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Abstract We prove that every bordered Riemann surface admits a complete proper
holomorphic immersion into a ball of C2, and a complete proper holomorphic embed-
ding into a ball of C3.

Mathematics Subject Classification (2000) 32B15 - 32H02 - 14H50 - 53C42

1 Introduction

The question of whether there exist complete bounded complex submanifolds of a
Euclidean space C" forn > 1 was raised by Yang [25,26]. (An immersed submanifold
f: M — C" is said to be complete if the induced Riemannian metric f*ds? on M,
obtained by pulling back the Euclidean metric ds®> on C” by the immersion, is a
complete metric on M. A submanifold is bounded if it is contained in a relatively
compact subset of the ambient space.) The first important result in this direction was
obtained in Jones [17] who constructed a holomorphic immersion of the unit complex
disc I into C2, and an embedding into C*, with bounded image and complete induced
metric. His method is strongly complex analytic and is based on the BMO duality
theorem.

The closely related question on the existence of complete bounded minimal surfaces
in R? was a classical problem in the theory of minimal surfaces, known as the Calabi-
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1050 A. Alarcén, F. Forstneric¢

Yau problem. The first affirmative answer was given by Nadirashvili [22]; his method
uses Runge’s theorem for holomorphic functions on planar labyrinths of compact sets.

No new examples of complete bounded complex submanifolds in C" were discov-
ered until recently when Martin et al. [21] extended Jones’ result to complete bounded
complex curves in C? with arbitrary finite genus and finitely many ends. Their tech-
nique is completely different from the one of Jones and is much more geometric; they
used the existence of a simply connected complete bounded null holomorphic curve in
C? [3] and modified a technique developed by Lépez [18] for constructing complete
minimal surfaces in R3.

Recently Alarcén and Lépez [3] constructed complete bounded holomorphic curves
in C? and null curves in C3 of arbitrary topological type. Their method also comes
from the theory of minimal surfaces in R3 and null curves in C3, and it strongly relies
on Runge’s and Mergelyan’s approximation theorems. Their examples have the extra
feature that they can be made proper in any convex domain of C?; in particular, in
the unit ball B = {z € C2: |z| < 1}. In the same spirit, Ferrer et al. [11] constructed
complete minimal surfaces with arbitrary topology and properly immersed in any
convex domain of R3.

Despite their flexibility, none of these methods enables one to control the complex
structure on the curve, except of course in the simply connected case when any such
curve is biholomorphic to the unit disc.

The aim of this paper is to construct complete bounded complex curves that are
normalized by any given bordered Riemann surface. Our main result is the following.

Theorem 1 Every bordered Riemann surface admits a complete proper holomorphic
immersion to the unit ball of C?, and a complete proper holomorphic embedding to

the unit ball of C3.
Theorem 1 is an immediate corollary of the following more precise result.

Theorem 2 Let R be a bordered Riemann surface. Every holomorphic map f: R —
C" (n > 1) can be approximated, uniformly on compacta in R, by complete proper
holomorphic immersions (embeddings if n > 2) into any open ball in C" containing
the image f(R).

By a minor modification of our proof, one can replace balls by arbitrary convex
domains. Our method, coupled with the techniques from [8], also yields complete
proper holomorphic immersions of bordered Riemann surfaces into any Stein manifold
of dimension >1; see Theorem 3 in Sect. 5.

Our construction is inspired by that of Alarc6n and Lépez [3], but we use additional
complex analytic tools. The examples in [3] appear after two different deformation
procedures, starting from a given holomorphic immersion f: R — C?; the first one
using Mergelyan’s theorem, and the second one Runge’s theorem. Since the latter
provides no information on the placement in C? of some parts of the curve, one
must shrink the curve to guarantee its boundedness, thereby losing control of its
complex structure. In the present paper we replace Runge’s theorem by the solution
of certain Riemann—Hilbert boundary value problems. This gives sufficient control of
the position of the complex curve in the ambient space to avoid shrinking. The use of
the Riemann—Hilbert problem in the construction of proper holomorphic maps has a
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long history; see the 1992 paper of Forstneri¢ and Globevnik [14] and the introduction
and references in [8].

Another important tool in our construction is the method of Forstneri¢ and Wold
[15] for exposing boundary points of a complex curve in C". This method is used
in the inductive step to insure that any curve terminating near a specific finite set of
boundary points of R becomes sufficiently long. On the boundary arcs separated by
these points we apply the Riemann—Hilbert method to insure that any curve ending on
such an arc is sufficiently long. In a certain precise sense, the first method enables us
to localize the length estimates furnished by the second method, thereby preventing
the appearance of any shortcuts in the new complex curve.

These additions allow us to simplify the construction in [3] and, what is the main
point, to avoid changes of the complex structure on the Riemann surface.

It is classical that any open Riemann surface immerses properly holomorphically
into C2 [6,23] (see also [2]), but it is an open question whether it embeds into C2[5).
Forstneri¢ and Wold [15] gave an affirmative answer for bordered Riemann surfaces
whose closures embed holomorphically into C2, and for all circular domains in C
without punctures [16]. (See also [20].) Since the immersions into C? constructed in
the present paper may have self-intersections, the following problem remains open.

Question 1 Does there exist a complete (properly) embedded complex curve in a ball
of C2?

As we have already mentioned, there exist complete bounded immersed minimal
surfaces and null curves with arbitrary topology [3, 11]. The first examples of complete
properly embedded null curves with arbitrary topology in a ball of C* have been
constructed recently in [1, Corollary 6.2]. However, the methods in those papers do
not enable one to control the complex structure on these surfaces. In the light of
Theorem 1, the following is therefore a natural question.

Question 2 Does every bordered Riemann surface admit a complete conformal mini-
mal immersion into a ball of R3? Even more, does every such surface admit a complete
null holomorphic immersion (or embedding) into a ball of C3?

By using the theorem of Jones [17] one also finds examples of bounded complete
complex submanifolds of arbitrary dimension in CV for large N. In particular, we
have the following corollary to Theorem 1; we wish to thank J. E. Fornass for this
observation. Let B* denote the unit ball of C* and (B¥)! ¢ C¥ the Cartesian product
of [ copies of B.

