FAMILIES OF PROPER MINIMAL SURFACES
ANTONIO ALARCON AND FRANC FORSTNERIC

ABSTRACT. Assume that X is a connected, open, oriented smooth surface, B is a compact Euclidean
neighbourhood retract, and ¢ = {Js }sep is a continuous family of complex structures on X of local
Holder class € for some 0 < «a < 1. We construct a continuous family of J-conformal minimal
immersions u, : X — R%, b € B, properly projecting to R? and having an arbitrary given family of
flux homomorphisms Flux,, : H1(X,Z) — R®. In particular, there are continuous families of proper
Jy-holomorphic null immersions X — C* and of proper .J,-holomorphic immersions X — C2,b € B.

1. INTRODUCTION

In this paper, we establish the existence of families of proper minimal surfaces in Euclidean
space R? with varying but prescribed complex structures, depending continuously on a parameter in a
compact Euclidean neighbourhood retract.

The global theory of minimal surfaces in R® has been a major focus of interest since the
fundamental developments by Osserman in the 1960s [31]], with emphasis on the conformal properties
of such surfaces under global assumptions such as completeness or properness; see e.g. [28]]. Until
not too long ago, it was widely believed that properness of a minimal surface in R? imposes strong
restrictions on its underlying complex structure. In this direction, it was conjectured that a proper
minimal surface in R? having either finite topology (Sullivan) or a proper projection into a plane
(Schoen-Yau) must have parabolic conformal type in the sense of Ahlfors-Nevanlinna [30, [1] (that
is, it does not carry any nonconstant negative subharmonic function [3} Section IV.6]); see [32, p. 18]
and [7, Section 3.10]. A counterexample to Sullivan’s conjecture was given in 2003 by Morales [29]],
who constructed a proper minimal surface with the conformal type of the disc. Later, in 2012, Alarcén
and Lépez proved that every open Riemann surface is the complex structure of a minimal surface in R3
properly projecting into a plane [[11]], thereby settling both conjectures in the most general possible way.
Nevertheless, almost all minimal surfaces in R? (in the natural topological sense of Baire category) are
nonproper [10, Corollary 1.5], so it is fair to say that proper ones are hard to find.

In this paper, X is a connected, open, orientable smooth surface with a countable base of topology,
B is a compact subset of a Euclidean space R" which admits a retraction from an open neighbourhood
U C R™ (every finite CW complex is such; see [21, Definition 1.5] and the subsequent discussion),
and 7 = {Jy}rep is a continuous family of complex structures on X of local Holder class ¢’* for
some 0 < a < 1. See Section 2] for the details. Here is our main result; see also Remark [3.6] This
gives an affirmative answer to [21, Problem 8.7 (c)].

Theorem 1.1. Assume that X, B, and / are as above. Then there exists a continuous map
u = (u1,uz,u3) : B x X — R3 such that the map uy, = u(b, ) = (up1,up2,up3) + X — R3
is a proper Jy-conformal minimal immersion for every b € B. Furthermore, u can be chosen such
that every map (up1,up2) : X — R? is proper and the flux Flux,, of uy, equals any given continuous
family of homomorphisms Fy, : Hy(X,7Z) — R3 for b € B.
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Let us clarify the technical notions in the statement of the theorem. Assume that J is a complex
structure on X, so (X, J) is an open Riemann surface. Let Jy denote the standard complex structure
on C, given by multiplication by i = y/—1. The exterior differential d on X then splits in the sum
d = 0+ 0 of the (J, Jy)-linear part & = J; and the (J, Js)-antilinear part & = 9, with J-
holomorphic functions being the kernel of d. The operator d° = d5 = i(9 — 9) = 2S(9) is the
conjugate differential, and dd® = 2190 = —2i90 is the Laplace operator whose kernel are the .J-
harmonic functions. A smooth immersion u = (ug,ug,...,u,) : X — R", n > 2, is J-conformal
if and only if the Riemannian metric on X obtained by pulling back the Euclidean metric on R" via
the immersion u, together with the chosen orientation on X, induces the given complex structure .J;
equivalently, if du = (Quq, Qus, . . ., Quy,) satisfies the nullity condition

(Ou1)? + (Quz)? + - - - + (Oupn)? = 0.

Assume now that n > 3. A J-conformal immersion v : X — R"” is minimal, in the sense that
it parameterises a minimal surface in R", if and only if it is J-harmonic; equivalently, Ou is a J-
holomorphic 1-form. The flux of such a map u is the homomorphism Flux,, : H1(X,Z) — R™ defined
on any closed curve C' C X by Flux,(C) = j;c d“u, where d“u is the conjugate differential (see [7,
Definition 2.3.2]). Since dd°u = 0, §, d°u only depends on the homology class [C] € H:(X,Z).
(Recall that Hy(X,7Z) = 7 for some £ € {0,1,...,00}.) In particular, Flux, = 0 if and only if u
has a J-harmonic conjugate v : X — R", and in this case, F' = u + iv : X — C" is a J-holomorphic
immersion whose differential dF' = (dFy,dFs, ..., dF,) satisfies (dFy )%+ (dFy)?+- - -+ (dF,,)? = 0.
Such F is called a J-holomorphic null curve in C™.

Let 7 = {Jy}pecp be a family of complex structures on X as above. A continuous map
F:BxX — C"issaid to be _#-holomorphic if the map F, = F'(b,-) : X — C" is J,-holomorphic
for every b € B. Taking F; = 0 for all b € B in Theorem gives the following corollary, which
provides an affirmative answer to [21, Problem 8.7 (b)] for families of holomorphic null immersions.

Corollary 1.2. If X, B, and _# are as in Theorem then there exists a _¢ -holomorphic map
F = (Fy, F, F3) : BxX — C3 such that for every b € B, the map F, = F(b,-) = (Ep1, Fpo2, Fy3)
X — C3is a Jy-holomorphic null immersion and the map (REp 1, RFp2) + X — R? is proper. In
particular, the map Fy, : X — C3 is proper for every b € B.

For B a singleton, Theorem [I.1] and Corollary [I.2] were proved by Alarcén and Lépez [11] in a
more precise form with approximation on compact Runge sets in X. The higher dimensional case
of minimal surfaces in R™ and null curves in C" for n > 3 was treated in [4, 6] and [7, Sec. 3.10].
The h-principle for families of such maps (not necessarily proper) from a single open Riemann surface
was obtained in [23]], while the parametric h-principle for the inclusion of the subset of complete
immersions was established in [9]. Families of not necessarily proper or complete minimal surfaces
and null curves from a variable family of open Riemann surfaces were first constructed by the second
named author in [21} Sec. 8]. The nontrivial addition in Theorem [I.1] and Corollary [I.2]is to ensure
properness of maps in such families.

Taking the first two components of a map in Corollary [I.2] gives the following corollary, which
provides an affirmative answer to [21, Problem 8.7 (a)].

Corollary 1.3. If X, B, and _# are as in Theorem then there exists a _¢ -holomorphic map
F = (F,F) : Bx X — C? such that for every b € B, the Jy-holomorphic map Fy, : X — C?
is an immersion and the Jy-harmonic map RE, = (RFy1, RFy2) : X — R? is proper. Hence, the
immersion Iy is proper for every b € B.

The special case of Corollary [I.3] for a single map is related to the more ambitious conjecture

by Schoen and Yau [32] p. 18] that no hyperbolic open Riemann surface admits a proper harmonic
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map into R?. The first counterexample to their conjecture was given by Bozin [17], who found an
explicit example of a proper harmonic map ID — R? from the disc. Another counterexample was given
by Forstneri¢ and Globevnik [22], who constructed a proper holomorphic map (fi, f2) : D — C?
with nowhere vanishing components, so (log |f1],log|f2]) : D — R? is a proper harmonic map.
Counterexamples with arbitrary finite topology were obtained by Alarcén and Gélvez [8]. Finally, a
construction of a proper harmonic map from any open Riemann surface into R?, different from the one
in [[11]], was carried out by Andrist and Wold [14]. See also the discussion in [[7, Sec. 3.10].

