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Assume that X is a connected, open, oriented smooth surface, B is a compact Euclidean neighbour-
hood retract, and ¢ = {Jp}pp is a continuous family of complex structures on X of local Hélder class
¢* for some 0 < « < 1. We construct a continuous family of J,-conformal minimal immersions uy, :
X — R3, b € B, properly projecting to R? and having an arbitrary given family of flux homomorphisms
Flux,, : H1(X,Z) — R3.In particular, there are continuous families of proper J,-holomorphic null
immersions X — C3 and of proper J,-holomorphic immersions X — C?, b € B.

1 Introduction

In this paper, we establish the existence of families of proper minimal surfaces in Euclidean space R3
with varying but prescribed complex structures, depending continuously on a parameter in a compact
Euclidean neighbourhood retract.

The global theory of minimal surfaces in R3 has been a major focus of interest since the fundamental
developments by Osserman in the 1960s [31], with emphasis on the conformal properties of such surfaces
under global assumptions such as completeness or properness; see, for example, [28]. Until not too long
ago, it was widely believed that properness of a minimal surface in R3 imposes strong restrictions on
its underlying complex structure. In this direction, it was conjectured that a proper minimal surface in
R3 having either finite topology (Sullivan) or a proper projection into a plane (Schoen-Yau) must have
parabolic conformal type in the sense of Ahlfors-Nevanlinna [1, 30] (i.e., it does not carry any nonconstant
negative subharmonic function [3, Section IV.6]); see [32, p. 18] and [7, Section 3.10]. A counterexample
to Sullivan’s conjecture was given in 2003 by Morales [29], who constructed a proper minimal surface
with the conformal type of the disc. Later, in 2012, Alarcon and Lopez proved that every open Riemann
surface is the complex structure of a minimal surface in R3 properly projecting into a plane [10], thereby
settling both conjectures in the most general possible way. Nevertheless, almost all minimal surfaces in
R3 (in the natural topological sense of Baire category) are nonproper [13, Corollary 1.5], so it is fair to say
that proper ones are hard to find.
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In this paper, X is a connected, open, orientable smooth surface with a countable base of topology, B is
a compact subset of a Euclidean space R™ that admits a retraction from an open neighbourhood U c R™
(every finite CW complex is such; see [20, Definition 1.5] and the subsequent discussion), and _# = {/5}pes
is a continuous family of complex structures on X of local Holder class ¢* for some 0 < « < 1. See
Section 2 for the details. Here is our main result; see also Remark 3.6. This gives an affirmative answer to
[20, Problem 8.7 (c)].

Theorem 1.1. Assume that X, B, and _# are as above. Then there exists a continuous map u =
(Ur,uz,u3) @ B x X — R3 such that the map up = u(b,-) = (Ups,Upo, Up3) : X — R3is a proper
Jp-conformal minimal immersion for every b e B. Furthermore, u can be chosen such that every
map (Up1,Up2) © X — R? is proper and the flux Flux,, of u, equals any given continuous family of
homomorphisms Fp, : H1(X,Z) — R3 forb e B.

Let us clarify the technical notions in the statement of the theorem. Assume that J is a complex structure
on X, so (X,]) is an open Riemann surface. Let i denote the standard complex structure on C, given by
multiplication by i = +/—1. The exterior differential d on X then splits in the sum d = 8 + 3 of the (J,Jst)-
linear part 9 = o and the (/, Jst)-antilinear part 9 = d;, with j-holomorphic functions being the kernel of 9.
The operator d° = d]C =1(0—9) = 23(d) is the conjugate differential, and dd® = 2i 99 = —2ida is the Laplace
operator whose kernel are the J-harmonic functions. A smooth immersion u = (ug, ug,...,up) : X — R,
n > 2, is J-conformal if and only if the Riemannian metric on X, obtained by pulling back the Euclidean
metric on R" via the immersion u, together with the chosen orientation on X, induces the given complex
structure J; equivalently, du = (duq, duy, . .., duy) satisfies the nullity condition

Oun? + Quz)? + - - + (Bun)? = 0.

Assume now thatn > 3. A J-conformal immersion u : X — R" is minimal, in the sense that it parameterizes
a minimal surface in R", if and only if it is J-harmonic; equivalently, du is a J-holomorphic 1-form. The
flux of such a map u is the homomorphism Flux, : Hy(X,Z) — R" defined on any closed curve C c X by
Flux, (C) = fc du, where d“u is the conjugate differential (see [7, Definition 2.3.2]). Since dd“u = 0, §C d‘u
only depends on the homology class [C] € Hy(X,Z). (Recall that Hy (X, Z) = Z* for some ¢ € {0,1,...,00}.)
In particular, Flux, = 0 if and only if u has a J-harmonic conjugate v : X — R", and in this case, F =
U+iv: X — Cis a J-holomorphic immersion whose differential dF = (dF,dF», . ..,dFy) satisfies (dF)% +
(dF2)% 4 - + (dFy)? = 0. Such F is called a J-holomorphic null curve in C.

Let 7 = {Jp}pep be a family of complex structures on X as above. A continuous map F : B x X — C"
is said to be _#-holomorphic if the map F; = F(b,-) : X — C" is J,-holomorphic for every b € B. Taking
Fp = 0forall b € Bin Theorem 1.1 gives the following corollary, which provides an affirmative answer
to [20, Problem 8.7 (b)] for families of holomorphic null immersions.

Corollary 1.2. If X, B, and _# are as in Theorem 1.1, then there exists a _#-holomorphic map F =
(F1,F2,F3) 1 Bx X — C3 such that for every b € B, the map F, = F(b,-) = (Fp1,Fp2,Fp3) : X — C3is
a Jp-holomorphic null immersion and the map (%ifp 1, %Fp2) : X — R? is proper. In particular, the map
Fp : X — C3 is proper for every b € B.

For B, a singleton, Theorem 1.1 and Corollary 1.2 were proved by Alarcén and Lopez [10] in a more
precise form with approximation on compact Runge sets in X. The higher dimensional case of minimal
surfaces in R" and null curves in C" for n > 3 was treated in [4, 5] and [7, Sec. 3.10]. The h-principle for
families of such maps (not necessarily proper) from a single open Riemann surface was obtained in [23],
while the parametric h-principle for the inclusion of the subset of complete immersions was established
in [9]. Families of not necessarily proper or complete minimal surfaces and null curves from a variable
family of open Riemann surfaces were first constructed by the second named author in [20, Sec. 8]. The
nontrivial addition in Theorem 1.1 and Corollary 1.2 is to ensure properness of maps in such families.
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Taking the first two components of a map in Corollary 1.2 gives the following corollary, which provides
an affirmative answer to [20, Problem 8.7 (a)].

Corollary 1.3. If X, B, and _# are as in Theorem 1.1, then there exists a _#-holomorphic map F =
(F1,F2) 1 B x X — C? such that for every b € B, the J,-holomorphic map F, : X — C? is an immersion
and the J,-harmonic map %F, = (RF, 1, RFp2) - X — R? is proper. Hence, the immersion Fy is proper
forevery b € B.

The special case of Corollary 1.3 for a single map is related to the more ambitious conjecture by Schoen
and Yau [32, p. 18] that no hyperbolic open Riemann surface admits a proper harmonic map into R2. The first
counterexample to their conjecture was given by BoZin [17], who found an explicit example of a proper
harmonic map D — R? from the disc. Another counterexample was given by Forstneri¢ and Globevnik
[22], who constructed a proper holomorphic map (f3, /) : D — €2 with nowhere vanishing components,
so (log|fil,log|f>]) : D — R? is a proper harmonic map. Counterexamples with arbitrary finite topology
were obtained by Alarcén and Gélvez [8]. Finally, a construction of a proper harmonic map from any open
Riemann surface into R2, different from the one in [10], was carried out by Andrist and Wold [14]. See
also the discussion in [7, Sec. 3.10].