Corollary 1 Every relatively compact, strongly pseudoconvex domain in a Stein man-
ifold of dimension n admits a complete proper holomorphic immersion into (B%)*"* C
C*, and a complete proper holomorphic embedding into (B3)*'+1 c Co+3,

Proof Denote by DX the unit polydisc in C. According to [9], any relatively compact
strongly pseudoconvex domain D in a Stein manifold of dimension n admits a proper
holomorphic immersion g: D — D" and a proper holomorphic embedding #: D <
D?"+1, (For similar results see also the papers [7, 19,24].) Theorem 1 furnishes a proper
complete holomorphic immersion & : D — B? of the disc into the ball of C2, and a
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proper complete holomorphic embedding n: D — B3 into the ball of C3. For any
integer k € N let £¥: D¥ — C?* be defined by

81,20, o ) = (E(21), E(22), -, ), (21, ..., zk) € DR

Clearly £% immerses DX properly into (B?)* < C2*. Similarly we define the map
n*: DF — C3* which embeds DF properly into (B*)X. It is now easily verified that the
maps £ o g: D — (B?)? c C* and n*"tloh: D — (B2 ¢ CO3 satisfy
the conclusion of the corollary.

The dimensions in Corollary 1 are probably far from optimal. It would be interesting
to answer the following question.

Question 3 Letn > 1. Does the ball B" C C" admit a proper complete holomorphic
immersion (or embedding) into the ball BY for some N > n? What is the answer if
n=2and N =3,4,...7

The paper is organized as follows. In Sect. 2 we collect the technical tools. The
central part of the paper is Sect. 3 where we state and prove the main technical result,
Lemma 5. Theorem 2 is proved in Sect. 4 by a recursive application of Lemma 5. In
Sect. 5 we outline the construction of proper complete holomorphic immersions of
bordered Riemann surfaces to an arbitrary Stein manifold of dimension > 1.

2 Preliminaries

We denote by (-, -), | - |, dist(-, -), and length(-), respectively, the hermitian inner
product, norm, distance, and length on C". Hence fR(, -) is the Eulidean inner product
on R¥ = C".

Given u € C", set (u)* = {v € C": (u,v) = 0} and span{u} = {¢u: ¢ € C}. If
u #0 e C", then (1) is a complex hyperplane in C".

For any compact topological space K and continuous map f: K — C”, denote
by [ fllo,k = sup,eck |f(x)| the maximum norm of f on K. If K is a subset of a
smooth manifold M and f is of class C" for some r € Z = N U {0}, we denote by
Il f1l-.x the C"-maximum norm of f on K, measured with respect the expression of
f in a system of local coordinates in some fixed finite open cover of K. Similarly we
define these norms for maps M — X to a smooth manifold X by using a fixed cover
by coordinate patches on both manifolds.

Given a topological surface M with boundary, we denote by bM the 1-dimensional
topological manifold determined by the boundary points of M. By a domain in M we
mean an open connected subset of M \bM. A surface is said to be open if it is non-
compact and does not contain any boundary points. A Riemann surface is an oriented
surface together with the choice of a complex structure.

Definition 1 An open connected Riemann surface, R, is said to be a bordered RLemann
surface if it is the interior of a compact one dimensional complex manifold, R, with
smooth boundary bR consisting of finitely many closed Jordan curves.
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A domain in a bordered Riemann surface R is said to be a bordered domain if it
is a bordered Riemann surface, hence with smooth boundary. It is classical that every
bordered Riemann surface is biholomorphic to a relatively compact bordered domain
in a larger Riemann surface R which can be chosen either open or compact.

Denote by Z(R) the family of bordered domains M & R such that R is a tubular
neighborhood of M that is to say, M is a Runge subset of R and R\ M consists of
finitely many open annuli.

Let R be a bordered Riemann surface and X be a complex manifold. Given a
number r > 0, we denote by .&/" (R, X) the set of all maps f: R — X of class C"
that are holomorphic on R. (This space is defined also for non-integer values of r by
Holder continuity.) For r = 0 we write &7%(D, X) = «/(D, X). When X = C, we
write @ (R, C) = &/"(R) and #/°(R) = <7 (R). Note that &/’ (R, C") = «/" (R)"
is a complex Banach space. For any complex manifold X and any number r > 0, the
space /" (R, X) carries a natural structure of a complex Banach manifold [12].

Let .# (R, C") denote the set of all C! immersions R — C” that are holomorphic
in the interior. We shall also write .# (R) when the target is clear from the context.

Given an immersion f: R — C", we denote by o% the Riemannian metric in R
induced by the Euclidean metric of C" via f’; that is,

o} (p.v) = (dfp(v).df(v)), peR, veT,R.

If f is holomorphic, then GJ% is a conformal metric on R. We denote by dist(g, r)(:, -)

the distance function in the Riemannian surface (R, o]%).
A curve y: [0, 1) — R is said to be divergent if the map y is proper; that is, if the
point y (¢) leaves any compact subset of R when ¢ — 1.

Definition 2 Animmersion f: R — C" is said to be complete if (R, o%) is complete
as a Riemannian surface; that is to say, if the image curve f o y in C" has infinite
length for any connected divergent curve y in R.

2.1 A Riemann—Hilbert problem

We shall need approximate solutions of certain Riemann—Hilbert problems over the
unit disc D = {¢ € C: [¢| < 1}. Such results have been used by several authors; the
precise version of the following lemma is taken from the papers [8,10].

Lemma 1 Fix an integer n € N. Let f € o/ (D)", and let g: bD x D — C" be
a continuous map such that for every fixed ¢ € bD we have g(¢,-) € </ (D) and
g(¢,0) = f(¢). Given numbers € > 0and 0 < r < 1, there exist a numberr' € [r, 1)
and a map h € of (D)" satisfying the following conditions:

— dist(h(¢), g(¢, bID))) < eforall ¢ € bD,

— dist(h(p?), g(¢, D)) < € for allé‘ ebDandp € [r', 1), and

= () = f©)] < e when [¢] <7".
In particular, if J is a compact arc in the circle bD and g(¢,) = f(¢) is the

constant disc for all points ¢ € bD\ J, then for any open neighborhood C of J in D
one can choose h such that |h — f”O,ID)\C < e.
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A characteristic feature of the map /4 in the above lemma is that its boundary values
must spin very fast in a small neighborhood of the torus in C" that is formed by the
boundaries of the analytic discs g(¢, -) for |¢| = 1. In the model situation in C2, with
f()=1(,0)and g(¢, z) = (¢, z) for [¢] = 1 and |z] < 1, a suitable (exact!) solution
is the map (¢) = (¢, ¢V) for large values of N € N. Indeed, the proof of the lemma
amounts to a reduction to this model situation.