Recently, Drinovec Drnovsek and Kali$nik [18] proved that for every X and ¢ = {J,}1cp as
above there exists a ¢ -holomorphic map F': B x X — C? such that the real part RF, : X — R? of
Fy is a proper Jp-harmonic map for every b € B. (Their result holds for all metric parameter spaces
B.) For parameter spaces B used in this paper, Corollary improves their result in that the map
Fy : X — C? is a proper immersion for every b € B. Nevertheless, assuming that B is as in [21}
Theorem 1.6] and using the existence of continuous families of J;-holomorphic immersions X — C
[21} Corollary 8.3], it is possible to upgrade the proof in [18]] to obtain a continuous family of proper
Jy-holomorphic maps Fy = (Fp 1, Fp2) : X — C? such that every component function F,:X—=>C
forb € B and ¢ = 1,2 is an immersion.

The restriction to compact parameter spaces B in this paper is mainly out of convenience since
it enables a geometrically simpler construction in the proofs. We believe that, with more work and
using some ideas and technical arguments from the construction in [18]], the results could be extended
to countably compact spaces of the type used in [21, Theorem 1.6], including noncompact ones.
Furthermore, we expect that one can prove a Runge approximation theorem for families of proper
conformal minimal immersions in R™ for any n > 3.

Note that the families of open Riemann surfaces {(X, J;) }sc g in the above results are considerably
more general than the Teichmiiller families, in which the individual surfaces are quasiconformally
equivalent to one another. Let us look at the topologically simplest examples when the surface X
is either simply or doubly connected. Every complex structure on X = R? is biholomorphically
equivalent to the standard complex structure Jy, on C or to its restriction to the unit disc D C C.
We can put both examples in a compact connected family parameterised by B = [0,1]. Every
complex structure on X = R?\ {0} is equivalent to J restricted to C* = C \ {0} or to an annulus
A, ={z€C:r <zl <1} for0<r < 1. Forany 0 < 79 < 1 one can realise all these structures
with 0 < 7 < rp in a smooth family with the parameter space B = [0, 1].

Our proof of Theorem [I.1] strongly depends on the recent work [21]] by the second named author.
For suitable parameter spaces B (more precisely, for local Euclidean neighbourhood retracts, a class
of topological spaces which includes all finite CW complexes and more generally all countable locally
compact CW-complexes of finite dimension), the main result of that paper is an Oka principle with
approximation for _# -holomorphic maps B x X — Y to any Oka manifold Y; see [21, Theorem 1.6].
Applications include the construction of continuous families of holomorphic immersions X — C”
for any n > 1, of holomorphic null immersions X — C” for any n > 3, and of conformal minimal
immersions X — R™ with any given family of flux homomorphisms for n > 3; see [21, Sec. 8].
The main novelty of the results in this paper is that we construct families of proper maps of the
given types; in the case of holomorphic immersions X — C", this requires n > 2. Properness is
a nontrivial condition which is not easly achieved even for single maps. In fact, proper maps form
a meagre (topologically small) subset in any class of maps considered above, so it is not surprising
that it is difficult to construct families of proper maps. With the approximation results from [21]
in hand, our proof broadly follows the original construction in [11] (see also [[7, Section 3.11]) of a
minimal surface in R? with given complex structure and proper projection into a plane. However,
our approach introduces several major differences required to adapt the argument to the parametric
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setting. In particular, to compensate the lack of a parametric version of the Runge approximation
theorem for conformal minimal immersions with fixed component functions (see [[11, Corollary 4.8
and Theorem 4.9] or [7, Section 3.7]), which has been a crucial tool in all previous constructions
of proper minimal surfaces with arbitrary complex structure, we employ a parametric version of the
Loépez-Ros deformation for minimal surfaces [27]], developed by Alarcén and Larusson in [9], together
with improved parametric versions of Gromov’s convex integration lemma [23] (see Section [2.3)).

We mention several open problems related to the results of this paper.

The analogous results for single maps in the above mentioned works hold with approximation on
compact Runge subsets of X. We expect that this generalisation is also possible in the present setting,
but the proofs become more complicated from the technical viewpoint.

The second question is whether an h-principle holds in these results. It has recently been shown
by Vrhovnik [34] that every nonflat conformal minimal immersion X — R”, n > 3, is homotopic
through a family of such immersions to a proper one. Does the analogous result hold for families?

The maps in our main results are immersions. Every open Riemann surface X admits many proper
conformal minimal embeddings X — R" for any n > 5, and proper holomorphic null embeddings
X — C" for any n > 3 (see [4},16], and [7, Sec. 3.10]). What can be said in this respect for families?

Assuming that the parameter space B is a smooth manifold, one may expect that refinements
of the techniques used in this paper, which are available in [21]], yield families of immersions of
the given types depending smoothly on the parameter. In such a case, one may also hope that the
use of transversality methods would yield families of embeddings of the given types when the target
Euclidean space has sufficiently big dimension. We also expect that the analogue of Theorem [I.T]holds
for continuous families of conformal structures on a nonorientable smooth open surface X. Results in
this direction for a single conformal structure on X can be found in [[13} 5].

The final problem concerns the universal family V' (g, n) of n-punctured compact Riemann surfaces
of genus g with n > 1. The corresponding parameter space is the Teichmiiller space 7'(g, n), which
can be holomorphically realised as a bounded contractible Stein domain in a complex Euclidean
space, and the natural Teichmiiller projection 7 : V' (g,n) — T'(g,n) is a holomorphic submersion
whose fibre over any point b € T'(g,n) is the n-puncture compact Riemann surface (X, .J;) of genus
g with the complex structure determined by b. It has recently been proved by the second named
author that V' (g, n) is a Stein manifold [19, Theorem 1.1]. Furthermore, there is a holomorphic map
F :V(g,n) — CN for some N € N whose restriction F, = F(b,-) : (X,.J,) — C" to any fibre is a
proper algebraic embedding [19, Corollary 3.5]. Can one choose F' such that Fy is a proper algebraic
null embedding for every b € T'(g,n)? If so then the real part RF : V(g,n) — RY restricted to any
fibre is a complete proper minimal surface with finite total curvature.

2. PRELIMINARIES

2.1. Families of complex structures on surfaces. Let X be a smooth, connected, orientable surface
endowed with a smooth Riemannian metric. A complex structure on X is given by an endomorphism
J : TX — TX of its tangent bundle satisfying J? = —Id. Thus, .J is a section of the smooth vector
bundle 7*X ® TX — X whose fibre over x € X is the space Hom(7, X, 7T, X) of linear maps
T,X — T,.X. (Note that every orientable vector bundle on an open surface X is trivial. When X
is orientable, this holds in particular for the tangent bundle 7'X and its derived vector bundles.) The
multiplication by i = y/—1 defines the standard complex structure Js; on C. A differentiable function
f+ X = Cis J-holomorphic if it satisfies the Cauchy—Riemann equation

dfy o Jp = idfy = Jdf,, x € X.
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A complex structure J is said to be of local Holder class %59 for some k € Z+ =1{0,1,2,...} and
0 < a < 1if, for every relatively compact domain Q € X, the restriction .J|o € T*)(Q, T*Q®TQ)
is a section of class € %) (Q) of the restricted vector bundle 7*Q ® T2 — . (The Hélder norms
are computed with respect to the given Riemannian metric on X; see Gilbarg and Trudinger [24} Sect.
4.1].) For such J, there is an atlas {(U;, ¢;)}; of open sets U; C X covering X and J-holomorphic
charts ¢; : U; — ¢;(U;) C Cof class (f(kJrl"")(Ui). (See [15, Theorem 5.3.4] among other references.)
It follows that the smooth structure on X determined by a complex structure .J of local class ¢ k) s
¢ (k+1.2) compatible with the given smooth structure on X ; see [16, Theorem 2.1].

