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FIBRATIONS AND STEIN NEIGHBORHOODS

FRANC FORSTNERIČ AND ERLEND FORNÆSS WOLD

(Communicated by Mei-Chi Shaw)

Abstract. Let Z be a complex space and let S be a compact set in Cn × Z
which is fibered over Rn. We give a necessary and sufficient condition for S to
be a Stein compactum.

1. Fibrations over totally real sets

We denote by O(Z) the algebra of all holomorphic functions on a (reduced, para-
compact) complex space Z, endowed with the compact-open topology. A compact
subset K of Z is said to be a Stein compactum if K has a basis of Stein open
neighborhoods. K is O(Z)-convex if

K = K̂O(Z) = {z ∈ Z : |f(z)| ≤ sup
K

|f |, ∀f ∈ O(Z)}.

For the theory of Stein spaces we refer to [10, 11].
Let Z be a complex space, and consider the product Cn ×Z with the projection

π : Cn × Z → C
n. Let S be a compact set in C

n × Z. For every point ζ ∈ C
n we

let Sζ = {z ∈ Z : (ζ, z) ∈ S} denote the fiber of S over ζ. We are interested in the
following:

Question: Under what conditions on the projection π(S) ⊂ Cn and on the fibers
Sζ is S a Stein compactum in Cn × Z?

We give the following precise answer under the assumption that the projection
π(S) is contained in Rn, the real subspace of Cn.

Theorem 1.1. Let S be a compact set in Cn × Z whose projection P = π(S)
is contained in R

n. Then S is a Stein compactum in C
n × Z if and only if for

every open neighborhood U ⊂ Rn×Z of S there exist open sets V,Ω ⊂ Rn×Z, with

S ⊂ V � Ω ⊂ U , such that for every u ∈ P the fiber Ωu is Stein and (̂Su)O(Ωu)
⊂ V .

The analogous result holds if π(S) belongs to a totally real submanifold of Cn.

A particular reason for looking at this problem is that a question of this type,
for compact sets that are laminated by holomorphic leaves, appears in the recent
work by the first author [8]; the relevant result is provided by Corollary 2.2 below.

The following simple example (a thin version of Hartog’s figure) shows that it is
not enough to assume in Theorem 1.1 that each fiber of S is a Stein compactum.
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Example 1.2. Let Z = C and let P ⊂ C denote the real unit interval P = {u ∈
R : 0 ≤ u ≤ 1}. For 0 ≤ u ≤ 1

2 let Su = {z ∈ C : |z| ≤ 1}, and for 1
2 ≤ u ≤ 1 let

Su = {z ∈ C : 1
2 ≤ |z| ≤ 1}. Clearly each fiber Su is a Stein compactum, but due

to the continuity principle S doesn’t have a Stein neighborhood basis in C
2.

Remark 1.3. In the situation of Theorem 1.1, if Z is a Stein space and if every fiber
Su for u ∈ π(S) ⊂ Rn is O(Z)-convex, then it is easily seen that S is O(Cn × Z)-
convex, and hence a Stein compactum. Following the proof of Proposition 4.3 in
[12] one obtains the following:

Proposition 1.4. Let ϕ : Z → X be a holomorphic map from a Stein space Z to
a complex manifold X. Let S ⊂ Z be compact and let Y = ϕ(S) ⊂ X. If y ∈ Y is
a peak point for the algebra OX(Y ), then

ŜO(Z) ∩ Sy = (̂Sy)O(Z).

Proof of Theorem 1.1. We shall give the details only when π(S) ⊂ Rn; the general
case when the projection is contained in a totally real submanifold of Cn is quite
similar.

It is easy to see that the conditions are necessary. Indeed, if S is a Stein com-
pactum, then for every open neighborhood U of S in Rn × Z there exists a Stein
neighborhood Ω of S in C

n × Z such that Ω ∩ (Rn × Z) ⊂ U . Taking V � Ω to

be an open neighborhood of ŜO(Ω) in R
n × Z we see that the hypotheses of the

theorem are satisfied.
Assume now that the conditions hold. For ε > 0 set

V (ε) = {(u+ iv, z) ∈ C
n × Z : (u, z) ∈ V, ‖v‖ < ε}.