2.2 A gluing lemma

An important technical step in our construction is to glue pairs of holomorphic map-
pings on special geometric configurations in a Riemann surface. We first explain this
gluing for maps to C"; in the next subsection we address the correspoding problem
for maps to an arbitrary complex manifold. (The general case is only used in Sect. 5.)

Definition 3 A Cartan decomposition of a bordered Riemann surface R is a pair
(A, B) of compact domains with smooth boundaries in R such that C := A N B also
has smooth boundary, and we have

AUB=TR, A\BNB\A=4/.

Compare with the notion of a Cartan pair (Chapter 5 in [13]). In applications in
this paper, one of the two sets A, B will be a disjoint union of finitely many discs.

The following well known lemma is a solution of the Cousin-I problem with bounds;
cf. Lemma 5.8.2 in [13]. The operators .4 and 15 are obtained by using a smooth cut-off
function for the pair (A, B) and a bounded solution operator for the d-problem on R.

Lemma2 Let AUB = R be a Cartan decomposition of a bordered Riemann surface
R. Set C := AN B. For every integer r € Z there exist bounded linear operators

A: 7 (C) - A" (A), B: &/ (C) — /" (B), satisfying the condition
c=Ac—Bc Vced(C).
Corollary 2 (Assumptions as in Lemma 2) For every pair of integers n € N and
r € Ly there is a constant M = M, , > 0 with the following property. Given a pair
of mappings f € /" (A)", g € &/"(B)", there exists F € &/ (R)" such that
NWE = fllna = MIf —gllne,  IIF—gllne = MIIf —gllrc-
The corollary follows immediately from Lemma 2 by setting

c=flc—glc € " (C)", a=Ace (A", b=DBced (B)",
and noting that as a consequence we have f —a = g — b on C. Hence the maps
f—a:A— C"and g — b: B — C" amalgamate into a map F: R — C" with

the stated properties. The constant M depends on the norms of the operators A, BB in
Lemma 2.
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2.3 Gluing holomorphic sprays

The simple gluing method in the previous subsection no longer works in the absence
of a linear structure on the target manifold. It can be replaced by the method of gluing
pairs of holomorphic sprays of maps that was developed by Drinovec Drnovsek and
Forstneric [8,10,12]; this method applies to maps with values in an arbitrary complex
manifold. We recall the main results and refer for further details to the cited papers,
or to Sect. 5.9 in [13].

Definition 4 Let r € Z,. A spray of maps R — X of class /" (R, X) is a C"
map F: P x R — X that is holomorphic on P x R, where P is a domain of a
complex Euclidean space C” containing the origin 0 € C™. The spray is said to be
dominating if the partial differential %F (t,z): ,C" =C" — Tr( ;X is surjective
forall (r,z) € P x R. The map f = F(0,-): R — X is the core map, and P is the
parameter set of the spray F.

A spray of maps in the above definition can be viewed as a holomorphic map from
the domain P C C™ to the Banach manifold /" (R, X).

Lemma 3 (Existence of sprays, [8]) Let r € Z. Foreverymap f € &' (R, X) there
exists a dominating spray of maps F: P x R — X of class C" such that F (0, -) = f.

When X = C”, we can simply take F(t,z) = f(z) +1t fort € C" to get a
dominating spray of maps C* x R — C" with the core map f.

Lemma 4 (Gluing sprays of maps, [8]) Let r € Z. Let (A, B) be a Cartan decom-
position of a bordered Riemann surface R (Def. 3), and set C = A N B. Given a
domain 0 € Py C C™ and a dominating spray of maps Fa: Py x A — X of class
C’, there exists a domain P € Py C C™ containing 0 € C™ such that the following
holds.

For every spray of maps Fg: Py x B — X of class C" that is sufficiently C"-close
to Fp on Py x C there exists a spray of maps F: P x R — X of class C" such that:

— the restriction F: P x A — X is close to F4 in the C"-topology (depending on
the C"-distance between Fy and Fg on Py x C), and
- F(t,2) e {F\(s,2): s € Py} forallt € P and 7 € B.

Remark 1 For applications in this paper it suffices to use these gluing methods in
the basic case r = 0, i.e., with continuity up to the boundary. This is because every
map f € .27 (R, X) can be approximated, uniformly on R, by maps holomorphic in a
neighborhood of Rina larger Riemann surface [8].

3 The main Lemma

In this section we prove an approximation result, Lemma 5, which is the core of this
paper; Theorem 1 will follow by a standard recursive application of it. We focus on
maps to C2, although the same method works for any C*, n > 1.

Let B(s) = {u € C?: |u| < s} denote the open ball of radius s > 0 in C2,
centered at the origin, and let B(s) = {u € C2: |u| < s} be the corresponding closed
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ball. Recall from Sect. 2 that Z(R) denotes theg.et of all bordered Runge domains
M € R, and .# (R) is the set of all immersions R — C? that are holomorphic in R.

Lemma 5 Let R be a bordered Riemann surface, let M € B(R), let zg be a point
in M, let f € #(R), and let €, p, and s > € be positive constants. Assume that

(i) f(R\M) C B(s)\B(s — €), and
(if) distr, f)(z0, bR) > p.

Then, for any € > 0 and § > 0, there exists an immersion f € S (R) satisfying
the following conditions:

(L) If=flly gz <&

(L2) f(bR) C B(S)\B(S — &), where § = /52 + 82,
(L3) FR\M) NB(s — ) = &, and

(L4) dlst(R’f)(zO, bR) > p:=p+3.

The lemma asserts that any holomorphic immersion f: R — C2 such that f(bR)
lies near a given sphere in C? [see (i)] can be deformed into another holomorphic
immersion f R — C? mapping the boundary bR as close as desired to a larger
sphere in C? [see (L2)]. The deformation is strong near the boundary of R and is
arbitrarily small on a given compact subset of R. In this process both the extrinsic and
the intrinsic diameters of the surface grow, but their respective growths are related in
a Pythagoras’ way; compare the bounds § in (L2) and p in (L4). This link, which is
the key to obtain completeness while preserving boundedness, follows the spirit of
Nadirashvili’s original construction of complete bounded minimal surfaces in R3 [22].
The novelty of Lemma 5 is that do not have to modify the complex structure on R in
order to keep the extrinsic diameter of the curve suitably bounded. This represents a
clear difference with respect to previous results, and is the main improvement obtained
in this work.

The proof of Lemma 5 consists of three main steps which we now describe.

