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Abstract Let M be an open Riemann surface. We prove that every meromorphic
function on M is the complex Gauss map of a conformal minimal immersion M — R3
which may furthermore be chosen as the real part of a holomorphic null curve M —
C3. Analogous results are proved for conformal minimal immersions M — R” for any
n > 3. We also show that every conformal minimal immersion M — R” is isotopic
through conformal minimal immersions M — R” to a flat one, and we identify the path
connected components of the space of all conformal minimal immersions M — R”
for any n > 3.
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1 Introduction

Let M be an open Riemann surface. The exterior differential on M splits as the sum
d = 3+ 9 of the C-linear part d and the C-antilinear part 3. Given a conformal minimal
immersion X = (Xq,..., X,): M — R" (n > 3), the I-formdoX = (0 Xy, ...,0X,)
with values in C" is holomorphic, it does not vanish anywhere on M, and it satisfies
the nullity condition Z;‘: 10X j)2 = 0; we refer to Osserman [20] for these classical
facts. Therefore, 0 X determines the Kodaira-type holomorphic map

Gx: M — CP"™', Gx(p)=[0X1(p): ---: 0Xa(p)] (peM). (L1)

The map G y is known as the generalized Gauss map of X and is of great importance in
the theory of minimal surfaces; see [20] and the papers [11,12,14,15,21-23], among
many others. Note that G x assumes values in the complex hyperquadric

Qn_zz{[zl:...:Zn]etcw*l:z%+~--+z5=o}. (12)

In this paper we prove the following result.

Theorem 1.1 Let M be an open Riemann surface and n > 3 be an integer. For every
holomorphic map 4: M — Q,_>» C CP""! into the quadric (1.2) there exists a
conformal minimal immersion X : M — R" with the generalized Gauss map Gx = 4
and with vanishing flux. If in addition the map 9 is full, then X can be chosen to have
arbitrary flux and to be an embedding if n > S and an immersion with simple double
points if n = 4.

Recall thatamap & : M — CP"~! is said to be full if its image is not contained in
any proper projective subspace. The flux of a conformal minimal immersion X : M —
R” is the group homomorphism Fluxy : H(M; Z) — R" given by

Fluxx(y) = /

J0X) = —i/ 0X foreveryclosed curve y C M. (1.3)
Y 14

Here, i = /—1 and N, J denote the real and the imaginary part, respectively.
We shall write C? = C" \ {0} and C,, = C\ {0}. Denote by 7 : C} — CP" ! the
canonical projection 7w (z1, ..., 2,) = [z1 -+ : Zn]. Then, Q> = 7 (2A,) where

A= (Z],---,Zn)G(CnZZZ§=O (1.4)
j=1

is the null quadric and 2, = 2\ {0}. Fixing a nowhere vanishing holomorphic
1-form 6 on M (such exists by the Oka—Grauert principle), the holomorphic map
0X/0: M — C" assumes values in 2{, and we have that Gy = 7 o (9 X/6).

Since an open Riemann surface M is homotopy equivalent to a wedge of cir-
cles, every holomorphic map ¥: M — CP"~! lifts to a holomorphic map f =
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Every Meromorphic Function is the Gauss Map... 3013

(fi, ooy fu): M — Clsuchthat Y =mwo f =[f1: -+ fu] (see Lemma5.1). If
Y (M) C Q,—2,then f(M) C U,. Clearly, ¢ is full if and only if span( f(M)) = C".
The main idea behind the proof of Theorem 1.1 is to find a nowhere vanishing holo-
morphic function h: M — C, such that the 1-form @ = hf6 with values in C"
integrates to a conformal minimal immersion X: M — R" with X = &; hence
Gx = ¢. This is the case if and only if the real periods of @ vanish:

/ N(P) =0 forall closed curves y in M. (1.5)
Y
If this holds then, fixing a base point py € M, X is obtained by the formula

p
X(p) = 2/ N(P) forall p e M. (1.6)
4

0

If M is simply connected, then (1.5) holds for any holomorphic function 2 on M, and
hence in this case the first part of Theorem 1.1 is obvious. However, if M is topologi-
cally nontrivial, then the task becomes a fairly involved one; a suitable multiplier h is
provided by Theorem 1.5 which is the main technical result of the paper.

In the case n = 3, the quadric Q1 C CP? (1.2) is the image of a quadratically
embedded Riemann sphere CP' < CP?, and the complex Gauss map of a conformal
minimal immersion X = (X1, Xp, X3): M — R3 is defined to be the holomorphic
map

X3 _ X, —10X,

- : — 22 ‘M —> CP. (1.7)
0X1 —10X» 10X3

8x

The function gy equals the stereographic projection of the real Gauss map N =
(N1, Ny, N3): M — S? c R3 to the Riemann sphere CIP’I; explicitly,

N1 +iN;

: M —> C U {oo} = CP.
1—N3

8x =

We can recover the differential 90X = (90X, 0X», dX3) from the pair (gx, ¢3) with
¢3 = 9 X3 by the classical Weierstrass formula

1 1 i 1
IX =& = (p1. ¢o. ¢3) = <5 (g—X —gx> , % (g—x +gx), 1) ¢3. (1.8)

(See [20, Lemma 8.1, p.63].) Conversely, given a pair (g, ¢3) consisting of a holo-
morphic map g: M — CP' and a meromorphic 1-form ¢3 on M, the meromorphic
1-form @ = (¢1, ¢2, ¢3) defined by (1.8) satisfies Z;zl qb% = 0; it is the differ-
ential X of a conformal minimal immersion (1.6) if and only if it is holomorphic,
nowhere vanishing, and its real periods vanish. Hence, Theorem 1.1 has the following
immediate corollary.
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3014 A. Alarcén et al.

Corollary 1.2 Let M be an open Riemann surface. Every holomorphicmap g: M —
CP! is the complex Gauss map (1.7) of a conformal minimal immersion X : M — R>
with vanishing flux. If g is nonconstant, then we can find X with arbitrary given flux.

~

1;10te that a nonconstant map g: M — CP! = Q| c CP? is full as a map into
CP-.

The complex Gauss map of a minimal surface in R provides crucial information
aboutits geometry. Several important properties of the surface depend only on its Gauss
map, in particular, the Gauss curvature and the Jacobi operator (see, e.g., [17-20]).
Thus, Corollary 1.2 has applications to the theory of stable minimal surfaces. Recall
that an immersed open minimal surface S C R? is stable if any relatively compact
smoothly bounded domain D C S has the minimal area (in the induced metric) among
all small variations of D which keep the boundary b D fixed; equivalently, if the index
of any such D is zero. Let X: M — R3 be a conformal minimal immersion and let
gx denote its complex Gauss map (1.7). It is classical (see Barbosa and do Carmo
[5, Theorem 1.2]) that the minimal surface X (M) is stable if the spherical image
gx(M) C CP! of X (M) has area less than 2. This holds for example if gx (M)
lies in the unit disk D C C. Recall that every open Riemann surface M carries a
holomorphic function & with no critical points (see Gunning and Narasimhan [13]).
For any null vector v € Qli the map M > x — R(h(x)v) € IR3 is a flat conformal
minimal immersion with constant Gauss map, hence stable. In view of Barbosa and
do Carmo [5], Corollary 1.2 gives the following more general result in this direction.

Corollary 1.3 If M is an open Riemann surface and g: M — CP' is a holomorphic
map whose image g(M) has area less than 27, then there is a stable conformal minimal
immersion M — R3 with the complex Gauss map g.

We also prove the following result concerning isotopies (i.e., smooth 1-parameter
families) of conformal minimal immersions into R3.

Theorem 1.4 Given an open Riemann surface M and a conformal minimal immersion
X: M — R3, there exists an isotopy X;: M — R3 (¢t € [0, 1]) of conformal minimal
immersions such that Xo = X and the complex Gauss map g of X1 (1.7) is nonconstant
and avoids any two given points of the Riemann sphere. There also exists an isotopy
X; as above such that Xo = X and X is flat.

Theorem 1.4 shows in particular that every conformal minimal immersion M — R3
of an open Riemann surface can be deformed to a stable one.

In Sect.7 we prove a more precise result to the effect that for any n > 3 the path
connected components of the space of all conformal minimal immersions M — R”
are in bijective correspondence with the path connected components of the space of all
nonflat conformal minimal immersions M — R"; see Theorem7.1. There is only one
connected component when n > 3, but the situation is more complicated in dimension
n=3.

