the curve to a given, higher super level
set of p (see property (i)); at the same time, we take care not to drop it substantially
lower with respect to p (see property (ii)) and to approximate the given map on the
compact subset U C D (see property (iii)). In the construction, we always keep the
boundary of the image curve in the regular part of X. Special care must be taken to
avoid the critical points of p. We now turn to details.

By [14, Lemma 5], there exists an almost plurisubharmonic function v on X (i.e.,
a function whose Levi form has bounded negative part on each compact in X) which
is smooth on X, and satisfies v = —00 on Xg,,. We may assume that v < 0 on
{p < M5+ 1}.

For every sufficiently small § > 0, the function 75 = p — M| 4+ év is (n — 1)-
convex on {p < M3}, and its Levi form is positive on the linear span of the eigenspaces
corresponding to the positive eigenvalues of the Levi form of p at each point. Note
that X, U {p < M;} C {7; < 0}. Since p(fo(z)) > M; and fy(z) € X, for all
z € bD, we have t5(fy(z)) > 0 for all z € bD and all small 6 > 0. Fix § > 0 for
which all of the above hold, and write T = ;.

Choose a number M € (M;, M3). (The central map gy of the final spray maps
bD closeto {p = M, © > 0}.) Since T = —00 on X, the set

Q:{xeX:p(x)<M3, t(x)>0}

is contained in the regular part of X. By a small perturbation, one can in addition
achieve that zero is a regular value of v, M is a regular value of p, and the level sets
{p = M} and {r = 0} intersect transversely. Denote their intersection manifold by
Y. There is a neighborhood Uy of ¥ in X with Us, C{p>M}n Xreg-

We are now in the same geometric situation as in [23, §6.5] (see especially [23,
proof of Lemma 6.9]; the fact that our X is not necessarily a manifold is unimportant
since Q C Xieg). For s € [0, 1], set

ps = (1 =8t +5(0 — M), Gy ={p;, <0} N{p < M3}.
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Figure 4. The sets G,

The Levi form of py, being a convex combination of the Levi forms of t and p, is
positive on the linear span of the eigenspaces corresponding to the positive eigenvalues
of the Levi form of p. Therefore G is strongly (n — 1)-convex at each smooth boundary
point for every s € [0, 1]. As the parameter s increases from s = 0 to s = 1, the
domains G; N {p < M} increase from {t < 0, p < M}to G, = {p < M}. (The sets
G; N{M < p < M3} decrease with s, but that part is not used.) All hypersurfaces
{ps = 0} = bG; intersect along X. Since dp; = (1 —s) d7 4 sdp and the differentials
dt and dp are linearly independent along X, each hypersurface bG, is smooth near
2. By a generic choice of p and 7, we can ensure that only for finitely many values of
s € [0, 1] does the critical point equation dp; = 0 have a solution on bG; N €2, and
in this case, there is exactly one solution. Therefore G has nonsmooth points only
for finitely many values of s € [0, 1] (see Figure 4).

Fix two values of the parameter, say, 0 < 5o < s; < 1. Consider first the
noncritical case when dp;, # 0 on bG; N Q for all s € [sp,s;], and hence all
boundaries bG; for s € [s, s1] are smooth. By attaching to G, finitely many small
2-convex bumps of the type used in Lemma 6.2 and contained in G| U Uy, we cover
the set G, N 2 (see [23, page 180] for a more detailed description). Using Lemma
6.2 at each bump, we push the boundary of the central map in the spray outside the
bump while keeping control on the compact subset U C D. After a finite number of
steps, the boundary of the central map lies outside G, N €2 and inside G; U Ux. Up
to the end of §6, this is called the noncritical procedure.
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P

(h < €}

Figure 5. The level sets of A

It remains to consider the values s € [0, 1] for which G, has a nonsmooth point
(the critical case). We begin by discussing the most difficult case, dim X = 2, when
there is the least space to avoid the critical points. The functions p and 7 are then
1-convex and hence strongly plurisubharmonic. As in [23, page 180], we introduce
the function

hx) = T(x)

= , Xx € Q.
T(x)+ M — p(x)

A generic choice of T ensures that / is a Morse function. Note that {h = s} = {p, =
0} = bGy. The critical points of & coincide with critical points of p; on {p; = 0}, and
the Levi form of 4 at a critical point is positive definite (see [23, page 180]).