In the first step (Sect. 3.1) we split the boundary R into finitely many compact
Jordan arcs «;, j, with endpoints p; j_1 and p; ;, so that deformations of f near ¢; ;,
preserving the complex direction f(p; ;) € C?, keep the image of a;, j disjoint from
the ball B(s — €); at the same time, the length of any segment in C2, orthogonal to
f(pi,j) and connecting f (c; ;) to the boundary of B(5), is bigger than §.

In the second step (Sect. 3.2) we deform f into another holomorphic immersion
fo: R — C2. The deformation is large near the points pi,j and is small elsewhere.
The new immersion fy maps a neighborhood of each point p; ; close to the boundary
of the ball B($) [see (d6)], and the length of the image of any curve in R connecting zg
to p; ; is larger than p [see (d9)]. Roughly speaking, f satisfies items (L1), (L3), and
(L4) in Lemma 5, but it meets (L2) only near the points p; ;. This step is inspired by
the method of exposing boundary points of a complex curve in C? that was developed
by Forstneri¢ and Wold [15] (see also Sect. 8.9 in [13]).

In the third step (Sects. 3.3, 3.4) we work on the part ,31-% j of the arc «; ; where
fo does not meet the condition (L2); that is, outside a neighborhood of the endpoints
Di.j—1 and p;, g We use Lemma 1 to solve a suitable Riemann—Hilbert problem over
a closed disc D; ,j containing the arc /3 in its boundary. This gives a holomorphic
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map h; j: D; j — C? which satisfies (L2) over ,32 [see (f1)], is close to fy outside
a small neighborhood of ,82 in D; ; [see (f3)], and whose orthogonal projection onto
the complex line spanned by fo(pi,j) is close to the projection of fy [see (f2)]. We
then glue fy and the A; ;’s into a new immersion f € S (R).

Finally, in Sect. 3.5 we verify that the map f obtained in this way satisfies
Lemma 5.

Proof of Lemma 5 Replacing M by a larger bordered domain in Z(R) if necessary,
we may assume that

dist(r, )(z0, M) > p; (1
see the strict inequality (i) and recall that bR is compact. Moreover, we can realize
R as a bordered domain in an open Riemann surface R such that R € Z(R). Then,

by Mergelyan’s theorem, we may assume that f € . (R) extends to a holomorphic
immersion f € .Z(R).

3.1 Splitting bR

Note that for any u € C>\ {0}, u + (u)" is the affine complex line passing through
u and orthogonal to u. From (i), the definition of § in (L2), and Pythagoras’ theorem,
one has

dist(u, bBG) N (u + (w)h)) > 8 Vu € f(BR).

Then, by continuity and up to decreasing é > 0 if necessary, any point u € f(bR)
admits an open neighborhood U, in C? such that

dist(v, BE) \BG —&) N(w+ (2)1) > 8 Vv, w,z e U, )
Condition (i) also implies that
U+ wHNBs—€e) =¥ Yue f(OR).
Hence any point # € f(bR) admits an open neighborhood V,, € C? such that
W+ WHNBs—e) =0 Yo, we V,; )
we are taking into account the compactness of B(s — ). Set
Uy =U,NV,, uc fbR), U ={%:uc f(bR)).
Denote by a1, ..., aj the connected boundary curves of R, so bR = Ut Ji=1 % Since

ReAB (R) the o; ’s are pairwise disjoint smooth closed Jordan curves in R.As% isan
open covering of the compact set f (bR) C C?, there existan integerj > 3 and compact
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connected subarcs {a; ;: (i, j) € {1, ..., 1} x Z;}, where Z; = {0, ..., j — 1} denotes
the additive cyclic group of integers modulus j, satisfying the following conditions:

(a1) U] Qi = o,
(a2) «; .j and ; j 11 have the common endpoint p; ; and are otherwise disjoint,
(a3) there exist points g; ; € B(5)\B(§ — €) such that

(@i +{(fPi)H)NBGE—&) =0 Vkelj,j+1}, and

(@4) forevery (i, j) € {1,..., 1} x Z; there exists aset %, ; € % containing the
curve f(a; ;). In particular f(p; ;) € %, ; N U, j+1.

A splitting with these properties is found by choosing the arcs «; ; such that their
images f(a;, ;) C C? have small enough diameter.

3.2 Stretching from the points p; ;

We adapt to our needs the method from [15] that was used in that paper for exposing
boundary points. (See also Sections 8.8 and 8.9 in [13].) Our goal here is a different
one: we wish to modify the immersion so that the images of a certain finite collection
of arcs in R, terminating at points of bR, become > very long in C2.

Recall that R is a compact bordered domain in R Forevery (i, j) € {1, ...,1} x Z;
we choose an embedded real analytic arc y; j C R thatis attached to R at the endpoint
pi,j and intersects bR transversely there, and is otherwise disjoint from R. We insure
that the arcs y; ; are pairwise disj oint. Let qi, j denote the other endpoint of y; ;. We split
Vi.j into compact subarcs y . and yl i with a common endpoint, so that p; j € yl J

andg; ; € yl’].
Next we choose compact smooth embedded arcs A; ; C C? satisfying the following

properties:

(b1) 2ij CBE\B(s —e),

(b2) A ; is split into compact subarcs )»l.l’j and )»l.z’ j with a common endpoint,

(b3)A )\}’ ; agrees with the arc f(y; ;) near the endpoint f(p; ;); recall that f €

J(R),

(b4) )Lil’j C %, N\ U, j+1; see properties (b3) and (a4),

(b5) ifJ C kil’ j is a Borel measurable subset, then

min{length(r; ;(J)), length(r; j+1(J))}
+min{length(r; ; (] ;\ /). length(i j11(A] ;\J))} > 8.

where ;i : C? — span{f (pik)} C C? denotes the orthogonal projection
(observe that (i) implies f(p; ) # 0),

(b6) (Al-z + (f(pi)) ) NB(s —e) =P fork € {j, j + 1}; see (a4), (b4), and
(3), and
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(b7) the endpoint v;, ; of A; ; contained in the subarc A% ; lies in the shell B($)\

B(§ — €) and satisfies (vi,j + (f(p,-,k))L) NBE —é) =@ fork e {j, j+ 1}; see
(agd).

The existence of such arcs A; ; is an easy exercise. Property (b1) is compatible
with the rest thanks to conditions (a3) and (a4). To enjoy (b4) and (b5), the curve )L}’ ;

must be highly oscillating and with small diameter in C. On the other hand, to satisfy
(b6) and (b7), one can simply take AZ to be a straight line segment in B(5)\B(s — €),
connecting %; j N %, j+1 [see (b4)] 0a point v; ; as those given by (a3).