The results presented above are proved in Sect. 5 using complex analytic methods.
We now explain the main underlying technical result.

Let M be an open Riemann surface and letn € N. A holomorphicmap f: M — C”
is said to be full if the image f(M) does not lie in any affine hyperplane of C". A
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Every Meromorphic Function is the Gauss Map... 3015

holomorphic 1-form ® = (¢, ..., ¢,) on M with values in C" is said to be full if the
map ®/0: M — C" is full, where 0 is a holomorphic 1-form vanishing nowhere on
M;; clearly the definition is independent of the choice of 6.

The following is the main technical result of this paper; it is proved in Sect.4.

Theorem 1.5 Let M be an open Riemann surface and let n € N be an integer. Let
D = (b1, .-, Prn), t €10, 11, be a continuous family of full holomorphic 1-forms
on M with values in C*, and let q;: Hi(M; Z) — C", t € [0, 1], be a continuous
family of group homomorphisms. Then there exists a continuous family of holomorphic
functions h;: M — C,, t € [0, 1], such that

/ hy @; = q:(y) forevery closed curvey C M andt € [0, 1]. (1.9)
14

Furthermore, if the condition (1.9) holds at t = 0 with the constant function hg = 1,
then the homotopy h;: M — C, can be chosen with hg = 1.

Flux-vanishing conformal minimal surfaces in R admit an elementary deformation
through the family of associated surfaces which share the same complex Gauss map.
On the other hand, conformal minimal surfaces with vertical flux admit the Lépez-
Ros deformation (see [16]) which homothetically deforms the complex Gauss map
while preserving the third component. Recently, the first two named authors proved
that every conformal minimal immersion M — R3 is isotopic to the real part of a
holomorphic null curve M — C3 (see [1, Theorem 1.1]). Theorem 1.5 allows one
to lift isotopies of full holomorphic maps % : M — Q,_» C CP" 't €10, 1]) to
isotopies of conformal minimal immersions X;: M — R" with the generalized Gauss
maps %; and prescribed flux maps p,: Hj(M; 7Z) — R”". In particular, we obtain the
following stronger form of [1, Theorem 1.1] in which the generalized Gauss map is
preserved.

Corollary 1.6 Let M be an open Riemann surface and let n > 3 be an integer. Every
conformal minimal immersion X : M — R" is isotopic through conformal minimal
immersions X;: M — R" (t € [0, 1]) to the real part X1 = NZ of a holomorphic
null curve Z: M — C" such that all maps X, in the family have the same generalized
Gauss map Gy : M — CP"'. Furthermore, if the generalized Gauss map G x of X
is full, then there is an isotopy X; as above such that Xo = X and X has any given

Sflux.

It has been proved very recently in [9] that the inclusion of the space of real
parts of all nonflat holomorphic null curves M — C”" into the space of all nonflat
conformal minimal immersions M — R" satisfies the parametric i-principle with
approximation; in particular, it is a weak homotopy equivalence, and a strong homo-
topy equivalence if the homology group Hy(M; Z) is finitely generated. (Both spaces
carry the compact-open topology.) However, the constructions in the papers [1,9] do
not preserve the Gauss map, so this particular aspect of Corollary 1.6 is new.

In the proof of Theorem 1.5 we exploit the fact that C,, = C\ {0} and the punctured
null quadric 2, (1.4) are Oka manifolds. (See the survey [10] for an introduction
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3016 A. Alarcén et al.

to Oka theory and the monograph [8] for a comprehensive treatment.) Furthermore,
in order to achieve the correct periods of the 1-forms /;®; [see (1.9)], we apply a
technique similar to Gromov’s convex integration lemma (compare to [9, Sect. 3] and
the references therein), but using the C-linear span instead of the convex hull.

1.1 Organization of the Paper

In Sects. 2 and 3 we prove the technical lemmas which are used to obtain the suitable
family of multipliers 4, in Theorem 1.5. In Sect. 4 we prove Theorem 1.5, and in Sect. 5
we show how it implies Theorems 1.1, 1.4 and Corollary 1.6. In Sect. 6 we prove that,
for a compact bordered Riemann surface M, the space of all conformal minimal
immersions M — R" with prescribed generalized Gauss map and flux carries the
structure of a real analytic Banach manifold (see Theorem®6.1). Finally, in Sect.7
we identify the path components of the space of all conformal minimal immersions
M — R" for any n > 3 (see Theorem7.1).

1.2 Notation

We shall use the notation C, = C\ {0}, C} = C" \ {0} (n > 2), CO ={0},i=
V—1,7Zy=1{0,1,2,...}, N=1{1, 2,...}, and R} = [0, + 00).

If M is an open Riemann surface and A C M is a subset, we denote by O(A) the
space of functions A — C which are holomorphic on an open neighborhood (depend-
ing of the function) of A in M. Similarly, by a holomorphic 1-form on A we mean the
restriction to A of a holomorphic 1-form on an unspecified open neighborhood of A
inM.

If A is a compact smoothly bounded domainin M and r € Z., we denote by &7 (A)
the space of " functions A — C which are holomorphic in the interior A = A\ bA.
Similarly, we define the spaces O(A, Z) and &/" (A, Z) of maps A — Z to acomplex
manifold Z. For simplicity we write o7/ (A) = «/°(A) and o7 (A, Z) = @/°(A, Z).

2 Multiplier Functions on Families of Paths

In this section we prove a couple of technical lemmas which allow us to construct
families of multipliers 4, (1.9) in Theorem 1.5. We first explain how to construct such
multipliers on the interval / = [0, 1] C R; in the following section we use these
results in the geometric setting which arises in the proof of Theorem 1.5. The main
result of this section is Lemma 2.3 whose proof proceeds in two steps: first we construct
multipliers which give approximately correct values, and then we use Lemma2.1 to
correct the error.

Recall that a path f: I = [0, 1] — C" is said to be full if the C-linear span of its
image equals C". The path is nowhere flat if for any proper affine subspace X C C”
the set {s € I: f(s) € X'} is nowhere dense in /. Note that a real analytic path which
is full is also nowhere flat; the converse holds for any continuous path.
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Every Meromorphic Function is the Gauss Map... 3017

For n € N consider the period map P: € (I, C") — C" defined by

1
p(f):/ fs)dseC", fe?€ (I, C").
0

We begin with the following existence result for period dominating multiplier functions
for families of paths [0, 1] — C".

Lemma 2.1 Let I’ be a nontrivial closed subinterval of I = [0, 1], let Q be a compact
Hausdorff space, and let n € N. Given a continuous map f: Q x I — C" such that
f(q, -) is full on I’ for every q € Q, there exist finitely many continuous functions
gl,...,8n: I — C(N > n), supportedon I’', such that the function h : CNxI —>C
given by

N
h, s) =[]0 +ag), ¢=@,....cn)eC, sel,
i=1

is a period dominating multiplier of f, meaning that the map

d
QP (h(z, ) f(g, ) |§:0 cToCN = CN — C" s surjective for everyq € Q.
2.1

Remark 2.2 Note that (2.1) is an open condition which remains valid with the same
function /4 if we replace f by any f’ € €(Q x I, C") sufficiently close to f.

Proof Let N > n be an integer and, for eachi € {1,..., N}, letg;: I — Cbea

continuous function supported on I’; both the number N and the functions g; will be
specified later. Let ¢ = (1, ..., £y) be holomorphic coordinates on CV. Set

N
. s) =[]0 +&Ggis). @ 9eC”xI, 22)
i=1
and observe that

dh(¢, s)
9

—gi(s), sel, iefl,...,N}. 2.3)
¢=0

Let P: Q x CN — C" be the map given by

- 1
B, ) =P ¢, )@ ) =/0 B (@ $)ds, (g, ¢) e 0 xCV.