To prove the theorem we shall construct a plurisubharmonic polyhedral neighbor-
hood of S contained in V (ε0) for a given ε0 > 0.

Choose an open set V ′ in R
n × Z such that V � V ′ � Ω. We shall need two

lemmas.

Lemma 1.5. There exists a positive strongly plurisubharmonic function in an open

neighborhood Ũ of S in C
n × Z.

Proof. Fix a point s0 = (u0, z0) ∈ S. By compactness it suffices to show that
there exists a plurisubharmonic function in a neighborhood of S which is strongly
plurisubharmonic near s0.

Since V ′
u0

� Ωu0
and the set Ω is open in R

n ×Z, there exists a δ > 0 such that
V ′
u � Ωu0

for all u in the ball B(u0, 2δ) = {‖u− u0‖ < 2δ}.
As W = (B(u, 2δ)+iRn)×Ωu0

is Stein, there exists a positive strongly plurisub-
harmonic function ρ1 on W . We may assume that ρ1(s0) = 1.

Choose M ∈ R such that for any u ∈ ∂B(u0, δ) and any z ∈ V ′
u we have that

ρ1(u, z) < M . Let ρ2 be a plurisubharmonic function on Cn such that ρ2(u0) = 0
and ρ2(u) > M for all u ∈ ∂B(u0, δ). If ε > 0 is chosen small enough, then the
function ρ = max{ρ1, ρ2} is well defined and plurisubharmonic on V ′(ε) and is
strongly plurisubharmonic near the point s0. �

By shrinking the set U ⊃ S we may assume that U = Ũ ∩ (Rn × Z), where Ũ
satisfies the conclusion of Lemma 1.5.
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Lemma 1.6. For any point q belonging to the boundary of V in Rn×Z there exists
an ε > 0 and a continuous plurisubharmonic function ρ on V ′(ε) such that ρ(q) = 2
and ρ < 1

2 on S.

Proof. If π(q) /∈ π(S) = P , we may find a holomorphic function g ∈ O(Cn) such
that ρ = |g ◦ π| will work.

Assume now that q = (u, z) with u ∈ P . Since (̂Su)O(Ωu)
⊂ Vu by the assump-

tion, there is a holomorphic function f ∈ O(Ωu) such that f(z) = 2 and |f | < 1
2

on Su. By continuity there is a δ > 0 such that for all u′ ∈ B(u, δ) we have that
V ′
u′ � Ωu and |f | < 1

2 on Su′ . Let M ∈ R be such that |f | ≤ M on V ′
u′ for

all u′ ∈ B(u, δ). We consider f as a holomorphic function on C
n × Ωu which is

independent of the first variable.
Let χ ∈ C∞

0 (B(u, δ)) be a smooth function with compact support such that
0 ≤ χ ≤ 1 and χ(u) = 1. Let g ∈ O(Cn) be a holomorphic function approximating

χ close enough on B(u, δ) such that ‖g‖∂B(u,δ) <
1

3M and g(u) = 1. Then ρ1 := |f ·g|
is plurisubharmonic on [B(u, δ)⊕ iRn]×Ωu, ρ1(q) = |f(z)| = 2, and ρ1(w) <

1
3 for

all w = (u′, z) such that u′ ∈ ∂B(u, δ) and z ∈ V ′
u′ .

Let h ∈ O(Cn) be a holomorphic function such that h(u) = 0, 0 ≤ |h| ≤ 1
2 on

B(u, δ), and 1
3 < |h| < 1

2 on R
n\B(u, δ). Such h exists since continuous functions

on Rn can be approximated uniformly by entire functions on Cn (see for instance
[14]).

The function ρ2 := |h ◦ π| is then plurisubharmonic on Cn × Z.
If ε > 0 is chosen small enough, then the function ρ = max{ρ1, ρ2} is well defined

on V ′(ε) and it satisfies the conclusion of Lemma 1.6. �

We can now complete the proof of Theorem 1.1. By compactness and Lemma 1.6
there exist an ε > 0, with 2ε < ε0, and finitely many plurisubharmonic functions
ρ1, . . . , ρm on V ′(2ε) such that ρj <

1
2 on S for j = 1, . . . ,m and such that for every

q = (u, z) ∈ ∂V ⊂ Rn × Z we have ρj(q) >
3
2 for at least one j ∈ {1, . . . ,m}.