By property (b3) we can find a smooth map fo: R —> C? Wthh agrees with f in
an open neighborhood of R, and which maps the arcs V;, f and V;, f diffeomorphically

onto the corresponding arcs kl and A2 for all (i, j).

The compact set K := RU (U,,‘, )/,,.,) cR clearly admits a basis of open neighbor-
hoods that are Runge in R. By Mergelyan’s theorem one can therefore approximate
Jfe, uniformly on an open neighborhood of R and in the C'-topology on each of the
arcs y;, j, by a holomorphic immersion f R — C2.

We shall now apply [15, Theorem 2.3] (see also [13, Theorem 8.8.1]). Choose a
small open neighborhood V C R of K. Further, for every (i, j) we choose a pair of
small neighborhoods Wi” j € Wi € ﬁ\ﬂ of the point p; ; and a neighborhood

Vij € R\ M of the arc y; j- The cited theorem furnishes a smooth diffeomorphism
¢: R — ¢(R) C V satisfying the following properties (see Fig. 1):

— ¢: R — ¢(R) is biholomorphic,
— ¢ is as close as desired to the identity in the C!-topology on R\Ul iW; j, and
- ¢(pi,j) = qi,j and ¢>(Rﬁ Wi”j) C WUV foral (i, j) €{l,...,i} x Z;.

Intuitively speaking, ¢ hardly changes R outside small neighborhoods of the chosen
boundary points p; ;, while at each of these points it creates a narrow spike reaching
up to the opposite endpoint ¢g; ; of the arc y; ;. (See Fig. 8.11in [13, p. 367].) Although
it is not claimed in the cited sources that the arc y; ; actually belongs to the image
#(R), an inspection of the construction shows that we can move it very slightly to a
nearby arc y’ cR (keeping its endpoints fixed) to obtain this property. If the new
arc y .18 close enough to y; ;j (which can be achieved by a suitable choice of ¢), we

O j+1)

B(aij+1)

Fig. 1 The diffeomorphism ¢
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can also replace the arc A; j C C? by the image f (yl.’, j) without disturbing any of the
properties (b1)—(b7). In the sequel we drop the primes and assume that, in addition
to the above, we have
= 11, \{91.j} € ¢(R\M) for all (i, ).
Set

of ;= ¢ (v fork e (1,2}, 01 =¢""(j) =0 Uc};. )

(See Fig. 1.) If the approximations desribed above are close enough, then the compo-
sition

fo:fo(ﬁiﬁ—)(cz (5)

is a holomorphic immersion satisfying the following properties:
(1) fo(pij) € BEO\BG — &) and (fo(pi.j) + (f(pi)) NBE — &) =0
fork € {j, j + 1} and (i, j) € {1,...,i} x Z;; recall that fo(p; ;) = f(q,‘,j) ~
fe(qi,j) = vi,j and see (b7),
(@) lfo— fll, 5 < €/2.
(€3) fo(R\M) C B(5)\B(s — €); see the open conditions (i) and (b1) and recall
that A; ; is compact, and
(c4) dist(r, f,) (20, bM) > p; see the strict inequality (1).

Furthermore, if the above approximations are close enough and the neighborhood V
of K (containing the image ¢ (R)) is small enough, then taking into account properties
(b1)—(b7) and (c1)—(c4), one can easily find simply connected neighborhoods Ui%’ ;€
U?; € U}, of the point p; ; in R\M for any (i, j) € {1,...,1} x Z; satisfying the
following properties (see Figs. 1, 2):

(d1) T, nT;, =0ifk # j,

(d2) T;,Neaix=Bifk ¢ (j, j + 1),

(d3) U,-l’j N o k is a connected compact Jordan arc for k € {j, j + 1},

(d4) ,Bl.’f,. = ai,j\(Uf;rl U U,.'fT_II) are connected compact Jordan arcs for k €
{1,2}, and fo(B} ;) C %, j; see (ad),

e — —2 —1
(d5) al.fj C Ul.{j\ufj, al.?j C U, (see (4),and ¢~ (p; ;) € (bU; ) NR,

—3 SN —3 = " A
(d6) fo(U; ;) C BG)\BGE —¢é) and (fo(U; ;) + (f(pix)H) NBE —&) =0
fork € {j, j + 1}; see (c1),
—2 = -

@) (fo@: ) + (f(pio)t) NBls —e) = Pforall k € (. ] + 1); see (b6),
(d8) fo(U',\U?)) C %, j N\ %, j+1; see (b4), and
d9) ify C ﬁ.‘ - is an arc connecting R\ U/, and U
(d9) if y ij gR\U;
measurable subset, then (see (b5)) we have

2

i,j»and J C y is a Borel

min{length(rz; ; (fo(J))), length(z; j11(fo(J))}
+ min{length(z; ; (fo(y \/))), length(; j+1(fo(y \J)))} > 8.
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Qi j

bM Qi jr1 Ca; COR

Fig. 2 The sets in R \ M

In fact, the above properties hold if Uf j is chosen sufficiently small around the

1

point p; j, U 2 | is sufficiently small around the arc aﬁ I and Ul.{ j is sufficiently small
around the arc o; ; [see (4)].

3.3 Stretching from the arcs o; ;

We shall now stretch the images of the central parts of the arcs «;,; (away from the
two endpoints) close to the sphere of radius § in C? in order to fulfill the condition
(L2).

Foreach (7, j) € {1,...,i} X Zj we choose a smoothly bounded closed disc D; ; C
R\ M such that the following hold (see Fig. 2):

(e1) Bi,j ﬁBl‘,k =0if j #k,

(e2) D; jNa; ;isacompact connected Jordan arc that contains ﬁi% ; Inits relative
interior, and Ei,.j Najx =Wforallk # j,

(e3) Bi,j Noj =@ forall k € Z;, and

(e4) fo(Dij\(U?;_|UU?)) C %,j. (Here fy is the map (5) constructed in
the previous subsec.)

The existence of such discs D; ; is trivially implied by properties (d4) and (d8).

At this point we use an approximate solution of a Riemann—Hilbert problem.
By property (€2) and the second part of (d6) we can easily find a continuous map
8ij: bD;. j X D — C? satisfying the following requirements:
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() gij(p.-) € (D)? and g ;(p,0) = fo(p) forall p € bD; ;,
(i) gi.j(p. D) C fo(p) + (f(pip))* forall p € bD; .,
(iii) gl‘)j(p, bD) C B(S)\B(s — €) forall p € bDi’j Najj, and
(iv) gi,j(p,-) = fo(p) is the constant disc for all p € bDi,j\ﬁfj.