Recently, Drinovec Drnovsek and Kalis$nik [18] proved that for every X and _# = {/,}cp as above there
exists a _#-holomorphic map F : B x X — C? such that the real part %F), : X — R? of F}, is a proper
Jp-harmonic map for every b € B. (Their result holds for all metric parameter spaces B.) For parameter
spaces B used in this paper, Corollary 1.3 improves their result in that the map Fj, : X — C?2 is a proper
immersion for every b € B. Nevertheless, assuming that B is as in [20, Theorem 1.6] and using the existence
of continuous families of Jp-holomorphic immersions X — C (see [20, Corollary 8.3]), it is possible to
upgrade the proof in [18] to obtain a continuous family of proper J,-holomorphic maps F = (F1,Fp2) :
X — C? such that every component function Fp; : X — C for b € Band i = 1,2 is an immersion.

The restriction to compact parameter spaces B in this paper is mainly for convenience, since it enables
a geometrically simpler construction in the proofs. We believe that, with more work and using some ideas
and technical arguments from the construction in [18], the results could be extended to countably compact
spaces of the type used in [20, Theorem 1.6], including noncompact ones. Furthermore, we expect that one
can prove a Runge approximation theorem for families of proper conformal minimal immersions in R"
for any n > 3.

Note that the families of open Riemann surfaces {(X,]p)}ep in the above results are considerably more
general than the Teichmuller families, in which the individual surfaces are quasiconformally equivalent
to one another. Let us look at the topologically simplest examples when the surface X is either simply or
doubly connected. Every complex structure on X = R? is biholomorphically equivalent to the standard
complex structure Jst on C or to its restriction to the unit disc D ¢ C. Although these two structures do
not belong to the same Teichmiiller family since they are not quasiconformally equivalent, we can put
both in a smooth family parameterized by B = [0, 1]. Similarly, every complex structure on X = R?\ {0} is
equivalent to J restricted to C* = C\ {0} ortoan annulus A, = {ze C:r < |z] < 1} for 0 <r < 1, and for
any 0 < rg < 1 we can realize all these structures with 0 < r < ry in a smooth family with the parameter
space B = [0,1].

Our proof of Theorem 1.1 strongly depends on the recent work [20] by the second named author. For
countably compact Hausdorff parameter spaces B which are local Euclidean neighbourhood retracts (a
class of topological spaces including all finite CW complexes and, more generally, all countable locally
compact CW-complexes of finite dimension), the main result of that paper is an Oka principle with
approximation for _#-holomorphic maps B x X — Y to any Oka manifold Y; see [20, Theorem 1.6]. (This
is the main reason why we need a Euclidean neighbourhood retract B in Theorem 1.1. The construction
in [18] only uses _#-holomorphic functions, which enables one to use any metric space as a parameter
space in view of [20, Theorem 1.1].) Applications in [20, Sec. 8] include the construction of continuous
families of holomorphic immersions X — C" for any n > 1, of holomorphic null immersions X — C" for
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any n > 3, and of conformal minimal immersions X — R" with any given family of flux homomorphisms
forn > 3.

The main novelty of the results in this paper is that we construct families of proper maps of the
given types; in the case of holomorphic immersions X — C&, this requires n > 2. Properness is a
nontrivial condition that is not easily achieved even for single maps. In fact, proper maps form a meagre
(topologically small) subset in any class of maps considered above, so it is not surprising that it is difficult
to construct families of proper maps. With the results from [20] in hand, our proof broadly follows the
original construction in [10] (see also [7, Section 3.11]) of a minimal surface in R? with given complex
structure and proper projection into a plane. However, our approach introduces several major differences
required to adapt the arguments to a variable family of complex structures. In particular, to compensate
the lack of a parametric version of the Runge approximation theorem for conformal minimal immersions
with fixed component functions (see [10, Corollary 4.8 and Theorem 4.9] or [7, Section 3.7]), which has been
a crucial tool in all previous constructions of proper minimal surfaces with arbitrary complex structure,
we employ a parametric version of the Lopez-Ros deformation for minimal surfaces [27], developed by
Alarcén and Larusson in [9], together with improved parametric versions of Gromov’s convex integration
lemma [25] (see Section 2.3).

We mention several open problems related to the results of this paper.

The analogous results for single maps in the above-mentioned works hold with approximation on
compact Runge subsets of X. We expect that this generalization is also possible in the present setting,
but the proofs become more complicated from the technical viewpoint.

The second question is whether an h-principle holds in these results. It has recently been shown by
Vrhovnik [34] that every nonflat conformal minimal immersion X — R", n > 3, is homotopic through a
family of such immersions to a proper one. Does the analogous result hold for families?

The maps in our main results are immersions. Every open Riemann surface X admits many proper
conformal minimal embeddings X < R" for any n > 5, and proper holomorphic null embeddings X < C"
for any n > 3 (see [4, 5], and [7, Sec. 3.10]). What can be said in this respect for families?

Assuming that the parameter space B is a smooth manifold, one may expect that refinements of the
techniques used in this paper, which are available in [20], yield families of immersions of the given types
depending smoothly on the parameter. In such a case, one may also hope that the use of transversality
methods would yield families of embeddings of the given types when the target Euclidean space has
sufficiently big dimension. We also expect that the analogue of Theorem 1.1 holds for continuous families
of conformal structures on a nonorientable smooth open surface X. Results in this direction for a single
conformal structure on X can be found in [6, 12].

The final problem concerns the universal family V(g,n) of n-punctured compact Riemann surfaces of
genus g with n > 1. The corresponding parameter space is the Teichmuller space T'(g, n), which can be
holomorphically realized as a bounded contractible Stein domain in a complex Euclidean space, and the
Teichmdller projection = : V(g,n) — T(g,n) is a holomorphic submersion whose fibre over any point
b € T(g,n) is the n-punctured compact Riemann surface (X,],) of genus g with the complex structure
determined by b. It was recently proved by the second named author that V(g,n) is a Stein manifold
[21, Theorem 1.1]. Furthermore, there is a holomorphic map F : V(g,n) — CN for some N € N whose
restriction F, = F(b,-) : (X,];) — CN to any fibre is a proper algebraic embedding [21, Corollary 3.5]. Can
one choose F such that Fj is a proper algebraic null embedding for every b € T(g,n)? If so, then the real
part RF : V(g,n) — R, restricted to any fibre of V(g, n), is a complete proper minimal surface with finite
total curvature. This would be a very interesting result.

2 Preliminaries
2.1 Families of complex structures on surfaces

Let X be a smooth, connected, orientable surface endowed with a smooth Riemannian metric. A complex
structure on X is given by an endomorphism J : TX — TX of its tangent bundle satisfying > = —Id.
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Thus, J is a section of the smooth vector bundle T*X @ TX — X whose fibre over x € X is the space
Hom(TxX, TxX) of linear maps TxX — TxX. (Note that every orientable vector bundle on an open surface
X is trivial. When X is orientable, this holds in particular for the tangent bundle TX and its derived vector
bundles.) Multiplication by i = +/—1 defines the standard complex structure Js on C. A differentiable
function f': X — C is said to be J-holomorphic if it satisfies the Cauchy-Riemann equation

dfy o Jx = idfx =Jstdfx, X €X.

A complex structure J is said to be of local Holder class k) for some k e Zy=1{0,1,2,..}and 0 <a < 1
if, for every relatively compact domain 2 € X, the restriction J|q € F*®(Q, T*Q ® T) is a section of class
¢®o) (Q) of the restricted vector bundle T*Q ® T2 — Q. (The Hélder norms are computed with respect to
the given Riemannian metric on X; see Gilbarg and Trudinger [24, Sect. 4.1].) For such J, there is an atlas
{(U;, ¢)}; of open sets U; C X covering X and J-holomorphic charts ¢; : U; — ¢;(U;) C C of class #*+1e) (1),
(See [15, Theorem 5.3.4], among other references.) It follows that the smooth structure on X determined
by a complex structure J of local class € ®® is #k+1® compatible with the given smooth structure on X;
see [16, Theorem 2.1].

Afamily # = {J}pep Of complex structures on X is said to be of class ¥%%®) if for any relatively compact
domain Q € X themap B 5 b — Jylg € T*9(Q, T*Q ® TQ) is continuous. If k = 0, we write €09 (Q) =
(). The proofs of our main results immediately extend to the case when ¢ is of class #*®% for any
k € Z., and they yield maps as in Theorem 1.1 and Corollary 1.2 that are of local class #%*+1® in the
reference smooth structure on X. See [20, Theorem 8.2 and Corollary 8.6] for the construction of families
of not necessarily proper maps of these classes.