Denote the variable on Cn by ζ = u + iv. If we replace ρj by ρj + C|v|2 for a
sufficiently large C > 0, then we have that

∂[V (ε)] ⊂
m⋃
j=1

{
w ∈ V ′(2ε) : ρj(w) >

3

2

}
.

Let W denote the set

W = {w ∈ V ′(2ε) : ρj(w) < 1, j = 1, ...,m}.

Let W0 be the union of all connected components of W which intersect S. Then
S ⊂ W0 and W0 is relatively compact in V (ε).

Let ϕ ∈ C∞((−∞, 1)) be a convex increasing function such that ϕ(t) → +∞ as
t → 1. Let ρ̃j = ϕ ◦ ρj for j = 1, ...,m. Then

ρ := max
1≤j≤m

ρ̃j

is a plurisubharmonic exhaustion function of W0. By Lemma 1.5 we may add to ρ a
strongly plurisubharmonic function and get a strongly plurisubharmonic exhaustion
function of W0, and hence W0 is Stein according to Narasimhan’s theorem [13].
Since W 0 ⊂ V (ε0), this concludes the proof. �
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Corollary 1.7. Assume that S is a compact set in Rn × Z such that for any
open neighborhood U ⊂ Rn × Z of S and for each u ∈ π(S) ⊂ Rn there exist a
Stein neighborhood Ωu � Uu of the fiber Su and a number δ > 0 such that Su′ is
holomorphically convex in Ωu for each u′ with ‖u − u′‖ ≤ δ. Then S is a Stein
compactum in Cn × Z.

Proof. By compactness there is a finite number of uj ’s, Ωuj
’s and δj ’s such that

{B(uj , δj)} is an open cover of π(S) in Rn. If all δj ’s are small enough we get that⋃
j B(uj , δj)× Ωuj

is contained in U .

Define a neighborhood Ω of S in Rn × Z as follows. For a point u ∈ B(uj , δj)
let the fiber Ωu consist of the intersection of all Ωuk

such that u is also contained

in B(uk, δk). Then Ω is an open neighborhood of S contained in U , and Su is
holomorphically convex in Ωu for every u. Let V � Ω be any open neighborhood
that contains S. The conditions in Theorem 1.1 are satisfied and hence the corollary
follows. �

2. Stein neighborhoods of certain laminated sets

According to Siu’s theorem [15] every closed Stein subvariety of a complex space
admits an open Stein neighborhood in that space. For simpler proofs and general-
izations to q-convex subspaces see [2, 3].

The following generalization of Siu’s theorem is proved in [6, Theorem 2.1] (for
the last stetement see also [7, Theorem 1.2]).

Theorem 2.1. Let X be a closed Stein subvariety of complex space Z. Assume
that S is a compact set in Z that is O(Ω)-convex in an open Stein domain Ω ⊂ Z
containing S and such that S ∩X is O(X)-convex. Then for every open set U in Z
containing S∪X there exists an open Stein domain V in Z such that S∪X ⊂ V ⊂ U
and S is O(V )-convex.

In the remainder of the article we consider the following situation: Z is a complex
space, X is a Stein space, h : Z → X is a holomorphic submersion onto X, K is a
compact O(X)-convex subset of X, and P is a compact set in R

n (considered as
the real subspace of Cn).

The following corollary is used in an essential way in the proof of the main result
in [8] to the effect that all Oka properties of a complex manifold are equivalent to
each other.

Corollary 2.2 (Assumptions as above). Let f : P ×X → Z be a continuous map
such that h ◦ f(p, x) = x for all (p, x) ∈ P ×X and such that fp = f(p, · ) : X → Z
is holomorphic for every p ∈ P . Then the set

(2.1) Σ = {(p, f(p, x)) : p ∈ P, x ∈ K}
admits an open Stein neighborhood Θ in Cn × Z such that Σ is O(Θ)-convex.

Proof. For every p ∈ P the set Vp = fp(X) is a closed Stein subvariety of Z, and
Σp = fp(K) ⊂ Vp (the fiber of Σ over p) is O(Vp)-convex.

