THE OKA PRINCIPLE FOR HOLOMORPHIC FIBRE BUNDLES OF
HOLDER-ZYGMUND CLASSES ON STRONGLY PSEUDOCONVEX DOMAINS
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ABSTRACT. Let Q be a compact strongly pseudoconvex domain with smooth boundary in a Stein
manifold, and let h : Z — € be a fibre bundle of Holder-Zygmund class A", » > 0, which is
holomorphic over 2. Assuming that the fibre is an Oka manifold, we prove that every continuous section
fo : © — Z is homotopic to a section f; : @ — Z of class A" (£2) which is holomorphic on €2, and we
establish a parametric version of the same result. As an application, we obtain the Oka principle for the
classification of vector bundles and principal bundles of Holder—Zygmund classes.
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1. INTRODUCTION

A complex manifold Y is said to be an Oka manifold (see [[14] and [15, Chap. 5]) if maps X — Y
from any Stein manifold X satisfy the h-principle, also called the Oka principle. This means in
particular that any continuous map fy : X — Y is homotopic to a holomorphic map f; : X — Y}
if fo is holomorphic on a neighbourhood of a compact holomorphically convex subset K of X and
on a closed complex subvariety X’ of X then a homotopy f; : X — Y (¢ € [0,1]) from fy to a
holomorphic map f; can be chosen to consist of maps which are holomorphic on a neighbourhood
of K, uniformly close to fo on K, and such that the homotopy is fixed on X’. The analogous
results hold for sections of holomorphic fibre bundles with Oka fibres, and for sections of elliptic
holomorphic submersions Z — X onto a Stein space. For the theory of Oka manifolds and Oka maps,
see [11} 12} [15) [16]. Classical examples of Oka manifolds include complex homogeneous manifolds
(see Grauert [24} 25]] and [[15} Proposition 5.6.1]) and, more generally, Gromov elliptic manifolds (see
[27] and [15, Corollary 5.6.14]). Oka manifolds Y are characterised by the approximation property for
holomorphic maps K — Y from (neighbourhoods of) compact convex sets K C C™ by entire maps
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C™ — Y (the convex approximation property, CAP); see [14] and [[15, Theorem 5.4.4]), and by convex
relative ellipticity, CRE (see Kusakabe [35, Theorem 1.3] and [[12} Definition 1.5 and Theorem 1.6]). It
has recently been shown that every projective Oka manifold is elliptic [[17]], but there exist noncompact
Oka manifolds which fail to be elliptic [36}[11]. Modern Oka theory has diverse applications.

In the present paper, we establish the following 1-parametric Oka principle for sections of
fibre bundles of Holder—Zygmund classes A% (Q) (r > 0) with Oka fibres on compact strongly
pseudoconvex domains ) with Stein interior. The definition of the Banach space Af'ﬁ(ﬁ) is given
in Subsect. 2.1} and fibre bundles of this class are introduced in Subsect. 2.2

Theorem 1.1. Assume that ) is a relatively compact, strongly pseudoconvex domain with smooth
boundary b§) in a Stein manifold X, r > 0, and h : Z — Q is a fibre bundle of Holder—Zygmund
class A" (Q) which is holomorphic on ). Assuming that the fibre of h is an Oka manifold, every
continuous section fo € I'(Q, Z) of h is homotopic to a section f € I",(Q, Z) of class A" () which
is holomorphic on Q. Furthermore, every homotopy of continuous sections { ft}te[O,l] € T(, Z) with

fo, f1 € T7%(Q, Z) can be deformed with fixed ends to a homotopy in I',(Q, Z).

Theorem is proved in Sect. [6| where we also give a fully parametric version, Theorem
The proof will also give an approximation theorem common in Oka theory: if the given section
fo in the theorem is holomorphic on a neighbourhood of a compact holomorphically convex subset
K C (, then the homotopy from fp to a holomorphic section f; can be chosen to consist of
section that are holomorphic on a neighbourhood of K and approximate fy uniformly on K. A
stronger approximation theorem, with K C € holomorphically convex in €, is also possible; see
[8, Theorem 6.1] where the analogue of this result is established for fibre bundles Z — Q of class
d"Q) = {f € €"(Q) : flo € O}, r € Zy = {0,1,2,...}. Here, O(Q) is the space of
holomorphic functions on 2.

The motivation for the present generalisation of the results from [8] is that the spaces A” behave
better than the % or Lipschitz spaces for many operators considered in analysis, as was already noticed
by Zygmund in 1945. More explicitly, I was asked by Andrei Teleman in a private communication
(January 2026) whether Theorem [I.T/holds. He intends to apply this result in a project of his.

Although Theorem|l.1|and the other results of the paper are stated for domains in Stein manifolds,
they hold for any compact complex manifold {2 with Stein interior and smooth strongly pseudoconvex
boundary. Indeed, by Ohsawa [43]], Heunemann [31]], and Catlin [3]] such a manifold holomorphically
embeds as a smoothly bounded strongly pseudoconvex domain in a Stein manifold.

We refer to Subsect. for the definition and basic properties of Hélder—Zygmund spaces A" ().
Forr = k+awithk € Z, and 0 < a < 1, A"(Q) coincides with the Holder space (). For
integer values r = k + 1 € {1,2,...}, the Zygmund space A**'(Q) properly contains the Lipschitz
space €1 () of functions whose derivatives up to order & are Lipschitz continuous on Q. The main
difference is that, in the definition of the A' norm of a function f, one replaces the first difference
Apf(z) (see 2.1)) by the second difference A? f(z) = Aj o Apf(x) (see 2.2)). The Zygmund
class A! is the natural substitute for the Lipschitz class €%! = Lip' in many contexts. There are
continuous strict embeddings among the classical and the Holder—Zygmund scales on any Lipschitz
domain; see (2.10). An important fact used in the proof of Theorem is that the canonical (Kohn)
solution operator for the J-equation is bounded on A" () when €2 is a smoothly bounded strongly
pseudoconvex domain; see Beals et al. [[1]. The result that we shall use is stated as Theorem@

On the way to Theorem (1.1} we obtain several other results of independent interest. Given a
Lipschitz domain 2 € X, we denote by &(£2) the space of holomorphic functions on 2, and for any
r > 0 we let

AL(@) = {f € (@) : flo € O().
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Similarly we define the mapping spaces €(,Y) and A% (Q,Y) C A"(Q,Y) for any complex
manifold Y. Given a compact set K C X, we denote by &'(K) the space of restrictions to K of
holomorphic functions in open neighbourhoods of K, endowed with the inverse limit topology. The
notation &'(K,Y’) is used for the space of maps of this kind to a complex manifold Y.

We have the following approximation theorem.

Theorem 1.2. Let Q) be a relatively compact, smoothly bounded, strongly pseudoconvex domain in
a Stein manifold X, and let Y be a complex manifold. Every map in A%(ﬁ, Y), r > 0, can be
approximated in the A" (Q,Y’) topology by functions in O(,Y).

Theorem [I.2]is proved in Sect. [3} see also the parametric version in Theorem [3.2] The analogue
of Theorem |1.2|is known for spaces /" (Q) with r € Z,; see [29, Theorem 2.9.2, p. 87] and [10,
Theorem 24, p. 165]. For approximation of manifold-valued maps in .&/" (€2, Y), where Y is a complex
manifold, by holomorphic maps from open neighbourhoods of € in X, see [8, Theorem 1.2], [15|
Theorem 8.11.4], and [10, Corollary 9, p. 178]. The last mentioned result in [10]] is a more general
Mergelyan-type approximation theorem on strongly admissible sets in Stein manifolds.

We also have the following result generalising [[13, Theorem 1.1 (i)]. The proof in [13| Sect. 2]
also applies to spaces A7,(Q,Y).

Theorem 1.3. Assume that Q) is a relatively compact, smoothly bounded, strongly pseudoconvex
domain in a Stein manifold and Y is a complex manifold. For every r > 0 the space A, (Q,Y) is
a complex Banach manifold. The tangent space TyA',(Q,Y) at a point f € A, (0, Y) is the space of
sections of class Ay, (Q) of the complex vector bundle f*TY — Q.