@ Springer



3018 A. Alarcén et al.

By (2.3) we have

0P (. ) ' 9h(. 5) :
—0 | = / — | [flg.s)ds= / gi(s)f(g. 9)ds. (24

a¢i B 0 9% =0 0

=0
We now explain how to choose the functions g1, ..., gn. Since f (g, -)is fullon I’
for every ¢ € Q, compactness of Q and continuity of f ensure that there are distinct
points sy, ..., sy € I’ for abig N such that

span{f (g, s1),..., f (g, sy)} =C" forallg € Q. (2.5)
Let € > 0 be small enough such that the intervals [s; — €, s; +€](i = 1,..., N)

are pairwise disjoint and contained in I’; the precise value of € will be specified later.
Let g;: I — C be any continuous function supported on (s; — €, s; +¢) C I’ and
satisfying

1 Si+€
/ gi(s)ds = / gi(s)ds = 1. (2.6)
0 S;i—€

To conclude the proof, it remains to show that the derivative
"Pa l,o: CY =CV - C”
3P E 7@ D | g TCY =

is surjective for every ¢ € Q. Since P(h(¢, ) f(q, ) = ﬁ(q, ), it suffices to prove
that

0 ~
&P(C], §)|{:02 ToCN = CN — C" is surjective for every ¢ € Q.

Indeed, for small € > 0 we have in view of (2.4) and (2.6) that

aP(q. ¢)

1
T :/ gi(s)f(gq, s)ds = f(q, si) forallg e Q and i€{l,..., N}
i 0

£=0

Therefore, if € > 0 is chosen small enough, condition (2.5) guarantees that

aP(q, ¢) aP(q, ¢)
span { ————— e, ——————
0¢1 ¢=0 Aty le=0

} =(C" forallg € Q.

This concludes the proof of Lemma?2.1. O

We now show the existence of multiplier functions for families of paths which
enable us to prescribe the periods. Recall that / = [0, 1].
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Lemma2.3 Let f: I =1x1 — C"anda: I — C" be continuous maps. Assume
that the path f; = f(t, -): I — C" is nowhere flat for every t € I. Then there exists
a continuous function h: 1> — C, such that h(t,s) =1fort € I ands € {0, 1}
and

1
/ h(t, $)f(t, s)ds = a(t), te]l0, 1]. 2.7)
0

If in addition we have that fol f(0, s)ds = «a(0), then h can be chosen such that
h(0, s) = 1fors € [0, 1].

Proof Tt suffices to prove that for any € > 0 there exists a function : I? — C, such
that

1
V h(t, $)f(t, s)ds —a(t)| <€, te]l0, 1]. 2.8)
0

The exact result (2.7) can then be obtained by writing the parameter interval for the
s-variable as a union I = I; U I, where I{ and I, are nontrivial subintervals with a
common endpoint (for example, /1 = [0, 1/2] and I, = [1/2, 1]) and applying the
approximate result (2.8) with a sufficiently small € > 0 on /; and a period dominating
argument on /> (see Lemma?2.1) in order to correct the error.

Since f; is nowhere flat and hence full for each fixed ¢ € [0, 1], there is a division
0=s509 <51 <---<sny =1of I such that

Span {fl (Sl) R} fl (SN)} = (Cn

The same condition then holds for each ' € I sufficiently close to ¢. By adding more
division points and using compactness of /, we obtain a division satisfying the above
condition for all ¢ € I. Set

S
Vj(t)=/ fi(s)ds, j=1,...,N.
Sj,1

Note that V;(¢) is close to f;(s;)(s; — s;—1) if the segments are short. By passing to
a finer division if necessary, we may therefore assume that

span {Vi(¢),...,Vy(®)} =C", rel.

For each ¢t € I we let X; C CV denote the affine complex hyperplane defined by

N
Zi=13 e €CV Y g Vi) = ()
j=1

Clearly, there exists a continuous map g = (g1, ..., gn): I — CV such that g(¢) €

XY, for every t € I. (We may view g as a section of the affine bundle over I whose
fiber over the point # equals X;.) This can be written as follows:
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3020 A. Alarcén et al.

N s
Z/ g fi(s)ds =a(t), tel.
j=17%

Note that Y3, V; (1) = [ fi(s) ds. Hence, if fy £(0, s)ds = &(0), then g can be
chosen such that g(0) = (1,...,1) € CV. We assume in the sequel that this holds
since the proof is even simpler otherwise.

By a small perturbation we may assume that g;(t) € C, for every t € I and
j=1,..., N. (At this point we need that the parameter space I is one dimensional.)
This changes the exact condition in the above display to the approximate condition

N s
Z/' gj(1) fi(s)ds — a(r) <§, rel. 2.9)
j=1780m1

We shall now view the vector g(t) = (g;(t)); € CN for every fixedr € [ as a
step function of the variable s € I which equals the constant g;(¢) on the j-segment

s € [sj—1, sj] forevery j = 1,..., N. Next, we approximate this step function by
a continuous function h; = h(t, -): I — C, which agrees with the step function,
except near the division points sg, si, ..., sy where we modify it in order to make it

continuous and to assume the value 1 at the endpoints O, 1 of /. Replacing the step
function in (2.9) by this new function A (¢, s) will cause an error of size < €/2 provided
the modification is supported on sufficiently short segments around the division points.
This will yield the estimate (2.8).

We now explain the details. Let C > 1 be chosen such that

max _|f(, s)| < C, max |g;(t)| <C.
(t.s)el? tel, j=1,.., N| i@

Due to simple connectivity of I, we can find for every j = 1, ..., N a homotopy of
maps g ;: I — C, (0 < 7 < 1) such that the following conditions hold:

gjot)=1forallt eI,

gj1(t) =gj@)forallz € I,

gj,z(0) =1 forall r € [0, 1] (the homotopy is fixed at # = 0), and
lgj,c ()| < Cforallt € I and T € [0, 1].

This holds for example if g; : (t) = g;(t1).
Pick a number 1 > 0 such that

4C(C+1)Nn < e. (2.10)

Foreacht € I and j
follows:

1,..., N we define the function i (¢, -): [sj—1, s;] = Cy as

8j(s—sj—ym @), s €[sj—1, sj—1+nl;
h(t, s) = 1 8 (), s €lsj—1+mn, s; —nl;
8jsj—sym®), s E€ls;—mn, s;l
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This means that /(z, -) spends most of its time (the middle segment [s; 1 +7, s; —n])
at the point g; (), and it travels between the point 1 € C,. (where it is at the endpoints
s =sj_1ands = s;) and the point g (¢) along the trace of the path 7 +— g; . (¢) € C,.
This defines a continuous function 4 : 1> — C, satisfying

|h(t, s)| < C forall(z, s) € I°.

It follows easily from (2.9), (2.10), the definition of /4 and the last estimate that &
satisfies the condition (2.8). This completes the proof. O

3 Period Dominating Families of Multipliers on Admissible Sets

The main result of this section is Lemma 3.2 which provides small deformations of
families of multipliers that make small but arbitrary changes in their integrals. This
replaces Lemma2.1 (which pertains to multipliers on the interval [0, 1]) in the geomet-
ric setting that arises in proving the inductive step in Theorem 1.5. The proof of Lemma
3.2 uses the construction from Lemma 2.1 together with the Mergelyan approximation
theorem on admissible sets in a Riemann surface; see Definition 3.1. In the proof of
Theorem 1.5 we shall combine Lemmas 2.3 and 3.2.
We begin with some preparations.

Definition 3.1 A nonempty compact subset S of an open Riemann surface M is said
admissible if it is Runge in M and of the form § = K U I', where K is the union
of finitely many pairwise disjoint smoothly bounded compact domains in M and
I' :== §\ K is a finite union of pairwise disjoint smooth Jordan arcs meeting K only
at their endpoints (or not at all) and such that their intersections with the boundary b K
of K are transverse.

Let S = K U I be an admissible subset of an open Riemann surface M. Given a
complex submanifold Z of C", we denote by

(S, Z) 3.1
the set of all continuous maps S — Z which are holomorphic on S=K.
Given a basis B = {C1, ..., C;} of the homology group Hi(S; Z), a holomorphic

1-form € vanishing nowhere on M, and a function f € &7(S, C") for some n € N,
we define the period map associated to (I3, f, 0) as the map

Pl=(Pl....P ) 7~ () (3.2)
given by

P{(h):/ hfoeC", hed(S), j=1,...,1 (3.3)
C.

J
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It is clear that Pf (h) lies in span(f(S)) and it only depends on the homology class
of Cj for j =1,...,[. If § is connected but not simply connected, then it is easily
seen that there is a collection Cq, . .., C; of smooth Jordan curves in Sur forming a
homology basis B of S such that the support | 5| = Uljz1 C; of B is a Runge subset
of M and each curve C; contains a nontrivial arc c j which is disjoint from Cy, for all
k # j.

7i}ijven a compact Hausdorff space Q, we let &/(Q x S, Z) denote the space of
continuous maps f: Q x S — Z such that f(q, -) € (S, Z) forallq € Q.