A family ¢ = {Jp}scp of complex structures on X is said to be of class €0 (k) if for any
relatively compact domain Q € X the map B > b — Jy|q € T:®)(Q, T*Q ® TQ) is continuous. If
k = 0, we write €% (Q) = €(2). The proofs of our main results immediately extend to the case
when _Z is of class €0 (k) for any k € Z., and they yields maps as in Theorem and Corollary
mwhich are of class €0 (F+1.9) in the reference complex structure on X. (See [21, Theorem 8.2 and
Corollary 8.6] for the construction of families of not necessarily proper maps of these classes.)

If the parameter space B is a manifold of class %" for some [ > 0, we can also introduce the notion
of a family ¢ of class ‘Kl7(k’0‘); see [21]. In view of [21, Theorem 1.6], one may expect that our main
results can be extended to families of conformal minimal immersions and null immersions of class
¢ (+1.0) whenever 0 < | < k4 1and 0 < o < 1. However, for simplicity we shall only consider
the case [ = 0 in this paper, that is, continuous dependence on the parameter.

Fix a reference smooth complex structure ./ on X. By a theorem of Gunning and Narasimhan
[26], the open Riemann surface (X, J) admits a holomorphic immersion z : X — C, which therefore
provides a local J-holomorphic coordinate on X at every point. A family ¢ = {.J,},cp of complex
structures in the same orientation class as J can then equivalently be given by a family of maps
pp : X =D ={¢ € C:|{|] <1} of the same local smoothness class as J, and the same regularity in
the parameter b € B, with u; = 0 corresponding to the reference structure J, = J. (See [21 Sec. 2]
for the details.) Such a function p; is called a Beltrami multiplier. Given an open subset U C X, any
solution f : U — C of the Beltrami equation

2.1) fz = f-

is a holomorphic map from (U, J) to (C, Jg). (If U is a domain in C and || up||,00 < 1, where || [|oo
is the essential supremum, a map f satisfying (2.1)) is also called j-quasiconformal.) The theory
of quasiconformal maps on domains in C was developed by Ahlfors and Bers [2]], also for Beltrami
multipliers in LP spaces for p > 1. (See the survey and references in [21} Sec. 2].) When 2 < p < oo,
any local solution of (2.1) is of Holder class € with « = 1 — 2/p, while for Beltrami multipliers of
class €% with k € Z, and 0 < a < 1, the equation (2.1) has local solutions of class ¢ (kL)
Furthermore, solutions in these function spaces can be chosen to depend locally analytically on p, so
they are as regular in the parameter b as the family py, (or, equivalently, Jp).

Ahlfors and Bers also developed the global theory of quasiconformal maps on planar domains.
By [2| Theorem 6, p. 396], for any 4 on the plane or the disc with ||u||cc < 1 there exist unique p-
conformal homeomorphisms of the whole plane and the unit disk onto themselves with fixed points at
0, 1, oo and 0,1 respectively. We state the following special case for later reference.

Proposition 2.1. Given a continuous family {Jy}vep of complex structures of class €*(D) on the
closed disc D, there is a unique continuous family of diffeomorphisms ¢, : D — D of class €1 (D)
such that ¢p : D — D is Jy-holomorphic and satisfies ¢p(0) = 0, ¢p(1) = 1 for every b € B.

A similar statement holds for a continuous family {.J; }scp of complex structures of class € on

R? which are quasiconformally equivalent to the standard structure Jy; on C.
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The Ahlfors—Bers theory extends to smoothly bounded relatively compact domains in smooth
open surfaces. If # = {J,}pep is a continuous family of complex structures of local class % (k)
on a smooth open surface X and (2 is a smoothly bounded relatively compact domain in X, then
every point by € B has a neighbourhood By € B and a continuous family of (.J,, J, )-holomorphic
diffeomorphisms @ : Q — &,(Q) C X, b € By, of class €#+1:)(Q) (see [21} Corollary 4.5]). This
result plays a major role in the proof of the Oka principle for ¢ -holomorphic maps F': B x X — Y
to any Oka manifold Y (see [21, Theorem 1.6]). In turn, this Oka principle is the underlying tool to
prove the results in this paper. It will be applied for maps to the punctured null quadric

(2.2) A={(21,...,2,) €CI=C"\{0}: 2§ + 25 + -+ 22 =0}, n>3,
and also to some other Oka manifolds. (For the theory of Oka manifolds, see [20, Chap. 5].)

2.2. Holomorphic null immersions and conformal minimal immersions. We recall the basics on
holomorphic null immersions and conformal minimal immersions of open Riemann surfaces to C™ and
R™, respectively. For more information, see the monographs [31, 7], among many other sources.

A holomorphic immersion F' = (Fy, Fy, ..., F,) : X — C" n > 3, from an open Riemann
surface X is said to be a null immersion if its differential dF" satisfies the nullity condition

(dF1)* + (dFy)? + - + (dF,)* = 0.

Choosing a nowhere vanishing holomorphic 1-form 6 on X (such exists by [26]]), we have dF' = f0
where f = (f1,...,fn) : X — A is a holomorphic map to the punctured null quadric {2.2).
Conversely, fixing a point zg € X, a holomorphic map f : X — A such that ff is an exact 1-form on
X determines a holomorphic null immersion F' : X — C” by

(2.3) F(z) = F(x0) + /x 10, r e X.
)
Animmersion v = (ug, u2,...,u,) : X — R",n > 3,is conformal if and only if its (1, 0)-differential
Ou = (Ouy, Qua, . .., duy,) satisfies
(Ou1)? + (Oua)® + - + (Quy)* = 0.
A conformal immersion u is minimal if and only if it is harmonic,
dd°u = —2i00u = 0.

In this case, 20u = f@ where f : X — A is a holomorphic map, and we recover u from f by
x
(2.4) u(z) = u(zo) + §R/ 16, z e X.
zo

The formulas (2.3) and (2.4) are known as the Weierstrass representation of holomorphic null curves
and conformal minimal surfaces, respectively, and f@ is called the Weierstrass data of F’ or u.

In the special case n = 3 considered in this paper, a more explicit Weierstrass representation
formula for holomorphic null immersions F' : X — C3 with dF = f = (f1, fo, f3)0 is given by

(150 5)-5 (o 5)) e

where g : X — CP! is, up to a change of coordinates, the (holomorphic) Gauss map of F. (See [7,
p. 101 and Sec. 2.5] for the details.) The real part of the above integral gives a formula reproducing
conformal minimal surfaces u : X — R3 from its Weierstrass data.

T

(2.5) ﬂ@:F@@+/

Zo

Given a continuous family _# = {J} }»c p of complex structures on X, there is a continuous family

{0y }vep of nowhere vanishing Jp-holomorphic 1-forms on X (see [21, Theorem 7.1]). Using such a
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family, the analogous representation formulas hold for families of _# -holomorphic null curves and
conformal minimal surfaces with continuous dependence on b € B.

Let us record the following consequence of Proposition [2.1]

Proposition 2.2. Assume that u : D — R" is a conformal minimal immersion. Given a continuous
family of complex structures ¢ = {Jy}pep of class €“(D) on D, there is a continuous family of
Jyp-conformal harmonic immersions uy : D — R”™ satisfying uy(D) = u(D) for all b € B.