In the proof of Theorem |1.1, we shall need several results concerning vector bundles £ — € of
class A’}f(ﬁ) on smoothly bounded strongly pseudoconvex Stein domains €2; see Sect. |4} In particular,
we obtain Theorem A for such bundles; see Theorems and Their proof is based on Cartan’s
lemma for maps of Holder—Zygmund classes to a complex Lie group; see Lemmas M.5]and Remark
M.6] The main technical results used in the proof of Theorem [I.1] are a splitting lemma (see Lemma

[5.T) and a gluing lemma (see Lemma|5.3) for sprays of sections of class Aj;.

An application of Theorem is the following Oka principle for vector bundles of class A7; (Q),
proved in Sect.[7] The analogous result for principal fibre bundles is Theorem[7.2]

Theorem 1.4. Let ) be a relatively compact, smoothly bounded, strongly pseudoconvex domain in a
Stein manifold. The following hold for every real number r > Q.

(i) Every topological complex vector bundle on Q is isomorphic to a vector bundle of class A7 Q).
(ii) If a pair of vector bundles of class A7, Lﬁ) are isomorphic as topological complex vector bundles,
then they are also isomorphic as A;(S2) vector bundles.

This result is classical for vector bundles on Stein spaces; see Grauert [26], with the special case
of line bundles due to Oka [46]]. (See also Leiterer [39] and [15, Theorem 5.3.1].) For vector bundles
of class &/ k(ﬁ), k € Z, see Leiterer [37, 38] and Heunemann [30, Theorem 2].

Remark 1.5. The results of this paper apply to a wider class of mapping spaces. Assume that F is a
contravariant functor from the category of compact smooth manifolds M with boundary to the category
of Banach algebras of C-valued functions on them, satisfying the following conditions:

(a) €°(M) C F(M) C € (M) and both inclusions are continuous.
(b) A smooth map ® : M — M’ induces a homomorphism ®* : F(M') — F (M) of Banach algebras
by f+— fo®for f € F(M').
(c) Postcomposition by a smooth function C — C induces a continuous selfmap of F(M).
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These properties imply that the topology on F (M) can be defined via local charts, and hence the
definition of these classes extends to differential forms and other tensor fields on M. Furthermore, we
can introduce vector bundles and more general fibre bundles of class F; see Palais [47, 48] and the
references in [13]. When M = Q is a compact complex manifold with smoothly boundary, we define

Fo(@) ={f € F(Q) : flo € 6()}.
The analogous definition yields the mapping space F (£, Y) for any complex manifold Y. Conditions
(a)—(c) on the functor F clearly imply the following properties:

e A smooth map ® : Q — Q' which is holomorphic on (2 induces a homomorphism ®* :
Fo@) = F@by frs fod, f € Fp(@).
e Postcomposition by an entire function g : C — C induces a continuous selfmap of F, ().

To conditions (a)—(c) we add the following condition:

(d) There is a bounded linear operator T' : F1(Q) — F(€) satisfying d T(a) = « for any (0, 1)-
form o € Fy 1(Q) with da = 0.

In the proofs of our results, the operator 0 is only applied to functions of the form  f with y € €*°(Q)
and f € Fg(Q). In this case, the derivative d(x f) = fOx € Fo,1(Q2) is of the same class as f.

Inspections of proofs of our results show that they hold on Banach algebras F4(£2), and for vector
and fibre bundles of this class, when F satisfies condition (a)-(d). Examples include Holder spaces
Q) (k € Zy, 0 < a < 1), Holder-Zygmund spaces A”(Q) (r > 0), and Sobolev spaces
WHEP(Q) (k€ N, 1 < p < oo, kp > dimg §2), among others.

2. PRELIMINARIES ON HOLDER-ZYGMUND SPACES A"

In the first subsection, we recall the definition and basic properties of Holder spaces €%
(k € Zy4, 0 < a < 1) and Holder—Zygmund spaces A" for any real » > 0. We refer to the papers by
Gong [21}, Sect. 5], Wallin [53]], and the monographs by Gilbarg and Trudinger [[19} Sect. 4.1] and Stein
[52, Sect. V.4] for more information. In the second subsection, we introduce vector bundles and more
general fibre bundles of these classes. In the third subsection, we recall the results on the canonical
solution to the J-equation in the spaces A", which will be used in the paper.

2.1. Holder-Zygmund spaces. Let 2 be a domain in R™. Given a function f : Q@ — C and
h € R™\ {0}, the first and the second difference of f at x € ) with step h are defined by

2.1 Ap(z) = flz+h)— f(x), x+hel
(2.2) A?f(z) = flx+2h)+ flx)—2f(x+h), z+h, o+2hcQ.
The function f belongs to €%%*(Q,x) (x € Q, 0 < a < 1) if

—a — J\Z
[flaz = sup  |h|"¥Apf(z)] = sup —\f(y) fi ) < 00.
h£0, 2+ heQ ve\{z} 1Y — |

Such f is said to be Holder class a at z. For o = 1, €%%(Q, 2) = Lip' (£, z) is the Lipschitz class.
The Holder-« space on ) is

(2.3) Q) ={f:Q=>C:|f

w0 (@) = SUb |f ()] + sup [flaz < 00}
IS Tre

For oo = 1 we have the Lipschitz space %! (Q) = Lip!(Q).
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Let x = (z1,...,x,) be the coordinates on R". Given = (f1,...,08,) € Z, set |B] =
Bi+-+Brand DA f = 8'5‘]"/856’?1 .-z For k € Z, we denote by €*(Q) the space of k-times
continuously differentiable functions f on {2 with

[ fllgr ) = Z SUP’Dﬁf ()] < oo.

181<k “

The Holder space €%%(Q) for k € Z, and 0 < a < 1 is defined by

2.4) craQ) = {f € €5 (Q) : DPf € €0(Q) forall B € Z with || < k,
2.5) 1 lgraoy = Ifllpriey + . 1D Fllgon) < oo}
81—k

Assume now that 2 € R™ is a bounded Lipschitz domain. This means that its boundary b2 is
locally at each point a Lipschitz graph over an affine hyperplane in R”, with the domain lying on one
side of the graph. A function f :  — C belongs to €*(Q) for some k € Z, if it is the restriction to
of a function f € €% (R™). (For k = 0, this coincides with the usual definition of continuous functions
by Tietze’s extension theorem.) Given 3 € Z"} with [3| < k, we denote by DP f the restriction of D? f
to ; note that D? f is independent of the choice of the extension f if (2 is a Lipschitz domain. Given
0 < a < 1, the Holder space €%(Q) on the closed domain € is defined by

Q) = {f € €M(Q): DPf € €%%(Q) forall B € Z77 with |8| < k},
endowed with the norm || f ||<gk,a(§) (2.3). We observe the following.

Proposition 2.1. If  is a bounded Lipschit; domain in R™ then every function in €%*(Q) (k €
Z, 0 < a < 1) extends to a unique function f € €%(Q).

Proof. For k = 0 this holds by McShane’s extension theorem [44} Corollary 1, p. 840]. If £ > 1 and
f € €% (), then its partial derivatives D? f of order | 3| = k belong to €%(2), extend to functions
gg = %%%(Q) by McShane’s theorem. By Whitney’s theorem [54] (see also Malgrange [43, Theorem
3.2 and Comp. 3.5]), it follows that f extends to a function f c ¢* (R™) satisfying DBf = gg on Q
for all | 3| = k. Thus, f|g € €%*(Q). Clearly, the extension f|g of f is unique. O

We now recall the definition of Holder-Zygmund spaces A" (Q2) and A" (Q) for any real number
r > 0. Writte r = k+ awithk € Z; and 0 < o < 1. If r is not an integer (that is,
a # 1), set A7(Q) = €F(Q) and A"(Q) = €5(Q); both spaces are endowed with the norm
[ fllar+ea(q) = [[fllgr.o@) @S). Assume now that r = k+1 € Nis an integer. Recall that the second
difference A%L f is given by (2.2). We define

26) AQ) = {feC Q) |flave =suwplf(x)+ sup [ATHARf(z)| < oo},
€N z,2+heQ, h#0

Q@D A(Q) = {fe€ Y | fllar@ = Iflerr@+ D 1D fllave) < oo},
|8l=r—1

where 7 > 1 in (2.7). The space A'(R") is the classical (nonhomogeneous) Zygmund space on R";
omitting the term || f||oc = sup,cq |f(x)] in gives the homogeneous Zygmund space.