Fix p ∈ P . By Siu’s theorem [15] there exists an open Stein neighborhood Ω ⊂ Z
of Σp. If q ∈ P is sufficiently near p, then, due to the continuity of f , we have that
Σq ⊂ Vq ∩ Ω. Since Σq is O(Vq)-convex, it is also O(Vq ∩ Ω)-convex. As Vq ∩ Ω is
a closed subvariety of the Stein domain Ω, it follows that Σq is also O(Ω)-convex.
(Indeed, for any point z ∈ Ω\Vq there exists by Cartan’s theorem a holomorphic
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function on Ω that equals one at z and that vanishes on Vq∩Ω; hence no such point
can belong to the O(Ω)-hull of Σq.)

This shows that Σ satisfies the assumptions of Corollary 1.7 and hence it admits
a basis of open Stein neighborhoods in Cn × Z.

Since P is contained in Rn, we have that O(Cn)|P is dense in C(P ), the space of
complex valued continuous functions on P (see [14]). By using cutoff functions in
the Euclidean variable and approximating them sufficiently well by entire functions
we see that Σ is O(Θ)-convex in every open Stein set Θ ⊂ Cn × Z containing Σ.
This completes the proof. �

Remark 2.3. The set Σ in Corollary 2.2 is laminated by the graphs of the holomor-
phic functions fp over K, depending continuously on the parameter p ∈ P . This
lamination is rather simple since it admits a global product structure. In general,
the existence of Stein neighborhoods of sets that are foliated (or laminated) by
complex submanifolds is a rather subtle issue as is seen in the case of worm type
Levi-flat hypersurfaces (see [1, 4, 9]). Corollary 2.2 extends to the more general sit-
uation when the leaves Σp are not necessarily graphs, but compact holomorphically
convex subsets in a continuously moving family of Stein subvarieties of Z. �

In the final result we shall need the following well known implication of Rossi’s
local maximum modulus principle (see e.g. [5, Lemma 6.5] for the case Ω = CN ; the
general case easily reduces to this one since we can replace Ω by a relatively compact
Stein subset which then embeds as a closed complex subvariety in a Euclidean
space).

Lemma 2.4. Assume that V is a closed complex subvariety of a Stein space Ω. If
S is a compact O(Ω)-convex subset of Ω and if K is a compact O(V )-convex subset
of V such that S ∩ V ⊂ K, then K ∪ S is O(Ω)-convex.

Our final result furnishes a parametric version of Theorem 2.1.

Corollary 2.5. Assume the situation of Corollary 2.2. Set Vp = fp(X) ⊂ Z for
p ∈ P , and let Σ ⊂ P ×Z be the compact set (2.1) with the fibers Σp = fp(K) ⊂ Vp.
Let S be a compact set in P × Z ⊂ C

n × Z, with fibers Sp (p ∈ P ), such that

(i) Sp ∩ Vp ⊂ Σp and Sp ∩ Vp is O(Vp)-convex for each p ∈ P , and
(ii) S is O(Θ)-convex in an open Stein domain Θ ⊂ C

n × Z.

Then Σ ∪ S is a Stein compact in C
n × Z.

Proof. Fix p ∈ P . By Theorem 2.1 the set ({p} × Vp) ∪ S admits an open Stein
neighborhood Ω ⊂ Cn ×Z such that S is O(Ω)-convex. It follows that the fiber Sq

is O(Ωq)-convex for every q ∈ P . (Here Ωq denotes the fiber of Ω over the point
q ∈ P .)

Choose an open Stein neighborhood Θ ⊂ Z of the compact set Σp ∪ Sp such

that Θ is compact and contained in Ωp. Since S is compact, Ω is open and f is
continuous, we have for all q ∈ P sufficiently near p that

Σq ∪ Sq ⊂ Θ ⊂ Ωq.

For such q we see as in the proof of Corollary 2.2 that Σq is O(Θ)-convex. Since Sq

is also O(Ωq)-convex and hence O(Θ)-convex, Lemma 2.4 now shows that Σq ∪ Sq

is O(Θ)-convex for all q ∈ P sufficiently near p. The conclusion now follows from
Corollary 1.7. �
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