Lemma 3.2 Let S = K U I" be a connected admissible subset of an open Riemann
surface M, and denote byl € 7., the dimension of the first homology group H1(S; Z).
Also, let 0 be a nowhere vanishing holomorphic 1-form on M, and let Q be a compact
Hausdorff space. Assume that f: Q x S — C" is a map of class </ (Q x S) such
that f(q, -) is full on K and nowhere flat on I" for all ¢ € Q. There exist finitely
many holomorphic functions g1, ...,gny € O(M) (N > nl) such that the function
E: CN x M — C given by

N
B¢, p=[]0+agp), t=@,....cx)eCY, peMm,
i=1

is a period dominating multiplier of f, meaning that for every q € Q the map
cV s ¢ PH(EQR, ) e () (3.4)

has maximal rank equal to In at ¢ = 0. [Here, P14 is the period map associated to
a fixed basis B of H((S; Z), the map f(q, -), and the 1-form 6; see (3.2), (3.3).]

Proof If S is simply connected then / = 0 and hence (C™! = {0}. In this case the
integer N = 1 and the function g; = 0 (hence E = 1) satisfy the conclusion of the
lemma.

Assume now that S is not simply connected and so [ > 0. Choose a collection
Ci, ..., C; of smooth Jordan curves in S U I” forming a Runge homology basis B of
S such that each curve C; contains a nontrivial arc 6/ which is disjoint from Cy for
all k # j. Foreach j = 1,...,1 we fix a parameterization y;: [0, 1] — C; with
C; C y;j((0, 1)). The assumptions on f imply that the map f (g, -)oy;: [0, 1] = C"
isnowhere flat foreveryq € Qand j € {1, ...,1}. Denoteby |B| = Uljzl C; C Sur

the support of B. For each ¢ € Q we denote by P/4 = (PIf’q, R PZf’q) 6B -
(C™)! the map whose jth component is given by

1
Plw= [ a0 = [ 5 (r0) 0. )6 (560 70) &5, g ).

For each j € {1,...,[}, Lemma 2.1 furnishes an integNer N; > n and continuous
functions g x: C; — C (k =1, ..., N;) supported on C; such that the function
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N;

i(gip H (L4 ¢jxgjk(p)) . §j=(§j,l,---’§j,N_j)E(CNja peCj,
k=1

<

satisfies

0
8_4“-7)/]'2(1 (hj (fj, )) |§ 0" TO(CN ~CcNi > C" s surjective for every g € Q.
J

(3.5)

We extend each function g by 0 to |B| \ C;, approximate g;: |[B] — C by a
holomorphic function g; x € (M), and set

l J
2. p) =[]0 +¢x3uP).

j=lk=1
(=@l ) eCM x o xCM, peM.

Set N = Zl N; > nl and identify C¥ = CM x ... x CM_ If the approximation
of gjk by §j,k is close enough for each (j, k), then (3.5) ensures that

é_77qu( EC D],y CY =CY — (€)' is surjective for every g € Q.

This concludes the proof of Lemma3.2. O

4 Proof of Theorem 1.5

In this section we prove Theorem 1.5 as a consequence of the following approximation
result for multiplier functions. Recall that 7 = [0, 1].

Theorem 4.1 Assume that S = K U I is an admissible subset of a connected open
Riemann surface M (see Definition3.1), 0 is a nowhere vanishing holomorphic 1-form
on M, andn € N is an integer. Let f;: M — C" (t € I) be a continuous family of
Sull holomorphic maps and q,: Hi(M; Z) — C" be a continuous family of group
homomorphisms. Then, every continuous family of functions ¢,: S — C, (t € I) of
class <7 (S) such that

/ or f10 = q:(y) for every closed curvey C Sandt € 1
Y

may be approximated uniformly on I x S by continuous families of holomorphic
functions @;: M — C, such that

/ 1 110 = q:(y) for every closed curvey C M andt € I.
Y
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Furthermore, if pg extends to a holomorphic function M — C, such that fy o fob =
qo(y) for all closed curves y C M, then the homotopy @; can be chosen with @y = ¢g.

The proof of Theorem4.1 consists of an inductive procedure; the following two
lemmas provide the inductive step of the construction.

Lemma 4.2 (The noncritical case) Let M, S=KUI' C M, 0, n,and f; (t € I =
[0, 1]) be asin Theorem4.1. Also let L be a compact, smoothly bounded, Runge domain
in M such that S C L and S is a deformation retract of L. Then, every continuous
Samily of functions ¢, : S — C, (t € I) of class <7 (S) may be approximated uniformly
on I x S by continuous families of functions ¢;: L — C, (t € I) of class <7/ (L) such
that (¢r — @1) [0 is exact on S for all t € I. Furthermore, if @g is of class <7 (L), then
the homotopy @; can be chosen with ¢y = ¢g.

Proof We may assume without loss of generality that S is connected, hence so is L;
otherwise we apply the same argument to each connected component. Let [ € Z,
denote the dimension of H{(S; Z).

Let f: I xM — C"and ¢: I x S — C, be the continuous maps defined by
f(t, )= frand ¢(¢, -) = ¢; for all t € I. The assumptions on f; and ¢; ensure that
¢t fr € <7(8S) is full and nowhere flat on I” for all ¢ € I. Thus, Lemma3.2 furnishes
holomorphic functions gy, ..., gy : M — C such that the function E: CVxM — C
given by

N
B¢ p=[]0+aep), ¢=@,....cx)eCY, peM
i=1
is a period dominating multiplier of ¢f, in the sense that the period map
cV s ¢ PR, ) e (C) .1

has maximal rank equal to [n at ¢ = O for every ¢ € I. [Here, P/ is the period map
associated to a basis B of H{(S; Z), the map ¢, f;, and the 1-form 6; see (3.2) and
(3.3).] In particular, since

20, ) =1, (4.2)
the implicit function theorem guarantees that the range of the period map (4.1)

restricted to any ball W around the origin in CV contains an open neighborhood
of

PR, ) =P () e (C), tel (4.3)
Let W be a small such ball satisfying E(¢, p) # Oforall ¢ € W and p € L; such
exists by (4.2) and compactness of L.

By the parametric version of Mergelyan’s theorem, we can approximate ¢ uniformly
on I x S by functions ¢: I x L — C, of class .o/ (I x L); recall that S is a deformation
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retract of L and C, is an Oka manifold. Set ¢; = ¢ (¢, -) for all + € I. Furthermore,
if ¢g is of class @7 (L), then the homotopy ¢, (t € I) can be chosen with ¢g = ¢g.
Thus, if the approximation of ¢ by ¢ is close enough the implicit function theorem
furnishes a continuous path g: I — W such that

PO (E(B(1), ) = PP (1) foreveryt e 1.

If furthermore ¢y is of class <7 (L) and ¢9 = ¢, then the path B can be chosen such
that 8(0) =0 € W c CV. It follows that the homotopy

& =EB(B@), ) : L —>Cy, tel,

satisfies the conclusion of the lemma provided that W is chosen small enough and the
approximation of ¢ by ¢ is made sufficiently close. O

Lemma 4.3 (The critical case) Let M, 6, n, and f; (t € I = [0, 1]) be as in The-
orem4.1. Let p: M — R, = [0, +00) be a smooth strongly subharmonic Morse
exhaustion function and pick numbers 0 < a < b € R which are not critical values of
p and such that p has exactly one critical point p in L \ K, where K = {p < a}and
L={p<b} Alsoletp;: K — Cyandq;: H(L; Z) — C" (t € I) be continuous
families of functions and group homomorphisms such that, for each t € I, ¢; is of
class &7 (K) and q;(y) = fy @ 10 holds for all closed curves y C K. Then the fam-
ily ¢; may be approximated uniformly on I x K by continuous families of functions
@i L — Cy(t € 1) of class </ (L) such that

/ @: 10 = q:(y) for every closed curvey C Landt € I.
Y

Furthermore, if @q is of class </ (L) and qo(y) = fy o fob for every closed curve
y C L, then the homotopy ¢;: L — C, (t € I) can be chosen such that ¢y = ¢y.