For r € N the Zygmund space A" (Q) on a closed domain 2 cannot be defined by considering only
values of functions in the points of . Indeed, if ) is strictly convex and =,z + h € bQ) with h # 0,

then z + 2h ¢ Q, so A? f(z) is not defined. One possible definition is the following; see Wallin [53]
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Definition 8, p. 105]. It can be used for any r > 0, not only for integers.

(2.8) AQ) = {f=[lg: fe A" (R},
2.9) 1fllar@y = f{IlFllar@n) : f € A"(R™), flg = f}.

One can also use extensions of f to any domain D C R” containing ; it is easily seen that the
resulting norms are comparable. However, it is not clear whether these norms decrease to the interior
norm || f|ar () as D shrinks to Q. Stein [52} Sect. VI.2] constructed a linear extension operator
E : €(Q) — %(R™) on any Lipschitz domain Q € R" such that £ : A"(2) — A"(R") is bounded
for every » > 0. (Stein proved that his extension operator is bounded on Sobolev spaces, and for
Holder—Zygmund spaces the same was shown by Gong [22]].)

It turns out that for any bounded Lipschitz domain €2 in R", the interior and the exterior definition
of the spaces A”(f2) are equivalent. Indeed, Shi and Yao [51, Theorem 1.1] have recently shown that
A"(Q) = {fla : f € A"(R")}, and the interior norm || f||zr(q) is comparable to the exterior
norm || f1| - @ ([2.9). Their proof uses Rychkov’s universal extension for Besov spaces B, ,(€2); see
[49] and note that A"(2) = BL, ,,(2). For noninteger values 7 > 0 and domains Q with smooth

boundaries, see also [[19, Lemma 6.37] whose proof is based on Seeley’s extension theorem [50].

The space A"(€2), r > 0, on a Lipschitz domain is a commutative unital Banach algebra under
pointwise multiplication, with Moser-type estimates for products, compositions, and inverses; see [22,
Lemmas 3.1-3.3], [21, Lemma 6.3], and [2]. In particular, precompositions and postcompositions by
smooth maps preserve the Holder—Zygmund classes. There are continuous strict embeddings among
the classical and the Holder—Zygmund scales on any Lipschitz domain:

(2.10) L c N c A c AP c@k keZy, 0<B<a< .

An example showing that Lip! (R) = €%!(R) € A'(R) can be found in [52, Example 4.3.1, p. 148].

If X is a smooth manifold and (2 is a Lipschitz domain in X with compact closure, one defines the
spaces A”(£2) and A"(Q) by using a finite system of smooth coordinate charts on X covering §2. The
norms obtained in this way are comparable to one another. For the details, see Palais [47, 48] and the
discussion and references in [2]], [13, Sect. 2] and [23, Subsect. 3.2].

2.2. Mapping spaces and fibre bundles of class A", (2). Let (2 be a relatively compact domain with

Lipschitz boundary in a smooth manifold X. Although the function spaces A" (2) introduced above
are given by global conditions, the definition is local in the sense that f € A”(f2) if and only if every
point € Q has a compact Lipschitz neighbourhood O, C € such that f|o, € A"(O.). Since
postcompositions of functions in A™(Q) with smooth functions on C are again in A"(Q) (and such a
postcomposition is a smooth operator, see [2]]), we can define for any smooth manifold Y the space

A"(Q,Y) of maps f : © — Y of class A”. Assume now that X and Y are complex manifolds. Set
AL(Q,Y)={f € A"(Q,Y) : f is holomorphic on Q}, r > 0.
In particular, A7 (Q, C) = A% ().

A holomorphic fibre bundle i : Z — € of class A7(€2) has total space of the form Z =
LI™, U; x Y/ ~ where the fibre Y is a complex manifold, the sets U; C Qand U;; = U; N U;
are compact and have Lipschitz boundaries, | J/~; U; = Q, and a point (z,y) € U; x Y (x € U, )
is identified by the equivalence relation ~ with the point (z,¢; ;(z,y)) € U; x Y, where the
map U;; x Y 2 (z,y) — ¢,(z,y) € Y is of class A%(U;;) in z, holomorphic in y, and
¢ij(z,-) € Aut(Y) for every z € U;;. Asection f : Q — Z of h : Z — Q is given by a
collection of maps f; : U; — Y (i = 1,...,m) satisfying the compatibility conditions

filz) = ¢ij(@, fi(x)), ze€Uij i,j=1,....,m.
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The section f is of class A% () if and only if f; € AL(U;,Y) fori = 1,...,m. We denote by
I',(€2, Z) the space of all sections of class A7,(). If Y is a smooth manifold, the analogous definition
gives fibre bundles Z — Q of class A"(Q).

A vector bundle 7 : E — € of class A, (€2) and rank n has fibre C" and transitions maps
¢ij(z,v) = A j(z)v, veC™ A;;e€ AU, ;,GL,(C))
satisfying the 1-cocycle conditions (with I € GL,,(C) the identity matrix):
Aii=1, Aj;Aj;i=1, A;jA;jrAr; =1 foralli,j, k.
A section of E over ) is given by a collection of maps f; € F%(Ui, C™) satisfying
fi(z) = Aij(z) fi(x), xz€Uij i,j=1,...,m.

Similarly one defines vector bundle morphisms of class A7, (92), subbundles, quotient bundles, etc.

2.3. Regularity of the canonical solution operator for the 0-equation in Holder—Zygmund spaces.
Let p > 0, ¢ > 1 be integers, and let €2 be a domain in a complex manifold X. The g—problem on )
asks for the existence and regularity properties of solutions of the equation Ju = f for a differential
(p, q)-form f on § (or on its closure ) satisfying the necessary condition 9f = 0. One of the most
successful techniques in this field is the -Neumann method introduced in the pioneering works of
Kohn [33} 134]; see the books by Folland and Kohn [9] and Chen and Shaw [6], among others.

Let Q be a compact complex Hermitian manifold of dimension n + 1 with 4> boundary b¢) and

Stein interior {2 such that at each point of b€ the Levi form has at least n 4+ 1 — ¢ positive eigenvalues.
Let IV, denote the Neumann operator for the complex Laplacian

Oy = 0.0, +8,40,_,, ¢>1
acting on (p, q)-forms which satisfy the 9-Neumann boundary conditions on bQ2. This means that
Ny, = 0OyNy is the L? orthogonal projection onto the range of Ug. Then, T, = 5;_1Nq is Kohn’s
canonical solution operator for the d-equation d,_1u = f with f a (p, ¢)-form with ,f = 0. Denote
by A7 ,(€2) the space of (p, ¢)-forms on £ of class A”(€2) for 7 > 0. (Note that (p, ¢)-forms are sections

of certain vector bundles on 2 derived from the tangent bundle T'X |Sme ga» SO the notion A" (Q) classes
makes sense.) The following is a special case of [[1, Theorem 2] by Beals, Greiner and Stanton.

Theorem 2.2. Let ) be as above. The canonical solution T, = 52_1Nq toOu = f for f € A;q(ﬁ)

satisfying 0f = 0 maps A;’q(ﬁ) N ker O boundedly to A;;l_/ 12 (Q) for everyp >0, ¢ > 1, and r > 0.

We shall use this result for p = 0. Although the gain of regularity for 1/2 will not be used, it

implies that the operator T, : A7 (Q) Nkerd — A} ,—1(€2) is bounded and compact, a fact which
might be useful in other applications.

3. APPROXIMATION OF MAPS OF CLASS A% ON STRONGLY PSEUDOCONVEX DOMAINS

In this section, we prove Theorem [1.2] and its parametric version, Theorem We shall use the
following notion of a Cartan pair; see [[15, Definitions 5.7.1 and 5.10.2].

Definition 3.1. A pair (A, B) of compact sets in a complex manifold X is a Cartan pair if

(i) A, B,D = AU B and C = AN B are closures of smoothly bounded, strongly pseudoconvex
domains with Stein interior, and
(i) AA\BNB\A=0.