Proof. Letting ¢, : D — D be a family of J,-holomorphic diffeomorphisms given by Proposition [2.1]
the family u, = wo ¢, : D — R™, b € B, clearly satisfies Proposition [2.2] The analogous conclusion
holds for null curves D — C™. O

2.3. Convex integration lemmas. We shall use the parametric version of Gromov’s convex
integration lemma; see Gromov [25 2.1.7. One-Dimensional Lemma] for the basic case and Spring
[33, Theorem 3.4, p. 39] for the parametric case. By Co(A) we denote the convex hull of a subset
A C R™. The first lemma concerns the punctured null quadric A C C", n > 3 (2.2).

Lemma 2.3. Let B be a compact Hausdorff space, fo : B x [0,1] — A a continuous map, and
Fy : B x [0,1] — C™ a continuous map such that Fy(b,-) : [0,1] — C" is of class €*([0,1]), its
t-derivative Fy(b,t) = %Fo(b, t) depends continuously on (b,t) € B x [0, 1], and

Fo(b,O) :f[)(b,O), FO(b> 1):f0(b71) foralleB.
Given € > 0 there is a continuous map F : B x [0, 1] — C" satisfying the following for all b € B:

(a) In the endpoints t = 0,1 of [0,1], the values of F(b,-) and its first t-derivatives coincide with
those of Fy(b, - ).

®) |F = Follo < c.

(c) f(b,t) :=F(b,t) € A forallt € [0,1].

Proof. When B = {by} is a singleton and A is replaced by an open subset 2 C C" with Co(Q2) = C",
the lemma coincides with [25, 2.1.7]. The parametric case follows from [33, Theorem 3.4, p. 39].
See also [23| proof of Lemma 3.1], where it is shown how to replace an open subset {2 C C" in the
stated result with the submanifold A C C”. The idea of proof is to let {2 be a small open tubular
neighbourhood of A, with a smooth retraction p : € — A. Hence, Co(2) = C". Applying [33]
Theorem 3.4, p. 39] to maps B x [0,1] — € and postcomposing them by the retraction p :  — A
givesamap f : Bx[0,1] — A, obtained by suitably deforming the map fj with fixedends at¢ = 0, 1,
such that the map F': B x [0,1] — C" defined by

F(b,t):Fo(b,O)—{—/tf(b,s)ds, telo,1,be B
0

satisfies the lemma, except that F'(b, 1) is only close to Fy(b, 1) but not necessarily equal to it.
As shown in [23] Proof of Theorem 1.1], the identity F'(b,1) = Fy(b,1) for all b € B can be
obtained by a suitable correction, using period dominating sprays on a family of nondegenerate curves
t — f(b,t) € A. Ttis also explained in [23] Remark 3.2] why we can use any compact Hausdorff
space B as the parameter space, as opposed to merely manifolds of class ¢’ in the hypothesis of [33]
Theorem 3.4, p. 39]. g

Our second lemma pertains to maps F'(b,t) whose t-derivatives belong to a variable family of

closed algebraic submanifolds of C”.
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Lemma 2.4. Let B be a compact Hausdorff space, B = B x [0,1], and {Apt:be B, t€[0,1]}a
continuous family of connected, closed, algebraic submanifolds of C", n > 2, none of them contained
in any affine hyperplane of C". Denote by 7w : Z = B x C" — B the natural projection, and
let A C Z be the subset whose fibre over (b,t) € B equals Apy. Let fo : B - A C Zand
Fy : B — Z be continuous sections of m : Z — B such that Fy(b,-) is of class €([0,1]), its
t-derivative Fy(b,t) = %Fg(b, t) € C™ depends continuously on (b,t) € B, and

Fo(b,0) = fo(b,0), Fo(b,1) = fo(b,1) forallb € B.

Given € > 0 there is a section F' : B x [0, 1] — Z of the same class as Fy and satisfying the following
conditions for allb € B.

(a) F(b,0) = Fy(b,0), F(b,0) = fo(b,0), and F(b,1) = fo(b,1).
() [[F = Follos <&
(©) f(b,t):= F(b,t) € Ay, forallt € [0,1].

Proof. By [[1, Lemma 3.5.1], the conditions on the submanifolds A, C C" imply Co(A;+) = C™ for
every (b,t) € B. Hence, the lemma is a special case of [33] Theorem 3.4, p. 39], except that we must
replace the subset A C Z by a small open neighbourhood 2 C Z with a fibre preserving retraction
2 — A. The idea of proof is the same as for Lemma[2.3] (In this case, we do not need to achieve the
exact conditions F'(b,1) = Fy(b,1),b € B.) O

Remark 2.5. In the present paper, Lemma|2.4{ will be used for families of nonsingular quadric curves
Ab,t = {(x,y) S C?:a® + y2 = C(b,t)}

with a continuous function ¢ : B x [0,1] — C*; see Claim|[3.4

3. PROOF OF THEOREM 1.1

3.1. Preparations. Forl €¢ N = {1,2,...},1 > 2, we denote Z; = Z/IZ = {0,1,...,1 — 1}. Let
C C X be a(closed) Jordan curve. By a division of C' we mean a family of compact connected subarcs
9 ={aq 1 a € Z} (I = 3) of C such that |z, aa = C, the subarcs o, and a1 have a common
endpoint and are otherwise disjoint for every a € Z;, and o, N oo = & for every a,e € Z; with
e¢ {a—1,a,a+1}. Assume now that C = Ule C; C X is a union of finitely many pairwise disjoint
Jordan curves. By a division of C, we mean a family ¥ = Ule 9; where 2; is a division of C; for
i = 1,..., k; here the number of subarcs in &; might depend on . Finally, assume that K C X is a
smoothly bounded compact domain with the boundary components C1, ..., Ck,s0bK = C. If 6 > 0Ois
anumber and v : B x K — R3 is a continuous map such that v, = v(b, -) = (vb,1, Vb2, p,3) : K — R3
is a Jp-conformal minimal immersion (on a neighbourhood of K') such that

max{vp1(p), vp2(p)} > foreveryp € bK andb € B,

then we say that a division ¥ = Ule P; of bK = Ule C; is compatible with (v, d) if the following
conditions are satisfied for every i € {1,...,k}.

(®1) The division Z; of C; is of the form Z; = {a; 4 : a € Z;,} for an even integer [; > 4.

(D2) vp1(p) > 6 forevery p € a4, a € Zj, 0dd, and b € B.

(®3) wp2(p) > d forevery p € a4, a € Zj, even, and b € B.

(®4) If @ € Z;, and p;, denotes the only point in ;, N g1, then 0j,vp1(pia) # 0 and
01,vb,2(pi,a) # 0 for every b € B.

These conditions imply min{v 1 (pia), Vs 2(Pia)} > 0 foreveryi € {1,...,k}, a € Z;,, and b € B.
In general, given v and 0 as above, a division of b/ compatible with (v, §) need not exist, but it always
8



exists when B is a singleton. This is an important extra difficulty with respect to the construction of
isolated proper minimal surfaces.

We shall need the following notions.

Definition 3.1 ([7, Definitions 1.12.9 and 3.1.2]). An admissible set in X is a compact set of the form
S = K U FE, where K is a (possibly empty) finite union of pairwise disjoint compact domains with
piecewise 4! boundaries in X and £ = S\ K is a union of finitely many pairwise disjoint smooth
Jordan arcs and closed Jordan curves meeting K only at their endpoints (if at all) and such that their
intersections with the boundary bK of K are transverse.

Let J be a complex structure on X and € be a nowhere vanishing holomorphic 1-form on X. A
generalzzed J-conformal minimal immersion S — R3 of class " (r € N) is a pair (u, f0), where

: S - R¥isa¢” map whose restriction to § = K is a J-conformal minimal immersion, and
f S — A C C3 @22 is a map of class "', J-holomorphic on S = K, such that f6 = 20;u
everywhere on K, and for any smooth path § in X parametrizing a component of £ we have that
R(B*(f0)) = B*(du) = d(u o B). Similarly, a generalized J-holomorphic null immersion S — C3
of class € is a pair (F, f6), where f is as above and F' : S — C™ is a ¢" map (r € N) satisfying
dF = f6 which is J-holomorphic on S.