By using a conformal diffeomorphism D;, j =D onto the unit disc, Lemma 1
givesamap h; ; € o/ (D;, j)2 satisfying the following conditions:

(f1) hij(p) e BG)\BGE —é) forall p e D; j Ny j = bD; j Nay j; see (iii),
(f2) mijoh;jisclosetom; o foon 5,-,]-; see (ii), and

(f8) ;. j is close to fy outside a small open neighborhood C; ; of ,BZ j in D;;
with bC; ; NbD; ; C & j; see (iv).

The sets C; j C D;, ; and the arcs /3 C a;,j are illustrated on Fig. 2.

3.4 Gluing fp and A;

Consider the domains Dy, D1 in R defined by

Do = R\Uq jyeqi....yxz;Ci,j and Dy = Uy jeq,..., iyxz; Di,j-

We may assume that the pair A = Dy and B = D is a smooth Cartan decomposition
of R (see Definition 3). (Smoothness of bA is easily insured by a suitable choice of
the neighborhoods C; ; of ,3 , and the separation property follows from the definition
of the sets C; ; and D; ;.)

If the approximation of fo by /; ; on DoND; ,j isclose enough [which is guaranteed
by (f3)], one can apply Corollary 2 to obtain a holomorphic map f R — C? which
is as close as desired to fp on Dy, and to h; ,jon D; .j»Torall (i, j). (The cited corollary
furnishes a map in .27 (R)?, but we can approximate it by a holomorphic map.)

Remark 2 In the general case, with C? replaced by an arbitrary complex manifold X
(see Sect. 5), we can instead apply Lemma 4 to obtain a holomorphic map f TR—X
which is close to the map fy on A, and is close to A; ; on a-,j for all (i, j). This can
be done provided that we have a suitable procedure for approximating maps A — X
of class o/ (A, X), uniformly on A N B and uniformly with respect to a parameter
t € P c C", by maps B — X of class o/ (B, X). We proceed as follows. By Lemma
3 we can embed fp: A — X as the core map fo = F4(0, -) in a dominating spray
of maps Fs: P x A — X, where P is an open set in C" containing the origin. By
the approximation procedure we find a spray of maps Fp: P x B — X such that
(up to a shrinking of P) the map Fpg(¢, -) is as close as desired to F4(¢,-) on AN B
for every t € P. Lemma 4 furnishes a new spray of maps P x R — X whose core
map f: R — X is uniformly close to fo on A, and is close to /; i.j on C; ; for all

@ j).
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3.5 Checking the properties of f

By approximation and general position argument we may assume that f is a holomor-
phic immersion of a neighborhood of R in R to C2. Furthermore, if all the approxi-
mations in our construction (namely,

(A1) of f() by h,"j on D,',j\C,',j,
(A2) of fo by f on Dy,
(A3) of h; j by f on Cij,and
(A4) of m; jo fobym; joh;;jover Bi,j, for all (i, j);
see the above subsections and (f2)) are sufficiently close, then f satisfies the following
properties which we verify item by item:

—If = fll g <&
Indeed, just notice that || f — foll M 0 (see (A2) and observe that M C Dg)
and take into account (c2).
- f(R) C BG)\BG — ).
Indeed, let p € bR. If p € C;. ; for some (i, j), then (A3) and (f1) give that
Ff(p) ~ hi j(p) € B(S)\B(S —&). If on the other hand p € a; \C;i j C Uij uﬁij+l

(see Fig. 2), then properties (A2) and (d6) insure that f(p) = fo(p) € B($)\B(G —¢)
as well.
- fF(RAM)NB(s —¢) = 0.

Indeed, let p € R\M.If p ¢ 5,-,]-, then (A2) and (c3) imply that f(p) ~
fo(p) ¢ B(s — €). Assume now that p € 5,-,]-. Then either p € C; ; and (A3) gives
fp)~ hi j(p),orp € Bi,j\ci,j and (A2) insures that £ (p) & fo(p). In either case,
property (A4) guarantees that m,j(f(p)) ~ ;i (fo(p)) for p € Bi’j. Assuming that

the approximation is close enough (and using compactness of R\ M), it thus suffices
to verify that 7r; ;(fo(p)) does not belong to the disc D(s —e¢) (the 7r; ;-projection of the

= — —2 . . -2
ball B(s —€)).If p € D; ; N Ui,k’ ke{j—1,j} thenm; ;j(fo(p)) € m,j(fo(U,-,k))
which is disjoint from D(s — €) by (d7). Finally, if p € D; ;\(U: ;_; UT. ), then
(e4) gives that fo(p) € %, and so m; j (fo(p)) ¢ D(s — €) as well; see (3) and (a3).

— dist 7 (20, bR) > p=p +36.
By (A2) and (c4) it suffices to check that dist 7 (bM,bR) > 8. Let y be any

curve in R\ M connecting bM and bR, and let us show that length( f (y)) > 6.
Assume first that y ﬂUij = () for some (i, j). Then there exists a subarc y C ﬁ}’j

> see Fig. 2. By (A2) and (A3) one has

connecting R\ Ul.lj and U,’j;

length(f(7)) ~ length(fo(7 N Do))
+ length(h; ;($ N C; ;) + length(h; j+1(7? N Ci j+1))
> length(fo(7 N Do) + length(; (ki ;(7 N Ci ;)
+ length(rt; j41(hi, j+1(7 N Ci j+1))),
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and by (A4) and (d9), the above is

~ length( fo(y N Do))
+ length(z;, j (fo(p N Cij))) + length(ri j 11 (fo(P N Cij41))) > 8.

Therefore, length( f (y)) > length( f (7)) > § as claimed.
Assume now that y N ﬁij = @ for all (G,j) € {1,...,i} x Z;. Then

there exist (i, j) and a subarc y C D;, ]-\(Ul.zj_1 U Uizj) connecting a point

po € Di,j\(Ufjf1 U Ul-2,j UC;, ;) to a point p; € ,Bi{j; see Fig. 2. In this case,
(A2) and (A3) imply that f(po) ~ fo(po) and f(p1) ~ h;;(p1). By (e4)
one has { fo(po), fo(p1)} C %_j, by (f1) one has h; j(p1) € BE\BG — &),
and by (A4) one has m; ;(h; j(p1)) =~ m; j(fo(p1)); hence inequality (2) gives
that dist(fo(po), ki, j(p1)) > J. Assuming as we may that f(po) and f(pl) are
close enough to fo(po) and h; j(p1), respectively, we thus get length(f(y)) >
length(f(7)) > 6.
Thus f satisfies the conclusion of Lemma 5 and the proof is complete.