A Cartan pair (A, B) is special if there is a coordinate neigbourhood of B in X in which the sets B

and C are strongly convex. In this case, B is said to be a convex bump attached to A.
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A more general notion of a Cartan pair in [15, Definition 5.7.1 (I)] is suitable when considering
holomorphic maps on neighbourhoods of the respective sets. We shall not need it in this paper since
our focus in on mapping spaces on compact domains.

Proof of Theorem|[.2] Since the domain 2 € X is smoothly bounded and strongly pseudoconvex,
there is a smooth strongly plusubharmonic function p on a neighbourhood U C X of € such that
Q={zeU:p(x) <0}and dp, # 0 for every point zz € bQ2 = {p = 0}. Pick ¢ > 0 such that p has
no critical values on the interval [0, c]. Set A = Q = {p < 0} and A’ = {p < c}. Given an open cover
U = {U;} of A\ A consisting of holomorphic coordinate charts U; C X, [15, Lemma 5.10.3] gives
compact, smoothly bounded, strongly pseudoconvex domains

3.1) Ay:=ACcA C---CA,=4A
for some m € N such that for every &k = 0,1,...,m — 1 we have A1 = Ay U By, where (Ag, By)
is a special Cartan pair (see Deﬁnition and By, C U; for some j = j(k).

It therefore suffices to show that for every special Cartan pair (A, B) we can approximate any map
f € A (A,Y) as closely as desired by maps fe AL (D,Y) where D = A U B; the theorem then
follows by a finite induction using the sequence (3.1]). We first consider the case of functions (Y = C).
Fix such a pair (A4, B) and f € A;(A). Set C = AN B. We can find a holomorphic function g on a
neighbourhood of B which approximates f|¢ as closely as desired in A”(C'). To do this, we proceed
as follows. By the assumption, there is a neighbourhood W C X of B and a holomorphic coordinate
map ¢ : W — W C C" (n = dim X) such that the sets C = ¢(C) and B = 1(B) are strongly
convex. Choose a point p in the interior of C; we may assume that p = 0 € C". Fort € (0,1) the
holomorphic map ¢ : W — W defined by ¢ (z) = L (t)(x)), = € W, satisfies ¢(C) C C. The
function f; = f o ¢, is then holomorphic on a neighbourhood V; C W of C and it approximates f|¢
for ¢ close to 1. Fix t and pick a compact neigbourhood C’ C V; of C such that ¢)(C") is convex.
By the Oka-Weil theorem, we can approximate f; uniformly on C’ by a function g € &(B). If the
approximation is close enough in both steps then g approximates f | to the desired precision in A" (C').

Condition (ii) in Definition ensures the existence of a smooth function y : X — [0, 1] which
equals 1 on a neighbourhood of A \ B and equals 0 on a neighbourhood of B \ A. Set

u=xf+(1-x)geA(D).
Note thatu = fon A\ B,u=gon B\ A, f —u= (1 — x)(f — g) on A, and hence
(3.2) 1f = ullarcay = (L= X)(f = 9llarca)y < collf = gllare)

for some ¢y > 0 depending only on x. Furthermore, du = (f — g)0x € Aj (D) is a d-closed
(0, 1)-form whose support is disjoint from A\ B U B\ A. It follows that

10ullaz () < c1llf = gllarc)
for some ¢; > 0 depending on . By Theorem [2.2|there exists % € A" (D) satisfying i = du and
(3.3) @llar(py < e2llOullarpy < cre2]lf = gllarc

for some cp > 0 dependlng only on D. The function f=u—1ac¢€ A”( ) satisfies af =0, so
it is holomorphlc on D. On A we have f f = (f — u) + 1, and it follows from (3.2)-(3.3) that
£ = £l ar(4) < (co +c1e2)||f = gllar(c)- This proves the theorem for functions. Assume now that Y’

is a complex mamfold. Every map f € AT (2, Y) for r > 0 is continuous on  and holomorphic on
(), so its graph has a Stein neigbourhood in X x Y (see [[13, Theorem 1.2] or [15] Corollary 8.11.2]).
The proof is then reduced to the case of functions as in [15, Theorem 8.11.4]. O

Theorem [I.2] has the following extension to the parametric case.
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Theorem 3.2. Assume that ) is a relatively compact, smoothly bounded, strongly pseudoconvex
domain in a Stein manifold X, Y is a complex manifold, and P is a compact Hausdorff space.
Every continuous map f : P — A?j(ﬁ, Y), r > 0, can be approximated by continuous maps
f . P — O0(Q,Y). Ifin addition Q is a closed subspace of P which is a strong neighbourhood
deformation retract and f|g : Q — O(Q,Y), we can choose f to agree with f on Q.

Proof. Denote by prx : X x Y — X the projection on the first factor. Fix a point py € P. The
map f(po) € A%(ﬁ, Y') is continuous on €2, so its graph over Q has an open Stein neighbourhood
Vo € X x Y. Furthermore, V{) can be chosen fibrewise biholomorphic (with respect to the projection
prx) to a domain with convex fibres in a holomorphic vector bundle £y — Uy over an open
neighbourhood Uy C X of Q (see [[13, Theorem 1.2] or [13, Theorem 8.11.1]). Hence, the notion
of a convex combination of points in the fibres of prx : Vo — X is well defined. By Theorem
there is a holomorphic map f (po) € O(Uy,Y) on aneighbourhood Uy C X of Q which approximates
f(po) in A(©Q,Y) to a desired precision and whose graph is contained in Vy. For p € P close to
po, the graph of f(p) € AL(Q,Y) lies in Vj and f(po)\ﬁ is an approximant to f(p). Repeating the
same procedure at other points of P gives a finite open covering P = {F;}!", of P and for each
i=0,...,mopen Stein domains U; C X,V; C X xY andamap f; € 0 (U;,Y) which is close to all
maps f(p), p € U;, to a desired precision in A™(Q, Y") such that the graphs of these maps belong to V;.
In view of the fibrewise convex structure of every Stein domain V;, we can use the method of successive
patching (see [15} p. 78, p. 282] for the details) to obtain a map f:P>0 (Q,Y) approximating f
to a desired precision. For the last statement in the theorem, we precompose f by a continuous map
¢ : P — P which maps a small neighbourhood @Q{, C P of @ to itself, it retracts a neighbourhood
Qo C Q of Q onto @, and it equals the identity map on P \ Q. (Such ¢ exists since @ is a strong
deformation neighbourhood retract in P.) This yields a continuous map fo = fo1): P — AL (Q,Y)
which approximates f, it agrees with f on @, and such that fylg, : Qo — O(,Y). Applying the
above procedure to fy yields an approximating map f:P—0O (Q,Y) which agrees with f on Q. [

4. CARTAN’S LEMMA AND THEOREM A FOR VECTOR BUNDLES OF CLASS A%

The notion of a complex vector bundle of class A, (), r > 0, was introduced in Subsect. In
this section, we prove the following version of Cartan’s Theorem A for such vector bundles.

Theorem 4.1. Let Q be a compact, smoothly bounded, strongly pseudoconvex domain in a Stein
manifold X, and let m : E — Q be a vector bundle of class A%(ﬁ) for some v > 0. There exist
finitely many sections in I',(Q, E) spanning every fibre E,, := 7~ !(x), z € (.

The classical Theorem A of Cartan gives such a statement for holomorphic vector bundles on finite
dimensional Stein spaces. For vector bundles of class .&/"(Q) with » € Z,, and for more general
coherent analytic sheaves of this class, the analogue of Theorem[.1]is due to Leiterer [38]] for domains

in Euclidean spaces and Heumenann [32, Theorems 2, 6] in general.

An equivalent statement is that every vector bundle £ —  as in the theorem admits a vector
bundle epimorphism ® : Q x C™ — E of class A, (Q). Indeed, if &1, ..., &y - Q — E are sections of
class AY; () spanning every fibre of E then the map ® : Q x C™ — FE given by

m
4.1 D(x,21,...,2m) = Zzlfl(m) €CE,=nYz), 2€Q 2=(2...,2m) €EC™

i=1
is a vector bundle epimorphism of class A7, (). Conversely, given such an epimorphism, the images
of standard basis sections of the trivial bundle generate each fibre of E.