To push the boundary over a critical level of &, we apply [23, Lemma 6.7,
page 177] (see also [30, §4]). Let p be a critical point of 2 with h(p) = ¢ € (0, 1). (Our
h corresponds to p in [23].) It suffices to consider the case when the Morse index of p is
either 1 or 2 since we cannot approach a minimum of 4 by the noncritical procedure.
Choose a neighborhood W C X of p on which £ is strongly plurisubharmonic.
Lemma 6.7 in [23] furnishes a new function n (denoted t in [23]) that is strongly
plurisubharmonic on W, while outside of W each level set {’ﬁ = €} (for values €
close to zero) coincides with a certain level set {4 = c(€)} such that 7 satisfies the
following properties (see Figure 5). The sublevel set {’E < 0} is contained in the union
of the sublevel set {h < ¢y} for some ¢y < ¢ (close to ¢) and a totally real disc E
(the unstable manifold of the critical point p with respect to the gradient flow of h).
Furthermore, for a small d > 0 with ¢y < ¢ — d, we have

(h<c+dyc{h<2d)Ct{h<c+3d}; (6.4)

7 has no critical values on (0, 3d), and & has no critical values on [¢c — d, ¢ + 3d]
except for h(p) = c.
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By the noncritical procedure applied with the function £, we push the boundary
of the central map of the spray into the set {c —d < h < c}. Let ? denote the new
spray. For parameters ¢ € CV sufficiently close to the origin, the map }Et also has
boundary values in {¢c —d < h < c}. Since dimgE < 2, we can find ¢ arbitrarily
close to the origin such that ’ﬁ(bD) N E = (. By translation in the 7-variable, we can
choose ’ft as the new central map of the spray.

Since {h < 0} C {h < ¢} UE C {h < c—d}U E, the above ensures that
7 > 0on f,(bD) Since 7 has no critical values on (0, 3d), we can use the noncritical
procedure with 7 to push the boundary of the central map into the set {h > 2d},
appealing to Lemma 6.2. As {71 > 2d} C {h > c + d} by (6.4), we have thus pushed
the image of b D across the critical level {4 = c} and avoided running into the critical
point p. Now, we continue with the noncritical procedure applied with 4 to reach the
next critical level of /.

This concludes the proof for n = 2. The same procedure can be adapted to the
case where n = dim¢X > 2 by considering the appropriate two-dimensional slices
on which the function p is strongly plurisubharmonic. Alternatively, we can apply the
same geometric construction as in [21] to keep the boundary of the central map at a
positive distance from the critical points of p. a

Proof of Theorem 1.1

Let d denote a complete distance function on X. We denote the initial map in Theorem
1.1 by fo: D — X. By Theorem 5.1, we may assume that f; is holomorphic in a
neighborhood of D in an open Riemann surface S O D and fo(bD) C (X )ree
Here X, = {p > c} is the set on which p is assumed to have at least two positive
eigenvalues.

Choose an open, relatively compact subset U € D and anumber € > 0. It suffices
to find a proper holomorphic map g: D — X such that sup_;, d( fo(2), g(z)) < € and
such that g agrees with f to order k at each of the given points z; € D; a sequence
of proper maps g, as in Theorem 1.1 is then obtained by Cantor’s diagonal process.

Let o denote the union of {z € D: fy(z) € Xqng} and the finite set
{z;} € D on which we interpolate to order k € Nj; thus o is a finite subset of D.
Lemma 4.2 furnishes a spray of maps f: D x P — X of class .&/*(D), with the
given central map f; and the exceptional set o of order k, such that f;(bD) C (X ),
foreacht € P c CV.

Set f0 = f, set ¢ = ¢y, and choose an open subset Py € P containing the
origin 0 € CV. Choose a number ¢; > ¢, such that ¢y < ,o(fto(z)) < ¢ for all
z € bD and t € Py, and then choose an open subset Uy € D containing o U U
such that f(D\Up) C {x € X: ¢y < p(x) < c;} forall t € Py. Choose a sequence
¢y < ¢; < ¢, -+ - withthe given initial numbers ¢q and ¢; such thatlim;_, ., ¢; = +00.
Also, choose a decreasing sequence €; > 0 with 0 < €; < € such that foreach j € N,
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we have

(x,y € X, p(¥) < ¢jp1, dx,y) <€) = |p(x) — pO)| < L.