Proof By our assumptions, p € L \ K and the Morse index of p at p is either O or 1.
Case 1 the Morse index of p at p equals 0. In this case a new connected component
of the sublevel set {p < s} appears when s passes the value p(p), and this gives
a new connected and simply connected component D of L. Since K is a strong
deformation retract of L \ D, Lemma4.2 provides a continuous family of functions
@1 L\ D — C,(t € I) of class /(L \ D) which approximates the family ¢, as
closely as desired uniformly on I x K and such that (¢; — ¢;) f;0 is exact on K for
every t € I. Furthermore, if ¢ is of class .7 (L), then the homotopy @;: L\ D — C,
can be chosen with @9 = ¢g. Finally, define @; (¢ € I') on D as any continuous family
of maps of class &7 (D, C,); if ¢g is of class .7 (L), we can choose ¢; = ¢o on D for
all t € I. This concludes the proof in Case 1.

Case 2 the Morse index of p at p equals 1. In this case there exists a smooth Jordan arc
rctl \ K with endpoints in bK and otherwise disjoint from K such that § := KU’
is an admissible subset of M (see Definition3.1) and a strong deformation retract
of L. If the endpoints of I" lie in different components of K, then the inclusion
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K — S induces an isomorphism of the homology groups; otherwise there appears
a new closed curve Iy C §, containing ", which is not in the homology of K. In
each of these two cases we can use Lemma 2.3 to construct a homotopy of continuous
maps h;: I' — C, (¢t € I) such that the family of functions ¢;: S = K UT' — C,,
given by ¥, = ¢, on K and ¥, = h, on I, is continuous in t € [ and, for each
t € 1, v, is of class 27 (S) and satisfies fFo Y ;0 = q:([p) if T lies in a closed curve
['o. Furthermore, if ¢ is of class .o/ (L) and qo(y) = f y @0 fof holds for every closed
curve y C L, then the homotopy h;: I" — C, (¢t € I) can be chosen with hg = ¢o| .
Lemma 4.2, applied to the homotopy v, : S — C, (¢ € I), completes the task. O

Proof of Theorem 4.1 Since the compact set S is assumed to be Runge in M, there
exist a smooth strongly subharmonic Morse exhaustion function p: M — R and a
number a; € R such that a; is a regular value of p, S C {p < a1}, and S is a strong
deformation retract of M| := {p < a;}. Let p1, pa, ...be the (isolated) critical points
of p in M \ M| and assume without loss of generality thata; < p(p1) < p(p2) < ---
Choose a strictly increasing divergent sequence of real numbers {a;};>> such that
p(pj—1) <aj < p(p;) forall j =2, 3,... (in particular, ao > ay); if p has only
finitely many critical points in M \ M|, then we choose the remainder terms of the
sequence {a;};>> arbitrarily. Set My := S and M; := {p < a;} for all j > 2. Thus,
each M; for j € Nis a smoothly bounded compact Runge domain in M and we have
that

S=MyeMieMye---e | Mj=M.
JELy

Let (p? = ¢ S — C,(t € I) be a continuous family of functions of class
<7 (S). Pick a number € > 0. An inductive application of Lemmas4.2 and 4.3 pro-
vides a sequence of continuous families ¢; : M i — C4 (¢t € 1) of functions of class
o/ (M}), j € N, such that the following conditions hold for each € I and j € N:
(a) go,j approximates (p,j “as closely as desired uniformly on / x M;_j,

(b) fy @! 1,6 = q,(y) holds for every closed curve y C M;, and
(o) if <p8 extends to a holomorphic function M — C, such that | v gog fob = qo(y)
holds for all closed curves y C M, then the homotopy go,j can be chosen with
Jj_ 0
Py = Po-
If the approximation in (a) is close enough for every j € N, we obtain a limit contin-
uous family of holomorphic functions

@r == lim go,j:M—>(C (tel),
j—o0
such that, for each ¢ € I, @; does not vanish anywhere on M, ¢, is uniformly e-close
to ¢y = ga? on S = My, and fy @: 119 = q:(y) holds for every closed curve y C M.
Furthermore, if g9 = <p8 extends to a holomorphic function M — C, such that

fy @0 fof = qo(y) for all closed curves y C M, then the homotopy @; (¢ € I) can be
chosen such that ¢y = ¢g. This concludes the proof of Theorem4.1. O
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Proof of Theorem 1.5 Let M, n, @;, and q; be as in Theorem 1.5. Choose a nowhere
vanishing holomorphic 1-form 6 on M and set f; = @;/0: M — C" foreacht € I.
Let S C M be a compact, smoothly bounded, simply connected domain, and consider
the constantmap ¢, = 1 € C,on S, t € I. Theorem4.1 applied to these data provides
a homotopy of holomorphic functions 4, := @;: M — C, (¢ € [0, 1]) satisfying the
conclusion of Theorem 1.5. O

5 Applications of Theorem 1.5 to Minimal Surfaces

In this section we show how Theorem 1.5 can be used to prove Theorems 1.1, 1.4
and Corollary 1.6. The other results stated in Introduction follow from these as has
already been indicated.

Recall that 7: C} = C" \ {0} — CP"~! denotes the canonical projection onto
the projective space, so w(z1, ..., 2,) = [21: --- : z,] are homogeneous coordinates
on CP"~!. We shall need the following lemma concerning the lifting of holomorphic
maps with respect to this projection.

Lemma 5.1 Let M be an open Riemann surface and Q C P be compact Hausdorff
spaces with Q a strong deformation retract of P. (If Q is empty, we assume that P is
contractible.) Given a continuous map g: M x P — CP"! such that g(-, p): M —
CP"~! is holomorphic for every p € P and a continuous map f: M x Q — C" such
that w o f = glmxo and f(-, p): M — C{ is holomorphic for every p € Q, there
exists a continuous map f: M x P — C! satisfying the following conditions:

@ mof=g.
(®) f=fonMxQ,and
() f(, p): M — C} is holomorphic for every p € P.

Proof Note thatthemapr: C} — CP"~! is a holomorphic fiber bundle with fiber C,
which is an Oka manifold. For such bundles, the parametric Oka principle for liftings
holds for maps from any reduced Stein space, in particular, for maps from an open
Riemann surface (see [7, Thgorem 4.2]). In our situation this means the following:

Given a continuous map f: M x P — Cf satisfying conditions (a) and (b) above,
there is a homotopy f;: M x P — C! (¢ € [0, 1]) such that fo = f, every map f; in
the family enjoys conditions (a) and (b), and the final map fl also satisfies condition
(c).

This reduces the proof to the existence of a continuous map f: Mx P — CI
satisfying conditions (a) and (b) [but not necessarily condition (¢)]. Let 7: E —
CP"~! denote the holomorphic line obtained by adding the zero section Eg = CP"~!
to the Cy-bundle w: C!! — CP"~!. Since M is homotopy equivalent to a wedge of
circles, the pullback g*E — M by any map g: M — CP"~ ! is a trivial complex line
bundle over M, and hence it admits a nowhere vanishing section. Clearly, such a section
corresponds to a lifting f: M — C7 of the map g. Furthermore, if P is a contractible
compact Hausdorff space, then by the same argument a map g: M x P — CP"~!
lifts to a map f: M x P — CI. Similarly, if Q C P is a nonempty subspace
such that P deformation retracts onto Q and we already have a lifting f of g over
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M x Q, then fextends to a lifting f: M x P — C! extending g. This completes the
proof. O

We may assume in the sequel that the Riemann surface M is connected; otherwise
we can apply the same proofs separately to each connected component.

Proof of Theorem 1.1 Assume first that the map ¢: M — Q,_» C CP"~! is full.
Let p: Hi(M; Z) — R" be any group homomorphism. By Lemma5.1 there is a
holomorphic lifting f: M — 2, of &, where 2, = A\ {0} C C”" is the punctured
null quadric (1.4). Pick a holomorphic 1-form 6 without zeros on M; such exists by
the Oka—Grauert principle. Let q: Hj(M; Z) — C" be the group homomorphism
given by

q(y) = / f60 forevery closed curve y € Hj(M; Z).
Y

Choose a homotopy of group homomorphisms q,: H{(M; Z) — C" (¢t € [0, 1])
such that qo = q and q; = ip. If g = q' + ig® with ¢!, ¢*: H{(M; Z) — R", we
can take

q[:(l—t)q1+i<(1—t)q2+tp), 1 e[0.1].