We also have the following embedding result for vector bundles of class A% (€2).
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Corollary 4.2. Given a vector bundle 7 : E — Q of class A, () as in Theorem there exists a
vector bundle embedding E — Q x C™ of class A,(Q) for some m € N.

Proof. Theorem gives a vector bundle epimorphism ® : Q x C™ — E* of class A%(ﬁ) Its dual
o*: (E*)* = E — (1 x C™)* =2 Q x C™ is a vector bundle embedding of class A”,(€2). O

Denote by M,, = M,,(C) the space of complex n x n matrices and by GL,, = GL,,(C) the general
linear group of rank n over C. By I € GL,, we denote the identity matrix. In the proof of Theorem
[.1) we shall use the following version of Cartan’s lemma. See also the parametric version, Lemma[4.5]
and [3]] or [28l, Section VI. E] for the classical Cartan lemma.

Lemma 4.3. Let (A, B) be a Cartan pair in a complex manifold X (see Definition such that
C := AN B is holomorphically convex in B. Given a map v € A, (C,GLy,) which is homotopic
to the constant map C € x — I € GL, by a path in €(C,GL,,) and ¢ > 0, there are maps
a € Ay(A,GLy) and B € Ny (B,GLy) such that || — I||aray < € and

4.2) v = a1 B holds on C.

Proof. We first construct the product splitting (4.2) for « close to I € GL,,. Write v = I + ¢ with
c € A (C, M,). We have the following solution to the Cousin problem in A7;.

Lemma 4.4. There are bounded linear operators A : N';(C) — A (A), B : A;(C) — AL(B) with
(4.3) Ac+ Be=c forallc e Nj(C).

Proof. Set D = A U B. Condition (ii) in Definition [3.1] implies that there is a smooth function
X : X — [0,1] which equals 1 on a neighbourhood of A\ B and equals 0 on a neighbourhood of

B\ A. Given ¢ € Aj,(C), we have cx € A"(A), ¢(1 — x) € A"(B), and d(cx) = cdx € Ay (D) is
a closed (0, 1)-form on D of class A" (D) supported on C'. Let

T=0N:{weA;,(D):dw=0}— A"(D)

denote the (bounded, linear) canonical solution operator for the d-equation for (0, 1)-forms of class
A"(D); see Theorem[2.2} The linear operators on A7, (C') defined by

Ac=cx —T(cdx) € Ay(A), Bec=c(l—x)+T(cdx) € A,(B)
for all ¢ € A;(C) then satisfy the lemma. O

Applying Lemma.4] componentwise gives bounded linear operators
A Ay(CoMy,) — Ap(A,M,y,), B:Ay(C,M,) — Ay (B, My,)

satisfying A+ B = Id on Al (C, M,); see (4.3). We define the map ¢ : U — A7 (C, GL,) on a small
neighbourhood U C A7;(C, M,,) of ¢ = 0 by

®(c) = (I — Ac) Y(I + Be) € AL (C,GL,), ceU.

Clearly, ® is smooth and satisfies (0) = I and d®y = A + B = Id. If follows that ® has a smooth
inverse ¥ on a neigbourhood V' C A7 (C, GL,) of I such that V(1) = 0 and

(PoW)(y) =T —AoU(y) " (I+BoW(y) =5 forallyeV.
The smooth operators A : V — AL (A, GLy,), B:V — Ay, (B, GLy,) defined by
A=T-Ao¥, B=I+BoW¥
then provide a splitting v = (Ay)~1(By) for vy € V (see [@2)) satisfying

(4.4) | AY = I||ar(ay < const|y = Illarcey, 1By = Il|ar(my < const|y — I|ar(c)
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for some const > 0 depending only on (A, B) and r.

This proves the lemma for maps v € A7 (C, GL,,) near the constant map C' > = — I. The general
case is obtained as follows. By Theorem we can approximate «y as closely as desired in A7;(C)
by a holomorphic map v’ : U — GL,, from an open neighbourhood U C X of C. Since GL, is
an Oka manifold (every complex homogeneous manifold is an Oka manifold by Grauert [24, [25]; see
also [[15} Proposition 5.6.1]), v is homotopic to the constant map, and C' if holomorphically convex in
B, the Oka principle [15, Corollary 5.4.5] shows that v’ can be approximated uniformly on a compact
neighbourhood C’ C U of C by holomorphic maps 5 € (B, GL,,). Then, v = (y5~ )7 on C, and
v5~1is close to I in A”(C, G Ly). By the first part we have v~ = a1 with o € A7 (A, GL,)
close to I and 3 € Ay (B,GLy,). Setting 3 = B5 e A (B,GLy,) gives v = a3 as in @2). O

Lemma [.3]has the following generalisation to the parametric case.

Lemma 4.5. Assume that X and (A, B) are as in Lemma Given a compact Hausdorff space P, a
closed subspace (Q C P which is a strong neighbourhood deformation retract, and a continuous map
v : P = AL (C,GLy,) such that v(p) = I for p € Q and there is a homotopy v, : P — €(C,GLy,)
(t € [0,1]) which is fixed on Q such that vo = I and v = -+, there are continuous maps
a: P — AG(A,GLy), B : P — Ng(B,GLy) such that ||a — I||pr(ay is arbitrarily small,
alg = Blg =1, and v = a~L- B holds on C.

Proof. By Theorem [3.2]and the argument in the last part of the proof of Lemma4.3] we can reduce to
the case when 7 is close to the constant map P — I € G L, Since the splitting (.3) in Lemma.4]is
given by bounded linear operators, it also applies to the parametric case. The proof of the first part of
Lemma 43| then carries over verbatim. U

Remark 4.6. Lemmas[.3|and[4.5]also hold, with the same proofs, for maps with values in any complex
Lie group G in place of GL,(C). In this case, we replace the matrix algebra M,, (which is the Lie
algebra of GL,,(C)) by the Lie algebra g = C? of G. Furthermore, the analogous results hold with the
spaces A7, (Q, G) replaced by any space Fy (€2, G) described in Remark

The main step in the proof of Theorem[d.1]is given by the following lemma.

Lemma 4.7. Assume that (A, B) is a special Cartan pair (see Definition . Let D = AU B and
7 : E — D be a vector bundle of class A;(D), r > 0, such that E|g is A;(B)-isomorphic to a
trivial bundle. Then, every vector bundle epimorphism ® : A x C* — E|4 of class Al,(A) can be
approximated in A" (A) by vector bundle epimorphisms ®:DxC'" > E of class A;(D).

Proof. Let eq,. .., e, be sections of E|4 of class Al (A) which are ®-images of the standard basis
sections of A x C". Also, let g1, ..., gm with m = rankF be basis sections of the trivial bundle
E|p = B x C™. On C, we have ¢; = ZT:l vi,;b; G =1,...,n) withv; j € A7(C) and the n x m
matrix I(z) = (7;,j(x)) has rank m at every = € C. We claim that there is an n X n matrix function

L= (vij)ij=1 = T, T") € AL(C,GL,)

whose left hand side n x m submatrix equals I". This is equivalent to saying that the subbundle E’
of C' x C", spanned by the columns of I”, has a trivial complementary subbundle E” C C x C" of
class A7;(C). The existence of a complementary subbundle E" of class 27 (C) (continuous on C' and
holomorphic on é’) follows from [30, Theorem 3]. Since C' is contractible, E" is trivial as a bundle
of class «7(C) by [30, Theorem 2]. Let I/ be an n x (n — m) matrix of class <7 (C') spanned by
the basis sections of E”. Since C is convex, we can approximate I/ uniformly on C' by a matrix
I'” of class Al (C). If the approximation is close enough then I' = (I',T") € A7(C,GL,). Set

gmi1 = 0,...,9, = 0. We have (e1,e2,...,e,)" = T'(g1,92,...,9n)" where the superscript
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denotes the transpose. By Lemmawe have I' = a~ ! where a € A (A,GLy,) is close to I and
B € A (B,GLy). Then, afeq, e, ..., en)" = B(g1,92, - - -, gn)" holds on C. The resulting collection

of sections of ' — D determines a vector bundle epimorphism ®: D x C" — E of class A (D) (see
@.1)) which approximates ® in A}, (A). O