3.2. Outline of proof of Theorem Let 7 : H1(X,Z) — R3, b € B, be a continuous family of
homomorphisms. We shall construct a map u = (uy,ug,u3) : B x X — R3? satisfying the theorem,
with Flux,, = Fp and (up1,up2) : X — R? being proper for every b € B, in an inductive process.
To begin with, choose an exhaustion

(3.1) XicXpc--cl X=X

j=0

of X by connected, smoothly bounded Runge compact domains such that X7 is a disc, X; C X j+1 for
every j € N, and the Euler characteristic x (X;41 \ X j)of X4 \ X j is either 0 or —1 forevery j € N
(such exists by standard topological arguments; see e.g. [12, Lemma 4.2]). The latter condition simply
means that the smoothly bounded compact domain X1 \ X ;j consists of finitely many connected
components all of them being annuli, except perhaps one that might be a pair of pants, that is, a sphere
with three discs removed. Hence, X is a strong deformation retract of X ;1 when x(X11 \ X ;) =0
(the noncritical case), while the number of boundary components of X; and X differ by one when
X( X1 \Xj) = —1 (the critical case).

We claim that there is a sequence =; = {u/, 27, ¢;}, j € N, where

e v/ : B x X; — R3 is a continuous map such that v} = u/(b,-) = (ub y ubQ, ub3) X; > R?
is a nonflat J,-conformal minimal immersion (on a neighbourhood of X;) with

(3.2) max{u‘g’l(p), uiQ(p)} > j foreveryp € bX;and b € B,

e 27 is a division of bX; compatible with (u7, 5), and
e 0 < ¢; < 1isanumber,

such that the following conditions hold for every 57 > 2:

(a;) max{ubl(p) uZ2( )} >j—1foreverype X;\ X;_1andb € B.
(bj) ]ub( )—ub L(p) < €j—1 foreveryp € X;_1and b € B.
(cj) € < €j—1/2,and if v : X — R3 is a J,-conformal harmonic map such that |v(p) — ub( )| < 2€;
for every p € X and some b € B, then v is a nonflat immersion on Xj;.
(d;) Fluxui (C) = Fp(C) for every closed curve C' C X and b € B.
9



We emphasize that the existence of each division %/ is established as a part of the induction.

Assume that such a sequence exists. By (3.1), (b;), and the first part of (c;), there is a limit
continuous map

u=limw : Bx X —R?
J—00

such that up = u(b, ) = (up1, up2, up3) : X — R3 is a Jy-conformal harmonic map with
(3.3) lup(p) — u{)(p)] < 2¢ foreverype X;,j€N,andb e B.

The second part of (c;) then guarantees that wy, is a nonflat .J,-conformal minimal immersion, while
conditions (d;) ensure that Flux,, = F; holds for every b € B; take (3.1) into account. Furthermore,
given b € B and j > 2, we have by (a;), (b;), and (3.3) that

max{up1(p), up2(p)} >j—1—2¢; >35—3 foreverype X1\ XJ

This and (3.1) imply that max{uy, 1, up2} : X — R is a proper map, hence sois (up 1, up2) : X — R2.
Therefore, the map w satisfies the conclusion of the theorem.

To complete the proof, it remains to construct a sequence =; with the desired properties.

3.3. The induction. Set ¢¢ = 1 and Xy = &. For the base case when j = 1, choose any nonflat
Jsg-conformal minimal immersion v = (v, v2,v3) : D — R3 such that

(3.4) vi(p) > 1 and 9, v;(p) # 0 forevery p € Dand i € {1,2}.

Since X is a disc, Proposition furnishes a continuous map u! : B x X; — R3 such that
up = ul(b,) = (ull,’l,uéz,u;’?)) : X1 — R3 is a nonflat Jj-conformal minimal immersion with
up(X1) = v(D) for every b € B. It follows from (3.4) that condition (a;) and inequality (3.2) for
j = 1 are satisfied, while any division 2! of the Jordan curve bX; consisting of (for instance) 4
subarcs is compatible with (ul, 1); see conditions (D1) to (D4) in Subsection Furthermore, (d;)
holds true since X is simply connected. Finally, by compactness of B, the Cauchy estimates provide

a number €; > 0 satisfying condition (c;), whereas condition (b;) is void.

For the inductive step, fix an integer j > 2 and assume that we already have a triple Z;_;1 =
{uw=1, 9771 e;_1} as above, satisfying condition (d;_1) and inequality (3.2) with j — 1 in place of
J. We shall construct a suitable triple Z; = {w, D7, €j} satisfying conditions (a;) to (d;) as well as
inequality (3.2)). For this, we distinguish cases depending on the Euler characteristic of X; \ X;_;.

The noncritical case. Assume that x (X \ X j—1) = 0,50 X;_; is a strong deformation retract of X;.
For simplicity of exposition, we assume that b.X; is connected, hence b.X;_1 is connected as well and
X;\ X1 is a smoothly bou?ded compact annulus. For the general case, we apply the same procedure
in each component of X; \ X;_;.

Write 2771 = {ag : a € Zi}, 1 > 4 even, for the given division of the closed Jordan curve bX -1
compatible with (u/~!, j — 1), and denote by p, the only point in oy N g1, a € Z;. Set
(3.5) 799 = {a €Z; :aodd} and Z§™ = {a € Z; : aeven}.

It is obvious that Z; = Z?dd U Z;¥e" and Zfdd N Z;}¥*" = . Conditions (D2) to (D4) then give the
following properties for every b € B.

T) u{)fll(p) > j — 1 forevery p € ag, a € Z944.

(I2) uigl(p) > j — 1forevery p € ag,, a € Z§¥".

(I3) 8Jbui31(pa) # 0 and 8Jbu£;1(pa) # 0 for every a € Z;.
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In particular,
(3.6) min{u) 1" (pa), u} 5 (pa)} > j—1 foreverya € Z;, b€ B.

The first deformation. In the first step of the construction, we shall approximate «/~! uniformly on

B x X;_1 by a continuous family @ : B x X; — R? of .J,-conformal minimal immersions with some
control of their images. For each a € 7Z; we choose a smooth embedded arc vy, C Xj \ X j—1 with
the initial point p, € 0.X;_1, the final point g, € bX}, and otherwise disjoint from b.X; U bX;_;. We
choose the family of arcs 7., a € Z;, to be pairwise disjoint and such that the set

S=X;,1U U Ya
a€Z

is admissible in the sense of Definition 3.1} n Also, for each a € 7Z; we denote by 3, the arc in b.X;
connecting qq— 1 and ¢, without meeting any of the other points g. for e € Z; \ {a — 1, a}. We denote

by D, C X; \ X] 1 the closed disc bounded by V41, atq, Va, and B, a € Z;. (See Figure n) Note
that D, N Dyy1 = Ve, Do N D =@ fore € Z;\ {a—1,a,a + 1},

(3.7) X\Xjo1=|JDa= |J Dau |J D,
a€Zy aGZ;’dd aEZ?"e“
and
(3.8) bX;=JB.= U B | Ba
a€l an?dd anleven

Figure 3.1. Configuration of sets in X; \ X 1.

Consider the _#-holomorphic map f : B x X;_; — A to the punctured null quadric (2.2) given
by
f(b,) =285,u)"" /6, foreveryb e B,

and set f, = f(b,-) = (fo,1, fo,2, fo,3) : Xj—1 — A.

The following claim is an immediate consequence of Lemmal[2.3} for granting the second condition,
take into account (3.6)).