4 Complete proper immersions to Euclidean balls

We now show how Lemma 5 implies Theorem 2.

Let R be a bordered Riemann surface and h: R — C” (m > 1) be a holomorphic
map whose image & (R) is contained in an open ball B C C™. Given a compact set
K C R and anumber 1 > 0, we must find a complete proper holomorphic immersion
h: R — B (embedding if m > 2) such that || — h|l;.x < 7.

We focus on immersions; the necessary modifications to find embeddings in C™
for m > 2 are indicated at the end.

By a translation and a dilation of coordinates we may assume that B = B is the unit
ball. By general position we can replace & by an immersion (embedding if m > 2)
such that #(bR) does not contain the origin of C"™. Pick numbers 0 < & < r < 1 so
that h(bR) C B(r)\ B — £). Choose a bordered domain N € Z(R) in R such that

K cN and A(R\N) C B(r)\B(r — ).

Set ¢ := /6(1 —r2)/m > 0. Fix a point £y € N and define sequences p,, r, > 0
(n € Z4) recursively as follows:

2
. —_— C C
£0o =dISt(R,h)(§0s bN)s Pn = Pn—1 +;’ ro=r, rp, = r,%_l +ﬁ (6)

It is immediate that
lim p, = 4+00 @)
n—oo
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and

lim r, = 1. (8)

n—o00o

2
To get (8), observe that r,% = ’"3—1 + Z—z and hence

00 2 2 2 2
_ 2 2T, -
Jim g =0t D =rt ==t

:lf‘:
)
@)

n=1

Set (Mo, ho, &) = (N, h, §). We shall inductively construct sequences of bordered
domains N, € Z(R), holomorphic immersions &, € .#(R), and constants &, > 0
(n € N) satisfying the following conditions:

(an) Nn—l S Nn»

(b,) &, < min {En,l , % s zln min {minNk|dhk|: k=1,...,n— 1}};thismin—
imum is positive since dhy # 0 on R forall k € {1,...,n—1},

Cn) Mhn — hp—1 Hl,Nn—l <&,

(dn) ha(R\N) CBE\B(ra — &),

en) hy(R \Nn—l) QB(rn—l —&,-1) =0, and

(fn) diSt(R,h,,)(g()v an) > Pn-

We will additionally insure that
R = UneNNn- 9

We proceed by induction. To begin, pick a number & > 0 so that (b;) holds. Now
Lemma 5 can be applied to the data

M, z0, foe,p,5,€,8)=WNo, %, ho, &, po,ro, &, c),

anddefine h| € .# (R) as the immersion f furnished by Lemma 5. Properties (C1), (€1)
correspond to (L1), (L3) in Lemma 5, respectively; take into account (6). Moreover,
(L2) and (L4) give that i1 (bR) C B(r1)\B(r1 — &) and dist(g 4, (S0, PR) > pi (see
(6) again). Since bR is compact, it follows that (d;) holds for any sufficiently large
domain N} € Z(R) satisfying (ay).

For the inductive step, assume that for some n > 2 we already have (N i hi &)
satisfying properties (a;)—(f;) forall j € {1, ..., n — 1}. Choose any positive number
&, > 0 satisfying (b,). Property (d,,—;) allows to apply Lemma 5 to the data

A Cc
(M, ZOs fs 67 107 S, E,(S):(Nn_l, é‘Os hn—lvén—l»pn—lsrn—l’sna ;)

Let h, denote the immersion f furnished by Lemma 5. By choosing a sufficiently
large domain ,, € Z(R), the triple (N, h,, &,) meets all requirements (a,,)—(f,).
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Finally, in order to guarantee (9), one simply chooses the bordered domain V,, large
enough in each step of the inductive process. This concludes the construction of the
sequence {(Nn» hu, &n)nen-

From (c,), (b,,), and (9) we infer that the sequence {(hn: R = C?},en converges
uniformly on compacta in R to a holomorphic map h: R — C2. Let us show that /
satisfies the desired properties.

— h: R — C?is an immersion.

Indeed, let p € R. Pick ng € N so that p € /\/,10. From (c,) and (b,,) one has

\dh(p)| = |dhny(p)] = D ldhu(p) = dhu_1(p)|

n>ngq

> |dhy ()| = D I = hu1lli A,

n>ngp

> |dhay (P) = D &n

n>ngq

1 1
> |dhny(p)| — Z 2_n|dhn0(p)| >3 |dhny (p)| > 0;
n>ng
recall that i, € #(R). This shows that h is an immersion as claimed.
- h:R—>C?is complete.

Indeed, arguing as above, one infers that

n

. — 1 — P
dist 2 4 (%o, bN,) > §d1st(7g’hn)(§o, bN ) > ) Vn € N;

see (f,). Taking limits in the above inequality as n goes to infinity, one gets the com-
pleteness of & from (7).

— A =Rl 5 <.
This follows trivially from (b,) and (c,).
— h(R) c Band h: R — B is proper.
Indeed, let p € R. From (d,;) and the Maximum Principle, |hn(p)| < 1y for every
n € N. By (8), taking limits as n goes to infinity, one has |i(p)| < 1 and, again by the
Maximum Principle, the first assertion pold&
For the properness it suffices that 2~ (B(z)) is a compact subset of R for any
0 < t < 1. Observe first that (b,,) and (c,) imply
Il = hallon, <n/2" VneN. (10)

Since r, — 1 and &, — 0 as n — oo, we can take no € N large enough so that

t+&—1+n/2" <ry—1 VYn = no. (11)
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Combining (e,,) and (10) one infers that
AN o \Nu=1) NB(ru—1 = §u1 = 0/2") =0 Vn = no.
Therefore, (11) gives that
W \Nae) VAT B@) =9 ¥ = no,

hence 7! (E(r)) C ./\/,,0 is compact in R and we are done.

This completes the proof of Theorem 2 for the case of immersions. If m > 2, we
construct the sequence 4, : R — B c C™ so that, in addition, &, is an embedding
on the bordered domain AV, C R for every n; this is possible by applying the general
position argument at each step. Furthermore, if the approximation of 4, by &,y is
sufficiently close on AV, (which is insured by choosing the sequence &, > 0to converge
to zero fast enough), then the limit map h= lim,,_, » A, is also an embedding. This
can be done, for instance, taking in addition to (by,),

1 . 1

& < = inf {|hy—1(p) = hu—1(@|: p,g € Nu—1, d(p,q) > — 1,
2n? n

where d(-, -) is any fixed Riemannian metric in R; see the proof of Theorem 4.5 in [4]

or [8].