We inductively find a sequence of sprays f/: D x P; — X of class .«/ 2(D) with
the exceptional set o of order k, with P = Py D P; D P, D -- -, and a sequence of
opensets Uy C Uy C --- C U;’il U; = D satisfying the following properties for
each j € Z; andt € P;:

i) f/(0D) C {x € Xy ¢j < p(x) < i1},

(i) f/(D\U)) C{xeX:c; <px)<cjul

(i)  f/(D\Uj-)) C{x € X:¢;—1 < p(x) < cj1},

(v)  d(fi @), fi7' (@) < €27/ forz € U;_y, and

v) foj and foj “are homotopic, and they have the same k-jets at each of the points

ino.
For j = 0, properties (i) and (ii) hold, while the remaining properties are vacuous.
(In (iii), we take U_; = Uy and c¢_; = cp.) Assuming that we already have sprays

O, ..., f/ satistying these properties, Proposition 6.3 applied to f = f/ furnishes
a new spray f/*! (called g in the statement of that proposition) satisfying (i), (iii),
(iv), and (v). Choose an open set U;; € D with U; C Uj4,; such that (ii) holds.
(This is possible by continuity since (i) already holds, and we are allowed to shrink
the parameter set P;;.) Hence the induction proceeds. When choosing the sets U;,
we can easily ensure that they exhaust D.

Conditions (i) — (v) imply that the sequence of central maps foj :D— X (je
Z.;) converges uniformly on compacts in D to a proper holomorphic map g: D — X
satisfying d( fo(z), g(2)) < € (z € Uy) and such that the k-jet of g agrees with the
k-jet of fy at every point of o. In addition, we can combine the homotopies from ij
to ij A j =0,1,...)toobtain a homotopy from fy|p to g. This completes the proof
of Theorem 1.1. O

Appendix. Approximation of holomorphic vector subbundles
In the proof of Lemma 4.4, we used the following approximation result.

THEOREM A.l (Heunemann [45, Theorem 1, page 275])

If D is a relatively compact strongly pseudoconvex domain in a Stein manifold S and
E C D x C" is a continuous complex vector subbundle of the trivial bundle over
D such that E is holomorphic over D, then E can be uniformly approximated by
holomorphic vector subbundles E C U x C" over small open neighborhoods U C S
of D.



HOLOMORPHIC CURVES IN COMPLEX SPACES 249

Proof

We offer a simple proof of this useful result. Choose a complementary to £ subbundle
G C D x C" of the same class .oZ(D) (the existence of such G follows from Cartan’s
Theorem B for vector bundles of class .7 (D); see [46], [53]). Let [1: D x C" — E
denote the fiberwise C-linear projection with kernel G and image E. By the Oka-Weil
theorem, we approximate I uniformly on D by a holomorphic fiberwise linear map
IT': U' x C* — U’ x C" over an open set U’ O D. In general, IT’ fails to be a
projection map on the fibers, but this can be corrected by the following simple device
(see, e.g., [36]).

Let C be a positively oriented simple closed curve in C, and let L € Ling(C", C")
be a linear map with no eigenvalues on C. Then C" = V.. @ V_, where V, (resp.,
V_) are L-invariant subspaces of C" spanned by the generalized eigenvectors of L
corresponding to the eigenvalues inside (resp., outside) of C. The map

(L) = —— / @I —L)y"dg
2mi J¢

is a projection onto V. with kernel V_.

Choose a curve C C C which encircles 1 but not zero; for instance, C =
{t € C:|¢ — 1] = 1/2}. Let 2 denote the associated projection operator. If L €
Linc(C", C") is a projection, then (L) = L. If L’ is near a projection L, then each
eigenvalue of L’ is either near zero or near 1, and hence 2(L’) is a projection that is
close to L and has the same rank as L.

Assuming that IT is sufficiently close to IT on D, it follows that for each point
z in an open set U’ with D C U C U’, the map ﬁ = Z(IT) € Linc(C", C") is
a prOJectlon of the same rank as I1,, and it depends holomorphlcally onz € U. The
map M: U x C* - U x C" with fibers 1'[ is then a projection onto a holomorphic
vector subbundle E C U x C" whose restriction to D is uniformly close to E, and
G =kerllisa holomorphic vector subbundle of U x C" whose restriction to D is
uniformly close to G. O
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