Theorem 1.5, applied to the 1-form @ = f6 and the homotopy of group homomor-
phisms g;, furnishes a nowhere vanishing holomorphic function #: M — C, such
that the 1-form i f6 has periods equal to ip. In particular, its real part is exact and
hence it integrates to a conformal minimal immersion X: M — R" with Fluxy = p
by setting

)4
X(p>:2/ RhfO), peM.
P

0

for any initial point pg € M. The Gauss map of X equals [0X] = [hf0] =[f]=¥.
If p = 0, then X is the real part of a holomorphic null curve X +iY: M — C".

In order to prove that X can be chosen an embedding if # > 5 and an immersion
with simple double points if n = 4, we proceed as in [3, proof of Theorem 4.1] (see
also [2, Sect. 6]), with the only difference that we use Lemma3.2 from the present
paper in order to make a generic perturbation of the integral | Y NR(hfO) along an arc
y C M connecting a given pair of points p, ¢ € M. We leave out the obvious details.

If the map ¥ is not full, we can apply the same proof with C" replaced by the
C-linear span A = span(f(M)) C C" of the image of the lifted map f: M — 2,.
Note that f is full in A, so the same proof applies and gives a conformal minimal
immersion X: M — R" with the generalized Gauss map ¢ and with Fluxy being
any homomorphism p: H(M; Z) — R" such that ¢ = ip hasrange in A. If Ais a
complex line, the result also follows from the Gunning—Narasimhan theorem [13]. The
general position theorem still applies and shows that X can be chosen an embedding
if dim A > 5 and an immersion with simple double points if dim A = 4. O
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In the proof of Theorem 1.4 we shall need the following lemma.

Lemma 5.2 Let M be an open Riemann surface. For any holomorphic map g: M —
CP! there is a homotopy of holomorphic maps g,: M — CP' (¢ € [0, 1]) such that
g0 = g, &: is nonconstant for everyt € (0, 1], and g1 (M) omits any two given points
of the Riemann sphere.

Note that if M equals C or C, then a nonconstant Gauss map g: M — CP! cannot
omit three points of the Riemann sphere in view of Picard’s theorem.

Proof of Lemma 5.2 Without loss of generality we may assume that g: M — CP!
is a nonconstant holomorphic map. Pick a pair of points a, b € CP'. The surface
M contains a 1-dimensional embedded CW-complex C C M such that there is a
strong deformation retraction p;: M — M (¢ € [0, 1]), i.e., po = Idpy, prlc = lde
for all ¢+ € [0, 1], and p1 (M) = C. (Such a CW-complex C C M representing the
topology of M can be obtained as the Morse complex of a Morse strongly subharmonic
exhaustion function on M.) By a small generic deformation of C we may assume
that g(C) C CP! \ {a, b}. Consider the homotopy of continuous maps #; = g o
pri M — CP! fort € [0, 1]. Clearly, ho = g and h; = g o p1; hence h1 (M) =
g(C) c CP!'\ {a, b}. Since CP! \ {a, b} = C, is an Oka manifold, there is a
homotopy /;: M — CP'\ {a, b} (¢ € [1, 2]) connecting the continuous map A to
a holomorphic map hy: M — CP! \ {a, b}. Clearly, we can arrange by a generic
deformation that /1, is nonconstant.

Pick a pair of points p, ¢ € M such that h2(p) # ha(g). By general position we
may assume that z;(p) # h;(q) forall¢t € (0, 2]. [Note that the maps &, fort € (0, 2)
are merely continuous, so it is trivial to satisfy this condition.] Since CP' is an Oka
manifold, we can apply the 1-parametric Oka property with interpolation on the pair
of points {p, g} C M in order to deform the homotopy (/,);c[0,2] With fixed ends g
and /1, to a homotopy (g;)s¢[0,2] consisting of holomorphic maps g;: M — CP! such
that g;(p) = h:(p) and g;(q) = h;(g) for all t € [0, 2] (see [8, Theorem 5.4.4]). In
particular, go = g and the map g; is nonconstant for each ¢ € (0, 2]. To conclude the
proof we reparametrize the interval [0, 2] of the homotopy back to [0, 1]. O

Proof of Theorem 1.4 Let X: M — R3 be a conformal minimal immersion. Denote
by g: M — CP! its complex Gauss map (1.7). To simplify the notation, we identify
CP' with the quadric Q1 C CP? (1.2), so g is obtained from the generalized Gauss
map Gy = [0X] by the formula (1.7). Fix a nowhere vanishing holomorphic 1-form
0 on Mandlet f =0X/0: M — 2, [see (1.4)]. By taking into account the above
identification, we shall write m o f = g.

Let a,b € CP' be any pair of points. By Lemma5.2 there is a homotopy of
holomorphic maps g;: M — CP! (t € [0, 1]) such that g0 = &, & 1s nonconstant
for every € (0, 1], and g1 (M) C CP! \ {a, b}. By Lemma5.1, applied with Q =
{0} C P = [0, 1], there is a homotopy of holomorphic maps f;: M — 2 such that
fo= fandmwo f; = g; forevery ¢ € [0, 1]. By Theorem 1.5 there is a homotopy of
holomorphic multipliers 4, : M — C, such that o = 1 and the real 1-form R (A, f,0)
is exact for every ¢t € [0, 1]. (We can also arrange that the complex 1-form h; f10 is
exact.) Fix a point pg € M. Then, for any ¢ € [0, 1] the map X,: M — R”" given by
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p
Xi(p) = X (po) +2/ N fi0), peM,
Po

is a conformal minimal immersion with the complex Gauss map 7w (h; f;) = 7w (f;) =
g:, and we also have X = X since ho = 1. This proves the first part of the theorem.
To prove the second part, we choose the homotopies g; and X; as above such
that g (M) C C, and Fluxy, = 0. To simplify the notation, we drop the index 1
and simply write X and g. To complete the proof, it remains to find an isotopy of
conformal minimal immersions connecting X = (X1, X2, X3) to a flat immersion.
Since X has vanishing flux, the holomorphic 1-form 0X = (0X1, X3, 0X3) is
exact. Set ¢z = 9 X3. From the Weierstrass representation (1.8) we see the holomorphic
1-forms ¢3, g¢3,and g~ ! ¢3 are exact since they are linear combinations with constant
coefficients of the components of d X. Consider the 1-parameter family of holomorphic

1-forms
1/1 i /1
@, =(=(-—22%), 2 (~+32¢), 1) ¢s. reC.
2\g 2\g

Note that @, is nowhere vanishing and exact for every A, @; = 0X, &, /60 has values

in %A, and @y = (% %, O) % is clearly flat. Therefore, for every A € C the 1-form

@, _integrates to a holomorphic null curve Z, (p) = X (po) + 2 flf; @, (p € M). The

family of conformal minimal immersions X; = %Z,: M — R3 for A € [0, 1] then
connects X; = X to the flat immersion Xy. O

Proof of Corollary 1.6 Letp = Fluxy: H{(M; Z) — R", and letp’: H(M; Z) —
R” be any group homomorphism. Assume first that X is full. Fix a point pg € M.
Applying Theorem 1.5 to the isotopy of homomorphism

q =itp + (0 —-t)p): HH(M; Z) — iR" 6D

and 1-forms @; = 20X we obtain a homotopy of conformal minimal immersions
X;: M — R" (¢t € [0, 1]) of the form

p
X,(p):X(p0)+2/ N(h0X), peM,
Po

with Fluxyx, = tp’ + (1 — t)p (¢ € [0, 1]) and with hp = 1, so Xo = X. Then,
Fluxx, = p’. By choosing p’ = 0 we get Fluxx, = 0 and hence X is the real part of a
holomorphic null curve M — C". Note that the generalized Gauss map of X; equals
[A; 0X] = [0X] = Gx and hence is independent of # € [0, 1]. If X is not full, we can
apply the same proof with C” replaced by the C-linear span A C C”" of the image of
the map 0X/0: M — A, C C", assuming that the range of g, (5.1) belongs to A for
every t € [0, 1]. If p’ = 0, this holds if and only if i p has range in A. O

@ Springer



Every Meromorphic Function is the Gauss Map... 3031

6 A Structure Theorem

In light of Theorem 1.1, it is a natural problem to describe the space of all conformal
minimal immersions with the same generalized Gauss map. In this section, we prove
that the space of all holomorphic null curves from a compact bordered Riemann
surface to C" with a given generalized Gauss map is a complex Banach manifold (see
Corollary 6.2); if we consider instead conformal minimal immersions M — R” (also
with prescribed flux map), then we get a real analytic Banach manifold (see Corollary
6.3). These results are in the spirit of [3, Theorem 3.1].