Claim 3.2. The pair of maps v'~' : B x Xj1 — R3 and f : B x Xj—1 — A can be extended
to continuous maps Wt BxS = Riand f : Bx S — A, respectively, such that, setting
= Wl b) = (g vl and fy = F(b) = (Foas foz. foo) for every b € B, the
following conditions are satisfied.
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e The pair (ui_l, f+0y) is a generalized Jy-conformal minimal immersion S — R3 of class €*
for every b € B (see Definition[3.1).

3 min{uifll(p), uz;(p)} > j — 1foreveryp € U,ez, Vo and b € B.

o min{u{)’_ll(qa), u{)’_zl(qa)} > jforeverya € Z;and b € B.

® fv.1(qa) f5.2(qa) # O for every a € Z; and b € B.

By the Mergelyan theorem for families of conformal minimal immersions (see [21, Theorem
8.2 and Corollary 8.6]), we can approximate u’~! uniformly on B x S by a continuous map
w:BxX; — R3 satisfying the following conditions for every b € B.

(IT;) The map ty, = 4(b,-) = (Up,1,Up2, Up3) : Xj — R3 is a .J,-conformal minimal immersion.
(L) |up(p) — ugfl(p)| < e€j_1/3forevery p € X;_i.

(II3) min{dp1(p), tp2(p)} > j — 1 forevery p € U,ez, V-

(I1y) I{lin{ﬁb{(qa), Up2(qq)} > j forevery a € Z;.

I5) fv,1(qa)fb,2(ga) # O for every a € Z;, where

fo = (For, foos fo3) = 205,1/05 - Xj — A.
(ITg) Fluxg, (C) = F,(C) for every closed curve C' C X; take into account (d;_1).
(I17) fo.,1(Pa) fo.2(pa) # O for every a € Zy; see condition (I3).

Taking a look into the conditions required in the induction, (II3) and (II4) show that the immersions
Uiy, assume suitable values on UaEZl Ya (see inequality (3.2) and condition (a;)), but they need not do
so on the complement of | J acz, Yo 1N X \ Xj_1, so we have to keep working.

The second deformation I: a spray of Lopez—Ros transformations. We shall now deform the family
on X \ X;_1 in order to obtain more control on its image over the sets D, for a € Z?dd; see (3.7).

Consider the ¢ -holomorphic map f:Bx X; — A given by f (b,-) = f : X; — A for every
b € B. Our next task is to embed f as the core of a period dominating spray of maps B x X; — A,
keeping fixed the first component function; this will enable us to kill the periods in a subsequent
step. In the nonparametric case, this has typically been done using the Oka principle for sections of
ramified holomorphic maps with Oka fibres (see [20, Section 6.14]); a tool that is not available in the
parametric framework. Instead, we shall use a parametric version of the Lopez-Ros deformation for
minimal surfaces (see [27]) as in [9]]. Set
3.9) b= —" X, 5 CP', beB.

fo2 —ifo3

A calculation shows that

a 1/1 p p i/ 1 .
(3.10) foa=5(g; — ) ha and fos=5 (-4 w)fa B
(See (2.3).) Moreover,
for ;o T
(3.11) o Jo2 —ifo,3 and  Pufo1 = —fo2 — /b3

are Jy-holomorphic functions on X; for every b € B. Note that for any _¢-holomorphic map
(f1, f2, f3) : B x X; — A sharing the first component f; with the map f, there is a _# -holomorphic
function 1 : B x X; — C* such that

~ 1 1 . ~ i 1 R
(3.12) fo2 = *(7 —Mbwb)fb,h fo3 = *(7+Mb¢b)fb,1a be B.
2\ ppthy 2\ upihp
Fix a point zg € X j—1 and let I'y, ..., I';, be a family of smooth oriented Jordan curves in X -1

such that any two of them only intersect at x¢, they form a basis of the homology group H;(X;_1,Z)
12



(and hence also of H;(X;,Z)), and the set I' = |J;; I'; is Runge in X [7, Lemma 1.12.10]. Denote
by P : B x €(T,C*) — (C?)™ the period map that sends for each b € B amap h € ¢ (', C*) to

(3.13) P(b,h) = </F (%7 h%fbg)%) e (CH™

Since fb is nonflat for each b € B, the functions fb,l /¥y and 1y be in (3.11) are complex linearly
independent. We can therefore use [9, Claim 2.3] to obtain a continuous function

c:BxBxX;—C",

i=1,....m

depending holomorphically on a parameter ¢ = ((1,...,(y) inaball B C CV centred at the origin
for some large N € N and satisfying the following conditions for every b € B.

(ITy) The function (¢, b, -) : X; — C* is J,-holomorphic for every ¢ € B.
(Ill) ¢(0,b,p) =1 forevery p € X;.
(III3) o is period dominating, in the sense that the map

B> (¢~ P(bo((,b,)) € (CH™
is submersive at ¢ = 0; see (3.13).

Remark 3.3. Note that [9, Claim 2.3] provides such a function in the special case when J;, does not
depend on b € B, so it deals with a single open Riemann surface instead of with a family. Nevertheless,
using also the argument in [21) proof of Theorem 8.2, the noncritical case], the proof in [9]] extends in
a straightforward way to a variable family of complex structures on X.

Seto¢y = o(¢,b,-) for( € Band b € B,andlet o : B x B x X; — A be the continuous map

A 1 1 A i 1 A
(3.14) »(¢,b,-) = <fb,1, 2((7“% - UQb?X)b) Jo1, ;(chb + Uc,lﬂ/}b) fb,1> , (Gb)eBxB.

It follows that ¢ is well defined (that is, it takes its values in A), and for every ( € B and b € B the
map ¢((,b,-) : X; — A is Jy-holomorphic and satisfies ¢(0,b,) = f5 .

The second deformation II: replacement of the core. We shall now replace the functions 1/ in (3.14)
by suitable functions that are obtained by another application of the Lopez—Ros transformation with
parameters. The aim is to create a strong but controlled deformation of 4y, on the sets D, for a € Z‘l’dd.

By (II7) and compactness of B, for each a € Zfdd there is an open, smoothly bounded disc
neighborhood A, of p, in X;, with Ay N (bX; U Ueezl\{a} Ye) = &, such that

(3.15) fo1(p) fon(p) #0 forevery p € A, and b € B.

Further, by (II3), (Ily), (II5), and compactness of B, for each a € Z?dd there is a closed disc
Qu C Dy \ (Ya—1 U ag U y,) such that the following conditions hold.

V1) Q4 N B, is a compact connected Jordan arc.

(IV3) dp1(p) > j — Lforevery p € Dy \ Q4 and b € B.

(IV3) 1 (p) > jforevery p € B, \ Qq and b € B.

(IVy) A, N, # @ and D, N (A \ Qa) is path connected. (The latter condition might require to
replace A, by a smaller neighbourhood of p,.)

(IV5) fo1(p)fr2(p) # 0 forevery p € B, \ Qq and b € B.

Denote by Bg_l the connected component of 3, \ €, with ¢,—1 as an endpoint, and $2 the one

containing ¢,. Denote by ¢¢~! and ¢2 the other endpoint of 39~! and 32, respectively. Clearly,

(3.16) Ba\ Qa = BI 1 UBL
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In view of (IV,), for each a € Z;’dd there is a smooth embedded arc £, C (D, \ (02&) N A, with initial
point p/, € a, \ {pa} and endpoint ¢/, € bS),, and otherwise disjoint from bD,, U b2,. Choose these
arcs so that the Runge compact set

godd — ]1u( U D) ( U Qauga)ch

is admissible (Definition [3.T)); see Figure[3.1] Condition (3.13]) ensures that
(3.17) fb,l(p) #0 foreverybe B,pe€ {,;,anda € Z?dd.