5 Complete proper immersions to Stein manifolds

By combining our methods with those in [8] we also find complete proper holomor-
phic immersions of any bordered Riemann surface to an arbitrary Stein manifold of
dimension > 1.

Theorem 3 Let X be a Stein manifold of dimension > 1 endowed with a hermitian
metric dsff, and let R be a bordered Riemann surface. Every holomorphic map
f: R — X can be approximated, uniformly on compacta in R, by proper com-
plete holomorphic immersions f : R = X. Ifdim X > 3 then f can be chosen an
embedding.

Proof We outline the necessary modifications to the proof of Theorem 2.

Consider first the case when X is a relatively compact, smoothly bounded, strongly
pseudoconvex domain in another Stein manifold Y, and the hermitian metric dsg(
extends to a metric ds,z, on Y. Choose a smooth strongly plurisubharmonic function p
in a neighborhood of X in ¥ such that X = {p < 0} and dp # 0 on bX = {p < 0}.
Pick a number ¢ > 0 such that p has no critical values in [—cg, +cg].

Every point p € bX admits a pair of open neighborhoods U 1’, € U, €Y and

a holomorphic coordinate map 6,: U, =B C C" onto a ball B in C", centered
at 0 = 60,(p), such that G(UI’]) is a smaller ball B" C B also centered at 0, and the

function p), := ,009[,_1 : B — Ris strongly convex. In particular, X, := 6,(bXNU,)
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is a strongly convex hypersurface in B that may be chosen C?-close to a spherical cap.
Furthermore, by shrinking U, we insure that the metric ds% pulls back by 6, to a
hermitian metric on B that is comparable to the standard Euclidean metric. By choosing
the neighborhood U ;, small enough compared to U, we can also arrange that, for any
point ¢ € U, the intersection of the tangent plane at the point ¢’ := 0,(¢) € B’
to the strongly convex hypersurface {p, = p,(¢")} C B with the convex domain
D, :=0,(DNU,) C Bis arelatively compact subset of B.

By compactness of b X there are finitely many holomorphic coordinate charts ¢/ =
U=Vl U

By decreasing the constant ¢ > 0 if necessary we can insure that U’ contains the
collar{z € Y: —co < p(2) < +co}.

Fix a map f: R — X of class & (R, X). Pick a constant ¢; > 0 such that
f(ﬁ) C {z € X: p(z) < —c1}. Now choose a constant ¢ with 0 < ¢ < min{cg, c1},
and a number € with 0 < € < c. By [8] we can approximate the map f, uniformly on a
given compact setin R, by amap fy € </ (R, X) satisfying —c < p(fo(x)) < —c+e€
for all x € bR. The proof in [8] uses the tools described in Sect. 2 above; in particular,
the Riemann—Hilbert problem and the method of gluing sprays. By general position
we may assume that fy is an immersion. Now replace f by fp and assume that f
satisfies these properties.

We now follow the construction in Sect. 3 to find a new immersion f 'R — X
which satisfies an analogue of Lemma 5 in this setting. We begin by subdividing the
boundary bR into subarcs «; ; as in Sect. 3.1 such that each arc f(a; ;) C D is
contained in one of the sets U,i, and it satisfies the relevant conditions stated in Sect.
3.1 with respect to the local holomorphic coordinates on U;. We then perform the
same construction as in the proof of Lemma 5 within the local chart (Uy, 6;). The
geometric conditions described above enable the use of stretching, first from the two
endpoints of «; ;, and then from the middle segment, towards the boundary bX N Uy
so that the induced boundary distance in R increases by a specific amount. Since the
geometry in each local chart is essentially the same as in the model case (recall that
0k (bX NUy) is close to a spherical cap and the hermitian metric from X is comparable
with the Euclidean metric), the relevant estimates in Sect. 3 remain valid up to a
uniformly bounded numerical factor whose presence does not present any problem
in the proof. Each of the local modifications obtained in this way is glued with the
existing immersion on the rest of the domain by the method of gluing sprays; see
Lemma 4 and Remark 2.

In this way we approximate f, uniformly on a given compact in R, by a new immer-
sion f : R — X so that the boundary moves closer to bX by a controlled amount, and
the boundary distance in the immersed curve also increases by a presribed amount,
the two numbers being related in the Pythagoras’ way; compare with Lemma 5. The
details are very similar to those given above and will be left out. The proof is finished
by an induction just as in the proof of Theorem 2.

This settles the case when X is a bounded strongly pseudoconvex domain.

The general case is obtained as follows. Choose a smooth strongly plurisubharmonic
exhaustion function p: X — R with Morse critical points. Let f: R — X be a map
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of class &7 (R, X). Pick an increasing sequence ¢ < ¢y < ¢z -+, withlim; o c; =
+o00, such that every c; is regular value of p and f (R) C {p < co}. The sets
X; = {p < c¢j} for j = 0,1,... are smoothly bounded strongly pseudoconvex
domains exhausting X. Fix a point pp € R. Choose an increasing sequence 0 <
My < My < My < --- with lim M; = +o0. By the special case explained above
we can approximate f, uniformly on a given compact set K C R, by a holomorpic
immersion fop: R — Xo such that f(bR) is very close to bX(, and for any curve
y C R connecting po to the boundary bR, the image curve fy(y) C Xo has length
at least Mo + 1 with respect to ds}z(. We can find a relatively compact subdomain
Ro € R very close to R such that the distance from pg to R\ Rg with respect to
the metric f(;* (ds%) is > My, and such that fo(ﬁ\RQ) lies in a small neighborhood
of bX(. Applying again the special case we approximate the map fp, uniformly on
ﬁo, by a holomorphic immersion fi: R — X such that f1(bR) is contained in a
small neighborhood of »X| and the distance from pg to bR with respect to the metric
i (ds%) is > M1 + 1. Next choose a domain R; € R containing Ry such that the
distance from pg to R\ 'R; in the metric fl*(dsi) is > Mj and fi(R\Ry) is very
close to bX.

Continuing inductively, we obtain a sequence of holomorphic immersions f; : R —
X ; that converges uniformly on compacta in R to a proper complete holomorphic
immersion f = lim; . fj: R — X. When dim X > 3, the maps f; in the above
sequence, and also the limit map f, can be chosen to be embeddings. O
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