If the parameter space B is a manifold of class %" for some [ > 0, we can also introduce the notion of a
family # of class &L ka): see [20]. In view of [20, Theorem 1.6], one may expect that our main results can be
extended to families of conformal minimal immersions and null immersions of class #*®+19) whenever
0<l<k+1and0 <« < 1. However, for simplicity we shall only consider the case [ = 0 in this paper,
that is, continuous dependence on the parameter.

Fix a reference smooth complex structure J on X. By a theorem of Gunning and Narasimhan [26], the
open Riemann surface (X,]) admits a holomorphic immersion z : X — C, which therefore provides a local
J-holomorphic coordinate on X at every point. A family # = {J,}pep 0f complex structures in the same
orientation class as J can then equivalently be given by a family of maps up : X > D={¢ € C: [¢| < 1}
of the same local smoothness class as J, and the same regularity in the parameter b € B, with u, = 0
corresponding to the reference structure J, = J. (See [20, Sec. 2] for the details.) Such a function uy is
called a Beltrami multiplier. Given an open subset U c X, any solution f : U — C of the homogeneous
Beltrami equation

fz = mfz 2.1)

is a holomorphic map from (U, /) to (C,Jst). The complex structure J, on X is uniquely recovered from the
Beltrami multiplier u; via this equation (see [20, Sect. 2]). If U is a domain in C and py is a measurable
function on U with [|upllys < 1, Wwhere || |« is the essential supremum, a map f satisfying (2.1) is also
called up-quasiconformal. The theory of quasiconformal maps on domains in C was developed by Ahlfors
and Bers [2], also for Beltrami multipliers in LP spaces for p > 1. (See the survey and references in [20, Sec.
2]) When 2 < p < oo, any local solution of (2.1) is of Holder class ¢* with « = 1 — 2/p, while for Beltrami
multipliers of class #%® with k € Z, and 0 < « < 1, the equation (2.1) has local solutions of class &*+1),
Furthermore, solutions in these function spaces can be chosen to depend locally analytically on u, so they
are as regular in the parameter b as the family u;, (or, equivalently, the family of complex structures Jj).

Ahlfors and Bers also developed the global theory of quasiconformal maps on planar domains. By [2,
Theorem 6, p. 396], for any w on the plane or the disc with ||ullec < 1 there exist unique u-conformal
homeomorphisms of the whole plane or the unit disk onto themselves with fixed points at 0, 1, co and 0,
1, respectively. We state the following special case for later reference.
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Proposition 2.1. Let « € (0, 1). Given a continuous family {/p}pes Of complex structures of class ¢ (D)
on the closed disc D = {¢ € C : |¢| < 1}, there is a unique continuous family of diffeomorphisms
¢p . D — Dofclass 0 (D) such that ¢ |p : D — D s J,-holomorphic and satisfies ¢, (0) = 0, ¢p(1) =1
forevery b € B.

A similar statement holds for a continuous family {J;}5c5 of complex structures of class €% on R?, with
a € (0,1), which are quasiconformally equivalent to the standard structure Js on C.

The Ahlfors-Bers theory extends to smoothly bounded relatively compact domains in smooth open
surfaces. If _# = {Jp}pep is a continuous family of complex structures of local class #®® on a smooth
open surface X and  is a smoothly bounded relatively compact domain in X, then every point by € B
has a neighbourhood By ¢ B and a continuous family of (Jp, J,)-holomorphic diffeomorphisms &; : @ —
@,(22) C X, b € By, of class €*+19) () (see [20, Corollary 4.5]). This result plays a major role in the proof
of the Oka principle for #-holomorphic maps F : B x X — Y to any Oka manifold Y (see [20, Theorem
1.6]). In turn, this Oka principle is the underlying tool to prove the results in this paper. It will be applied
for maps to the punctured null quadric

A={21,....20) €Cl =C"\ (0} : 23 + 25 +---+22 =0}, n=>3, 2.2)

and also to some other Oka manifolds. (For the theory of Oka manifolds, see [19, Chap. 5].)

2.2 Holomorphic null immersions and conformal minimal immersions

We recall the basics on holomorphic null immersions and conformal minimal immersions of open
Riemann surfaces to C" and R", respectively. For more information, see the monographs [7, 31], among
many other sources.

A holomorphic immersion F = (F1,F,...,Fp) : X - C" n > 3, from an open Riemann surface X is said
to be a null immersion if its differential dF satisfies the nullity condition

(dF1)* + (dFp)* + -+ + (dFn)* = 0.

Choosing a nowhere vanishing holomorphic 1-form 6 on X (such exists by [26]), we have dF = f¢ where
f=(,..../n) : X — Aisaholomorphic map to the punctured null quadric (2.2). Conversely, fixing a point

Xo € X, a holomorphic map f : X — A such that f6 is an exact 1-form on X determines a holomorphic null
immersion F : X — C" by

F(x)=F(x0)+/ 1o, xeX. (2.3)
Jxo

An immersion u = (U, Uy, ...,Up) : X - R, n > 3, is conformal if and only if its (1, 0)-differential ou =
(duq, Uy, . .., dUy) satisfies

Ou)? + Quz)? + - + (Bup)® = 0.
A conformal immersion u is minimal if and only if it is harmonic,
dd°u = —2id9u = 0.

In this case, 20u = /6 where f : X — A is a holomorphic map, and we recover u from f by

X
ux) = uxp) + N / 1o, xeX. (2.4)
JXo
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The formulas (2.3) and (2.4) are known as the Weierstrass representation of holomorphic null curves and
conformal minimal surfaces, respectively, and f6 is called the Weierstrass data of F or u.

In the special case n = 3 considered in this paper, a more explicit Weierstrass representation formula
for holomorphic null immersions F : X — C3 with dF = f6 = (f1,f,/3)0 is given by

0462 4o Do

where g : X — CP! is, up to a change of coordinates, the (holomorphic) Gauss map of F. (See [7, p. 101
and Sec. 2.5] for the details.) The real part of the above integral gives a formula reproducing conformal
minimal surfaces u : X — R3 from its Weierstrass data.

Given a continuous family # = {J,}pcp Of complex structures on X, there is a continuous family
{0p}pep Of nowhere vanishing J,-holomorphic 1-forms on X (see [20, Theorem 7.1]). Using such a family,
the analogous representation formulas hold for families of _#-holomorphic null curves and conformal
minimal surfaces with continuous dependence on b € B.

Let us record the following consequence of Proposition 2.1.

X

F() = F(xo) +/

Xo

Proposition 2.2. Assumethatu : D — R"is a conformal minimal immersion. Givenanumber0 <o < 1
and a continuous family of complex structures ¢ = {/p}pep Of class €*(D) on D, there is a continuous
family of J,-conformal minimal immersions u, : D — R” satisfying up(D) = u(D) for all b € B. The
analogous conclusion holds for families of j,-holomorphic null immersions D — C".

Proof. Letting ¢, : D — D be a continuous family of J,-holomorphic diffeomorphisms given by
Proposition 2.1, the family up = uo¢p : D — R”", b € B, clearly satisfies Proposition 2.2. The same
argument applies to Jp-holomorphic null immersions D — C". |

2.3 Convex integration lemmas

We shall use the parametric version of Gromov’s convex integration lemma; see Gromov [25, 2.1.7. One-
Dimensional Lemma] for the basic case and Spring [33, Theorem 3.4, p. 39] for the parametric case. (This
problem, with a different analytic formulation, also occurs in Optimal Control theory and is solved by the
so-called Relaxation Theorem; see [33, Chapter X] for a discussion and references.) By Conv(A) we denote
the convex hull of a subset A ¢ R™. The first lemma concerns the punctured null quadric A ¢ C" for
n > 3;see (2.2).