Claim 3.4. For any number T > 0 there is a continuous function ji : B x S°4 — C* such that, setting
= (b, -), we have that ju,(p) = 1 for every p € S°4d \ Uaez?dd &, and

R (7 — Mﬂﬁb) fv10, > T foreverya € ZOdd and b € B.
1163y

This follows from Lemma , applied to the family of maps ( fbg, fb73) &= C? (a € Z?dd, be
B), together with the observation in (3.12)). Indeed, let ¢ € [0, 1] be a regular parameter on the arc &, for
some a € Z944. Since foa(t) # 0forallb € Bandt € [0,1] 3.17), the equation 2 + 3% = — fy, 1 ()2
defines a noningular quadric curve A; C C2, and it remains to apply Lemma to families of
maps [0,1] 5 t = (fo2(t), fo3(t)) € Ape with f;,;(0) = £,,:(0) and fp;(1) = fp:(1) forb € B
and i = 2,3. The observation (3.12) gives for each arc &,, with a € Zfdd, a continuous family of
multipliers 4 : g — C* (b € B) assuming the value 1 at the endpoints of {,. Hence, we can extend
these functions to 1, : S°9 — C* taking the value 1 on the complement of Uaez?dd o

Consider a function p given by the claim for a fixed large number 7 > 0 to be specified later. Since
C* is Oka, the Mergelyan theorem for families of holomorphic functions into Oka manifolds in [21]
Theorem 1.6] furnishes a continuous function /i : B x X; — C* satisfying the following.

(V1) The function fi, = fi(b,-) : Xj—1 — C* is Jy-holomorphic for every b € B.
(Va) |fip(p) — 1| < 1/7 for every p € §°44\ Uan?dd & and b € B.
1
\ORINE
o MbYb

Assuming that 7 > 0 is chosen sufficiently large, the implicit function theorem provides, in view
of (V3) and the period domination property of the spray o in (Ill3), a continuous map B — B sending
b € B to (, € B and satisfying the following conditions.

— ﬂb¢b> fb,19b > 71 forevery a € Z?dd and b € B.

(VIy) ¢, € B forevery b € B, where B’ C B C C" is any given ball centered at the origin.
(VIy) Setting hy = o((p, b, -) i1y, we have that P(b, hb) = P(b, 1) for every b € B; see (3.13).

Consider the continuous map V:BxX j— CP! given by
Uy = (b,) = bty = 0 (G, b, )y, b€ B,
see (3.9), and the continuous map ¢ : B x X; — A given by

(3.18) 6. = (. s(5 ) 5(7 ) ). ves
b b

cf. (3.14) and (2.5). It turns out that ¢ is well defined (that is, it takes its values in A), and the map
Ob = (@1, P61, P61) = ¢(b,-) + X; = A is Jy-holomorphic for every b € B; that is, the map ¢

is _# -holomorphic. Moreover, condition (VI) ensures that the .J,-holomorphic 1-form (¢, — fb)ﬁb is
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exact on X for every b € B (see condition (II5)). Consider the continuous map v’ : B x X; — R3
given by

P
Ué(p) = Ul(bap) = Up(zo) + 9?/ opth  forp e X;andb € B,
zo

where g € X j—1 was fixed above. The following conditions hold for every b € B.

(i1) The map uj, = (u}, |, u} 5, u} ) : X; — R?is a Jy-conformal minimal immersion.
(i2) uy,, = Up,1 everywhere on Xj.
(ig) Fluxu/b = F1UXab = ]:b‘Hl (X]-,Z); see (HG).

Furthermore, assuming that the ball B’ in (VI ) is sufficiently small and 7 > 0 is sufficiently large,
conditions (II3) to (Il5), (Il7), IVs), (V2), (V3), and (VI;) guarantee the following for every b € B.

(1) |up(p) — w(p)| < €j—1/3 foreveryp € X;_1 U Uaezleven D,.
(i5) uyo(p) > j forevery p € Uaezgdd Q.
(ig) min{ué}l(p),ugg(p)} > j — 1 forevery p € UaEZl Ya-
(i7) min{w, ;(ga), u5(ga)} > 7 forevery a € Z;.
(i8) ¥b,1(da)Pb2(qa) # O for every a € Z.
(i9) Pp,1(Pa)Pb2(pa) # O for every a € Z.
(i10) ¢p1(p) # Oforevery p € B, \ Q, and a € Z?dd.
(i11) Pp2(q2 V) @p2(g?) # 0 for every a € Z44; see (3.16).

In particular, (i2) and (i5) together with (IV2) and (IV3) guarantee the following.

(i12) max{u;(p),u
(i13) max{w,;(p),u

(p)} > j— 1foreveryp € Uan?dd D,and b € B.

/
b7
b2(p)} > j for every p € J,ezaa B and b € B.

2
2

This shows that the immersions wu;, take suitable values on | J a€zod D, (see (3.2) and condition (a;) in
the induction), but need not do so on Uaez?ven D, (see (3.7)), so we have to keep working.

The third deformation. Repeating the arguments in the second deformation but for values a € Z;¥*"
and starting with « in the place of 4, and taking into account conditions (i) to (i13), we can obtain a
continuous map v’ : B x X = R?3 with the following properties for every b € B, where the sets {2,
and (3, and the points ¢! and ¢ for a € Z;¥" are defined analogously to those for a € Zfdd.

(ii1) The map ui = (uiﬁ, “i,za “i,s) = u/(b,-) : X; — R3is a Jj-conformal minimal immersion.
(ii2) uj, = uj, , everywhere on X;;.

(>ii3) Fluxug = Fluxug = Fluxy, = ]:b|H1(Xj,Z)-

(iiy) |up(p) — uy(p)| < €j—1/3 for every p € X1 UU,ezaa Da-

(ii5) ui’l(p > j forevery p € (Uan?ven Q) U (Uan?dd Ba \ Q).

(iig) uig(p > j for every p € (Uan?dd Q) U (Uaezleven Ba\ Q).

(i) uj,(p) > j — Lforeveryp € Uaezgas Da \ Qa-

(iig) ujo(p) > j — Lforeveryp € Uaezgven Da \ Qa-

(iig) 0,uf,(p) # 0 and 9;,ui ,(p) # 0 for every p € U, ez, {da, 27", 42}

~— — ~— ~—

It is then clear that v satisfies inequality (3.2) (see (iis), (iis), and (3.8)) as well as conditions (a;)
(see (ii5) to (iig) and (3.8)), (b;) (see (II2), (i4), and (ii4)), and (d;) (see (ii3)) in the induction. (See
Figures[3.1]and[3.2])

15



Qg1

Figure 3.2. The division 27 of bX;. Assuming that a € Z?dd, the numbers 1 and
2 inside the circles point out the component function u{) | or ui o, Tespectively, that is
suitably big in each set according to conditions (ii5) to (iig).

By compactness of B, the Cauchy estimates allow us to choose a number €; > 0 so small that (c;)
holds. Finally, for each a € Z; = {0,1,...,l — 1} consider the arcs

034 = 63_1, 53a+1 =B4NQy, and 03,42 = Bga
with the endpoints g, 1 and ¢2~ 1, g%~ ! and ¢2, and ¢2 and q,, respectively; see (3.16) and Figures
and It follows that 27 = {6, : a € Z3;} is a division of bX ; that, in view of properties (iis), (ii¢),
and (iig), is compatible with (uj ,7); see conditions (D1) to (D4) in Section and recall that [ > 4 is
even. This closes the induction in the noncritical case.

The critical case. Assume that x (X \ X j—1) = —1, so the number of boundary components of b.X;_;
and b.X; differ by one. For simplicity of exposition, we assume that X \ X j—1 18 connected, hence it
is a pair of pants with boundary bX;_; U b.X;. Otherwise, the other components of X; \ X j—1 are all
annuli, and we argue on them as in the noncritical case. We distinguish cases.