Recall that a compact bordered Riemann surface is a compact Riemann surface M
with nonempty boundary ¥ = bM C M consisting of finitely many pairwise disjoint
smooth Jordan curves. The interior M = M \ bM of such M is called a bordered
Riemann surface. Every compact bordered Riemann surface M is diffeomorphic to a
smoothly bounded, compact domain in an open Riemann surface M (see, e.g., Stout
[24D).

We begin with the following technical result concerning the derivative maps.

Theorem 6.1 Let M be a compact bordered Riemann surface, let 0 be a nowhere
vanishing holomorphic 1-form on M, and let f: M — C} be a map of class o/ (M).
Then the following hold:

(i) Foranyr € Zy and group homomorphism q: Hy(M; Z) — span(f(M)) Cc C"
the space of all functions h € o/ (M, C,) satisfying

f hf6 = q(y) for every closed curvey C M
Y

is a complex Banach manifold with the natural €" (M)-topology.
(ii) Foranyr € Z4 and group homomorphism q: H\(M; 7Z) — span(f(M)) c C"
the space of all functions h € /" (M, C,) satisfying

/ NRfO) = N(q(y)) forevery closed curvey C M
Y

is a real analytic Banach manifold with the natural €" (M )-topology.

Proof Setl =dim H{(M; Z), X = span(f(M)) C C", and n* = dim(X) < n. Let
P: o/ (M) — (C")! be the period map associated to a fixed basis B of H|(M; Z) =
7L, f, and 6 [see (3.2)].

If M is simply connected, then / = 0 and the theorem is trivial. Indeed, in this
case the period conditions are void and hence (i) and (ii) hold since &/" (M, C,) is a
complex Banach manifold (see [6, Theorem 1.1]).

Assume now that [ > 0. Pick an integer r € Z4 and a group homomorphism
q: H(M; Z) — X. Denote by ﬂ%q’(M, C,) [resp. ,QZ,fq (M, C,)] the set of all func-
tions h € &/ (M, C,) satisfying fy hf6 = q(y) [resp. fy R(hfo) = R(q(y))] for
all closed curves y C M. By Lemma 3.2, the differential d’Pp, of the restricted period
mapP: &/ (M, C,) — X! atany point hy € «/" (M, C,) has maximal rank equal to
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[n*. Thus, the implicit function theorem ensures that /¢ admits an open neighborhood
2 c " (M, C,) such that 2 N Jz{q’ (M, C,) is a complex Banach submanifold of
£2 which is parametrized by the kernel of the differential dPp, of P at hg; this is
a complex codimension /n* subspace of the complex Banach space /" (M, C) [the
tangent space of /" (M, C,)]. Likewise, 2N ,Qz,;q (M, C,) is areal analytic Banach
submanifold of §2 which is parametrized by the kernel of the real part R(dPy,) of
dPy,. This proves (i) [resp. (ii)].

Corollary 6.2 Let M and f be as in Theorem6.1. For any integer r > 1 the space of
holomorphic immersions F: M — C" of class &/" (M) with the generalized Gauss
map Gp =7 o f: M — CP"" ! is a complex Banach manifold.

Proof Let 0 be a holomorphic 1-form vanishing nowhere on M. By Theorem6.1 (i),
applied to the integer r — 1 € Z and the group homomorphism q = 0, the space
dq”l(M, C,) of all functions i € M”I(M, C,) such that ~f0 is exact on M is a

complex Banach manifold with the natural %" ~!(M)-topology. Fixing po € M, the
integration M > p > z+ [ ;:) hf6, with an arbitrary choice of the initial value 7 € C",

provides an isomorphism between the Banach manifold ,Q/q’ ~I(M, C,) x C" and the
space of holomorphic immersions M — C" of class «/" (M) with the generalized
Gauss map 7 o f; hence the latter is also a complex Banach manifold.

Corollary 6.3 Let M be a compact bordered Riemann surface and f: M — 2, be
a map of class </ (M), where 2 is the null quadric (1.4). Then the following hold:

(i) For any integer r > 1 the space of conformal minimal immersions X : M — R"
of class €" (M) with the generalized Gauss map Gx =m o f: M — CP" ! is
a real analytic Banach manifold with the natural €" (M)-topology.

(i1) For any integer v > 1 and any group homomorphism q: H{(M; Z) —
span(f(M)) N {z € C": N(z) = 0} C C" the space of conformal minimal
immersions X: M — R" of class €™ (M) with the generalized Gauss map
Gx =mo f: M — CP""! and the flux map Fluxy = iq: Hi(M; Z) — R" is
real analytic Banach manifold.

Proof Let 6 be a holomorphic 1-form vanishing nowhere on M. By Theorem6.1 (ii),
applied to the integer r — 1 € Z and the group homomorphism ¢ = 0, the space

M{t;l (M, C,) of all functions h € /" ~1(M, C,) such that R(hf6) is exact on M is

a real analytic Banach manifold with the natural 4" ~! (M)-topology. Fixing po € M,
the integration M 3 p - x+ [ lf:) N(hfO), with an arbitrary choice of the initial value

x € R", provides an isomorphism between the Banach manifold %;;1 (M, Cy) xR"
and the space of conformal minimal immersions M — R” of class &/ (M) with
the generalized Gauss map 7 o f, and so the latter is also a Banach manifold. This

proves (i).
Assertion (ii) follows from the same argument applied to the group homomorphism
—q and using Theorem 6.1 (i) instead of Theorem 6.1 (ii). O
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7 Path Components of the Space of Conformal Minimal Immersions
M — R"

Assume that M is an open connected Riemann surface and n > 3 is an integer. Recall
that a conformal minimal immersion X : M — R" is said to be flat if its image X (M)
lies in an affine 2-plane of R”; otherwise it is nonflat. Let us denote by (M, R™)
the space of all conformal minimal immersions M — R” endowed with the compact-
open topology, and let M, (M, R") denote the open subset of M (M, R") consisting
of all nonflat immersions. Fix a nowhere vanishing holomorphic 1-form # on M and
consider the maps

M (M, R") — O(M, 2A,) —> C€(M, A,.),

where 2, = A"~  C" is the punctured null quadric (1.4), the first map above is
given by X — 9X/6, and the second map is the natural inclusion of the space of all
holomorphic maps M — 2, into the space of all continuous maps.

Since 2l is an Oka manifold, the inclusion (M, ) — € (M, 2,) is a weak
homotopy equivalence by the main result of Oka theory (see [8, Chap. 5]). Forstneric¢
and Larusson proved in [9] that the restricted map 9, (M, R") — O(M, ), X —
0X/0, is also a weak homotopy equivalence. (If the homology group H{(M; Z)
is finitely generated, then both these maps are actually homotopy equivalences,
in fact, inclusions of deformation retracts; see [9, Sect. 6].) Even more, the map
OWM, A,) — H' (M, C") sending f € O(M, 2,) to the cohomology class of f6
is a Serre fibration; see Alarcén and Larusson [4]. It follows in particular that the path
connected components of M, (M, R") are in bijective correspondence with the path
components of the space ¢ (M, Ql;”l ). Since M is homotopy equivalent to a bouquet
of circles and we have (Qli) = H (Qli; Z) = Zy = 7./27 and m(illﬁ_l) =0
if n > 3, it follows that the path components of 9, (M, R?) are in bijective corre-
spondence with group homomorphisms H{(M; Z) — Z; [hence with elements of
the abelian group (Z»)! where | € Zt U {oo} denotes the number of generators of
H{(M; Z)], and 9. (M, R") is path connected if n > 3 (see [9, Corollary 1.4]).

In this section we show the following result which also includes flat immersions.

Theorem 7.1 Let M be an open connected Riemann surface. The natural inclusion
M (M, R") — IM(M, R") of the space of all nonflat conformal minimal immersions
M — R" into the space of all conformal minimal immersions induces a bijection
of path components of the two spaces. In particular, the set of path components of
IM(M, R3) is in bijective correspondence with the elements of the abelian group (Z)!
where Hi(M; Z) = 7! (I € Z4+ U {o0}), and IM(M, R"™) is path connected if n > 3.

In view of [9, Corollary 1.4], the case n > 3 of Theorem 7.1 trivially follows from
the following result.