Lemma 2.3. Let B be a compact Hausdorff space, fo : B x [0,1] — A a continuous map, and fy :
B x [0,1] — C" a continuous map such that Fo(b,-) : [0,1] — C" is of class ¢1([0, 1), its t-derivative
Fob, t) = %Fo(b, t) depends continuously on (b, t) € B x [0, 1], and

Fo(b,0) =fo(b,0), Fob, 1) =fo(b,1) forallbeB.

Given € > 0 there is a continuous map F : B x [0, 1] — C" satisfying the following for all b € B:

(@) Attheendpointst = 0,1 of [0, 1], the values of F(b, -) and its first t-derivatives coincide with those
of Fo(b,-).

(b) IIF*Fol\oc. <e€.

() f(b,t):=F(b,t)eAforallte[01]

Proof. When B = {bp} is a singleton and A is replaced by an open subset @ ¢ C" with Conv(Q) = C",
the lemma coincides with [25, 2.1.7]. The parametric case follows from [33, Theorem 3.4, p. 39]. See also
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[23, proof of Lemma 3.1], where it is shown how to replace an open subset  c C" in the stated result
with the submanifold A c C". The idea of proof is to let @ be a small open tubular neighbourhood of A,
with a smooth retraction p : @ — A. Hence, Conv(Q) = C". Applying [33, Theorem 3.4, p. 39] to maps
B x [0,1] — @ and postcomposing them by the retraction p : @ — Agivesamapf : Bx [0,1] - A,
obtained by suitably deforming the map fy with fixed ends at t = 0, 1, such thatthe map F : Bx [0, 1] —
C" defined by

ot
F(b,t):Fo(b,O)+/f(b,s)ds, te[0,1], beB
0

satisfies the lemma, except that F(b, 1) is only close to Fo(b, 1) but not necessarily equal to it. As shown
in [23, Proof of Theorem 1.1], the identity F(b,1) = Fg(b, 1) for all b € B can be obtained by a suitable
correction, using period dominating sprays on a family of nondegenerate curves t — f(b,t) € A. 1tis
also explained in [23, Remark 3.2] why we can use any compact Hausdorff space B as the parameter
space, as opposed to merely manifolds of class % in the hypothesis of [33, Theorem 3.4, p. 39]. ]

Our second lemma pertains to maps F(b, t) whose t-derivatives belong to a continuous family of closed

connected algebraic submanifolds of C".

Lemma 2.4. Let Bbe a compact Hausdorff space, B = Bx[0, 1], and {Ap: i b eB, tel0, 1]} acontinuous
family of connected, closed, algebraic submanifolds of C”, n > 2, none of them contained in any affine
hyperplane of C. Denote by  : Z = B x C" — B the natural projection, and let A C Z be the subset
whose fibre over (b, t) € B equals Apt. Letfo . B— Ac ZandFy : B— Z be continuous sections of
7 :Z — Bsuch that Fo(b, ) is of class € ([0, 1]) for each b € B, its t-derivative Fo(b, t) = &Fo(b,t) € C"
depends continuously on (b, t) € B, and

Fo(b,0) =fo(b,0), Fo(b, 1) =fo(b,1) holdforallbeB.

Givene > 0, thereis asection F : Bx[0, 1] — Z of the same class as Fy satisfying the following conditions
forall b e B:

@) F(b,0) = Fo(b,0), F(b,0) = fo(b,0), and F(b, 1) = fo(b, 1).
(b) IIF = Folleo < €.
© fb,t):=Fb,t)eApforalltel0,1].

Remark 2.5. Lemma 2.4 will be used for families of nonsingular quadric curves
Ape = {x,y) € C2 X% +y? = c(b, 1))
with a continuous function ¢ : B x [0, 1] — C*; see Claim 3.4.

Proof. Since x : Z — Bis a trivial (product) bundle with fibre C", we shall occasionally identify a section
of = with a map B — C" without commenting.

Recall that A c Z is the closed subset whose fibre over (b,t) € B equals Ap,t. Note that for any open
subset U C Z containing A there are an open subset R ¢ Z with A ¢ R C U and a continuous
retraction p : R — A preserving the fibres of x, that is, such that = o p = =. (This follows from the
standard proof of the tubular neighbourhood theorem, saying that a closed smooth submanifold M of
another smooth manifold N admits an open neighbourhood U c N that is diffeomorphic to an open
tubular neighbourhood of the normal bundle of M in N, with a smooth retraction U — M.) Given a
compact set K ¢ C" and a number € > 0, we may choose R small enough such that

|z—p(b, t,2)| <€ for all (b,t) e Band z € K. (2.6)
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The conditions on the submanifolds A,; ¢ C" imply that Conv(A,;) = C” for every (b,t) € B (see [7,
Lemma 3.5.1]). Hence, there is a large ball B ¢ C" containing fo(E) such that

Fo(b,t) € Conv(Apy NB,fo(b, 1)) forall (b,t) € B.

Here, Conv(Ap, N B, fo(b, 1)) denotes the convex hull of the connected component of Ap N B
containing the point fo(b, t). Choose R > A small enough such that (2.6) holds for the given e > 0
in the lemma and the compact ball K = B. In this situation, [33, Theorem 3.4, p. 39] furnishes a section
F: B — Z of the same class as Fo satisfying conditions (a) and (b), and with (c) replaced by

(@ fb,t):=Fb,t) e Rp:NBforall (b,t) € B, and f(b,t) e Ay fort=0,1and b € B.

Setf=pof:B— A wherep:R — Aisthe given fibre preserving retraction. Note that f agrees with
f (and hence with fp) at the endpoints t = 0,1 of [0, 1] for every b € B, and condition (2.6) implies that
If = flloo < €. The map F : B — C" given by

- t.
F(b, ) = Fo(b,0) +/ Fb,s)ds
0

then satisfies conditions (a) and (c), and it satisfies condition (b) with 2¢ in place of €. ]

3 Proof of Theorem 1.1
3.1 Preparations

Forle N={1,2,...},l > 2, we denote Z; = Z/I1Z = {0,1,...,l — 1}. Let C C X be a (closed) Jordan curve.
By a division of C we mean a family of compact connected subarcs 2 = {a, : a € Z;} (L > 3) of C such that
Uaez, @a = C, the subarcs aq and o1 have a common endpoint and are otherwise disjoint for every a € Z;,
and ag Nae = @ forevery a,e € Z; with e ¢ {a—1,a,a+ 1}. Assume now that C = U§l1 C; c X is a union of
finitely many pairwise disjoint Jordan curves. By a division of C, we mean a family 2 = Uf: 1 2; where ;
isadivision of C; fori = 1,..., k; here the number of subarcs in %; might depend on i. Finally, assume that
K c X is a smoothly bounded compact domain with the boundary components Cy,...,Ck, so bK = C. If
8 > 0isanumber and v : B x K — R? is a continuous map such that v, = v(b,-) = (Vp,1,Vp,2,Vp3) - K — R3
is a Jp-conformal minimal immersion (on a neighbourhood of K) such that

max{v,1(p),Vp2(p)} > 8 foreveryp ebKandb e B,

then we say that a division 2 = (J£_; ; of bK = UX_, C; is compatible with (v, ) if the following conditions
are satisfied for every i e {1,...,k}:

(®1) The division ; of C; is of the form Z; = {«;jq : a € Z;} for an even integer [; > 4.

(®2) vp1(p) > 8 foreveryp € ajq, a € Zy odd, and b € B.

(D3) vyp(p) > 8 foreveryp € a4, a € Z;, even,and b € B.

(D4) Ifa e 7 and p;, denotes the only point in e, N g1, then vy 1 (Pa) # 0 and 3y, vy (piq) # 0 for
every b € B.

These conditions imply min{vy ; (p;q), Vb2 (D)} > 8 for everyie {1,...,k}, a € Z;, and b € B. In general,
given v and § as above, a division of bK compatible with (v, §) need not exist, but it always exists when
B is a singleton. This is an important extra difficulty with respect to the construction of isolated proper
minimal surfaces. Note also that the nonvanishing conditions in (94) are clearly open in the ¢!-topology;
this will be often used in the proof.
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We shall need the following notions.