Case 1: bXj_1 is connected. So, bX; has two connected components. As in the noncritical case, write
gi—1 = {aq 1 a € Zi}, 1 > 4 even, for the given division of the closed Jordan curve b.X j—1 compatible
with (uw/=1,j — 1), denote by p, the only point in g N g1 1, @ € 7, and set Zfdd and Z7V*" as in
(3.5). Thus, conditions (I;) to (I3) in the noncritical case are satisfied.

We may assume without loss of generality that [ > 8 is a multiple of 4. Otherwise, we choose a
subarc o, of ap, having p;_; as an endpoint and so small that for every b € B and p € af, we have

. - - . .- .-
min{uy "~ (p),uwpy (p)} > 7 =1, Opupy (p) #0, Opuy (p) #0.

Such a subarc exists by compactness of B and conditions (I;) to (I3). Then, splitting «f

into any family of [ adjacent subarcs, say f(i,...,05;, with p;1 € (1, we obtain that

{Bi,.... Br,a0 \ afy,a1,...,ap_1} is a division of bX;_; that is compatible with (u/~!,j — 1) and
consists of 2/ > 8 arcs, which is a multiple of 4 since [ is even.

Consider the _# -holomorphic map f : B x X;_1 — A given by f(b,-) = 26Jbu'g_1/9b for every
be B,andset f, = f(b,-) = (fo,1, fb.2, fo.3) : Xj—1 — A. Choose a pair of points
geao\{p-1,p0} and ¢ € o\ {prja—1, 0172}

Also, choose a smooth embedded arc v C X i\ X j—1 with the initial point g, the final point ¢/, and
otherwise disjoint from b.X;_1. We take -y such that the compact set

S:Xj_lLJ"}/CXj

is admissible (Definition and a strong deformation retract of X;;. (See Figure[3.3])
16
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Figure 3.3. Critical case 1

The following claim is an immediate consequence of Lemma [2.3} for the second condition, take
into account (I3) and that [ /2 is even.

Claim 3.5. The pair of maps w™' : B x X;.1 — R3and f : B x Xj_.1 — A can be
extended to continuous .maps'uj_l': BxS — Riand f : B xS — A such that, setting
up b=, ) = (u ) ul,  ul s and fy = f(b,2) = (for, foo, fos) for b € B, the following
conditions are satisfied for every b € B.

e The pair (uiil, fo0y) is a generalized Jy-conformal minimal immersion S — R of class €*
(see Definition[3.1).
o uigl(p) > j — 1 foreveryp € ~.

By the Mergelyan theorem for families of conformal minimal immersions in [21, Theorem 8.2 and
Corollary 8.6], we can approximate u/~! uniformly on B x S by a continuous map 4 : B x X = R3
satisfying the following conditions for every b € B.

(A1) The map @y = @(b,-) = (Up1,Up2, Up3) : X; — R3 is a .J,-conformal minimal immersion.
(A2) Up1(p) > j— 1foreveryp € Uaez?dd Q.

(A3) tp2(p) > j — 1foreveryp € yU Uaezleven Q.

(Ay) liluxab((;’) = F(C) for every closed curve C' C X; take into account (d;_1).

(As) fb,1(Pa) fo,2(pa) # O for every a € Z;, where

fo = (for, fozs fo3) = 205,0/0, - X; — A.

By (A3) and compactness of B, we may choose a closed disc neighbourhood D of ~ in X ;j such
that D \ X;_; is a closed disc that intersects bX;_; in a pair of small closed arcs around the points
q€agand ¢’ € a9, DNy = S forevery a € Z; \ {0,1/2}, and
(3.19) Up2(p) >j—1 foreverype Dandbe B.

Moreover, we choose D such that X;_1 U D is a smoothly bounded compact domain that is a strong
deformation retract of X;. Set !’ = [/2, and note by the assumption on [ that I’ > 4 and is even. It

turns out that X;_1 U D has two boundary components; one of them, say C, containing the arcs «, for
a=1,...,I'"—1, and the other one, say C5, containing the arcs o, fora = 1" +1,...,]— 1. Moreover,

Oé(l) = Cl\(OqU-"Ual/_l) and Oz% :C2\(al’+1 U"'UOél_l)

are connected arcs with endpoints p;_1 and pg, and p;_1 and py/, respectively. (See Figure @) Setting

al =agand a? = apy, fora=1,...,0' — 1, we have that D; = {a! : a € Z} is a division of C;,

i = 1,2, hence D = Dy U D; is a division of b(X;_; U D) = C U Cs. Finally, (A2), (A3z), (As), and
17



(3.19) guarantee that D is compatible with (u, 7 — 1); see conditions (D1) to (D4) in Section This
and (3.19) reduce the proof to the noncritical case.

Case 2: bX;_1 has two connected components. So, bX; is connected. Write C; and Cs for the
components of bX;_; and 27~! = D; U D, for the given division of bX,;_; compatible with
(ui=t,j — 1), where D; = {a!, : a € Z;,}, l; > 4 even, is a division of C; for i = 1,2. Arguing as in
the beginning of Case 1, we can assume that [; = I, = [. Denote by p}, the only point in a, N &},
i =1,2,a € Z, and set Z?% and Z§*°" as in (3.5). Conditions (D2) to (D4) then give the following
properties for every b € B.

(B;) u{fll(p) > j —1foreveryp € al,i=1,2,a € 74,
(B2) u‘ggl(p) >j—1foreveryp€al,i=12,ac¢€ Zyven,
(B3) Os,uj; (pl) # 0and O,uf 5 (p}) # O foreveryi =1,2and a € Z;.

Arguing as in Case 1, we can find a continuous map 4 : B x X; — R3, close to u7~! uniformly
on B x X, 1, and a closed disc D C X satisfying the following conditions (see Figure .

(C1) The map iy, = (b, ) = (p1,1p2,p3) : X; — R?is a Jy-conformal minimal immersion for
every b € B.

(C2) Up1(p) > j — 1foreveryp € Uan?dd al,i=1,2,and b € B.

(C3) tp2(p) > j— 1foreveryp e DU Uaniven al,i=1,2,and b € B.

(Cy) Fluxg, (C) = F(C) for every closed curve C' C X and b € B; take into account (d;_1).

(Cs) fb,1(p2)fb,2(pfl) # 0 forevery a € Z;,i =1,2,and b € B, where

fb = (fb,la fb,z, fb,3) =205,0/0p : X; — A.

(C¢) D\ X j—1 1s a closed disc that intersects bX;_1 in a pair of small closed arcs, one in the relative
interior of a(l) and the other in the one of a%.
(C7) X;—1 U D is a smoothly bounded compact domain that is a strong deformation retract of X ;.

2
- aj a1
5/
v
B
2
Xj—l Xj—l (O T (0%

Figure 3.4. Critical case 2

It follows that I' = b(X;_; U D) is connected, it contains the arc o, for every a € Z; \ {0} and
1 =1, 2, and the set

T \ Uizl,g(ai J---u ozf_l)

is the disjoint union of two arcs, say, 8 and /3, with endpoints pll_1 and pg, and pl2_1 and p(l),
respectively. Setting ag = 3, g = a2 fora € Z; \ {0}, y = B, and oy, = o} fora € Z; \ {0},
it turns out in view of conditions (Cg), (C3), and (Cs) that D = {a, : a € Zgy} is a division of
b(X;—1 U D) that is compatible with (@, j — 1). This and (C3) reduce the proof to the noncritical case.

This closes the induction and completes the proof of the theorem.
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Remark 3.6. (a) Our construction shows that the family of proper J,-conformal minimal immersions
up : X — R3 in Theorem can be chosen such that the family of their Weierstrass data
fo = 205,u/0, : X — A, b € B, is homotopic to any given continuous map B x X — A.
The analogous remark holds for families of proper null curves X — C" in Corollary

(b) Our construction also gives a map w satisfying Theorem such that max{up 1, up2} : X = R
is a proper map for every b € B. The same holds true in the context of Corollaries[I.2]and [I.3]
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