Proof of Theorem{.1} Pick a smooth strongly plurisubharmonic function p on a neighbourhood U of
Qsuch that Q = {x € U : p(x) < 0} and dp, # 0 for every point z € b2 = {p = 0}. Choose ¢ < 0
such that p has no critical values on [¢, 0] and set Ay = {p < ¢}. By [15, Lemma 5.10.3], given an
open cover U = {U;} of @\ Ay = {c < p < 0} consisting of holomorphic coordinate charts U; C X,
there are compact, smoothly bounded, strongly pseudoconvex domains Ay C A; C --+ C Ag, = Q
for some ko € N such that forevery k = 0,1, ..., ko — 1 we have A1 = Ay U By, where (A, By) is
a special Cartan pair (see Deﬁnition and By, C U; for some j = j(k). We choose the sets U; small
enough so that the restricted bundle E|p, is trivial for k = 0,1,..., ko — 1. Since E is holomorphic
over €2, there is a holomorphic vector bundle epimorphism @y : Ag x C" — E|4, for some n € N.
We inductively apply Lemma @4.7|to find vector bundle epimorphisms ®, : A x C" — E| 4, of class
A (Ay) for k = 1,..., ko, starting with ®; = ® and ensuring that ®;_; approximates ®; on Aj, for
k=0,1,...,kg — 1. Then, ® = ®y, : Q x C" — F satisfies the conclusion of the theorem. O

Remark 4.8. In the sequel, we shall be using the notion of a continuous family of holomorphic vector
bundles on a smoothly bounded domain 2 € X which are continuous or better on ; see Leiterer [40]
Definition 2.14, p. 70] (where the parameter space is [0, 1]) or the statement of his stability theorem
[40, Theorem 2.7] for the general case. This means that, locally in the parameter, the family is defined
by a continuous family of 1-cocycles on the same finite open covering of 2. The stability theorem says
that, under suitable cohomological conditions (i), (ii) on the endomorphism bundle Ad(FE) of a vector
bundle E — Q of class <7(f2), all nearby vector bundles of the same class are isomorphic to £ with
continuous dependence on the parameter. This follows from an implicit function theorem in Banach
spaces [40, Theorem 2.9]. The aforementioned cohomological conditions in [40, Theorem 2.7] are
satisfied if for every continuous E-valued (0, q)-form ¢ on Q (¢ > 0) the equation 9y = ¢ can be
solved with a continuous v on €. This holds in particular if 2 is strongly pseudoconvex. By Theorems
[2.2]and 4.T1] the same conclusions hold in Holder—Zygmund spaces, so [40, Theorem 2.7] also holds
for vector bundles of class A7 (). For later reference we state this explicitly.

Theorem 4.9. Assume that Q0 is a compact, smoothly bounded, strongly pseudoconvex domain in a
Stein manifold X, P is a topological space, and E, — Q (p € P) is a continuous family of vector
bundles of class A%(ﬁ), r > 0. Then for each py € P there are a neighbourhood Py C P and a
continuous family of vector bundle isomorphisms ¢, : E, — E, (p € Py) of class A%(ﬁ).

We have the following parametric version of Theorem §.1]

Theorem 4.10. Assume that Q) is a compact, smoothly bounded, strongly pseudoconvex domain in a
Stein manifold X, P is a compact Hausdorff space, and E,, — Q (p € P) is a continuous family of
vector bundles of class A%(ﬁ), r > 0. There exist an integer N € N and a continuous family of vector
bundle epimorphisms ®, : Q x CN — E,, p € P, of class A7 ().

Proof. By Theorem[.9] every point py € P has a neighbourhood P C P and a continuous family of
vector bundle isomorphisms ¢, : E, — E,, (p € Fy) of class A, (€2). A vector bundle epimorphism
U, : 2 x C" — E,, given by Theorem extends to a continuous family of such epimorphisms
U, =¢, LoW, :QxC™ — E,forp € Py. Since P is compact, we obtain finitely many pairs of
open subsets P/ € P; C P (i = 1,...,m) such that | J;"; P/ = P and continuous families of vector
bundle epimorphism \I’é : QO xC" — E,,p€ P. Foreveryi =1,....,mletx; : P — [0,1] be a
continuous function such that y; = 1 on P/ and suppy; C P;. Let <I>; : Q x C" — E, be defined
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by ®.(x,z) = i(x, xi(p)z). Take N = > n;. The family &, = Pj, @ : Q x CV — E, for
p € P clearly satisfies the theorem. g

Next, we show that every complex vector subbundle of class A}, (Q) is complemented.

Theorem 4.11. Let 7 : E — ) be a complex vector bundle of class A%(ﬁ). For every complex vector
subbundle E' C E of class A%, (SY) there is a complementary to E' complex vector subbundle E" C E
of class A%(Q) such that E~ E' & E”.

Proof. We first consider the case when E =  x C" is a trivial bundle. By [32, Theorem 3] there
is a vector subbundle E C E of class &/ (Q) complementary to F', i.e., E is holomorphic on {2
and continuous on €. To complete the proof, it suffices to approximate E sufficiently closely by a
subbundle E” C E = Q x C" of class A, (€2). We follow the idea in [18] Proof of Lemma 2.2]. Let
L :Q — M, = Linc(C",C") be the unique map such that L(z) : C" — C" is the projection onto
E, with kernel E/, for every # € Q. Clearly, L is of class <7 (1), and the eigenvalues of L(z) are 0
and 1 forevery z € Q. Let C = {z € C : |z — 1| = 1/2}. We can approximate L uniformly on Q) by a
holomorphic map L : U — M,, on a neighbourhood U of €. Assuming that the approximation is close
enough, L(z) has no eigenvalues on the curve C for z € €2, we have C" = V,, , &V, _ where V,
resp. V _ are the L(x)-invariant subspaces of C" spanned by the generalised eigenvectors of L(x)
inside resp. outside of C, and V;, y is close to the subspace E, = L(z)(C") C C". The map

1 _
P(L@) = g [ (61~ L) d € b,
s ceC
is the projection of C" onto V,  with kernel V,, _ (see [20]), it depends holomorphically on z in a
neighbourhood of €2, and it approximates L(x) uniformly on z € €. Assuming that the approximations
are close enough, the subbundle E” C E with fibres E = V., = P(L(x))(C"), z € Q, is

complementary to E’, and E” is holomorphic on a neighbourhood of Q.

For a general vector bundle E — ( of class A%(ﬁ), we apply Theoremto find a vector bundle
epimorphism ® : Q x CV — F of class A%(Q). The preimage ®1(E’) is a vector subbundle of
Q x CV class A,(Q), so it has a complementary subbundle E" C Q x CN of class A7 (). Its image
E" = ®(E") is then a subbundle of E of class A%,(Q) which is complementary to £, O

We also have the following parametric version of Theorem {.11]

Theorem 4.12. Let ) be as Theorem P a compact Hausdorff space, and m, : E, — Qa
continuous family of vector bundles of class A%(ﬁ) (See Remark ) Given a continuous family

E, C E, (p € P) of vector subbundles of class A%(Q& there is a continuous family E,) C E
(p € P) of complementary vector subbundles of class AY;(S2) such that

(4.5) E, = E, & E, holds forall p € P.

If in addition Q) is a closed subspace of P which is a strong neighbourhood deformation retract and
E) C E, (p € Q) is a continuous family of complementary to E,, vector subbundles of class Ay, (),
then the family Ezl), can be extended to all values p € P so that (4.5) holds.

Proof. Assume first that the family of vector bundles £, = E — Q is constant. Consider the short
exact sequence of vector bundle homomorphisms

0— B, — E-2 B/E, — 0,

where ¢, is the quotient projection. A complementary to E;, subbundle of F is the image of a vector
bundle homomorphism o), : E/ E;) — FE satisfying ¢, o 0, = Id. Such o, is called a splitting of the

above sequence. Clearly, a splitting at pg € P also gives a splitting at nearby values of p € P, and a
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convex combination of splittings is again a splitting. Hence, the proof follows from Theorem by
using a continuous partition of unity on the parameter space P.