Definition 3.1. ([7, Definitions 1.12.9 and 3.1.2]) An admissible set in X is a compact set of the form
S = KUE, where K is a (possibly empty) finite union of pairwise disjoint compact domains with piecewise
" boundaries in X and £ = S\ K is a union of finitely many pairwise disjoint smooth Jordan arcs and
closed Jordan curves meeting K only at their endpoints (if at all) and such that their intersections with
the boundary bK of K are transverse.

Let/ be a complex structure on X and 6 be a nowhere vanishing holomorphic 1-form on X. A generalized
J-conformal minimal immersion S — R3 of class ¢” (re N)is a pair (u,f6), whereu: S — R3isa¥’ map
whose restriction to S = K is a J-conformal minimal immersion, andf : S — A C C3 (2.2) is a map of
class ¢, J-holomorphic on S =K, such that f6 = 29;u everywhere on K, and for any smooth path g in
X parametrizing a component of £ we have that R(8*(f0)) = B*(du) = d(u o B). Similarly, a generalized
J-holomorphic null immersion S — C3 of class €" is a pair (F,f6), where f is as above and F : S — C" is a
¢" map (r € N) satisfying df = f6 that is J-holomorphic on S.

3.2 Outline of proof of Theorem 1.1

Let F, : H1(X,Z) — R3, b € B, be a continuous family of homomorphisms. We shall construct a map
U= (U1,Up, u3) : Bx X — R3 satisfying the theorem, with Flux,, = Fp and (Up1,Up2) : X — R? being
proper for every b € B, in an inductive process. To begin with, choose an exhaustion

[o¢]
XicXc-clJx=x (3.1)
j=1

of X by connected, smoothly bounded Runge compact domains such that X; is a disc, X; C 5(]41 for every
j € N, and the Euler characteristic x (Xj;q \5(]-) of Xj1q \)?j is either 0 or —1 for every j € N (such exists
by standard topological arguments; see, for example, [11, Lemmma 4.2]). The latter condition simply means
that the smoothly bounded compact domain Xj, 1 \Xj consists of finitely many connected components, all
of which are annuli, except perhaps one that might be a pair of pants, that is, a sphere with three discs
removed. Hence, X; is a strong deformation retract of Xj 4 when x (Xjq \)a(]-) = 0 (the noncritical case),
while the number of boundary components of X; and X; 1 differ by one when x (Xj,1\X;) = —1 (the critical
case).
We claim that there is a sequence &; = {, 7, ¢}, j € N, where

* W :BxX; — R3isacontinuous map such that ué) =u®,) = (1/2,1,1/;2,1473) : X; - R is a nonflat
Jp-conformal minimal immersion (on a neighbourhood of X;) with

max{u’l'm(p), L/éyz(p)} >j foreverypebXjandb e B; (3.2)

* 7 isadivision of bX; compatible with (t/,); and
* 0<¢ <1lisanumber,

such that the following conditions hold for everyj > 2:

(a)) max{u’};’l(p), Ltlé,z(p)} > j— 1 for every p € X; \)?j_l and b € B.
(b)) |ué(p) - Ltgl(p)| < ¢y foreveryp e X;_; andb e B.
(¢) ¢ < ¢-1/2, and ifv:X —> R3is a [p-conformal harmonic map such that |v(p) — u]b(p)| < 2¢ for
every p € X; and some b € B, then v is a nonflat immersion on X;.
(dy) Fluxu,- () = Fp(C) for every closed curve C C Xjand b € B.
b
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We emphasize that the existence of each division & is established as a part of the induction.
Assume that such a sequence exists. By (3.1), (b,-), and the first part of (cj), there is a limit continuous
map

u=limw:BxX —> R

J—>00
such that up = u(b,) = (Up1, Up2, Up3) : X — R3 is a Jp-conformal harmonic map with
lup(p) — u]l;(p)| < 2¢ for everyp e Xj,jeN, and b € B. (3.3)

The second part of (¢;) then guarantees that u, is a nonflat Jp-conformal minimal immersion, while
conditions (dj) ensure that Flux,, = F} holds for every b e B; take (3.1) into account. Furthermore, given
b e Bandj > 2, we have by (a;) and (3.3) that

max{up1(P), upp (@)} >j—1—2¢>j-3 foreveryp e X; \5(];1-

This and (3.1) imply that max{up 1, up 2} : X — Risaproper map, hence sois (U1, Up2) : X — R2. Therefore,
the map u satisfies the conclusion of the theorem.
To complete the proof; it remains to construct a sequence &; with the desired properties.

3.3 The induction

Setep = 1 and Xy = @. For the base case when j = 1, choose any nonflat Js-conformal minimal immersion
V= (V1,V,V3) : D — R3 such that

Vvi(p) > 1 and oy, v;(p) # 0 for everyp e Dand i € {1,2}. (3.4)

Since X; is a disc, Proposition 2.2 furnishes a continuous map u' : B x X; — R such that u} = u'(b,-) =
(ué’], uéyz, uéﬁ) : X1 — R? is a nonflat J;-conformal minimal immersion with u} (X1) = v(D) for every b € B.
It follows from (3.4) that condition (a1) and inequality (3.2) for j = 1 are satisfied, while any division 2 of
the Jordan curve bX; consisting of (for instance) 4 subarcs is compatible with (ul, 1); see conditions (D1) to
(©4) in Subsection 3.1. Furthermore, (d;) holds true since X is simply connected. Finally, by compactness
of B, the Cauchy estimates provide a number ¢; > 0 satisfying condition (cy), whereas condition (bq)
is void.

For the inductive step, fix an integer j > 2 and assume that we already have a triple §_; =
w1, Qf‘l,Ej_l} as above, satisfying condition (d;_;) and inequality (3.2) with j — 1 in place of j. We shall
construct a suitable triple §; = {W/, 7/, ¢} satisfying conditions (a;) to (d;) as well as inequality (3.2). For
this, we distinguish cases depending on the Euler characteristic of X; \ Xj_1.

The noncritical case. Assume that x (X; \ X;_1) = 0, so X;_; is a strong deformation retract of X;. "For
simplicity of exposition, we assume that bX; is connected, hence bX;_; is connected as well and X; \ X;_4
is a smoothly bounded compact annulus. For the general case, we apply the same procedure in each
component of X; \)0(]-,1.

Write Z1 = {aq : a € 7}, | > 4 even, for the given division of the closed Jordan curve bX]-,l compatible
with @1,/ — 1), and denote by p, the only point in aq N agy1, @ € Z;. Set

0% ={aez :aodd) and Z{" ={aeZ:aeven). (3.5)
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gt .
Ga—1 1 a_ Pa 1 {

Fig. 1. Configuration of sets in X; \5(]-,1.

It is obvious that Z; = 799 U Z¢'®" and z4 N Z§Ve" = . Conditions (D2) to (D4) then give the following
properties for every b € B:

1) u]l;l(l’) > j — 1 for every p € aq, a € 299
(I2) ué)_zl (2] >j —1 for everyp € ag, a € Z[Even.

(3) 9, u/}:l(pa) #0and g, u’b L (o) # 0 for every a e 7.

In particular,
min{u]l;1 Pa), u]l;l (pa)} >j—1 foreveryaeZ,beB. (3.6)

The first deformation. In the first step of the construction, we shall approximate 1/~ uniformly on B x Xi_1
by a continuous family & : B x X; — R3 of Jp-conformal minimal immersions with some control of their
images. For each a € Z; we choose a smooth embedded arc y; C X; \ Xj_1 with the initial point p, € bX;_4,
the final point g4 € bX]-, and otherwise disjoint from ij u bX]-,l. We choose the family of arcs yq, a € Z;, to
be pairwise disjoint and such that the set

S:Xj—lu U Ya

aez;

is admissible in the sense of Definition 3.1. Also, for each a € Z; we denote by 8, the arc in bX]- connecging
da—1 and gq without meeting any of the other points ge for e € Z; \ {a — 1,a}. We denote by Dq C X; \ Xj_1
the closed disc bounded by y,_1, aq, ¥4, and Bq, a € Z;. (See Figure 1.) Note that DyNDgy1 = ya, DaNDe = @
foree Z;\{a—1,a,a+ 1},

X\Xa=UDa= U Dav U Da 37)
a7, an;)dd aezgVen
and
b= b= U £av U #a (3.8)
agzy anlDdd aeziVen

Consider the _#-holomorphic map f : B x X;_; — A to the punctured null quadric (2.2) given by

f,) =23, u];_l/eb for every b € B,
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and set fy = f(b,") = (fh1./p2./p3) * Xj—1 — A. The following claim is an immediate consequence of
Lemma 2.3; for granting the second condition, take into account (3.6).