Theorem 7.2 Let M be a connected open Riemann surface. Given a flat conformal

minimal immersion X : M — R" (n > 3), there exists an isotopy X;: M — R" (t €
[0, 1]) of conformal minimal immersions such that Xo = X and X is nonflat.
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In dimension n = 3, we obtain Theorem 7.1 by combining [9, Corollary 1.4] with
the following result which shows that every homotopy class of maps M — 912 contains
the derivative of a flat conformal minimal immersion M — R3.

Theorem 7.3 Let M be a connected open Riemann surface and 0 be a nowhere van-
ishing holomorphic 1-form on M. For every group homomorphism p: Hi(M; Z) —
Zy there exists a flat conformal minimal immersion X: M — R satisfying
H (X /6) = p.

We begin with some preparations. Set I := [0, 1]. For any continuous function
a: I — C we denote by 22“: € (I, C) — C? the period map given by

1
7 = [ at) (F0). F02) a5 f e, 0.

Lemma 7.4 Let I’ be a nontrivial closed subinterval of I = [0, 1]andlet f: I — C
and a: I — C, be continuous functions such that f is not constant on 1'. There exist
finitely many continuous functions gy, ...,gn: 1 — C(N > 2), supported on I,
such that the function h: CN x I — C given by

N
he,s) =[]0 +cg), ¢=@,....ev)eC, sel,

i=1

is such that the map

a
&9"; (h(Z, ) ) |§=0 : ToCN = CN — C?is surjective.

Proof As in the proof of Lemma2.1 we pick an integer N > 2 and continuous func-
tions g1, ..., gn: I — C, supported on I’, which will be specified later, and define
hasin (2.2). Let £ = (1, ..., ¢y) be holomorphic coordinates in C". Consider the
period map P: C¥ — C? given by

1
P& = 77 (e, ) = [ a0 (e, 9.0, b, 7 F) s, e,

Equation (2.3) gives
IP©) : .
LANCON B / as) (gi () f(s), 2gi (s)f(s)2) ds, iefl,...,N).
Since f is continuous and nonconstant on the interval I’, there are points sy, ..., sy €

I’ such that
span{(f(si), 2f(s,~)2> = 1,...,N} =2,
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Reasoning as in the proof of Lemma 2.1, taking into account that the function a has no
zeros on I, we conclude the proof by suitably choosing the functions g; with support
in a small neighborhood of s; in I’. O

Lemma 7.5 Let f: I — Cand a: I — C, be continuous functions and assume
that f is not constant. Also let x1, xo € C be complex numbers. Then there exists a
continuous function h: I — C, such that h(s) = 1 for s € {0, 1} and

1
| a6 (101761, h02 7R ds = 51, ).

Proof As in the proof of Lemma?2.3, and in view of Lemma 7.4, it suffices to prove
that for any € > 0 there exists a function 2: I — C, such that

1
‘ [ a6 (101760, h02 £ ds = (a1, 52

<e, tel0, 1. (7.1

To construct such a function 4 we reason as follows. Since a vanishes nowhere on [
and f is continuous and nonconstant, there exist a big integer N € N and numbers
0 <s; <--- <sy < 1such that the map CVY — C? given by

N
Oreeeeoaw) = Yats) (i f () 32 F (50%))

i=1

is surjective. Fix numbers 7 > 0 and 0 < ¢’ < ¢ which will be specified later, and
choose numbers yi, ..., yy € C, such that

N
> ats) (vif 6 v 6)?) = (. 2ex)| < € (7.2)

i=1

Given a constant n > 0 to be specified later, we let h: I — C, be a continuous
function satisfying 2(0) = h(1) = 1 and also the following conditions:

(@) [h(s)] = Lfors € [0, n] ULl —n, 1],

(b) h(s):zy—’forse[si—r, si4tli=1,...,N,
T
(© Ih(S)If‘zy—”forSE[sl'—r—n, si—tlU[si+t,si+t+nl,i=1,...,N,
T
and

(d) |h(s)| < nfors € [n, 51 —r—n]U(Uf’;f[Si +T+n Sit1—T— n])U[SN+
T+77, 1_ 77]

We choose t and 7 sufficiently small so that the intervals in (d) are nonempty, pairwise
disjoint and contained in / = (0, 1). Furthermore, if T > 0 is chosen small enough,
then condition (b) ensures that the following estimate holds for eachi =1, ..., N:
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< €.

si+t y.2
/ a(s) (h) £ ). 16 F(5)?) ds —a (5) (y,»f i), 5o f (s,»>2>

i —T

(7.3)

On the other hand, if n > 0 is sufficiently small, then (a), (c), and (d) guarantee that

‘ f a) (R F6), b F(5)?) ds
0

1
| (hs)76). 16 £ 6) ds
SN+T

N-1
>

i=1

+

<€ (7.4)

[ a0 (b 161 162 )

i+T

Choosing €/ < ¢/(N + 2), inequalities (7.2)—(7.4) yield (7.1), which concludes the
proof. O

With Lemmas 7.4 and 7.5 in hand, one may easily adapt the arguments in Sects. 3
and 4 in order to prove the following proposition.

Proposition 7.6 Let M be an open Riemann surface, q: H{(M; Z) — C? be a group
homomorphism, and 6 be a holomorphic 1-form vanishing nowhere on M. Also let
S = KUT C M be an admissible subset (see Definition3.1) and u: S — Cy be a
function of class <7 (S) such that

/ (u, uz) 0 = q(y) for every closed curvey C S.
Y

Then u may be approximated uniformly on S by nowhere vanishing holomorphic
functions g: M — C, such that

/ (g, g2) 0 = q(y) forevery closed curvey C M.
Y

We point out that, when using Lemmas 7.4 and 7.5 in order to prove an analogue
of Lemma 3.2 in the current context, the role of the function 6(y;(s), y;(s)) in the
proof of that lemma is played by the function a(s) in Lemmas7.4 and 7.5. We leave
the details of the proof of Proposition7.6 to the interested reader.

Proof of Theorem 7.2 Clearly it suffices to prove the theorem forn = 3. Let X: M —
IR3 be a flat conformal minimal immersion. Without loss of generality we may assume
that 0X = (1, i, 0)¢p3 where ¢3 is an exact holomorphic 1-form vanishing nowhere
on M. Choose a nonconstant holomorphic function g: M — C, such that g¢3 and
g’ are exact 1-forms on M the existence of such g is ensured by Proposition7.6.
Set

®, = (1 — 22, 1(1 +A2g2) , 2/\g) ¢3, reC.
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Note that @, is an exact holomorphic 1-form and the map @, /¢3 assumes values in
the punctured null quadric 2, c C3 (1.4) for every A € C. Thus, fixing a base point
po € M, every @, provides a conformal minimal immersion X : M — R3 by the
formula

p
XA(P)ZX(PO)“‘Z/ N(Pr), peM.
0]

Note that the Gauss map of X equals 2Ag (cf. (1.8)).”

Since @y = 90X and g is nonconstant, we have that Xo = X and X is nonflat,
and hence the isotopy X;: M — R" (¢t € [0, 1]) satisfies the conclusion of the
theorem. O

Proof of Theorem 7.3 Let 2, C C3 be as above [see (1.4)]. Fix a group homomor-
phism p: H{(M; Z) — Z,. Choose a continuous map g: M — C, such that for
every generator y of Hy(M; Z) we have that H{(g)(y) =0 € Zifp(y) =0 € Z,,
and Hi(g)(y) =1 € Zif p(y) = 1 € Z,. By the Oka principle we can assume that
g is holomorphic. Identifying C, with the ray C, - (1, i, 0) C 2L, the generator of
H{(Cy; Z) = Z maps to the generator of H;(2,; Z) = Z,, and hence we have that
Hi((1, 1, 0)g) =p: HI(M; Z) — Zs.

Pick a nowhere vanishing holomorphic 1-form 6 on M. Lemma 2.3 furnishes a
holomorphic function 4: M — C,, homotopic to the constant map M — 1 through
maps M — C,, such that fy gh® = 0 holds for every closed curve y in M. Set
@ = (1, i, 0)hgh; clearly this is an exact holomorphic 1-form on M with values in
(C3,themapf =@/0 = (1, i, 0)gh assumes valuesintheray C-(1, i, 0) C 2, and
Hi(f) =p: H(M; Z) — Z,. Hence, fixing a point py € M, the map X: M — R3
defined by X (p) =2 f ,ﬁ, N(P) (p € M) defines a flat conformal minimal immersion
such that X = @ and hence H;(0X/6) = p. This completes the proof. O
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