The case of a continuously variable family £, — Q, p € P, can be reduced to the special case as
follows. By Theorem every point pg € P has a neighbourhood Fy C P and a continuous family
of vector bundle isomorphisms ¢, : E, — E,, (p € Fy) of class A (). Hence, the family E, is
locally constant and our proof applies locally on P. It remains to patch the locally defined families of
splittings by a continuous partition of unity on P. O

5. A GLUING LEMMA FOR SPRAYS OF CLASS A7,

Let X be a complex manifold. Given a compact smoothly bounded subset K of X and an open
ball 0 € W c CV, we shall consider maps 7 : K x W — K x C¥ of the form

5.1 y(x,w) = (azjw(a:,w)), reK, weW

and of class AY;(K x W). The ball W will have the role of a parameter space and will be allowed to
shrink during the construction. Let Id(x, w) = (z,w) denote the identity map on X x CV.

The following splitting lemma is an analogue of [15 Proposition 5.8.1, p. 235], which pertains to
function spaces &/" (K) with r € Z.. It was first proved in [8, Theorem 3.2] and [13| Lemma 3.2].

Lemma 5.1. Let (A, B) be a Cartain pair in a Stein manifold X (see Def. and set C = AN B,
D = AUB. Givenaball0 € W C CN and a number ¢ € (0,1), there is a number § > 0 satisfying
the following. For everymap v : C x W — C x CN of the form and class A, (C x W) satisfying
v = 1d[|ar(cxw) < O there exist maps

ay AxeW = AxCVN, B :BxeW — BxCV

of the form (5.1) and class A;(A x eW) and N;(B x €W), respectively, depending smoothly on -,
such that aqq = 1d, Piq = 1d, and

(5.2) vyoa, =3y holdsonC x eW.

If v agrees with 1d to order m € N along w = 0 then so do o, and 3. The analogous result holds
with a continuous dependence of maps on a parameter p € P in a compact Hausdorff space.

Proof. One follows the proof of [15, Proposition 5.8.1], taking into account [[15, Remark 5.8.3 (B),
p. 238] and Theorem [2.2]in the present paper. In particular, the use of [15, Lemma 5.8.2, p. 236] is
replaced by Lemma[4.4] We leave the obvious details to the reader. U

Assume that D is a compact strongly pseudoconvex domain with smooth boundary in a Stein
manifold X and h : Z — D is a topological fibre bundle which is holomorphic on D = D \ bD. Let
Y the denote the fibre of &, a complex manifold. For z € D write Z, = h™!(z) & Y. The set

VTA(Z) = ToZniy, 2€2

is called the vertical tangent space to Z at z, and the vector bundle VT'(Z) — Z with fibres VT,(Z)
is the vertical tangent bundle of (Z,h). When h is differentiable in the variable x € D, we have
VT.(Z) = kerdh,, z € Z. If the bundle h : Z — D is of Holder—Zygmund class Al (D) (see
Subsect. then VT'(Z) is of local class A;(Z), and for every section f : D — Z of class Al;(D)
the pullback bundle f*V'T'(Z) — D is a vector bundle of class A}, (D).

We recall the notion of (local) dominating sprays of sections; see [15, Definition 5.9.1, p. 239] for

sprays over open domains and [[15} Sect. 8.10] for sprays over compact domains in a complex manifold.
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Definition 5.2. A holomorphic spray of sections of b : Z — D isacontinuousmap f: D x W — Z
which is holomorphic on D x W, where 0 € W C C¥ is an open convex set, such that

(5.3) h(f(zx,w)) =2 forz e Dandw e W.

The section fo = f(-,0) : D — Z is called the core of f. The spray f is dominating on a subset
K C D if the vertical derivative of f at w = 0, given by

Oulw=of(z,w) : THoCN =2 CN — VT (,0)Z,

is surjective for all z € K. We say that f is dominating if this holds on K = D.

We shall consider fibre bundles & : Z — D and sprays f : D x W — Z of classes A;(D) for
r > 0. The main ingredient in the proof of Theorem[I.1]is the following gluing lemma for such sprays.
Its analogue in spaces «7" (D), r € Z, was first proved in [7, Proposition 4.3]. The shorter proofs in
[8, Proposition 2.4] and [[15} Proposition 5.9.2] use the implicit function theorem in Banach spaces.

Lemma 5.3 (Gluing sprays of class A},). Let (A, B) be a Cartain pair in a Stein manifold (see Def.
and set C = AN B, D = AU B. Assume that h : Z — D is a fibre bundle of class Al (D).
Given a ball 0 € Wy C CN and a spray of sections f : A x Wy — Z of class A (A x Wo) which is
dominating on C, there is a ball W C CN with 0 € W C Wy satisfying the following conditions.

(a) For every holomorphic spray of sections g : BxWy — Z of class N;( B x Wy) which is sufficiently
close to f in A" (C' x Wy) there exists a spray of sections ' : D x W — Z of class N;(D x W),
closeto f in A"(A x W) (depending on the A" distance between f and g on C' x W), whose core
1{ is homotopic to fo = f(-,0) on A and is homotopic to go = ¢(-,0) on B.

(b) If f and g agree to order m € Z, along C x {0} then f’ can be chosen to agree to order m with
f along A x {0} and with g along B x {0}.

The analogous result holds for families of sprays depending continuously on a parameter p € P in a
compact Hausdorff space. If in addition the sprays f, g agree over C for values of p in a closed subset
Q C P which is a strong neighbourhood deformation retract, then f' can be chosen to agree with f
and g on A and B, respectively, for p € Q.

Sketch of proof. The proof is analogous to that of [15, Proposition 5.9.2, p. 240], which applies to
function spaces <7 (D). As noted in [15, Remark 5.8.3 (B), p. 238], the same proof applies in any
Banach spaces on which there is a linear bounded solution operator for the J-equation on the level of
(0, 1)-forms. In view of Theorem this holds for the spaces A” with » > 0. Nevertheless, some
steps must be adjusted by using results in Sections [3]and d] We indicate the necessary changes.

The first step is to find a smaller ball 0 € W C Wy andamapy : C x W — C x CV of the form
Y(z,w) = (z,w+ c(z,w)), ze€C, weW,
with ¢ € A, (C x W) close to 0 (depending on the A" (C' x W) distance between f and g), such that
54 f=go~ holdsonC x W.

(For maps of class /" with r € Z, a solution is given by [[15] Lemma 5.9.3, p. 240].) In the process
of constructing -y, we must split the trivial bundle C' x C" by the subbundle £’ = ker d,, f|s—0, the
kernel of the vertical derivative of the spray f at w = 0. In our case, E’ is of class A7;(C), and a
splitting is furnished by Theorem[4.11]in the basic case and Theorem .12]in the parametric case. The
proof of [[15, Lemma 5.9.3] then applies without further changes.

In the second step, we apply Lemma 5.1]to split 7 in the form (5.2):

yoa =/ onC x eW forsome 0 < € < 1.
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From this and (5.4) it follows that
5.5) foa=gof holdson C' x eW.

Hence, the two sides of the above equation amalgamate to a spray f' : D x eWW — Z|p satisfying the
lemma. The proof in the parametric case follows the same scheme. U

6. PROOF OF THEOREM [1.1]

We begin by explaining the proof of the basic (nonparametric) case of Theorem|[I.T} The parametric
version in Theorem [6.1]includes the 1-parametric case stated in Theorem [I.1

Thus, our task is to prove that any continuous section fo € I'(2, Z) of the fibre bundle h : Z — Q
of class A, (€2) is homotopic to a section f € I"(Q, Z).

Pick a smooth strongly plurisubharmonic function p on a neighbourhood U C X of €2 such that
Q={xeU:p(x)<0}and dp; # 0 for every point z € b2 = {p = 0}. Pick ¢ < 0 such that p
has no critical values on the interval [c,0]. Set Ay = {p < c} and A’ = {p < 0} = Q. Given an open
cover U = {U;} of A’\ A consisting of holomorphic coordinate charts U; C X, [15| Lemma 5.10.3]
gives compact, smoothly bounded, strongly pseudoconvex domains

6.1) AoCAlC"'CAmZAIZQ

for some m € N such that for every £k = 0,1,...,m — 1 we have Ay1 = Ay U By, where (A, By)
is a special Cartan pair (see Definition and By, C U, for some j = j(k). Hence, we may assume
that the bundle Z — Q is trivial over By, forall k = 0,1,...,m — 1.