Claim 3.2. The pair of maps v/~ : B x Xi_1 — R3andf: B x Xj_; — A can be extended to continuous
maps =1 1 Bx S — R3andf : Bx S — A, respectively, such that, setting u/_1 =) =
U/m ,u’b2 ] h3) and fy =f(b,) = (fo1.fb,2.fb,3) for every b e B, the following conditions are satisfied:

* The pair (u’b_ fvBp) is a generalized J,-conformal minimal immersion S — R3 of class ¥ for every
beB (see Deﬁnition 3.1).

. min{u/ u’ b2 (p)} >j—1foreveryp e Ugez voand b e B.

* min{/, 1 (Ga), ) b (Ga)} > j foreverya e Zyand b € B.

* fpa (qg)fbrz(qa) # 0foreverygeZ and b €B.

By the Mergelyan theorem for families of conformal minimal immersions (see [20, Theorem 8.2 and
Corollary 8.6]), we can approximate /! uniformly on B x S by a continuous map & : B x X — R3
satisfying the following conditions for every b € B:

(I1;) The map &y = Gi(b, ) = (lip,1, Up, Up3) : Xj — RR3 is a J-conformal minimal immersion.
(1) | (p) — u’b_l(p)| <¢_1/3 foreveryp e X;_;.

(II3)  min{ly 1 (), W2 (p)} > j — 1 for every p € U,ez, va-

(I14) {nin{abil (4a), Up2(qa)} > j for every a € Z;.

(II5)  fp1(qa)fp2(qa) # O for every a € Z;, where

o = Gotfoofoz) = 20, 0/6 : X; — A

(IIg) Fluxab (C) = Fp(C) for every closed curve C C X, take into account (dj_l).
(1) fo1Pa)fs2(Pa) # O for every a € Z;; see condition (I3).

Taking a look into the conditions required in the induction, (II3) and (I;) show that the immersions i,
assume suitable values on Uz, va (see inequality (3.2) and condition (a;)), but they need not do so on the
complement of |J ez, va In Xj \ Xj_1, so we have to keep working.

The second deformation I a spray of Lépez-Ros transformations. We shall now deform the family i, on
Xj\ Xj_q in order to obtain more control on its image over the sets D, for a € Z?dd; see (3.7).

Consider the _#-holomorphic mapf : B xX; — Agiven byf(b, ) = fb :X; — Aforevery b € B. Our
next task is to embedf” as the core of a period dominating spray of maps B x X; — A, keeping fixed the
first component function; this will enable us to kill the periods in a subsequent step. In the nonparametric
case, this has typically been done using the Oka principle for sections of ramified holomorphic maps with
Oka fibres (see [19, Section 6.14]); a tool that is not available in the parametric framework. Instead, we
shall use a parametric version of the Lopez-Ros deformation for minimal surfaces (see [27]) as in [9]. Set

Y= 221 o :X; > CP!, beB. (3.9)
oz — if3
A calculation shows that
R 1,1 N
foa=3(5 ~w)ba and fos= 5(17 +n)fo1, beB. (3.10)
(See (2.5).) Moreover,
}:7 =fo2—ifis and Ypfor = —fio — ifh3 (811
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are Jp-holomorphic functions on X; for every b € B. Note that for any _#-holomorphic map (f”l, F.f3) 1 B x
X; — A sharing the first component fl with the map f ,thereisa _#-holomorphic function u : B x X; — C*
such that

~ 1 1 ~ i 1 A
foo = *(W - ubwb)fb 1 Sz = E(m +Mb10b)fb,1, beB. (3.12)

Fix a point xq € 59,1 and let I'y,...,';m be a family of smooth oriented Jordan curves in )a(j,l such that
any two of them only intersect at xo, they form a basis of the homology group H; (Xj_1,Z) (and hence also
ole(Xj, 7Z)),and the setT" = Uﬁl I';isRunge in X [7, Lemma 1.12.10]. Denote by P : Bx ¢(I', C*) — (C%)m
the period map that sends for each b € Bamap h € #(I',C*) to

P(b,h):(/ (ﬁ; hwam)eb)l_l me(cz)’“. (3.13)

Sincef”b isnonflat foreach b € B, the functionsfb,l/wb and ¢bfb,1 in (3.11) are complexlinearly independent.
We can therefore use [9, Claim 2.3] to obtain a continuous function

o :BxBxX;— C,

depending holomorphically on a parameter ¢ = (¢1,...,¢y) inaballB ¢ CN centred at the origin for some
large N e N and satisfying the following conditions for every b € B:

(Il1y) The function o (¢, b, ) : Xj — C* is J,-holomorphic for every ¢ € B.
(III3) o(0,b,p) =1foreveryp e X;.
(IlI3) o is period dominating, in the sense that the map

B3¢+ P(bo@,b,) e @CHN

is submersive at ¢ = 0; see (3.13).

Remark 3.3. Note that [9, Claim 2.3] provides such a function in the special case when J, does not
depend on b € B, so it deals with a single open Riemann surface instead of with a family. Nevertheless,
using also the argument in [20, proof of Theorem 8.2, the noncritical case], the proof in [9] extends in
a straightforward way to a variable family of complex structures on X.

Seta,p =0 (,b,-)fors eBand b e B, and let ¢ : B x B x X; — A be the continuous map

L1 R i
9(¢,b,) = (fb,l: ) AT +U:b’//b)fb1) @b)eBxB.  (314)

1
o b¥p or p¥p

It follows that ¢ is well defined (i.e., it takes values in A), and for every ¢ € B and b € B the map ¢(¢, b, ) :
Xi— A is Jp-holomorphic and satisfies (0, b, -) =fb.

The second deformation II: replacement of the core. We shall now replace the functions v in (3.14)
by suitable functions that are obtained by another application of the Lépez—Ros transformation with
parameters. The aim is to create a strong but controlled deformation of &, on the sets D, for a € Z?dd.

By (II;) and compactness of B, for each a € Z?dd there is an open, smoothly bounded disc neighbourhood
Aq of pq in X;, with Deltag N (bX; U Ueezy\ i) ¥e) = @, such that

For@fy2 (@) #0 for every p e Deltag and b € B. (3.15)

9202 1990}00 €0 U0 15NB Aq 61 10988/£2ZBEU/6 |/9Z0Z/9191HE/UILI/WOS"dNO"DIWSPEDE WO} PAPEOJUMO]



International Mathematics Research Notices, 2026, Vol. 2026, Issue 19 | 15

Further, by (I3), (IIy), (II5), and compactness of B, for each a € Z?dd there is a closed disc Q4 C Dg \ (yq-1 U
ag U yg) such that the following conditions hold:

(IVy) €4 N Bgis a compact connected Jordan arc.

(IVy) {ya(p) >j—1foreveryp e Dg\ 2qand b € B.

(IV3) 1y (p) > jforeveryp € Ba \ Qq and b € B.

(IV4) AqNDbQq # @ and Dg N (Ag \ Qo) is path connected. (The latter condition might require to replace
A4 by a smaller neighbourhood of pg.)

(IVs) Jo1(@)fo2(p) # 0 for every p € By \ Qq and b € B.

Denote by B9~ the connected component of B4 \ Q¢ with g,—1 as an endpoint and g¢ the one containing
qa. Denote by ¢! and q4% the other endpoint of %1 and B&, respectively. Clearly,

Ba\ Qa = pE 1 UBL (3.16)

In view of (IVy), for each a € Z2% there is a smooth embedded arc & C (Dq \ $2a) N Aq with initial point
Py € aa\ {pa} and endpoint g, € b2q, and otherwise disjoint from bD, U b€2,. Choose these arcs so that the
Runge compact set

s=x0( U pa)u( U 20u&)cX

aezZgen aezpdd
is admissible (Definition 3.1); see Figure 1. Condition (3.15) ensures that

fb,l(p) #0 foreverybeB,peé, andae Z?dd. 3.17)

Claim 3.4. For any number r > 0 there is a continuous function u : B x 5°44 — C* such that, setting
1ty = (b, -), we have that u,(p) = 1 for every p € SO\ |J,,_j0a4 £a and
|

1 .
.‘)t/ (— - sz//b)fbﬁb >t foreveryae Z?dd and b € B.
g \Mb¥h

This follows from Lemma 2.4, applied to the family of maps (fb,z, fbﬁ) (g —> Cle Z?dd, b € B),
together with the observation in (3.12). Indeed, let ¢ € [0, 1] be a regular parameter on the arc &, for some
a e 704 Since fo1(H) # O forallb e Band t € [0,1] (3.17), the equation x? + y* = —f, 1 (0 defines a
nonsingular quadric curve A, c C?, and it remains to apply Lemma 2.4 to families of maps [0,1] 5 ¢ +
(Foa(0.J5.3(D) € Apy With f;(0) = fy,;(0) and fy,;(1) = fy;(1) for b € Band i = 2,3. The observation (3.12)
gives for each arc &;, with a € Z?dd, a continuous family of multipliers up 4 : §g — C* (b € B) assuming the
value 1 at the endpoints of &,. Hence, we can extend these functions to uj : $°4 — C* taking the value 1
on the complement of |J aezpid &a.

Consider a function p given by Claim 3.4 for a fixed large number t > 0 to be specified later. Since C*
is Oka, the Mergelyan theorem for families of holomorphic maps into Oka manifolds in [20, Theorem 1.6]
furnishes a continuous function 2 : B x X; — C* satisfying the following:

(V{) The function 2, = a(b,-) : X; — C* is J,-holomorphic for every b € B.
(V2) 1ap(p) — 1| < 1/7 for every p e s0dd \ Uan?dd ggand b € B.

(V3) 9 [, (ﬁ - ﬁblﬂb)fb,leb > ¢ forevery a e z994 and b € B.

Assuming that > 0 is chosen sufficiently large, the implicit function theorem provides, in view of (V5)
and the period domination property of the spray ¢ in (Ill3), a continuous map B — B sending b € B to
¢p € B and satisfying the following conditions:
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(VI}) ¢ e B forevery b e B, where B’ ¢ B  CV is any given ball centered at the origin.
(VI;) Setting hy = o' (¢, b, )iy, we have that P (b, hy) = P(b, 1) for every b € B; see (3.13).

Consider the continuous map v : B x X; — CP' given by
vy =¥ (b,) =y = o0&y, b, )iipvy, beB
(see (3.9)) and the continuous map ¢ : B x X; — A given by

A~ 1,1 A\ i1 Y
90, = (fb,l) 2 (5 = 5 (5 I/fb)fb,l): beB; (3.18)

cf. (3.14) and (2.5). It turns out that ¢ is well defined (i.e., it takes its values in A), and the map ¢, =
(@,1,Pp,2>Pb3) = $(b,-) : Xj — A s Jp-holomorphic for every b e B; that is, the map ¢ is _#-holomorphic.
Moreover, condition (VI,) ensures that the J;-holomorphic 1-form (¢ — fb)eb isexacton X; forevery b € B.
Consider the continuous map u' : B x X; — R3 given by

p
u,(p) = u'(b,p) = lp(xo) + ‘h/ @0y forpeXjandb e B,

X0

where xg € 59-,1 was fixed above. The following conditions hold for every b € B:

(i1) The map u;) = (u;) 1 ”Zz’ u;)3) (X — R3 is a Jp-conformal minimal immersion.
(i) wj,, = Uy everywhere on X;.
(3) Fluxy = Flux, = Fplg, g2 see ().

Furthermore, assuming that the ball B’ in (VIy) is sufficiently small and « > 0 is sufficiently large,
conditions (II3) to (IIs), (II7), IVs), (V2), (V3), and (VI1) guarantee the following for every b € B:

i) |, (p) — Up(p)| < €j_1/3 forevery p € Xj_4 U UaEZleven Dg.
is) u;,z(p) > jforeveryp e UaEZ?dd Qq.
i) min{w,, (p),u,,(P)} > j — 1 forevery p € Usey, va.
i7) min{u})vl(qa), uéyz(qa)} > jfor every a € 7.
(i8)  @p1(qa)Pp2(qa) # O for every a € Z;.
(i9)  Pp1(Pa)Pp2(Pa) # O for every a e ;.
(i10) @1 () # 0 for every p € Bq \ Qg and a e Z94,
(1) $p2(qe Hdna(qd) # O for every a e Z99Y; see (3.16).

In particular, (i) and (i5) together with (IVy) and (IV3) guarantee the following:

(i12) max{u;)’l(p), u;)z(p)} >j—1foreverype Uan?dd Dgand b € B.
(i13) max{u;’l(p), ug)z(p)} > jforeveryp e UaEZlﬂdd Bqand b € B.

This shows that the immersions uz take suitable values on | aezgd Dg (see (3.2) and condition (aj) in the
induction), but need not do so on Uanleven Dy (see (3.7)), so we have to keep working.

The third deformation. Repeating the arguments in the second deformation but for values a € Z;"*" and
starting with v in the place of &1, and taking into account conditions (i;) to (i3), we can obtain a continuous
map v : B x Xj — R3 with the following properties for every b e B, where the sets 4 and g, and the
points ¢! and ¢2 fora € Z7'*" are defined analogously to those for a e Z?dd.

(i) The mapu, = W, 1, ”]1;2’ Lt]ég) =uw(b,") : X; — R% is a J,-conformal minimal immersion.
(iip) ”]z;,z = ”Z,z everywhere on X;.
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0301 03a G301 030+2  Jgqs

03a+4
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Fig. 2. The division 2/ of bX;. Assuming that a € Z?%, the numbers 1 and 2 inside the circles point out the

component function u’,; ,or u’bz, respectively, that is suitably big in each set according to conditions (iis) to (iig).

(ii3) Fluxu,b = Flux% = Fluxy, = Fplu, x,2)-

(iig) |ué(p) —w,(p)| < ¢_1/3 foreveryp e X;_1 U UanlOdd Dg.

(iis) w,,(p) > j foreveryp e Uaezgren 2a) U (Ugezpas Ba\ Qo).

(iig) ”]b,z(P) > jforeveryp e (UaEZ;}dd Qa) U (Ugezeven Ba \ Qa)-

(ii7) w,,(p)>j—1foreverype Uaezgia Da \ Qa-

(iis) u),,(p)>j—1foreverype Uagezgven Da \ Q.

(iig) 3, (p) # 0 and 3, , (p) # O for every p € Ugez, (90,46~ 43}

It is then clear that i/ satisfies inequality (3.2) (see (iis), (ilg), and (3.8)) as well as conditions (a;) (see (iis)
to (iig) and (3.8)), (b)) (see (1), (i4), and (ii4)), and (d)) (see (ii3)) in the induction. (See Figures 1 and 2.)

By compactness of B, the Cauchy estimates allow us to choose a number ¢; > 0 so small that (c;) holds.
Finally, for each a € Z; = {0,1,...,l — 1} consider the arcs

83q = ,Bg71: 83041 = BaNQa, and 683gqn = 53,

with the endpoints g,_1 and ¢4~1, ¢%~! and ¢2, and q2 and qq, respectively; see (3.16) and Figures 1 and 2.
It follows that 2 = {8, : a € Zg} is a division of bX; that, in view of properties (iis), (iig), and (iig), is
compatible with (i, ); see conditions (91) to (94) in Section 3.1 and recall that [ > 4 is even. This closes
the induction in the noncritical case.

The critical case. Assume that x(X; \Xj,l) = —1, so the number 9f boundary components of ij,l
and bX; differ by one. For simplicity of exposition, we assume that X; \ X;_1 is connected, hence it is a pair
of pants with boundary bX;_; U bX;. Otherwise, the other components of X; \5(]-,1 are all annuli, and we
argue on them as in the noncritical case. We distinguish cases.