By the Oka principle on open Stein manifolds [15, Theorem 5.4.4], we may assume that fj is
holomorphic on a neighbourhood of Ay. It suffices to show that for every special Cartan pair (A, B)
in Q such that the bundle Z — € is trivial over B, we can approximate a section f € I (A, Z) as
closely as desired by sections f € (D, Z), where D = AU B. The theorem then follows by a finite
induction using the sequence and starting with fy on Ag. The existence of a homotopy from fj
to f = f, is obvious since there is no change of topology from Ag to A’ = Q.

Fix a special Cartan pair (A4, B) and a section fy € I'};(A, Z). The proof proceeds in three steps.

(1) We embed fj as the core of a dominating spray of sections f : Ax W — Z of class A,(Ax W, Z)
(see Definition[5.2). The construction of f is explained in the sequel.

(2) Set C = AN B and fix a number § € (0,1). Since the sets C' C B are convex in a local
holomorphic coordinate on a neighbourhood of B, the bundle 4 is trivial over B, and the fibre Y of
h is an Oka manifold, we can approximate f as closely as desired in A" (C' x W) by holomorphic
sprays of sections g : B x 6W — Z. (See the proof of Theorem [[.2]for the details.)

(3) Assuming that the approximation is close enough, we apply Lemma to glue f and g into a
spray f € I, (D x &'W) for some &' € (0,8) which approximates f in A" (A x §'W).

This complete the proof modulo the construction of a dominating spray in step (1). For this, we follow
the proof of [15) Proposition 8.10.2, p. 388] (the original reference is [8, Proposition 4.1]) where such
a result is proved for classes /" with r € Z. Here is a sketch. By Theorem [.1]there is a surjective
vector bundle morphism L : A x CN — ffVT(Z) for some N € N. We claim that there is a
dominating spray f : A x W — Z of class Aj;(A x W, Z), where 0 €¢ W C C is a ball, such that

(6.2) Owlw=0f(z,w) = Ly := L(z,-) : C¥ = VT, 0)Z holds for all z € A.
Choose a sequence of compact, smoothly bounded, strongly pseudoconvex domains

Ayc AyCc---CA,=A
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as in such Ay is contained in the interior of A and for every Kk = 0,1,...,m — 1 we have
Ag+1 = Ap U By, where (Ag, By) is a special Cartan pair and the bundle Z is trivial over Bj.
The existence of a holomorphic spray fO : Ay x Wy — Z|a, satisfying (6.2) is standard; see
[15) Proposition 8.10.2]. By a finite induction we find sprays fk : A X Wi, — Z|4, of classes
Ay, (A x Wy, Z) satistying satisfying forx € Ap (k=1,...,m),where Wy D W; D --- D W,
are balls in C" centred at 0. Every induction step is of the same kind and proceeds as follows.

We first approximate f* over C, = Aj, N By by a spray ¢* : B x V}, — Z|p, of class
Ay (B x Vi, Z) satisfying (6.2) for points x € By, where 0 € Vi, C W), is a smaller ball; see
[15, Lemma 8.10.3] and note that its proof also applies in classes A”. In particular, f* and g* agree
along C' x {0} to the second order. Next, we apply Lemmato glue f* and ¢” into a spray f**! over
Ap+1 = Ag U By, satisfying condition for all points © € A1. This is done by first finding a map
7* of the form (5.1) and class AV (Cy x Vi) which agrees with the identity to the second order along
Cy. x {0} and satisfies f¥ o 4% = g* on Oy x Vj; see (5.4). (The ball V;, is allowed to shrink.) Next,
we apply Lemmal5.1]to find sprays o* and 3* over A, and By, such that of o v* = % (see (5.2)), and
o and ¥ agree with the identity to the second order along A; x {0} and B}, x {0}, respectively. As
in (5.3)), this yields the spray f**! over Ay 1 = Ay U By, defined by the identity

fFoak=g"opF onCy x eVi, 0<e<l.

Taking Wy41 = €V}, completes the induction step and proves the basic case of Theorem|I.1

We now state a general parametric version of Theorem Recall that (€, Z) denotes the space
of continuous sections of a topological fibre bundle h : Z — €. If the bundle is of class A, (Q2) then
I'7 (£, Z) denotes the space of sections of the same class.

Theorem 6.1. Assume that §2 is as in Theorem r>0,h:Z — Qis a fibre bundle of class
A7, (Q) with Oka fibre, P is a compact Hausdorff space, and 9 is a closed subset of P which is a
strong neighbourhood deformation retract. Let f : P — T'(), Z) be a continuous map such that
flo : @ = I',(Q, Z). Then there is a homotopy fs : P — T'(Q,Z), s € [0, 1], which is fixed on Q
such that fo = fand fi : P — T"(Q, Z).

The proof follows the same scheme as that of Theorem [I.1] using the parametric versions of the
tools in Sections M and 5] We leave out the details.

7. THE OKA PRINCIPLE FOR VECTOR BUNDLES AND PRINCIPAL BUNDLES OF CLASS A%

In this section, we prove Theorem We follow [[15, proof of Theorem 5.3.1], which is due to
Grauert [26]. See also Cartan’s exposition of Grauert’s Oka principle in [4].

Proof of Theorem[I.4] A topological vector bundle E — € of rank m is the pullback f*U by a
continuous map f from (2 to a suitable Grassmannian G(m, N) (consisting of complex m-planes in
CN) of the universal bundle U — G(m, N) of rank m. (We take N big enough such that ' embeds as a
topological vector subbundle of the trivial bundle Q x CV.) Since G(m, V) is a complex homogeneous
manifold, and hence an Oka manifold by Grauert [25]], Theorem shows that f is homotopic to a
map F' : @ — G(m, N) of class A% (2). The pullback F*U —  is then a vector bundle of class
A% (€2) which is topologically isomorphic to E = f*U. This proves part (i) of the theorem.

To prove the second statement, let E — Q and E’ — Q be vector bundles of class A%, (€2) and rank
m. There are an open cover {U;} of Q by smoothly bounded domains and vector bundle isomorphisms
0;: Elg, —> U; x C™, 0, E'lg —> U; x C™ of class A,(U;). Set Ui ; = U N Uj. Let

Gij - Ui’j — GLm((C), g;vj : U@j — GLm((C)
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denote the fibrewise holomorphic transition maps of class A% (U, ;) so that
0; o 0]-_1(33,1)) = (m,gm(az)v), reU;;, veCm

and likewise for E’. A complex vector bundle isomorphism ® : £ — E’ is given by a collection of
complex vector bundle isomorphisms ®; : U; x C™ — U, x C™ of the form

Qi(z,v) = (x,(bj(:v)v), zreU;,veC™
with ¢;(x) € GL,,(C) for z € U}, satisfying the compatibility conditions
(7.1) 6i = 9;0i9;; = 9530195 onUij.

Let h : Z — € denote the fibre bundle of class A%, () with fibre G = GL,,(C) and transition maps
(ZT). (This means that Z |7 = U x G for each j, an element (z,v) € U; x G forz € U, j is identified
with (z,v') € U; x G where v’ = g} (%) v g; (), and no other identifications.) A collection of maps
¢; : U; — G satisfying conditions is then a section Q — Z. This shows that complex vector
bundle isomorphisms £ — E’ correspond to sections of Z — ), with isomorphisms of class A7, (€2)
corresponding to sections of the same class. Hence, part (ii) follows from Theorem[I.1] U

Similarly one can prove the following analogue of [15, Theorem 8.2.1] due to Grauert [26]. In the
proof, we use the analogue of Lemma[4.3|for an arbitrary complex Lie group G; see Remark {.6]

Theorem 7.1. Let ) be as in Theorem For every complex Lie group G, the isomorphism classes
of principal G bundles on ) of class A%(ﬁ) are in bijective correspondence with the topological
isomorphism classes of principal G bundles.

Remark 7.2. Grassmann manifolds G (m, V) play a major role in the theory of complex vector bundles
as the classifying spaces. Being projective, they are Kihler manifolds. An explicit formula for a Kihler
metric on G(m, N) was given by Lu Qi-Keng in 1963, see [41}42].
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