Case 1: bX]-_l is connected. So, ij has two connected components. As in the noncritical case, write g1 =
{aq : a € 2y}, 1 = 4 even, for the given division of the closed Jordan curve bX;_1 compatible with Ww1j-1),
denote by pq the only point in eg Neg11, a € Z;, and set Z?dd and Zle"e“ as in (3.5). Thus, conditions (I1) to
(I3) in the noncritical case are satisfied.

We may assume without loss of generality that [ > 8 is a multiple of 4. Otherwise, we choose a subarc
ag, of ag, having p;_; as an endpoint and so small that for every b € B and p € o we have

min(u, | p),u), @) > -1, d,u @) £0, ), () £0.

Such a subarc exists by compactness of B and conditions (I1) to (I3). Then, splitting «;, into any family of {
adjacent subarcs, say g, ..., 8, with pi_; € By, we obtain that {84,..., B, @0 \ @, @1, ...,o_1} is a division
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a0

Qp/2-1 /241

Qq/2

Fig. 3. Critical case 1.

of bX;_1 that is compatible with (W=1,j — 1) and consists of 21 > 8 arcs, which is a multiple of 4 since !
is even. _

Consider the _#-holomorphic map f : B x X;_1 — A given by f(b,-) = 29, ubel/Qb for every b € B, and
setfy =f(b,) = (fy,1,/p2,/p3) : Xj—1 — A. Choose a pair of points

qeao\{p-1,p0} and q € a2 \ {Py2-1,Py2}-

Also, choose a smooth embedded arc y C X] \5(]-,1 with the initial point g, the final point ¢’, and otherwise
disjoint from bX;_;. We take y such that the compact set

S=X_1Uy CX

is admissible (Definition 3.1) and a strong deformation retract of X;. (See Figure 3.)
The following claim is an immediate consequence of Lemma 2.3; for the second condition, take into
account (Iy) and that [/2 is even.

Claim 3.5. The pair of maps /=1 : B x X1 — R3andf: B x Xi—1 — A can be extended to continuous

maps U~ : Bx S — R3andf: Bx S — A such that, setting L/l;1 =u-"(b,) = (L/&J,L/E;,L/J;) and

fo =1, = (fp1./b2.p3) for b e B, the following conditions are satisfied for every b € B:

* The pair (L/E,fbé)b) is a generalized J,-conformal minimal immersion S — R3 of class ¢ (see
Definition 3.1) and [ f»0p = iF,(C) for every closed curve C c S. (Note that y is a part of a new
homology class in S.)

. u’b’/; (p) >j—1foreverypey.

By the Mergelyan theorem for families of conformal minimal immersions in [20, Theorem 8.2 and
Corollary 8.6], we can approximate 1/~ uniformly on B x S by a continuous map i : B xXj — R3 satisfying
the following conditions for every b € B:

(A1) The map l = (b,-) = (lp,1, Up 2, Up3) : Xj — R is a J,-conformal minimal immersion.
(Ay) Upa(p) >j—1foreverype Uaezludd og.

(A3) o) >j—1foreverypeyu Uaezleven ag.
(Ag)  Fluxy, (O) = Fp(0) for every closed curve C C Xj; take into account (dj_1).

(As) fm(pa)fm (pa) # 0 for every a € Z;, where

fo = (or.fonfoz) = 207, 0p/6p : X; — A.
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By (As) and compactness of B, we may choose a closed disc neighbourhood D of y in)?j such that D\f(j,l
is a closed disc that intersects bX;_1 in a pair of small closed arcs around the points g € ag and ¢’ € «yy,
DnNag=w foreveryae Z;\ {0,l/2}, and

lpo(p) >j—1 foreverypeDandb e B. (3.19)

Moreover, we choose D such that X;_; U D is a smoothly bounded compact domain that is a strong
deformation retract ofXj. Set I' = /2, and note by the assumption on [ that I > 4 and is even. It turns out
that X;_1UD has two boundary components; one of them, say Cy, containing the arcseg fora =1,...,I'—1,
and the other one, say C», containing the arcs og fora=10'+1,...,1— 1. Moreover,

(xé:Cl\(alU---UOllr_l) and a%:CZ\(al/+1U---Ua1_1)

are connected arcs with endpoints py_; and pg, and p;_; and py, respectively. (See Figure 3.) Setting o} = aq
and 2 = ap,q fora = 1,...,I — 1, we have that D; = {&, : a € Z} is a division of C;, i = 1,2, hence
D =Dy UD; is a division of b(Xj_1 UD) = C; U C,. Finally, (Az), (A3), (As), and (3.19) guarantee that D is
compatible with (ii,j — 1); see conditions (1) to (94) in Section 3.1. This and (3.19) reduce the proof to the
noncritical case, provided the approximation of /=1 by il on B x S is sufficiently close.

Case 2: bXj_q has two connected components. So, bX; is connected. Write C; and C; for the components
of bX;_y and /= = D; U D, for the given division of bX;j_; compatible with (~1,j— 1), where D; = {a}, :
a e 2y}, l; = 4 even, is a division of C; for i = 1,2. Arguing as in the beginning of Case 1, we can assume
that l; = I = L. Denote by p}; the only point in o Nal,,, i = 1,2, a € Z; and set Z¢% and Z{'*" as in (3.5).

a+1°
Conditions (92) to (©4) then give the following properties for every b € B:

(B1) u’l;l(p) >j—1foreverypeal,i=1,2aez
(By) l/bjzl.(p) >j—1for every p al,i=1,2,ae Z3ven,
(B3) 3, u’bfl(pfl) #0and 9, u’bfl(pé) #0foreveryi=1,2anda e 7.

Arguing as in Case 1, we can find a continuous map & : B x X; — RR3, close to /1 uniformly on B x Xi_1,
and a closed disc D c X] satisfying the following conditions (see Figure 4):

(C1) The map @, = i(h,) = (1,2, Up3) : X; — R is a Jp-conformal minimal immersion for every
beB.

Cy) lip1(p) >j—1foreverype Uan?dd al,i=1,2,and b € B.

C3) Up2(p) >j— 1foreveryp e DU gegeven al,i=1,2,andb e B.

Cyq) Fluxﬂb (C) = Fp(C) for every closed curve C C Xj and b € B; take into account (d;_1).

Cs) for(Pifoa(@h) # 0 for every a € Z;,i = 1,2, and b € B, where

o = Gotfoofoz) = 20, W/6 : X; — A

Cg) D \5(];1 is a closed disc that intersects bX;_4 in a pair of small closed arcs, one in the relative interior
of o} and the other in the relative interior of a3.
(C7)  Xj_; UDis asmoothly bounded compact domain that is a strong deformation retract of X;.

It follows that I = b(X;_1 U D) is connected, it contains the arc ol foreverya e ;\ {0yand i = 1,2, and
the set

T\ Ui:l,Z(all U..-u aLl)
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1 2
- a1 Q1
ﬂ/
g
B
1 2
Xj1 Xj-1 @ af

Fig. 4. Critical case 2.

is the disjoint union of two arcs, say, # and g’, with endpoints p; , and p3, and p? , and pJ, respectively.
Setting g = B, aqg = o for a € 7\ {0}, oy = B, and a4 = o} for a € Z; \ {0}, it turns out in view of
conditions (Cy), (C3), and (Cs) that D = {aq : a € Zy} is a division of b(X;_4 U D) that is compatible with
(&,j — 1). This and (C3) reduce the proof to the noncritical case.

This closes the induction and completes the proof of the theorem.

Remark 3.6.

(@) Our construction shows that the family of proper J,-conformal minimal immersions uy, : X — R3in
Theorem 1.1 can be chosen such that the family of their Weierstrass data f, = 29, up/6p : X — A,
b e B, is homotopic to any given continuous map B x X — A. The analogous remark holds for
families of proper null curves X — C3 in Corollary 1.2.

(b)  Our construction also gives a map u satisfying Theorem 1.1 such that max{uy 1, up >} : X — Ris
a proper map for every b € B. The same holds true in the context of Corollaries 1.2 and 1.3.
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