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1. Numerical Computing

Numerical mathematics deals with the implementation of mathematical procedures
from analysis and algebra on computational machines. Since these are limited to a
finite set of numbers with which they can operate, we have to be careful with the
implementation of the procedures and adjust them in a way that the negative effect
of the finite representation is as small as possible.

1.1. Number Representation

A representable number x from P(b,t,L,U) is of the form x = +m - ¢, where
b € N is a basis, e € Z is an exponent in the limits L < e < U for L,U € Z, and

m = 0.cica ... ¢, 0<e<b—-1, 1=1,2,...,t,

is a mantissa of length t € N. We require ¢; # 0, except for e = L. The repre-
sentable numbers with ¢; # 0 are called normalized, the rest are denormalized.

Exercise 1.1. Write all normalized numbers from the set P(2,3,—1,3). Which of
them lie on the interval (0,1)? Count denormalized numbers.

Solution. Normalizirana Stevila iz mnozice P(2,3,—1,3) so
+0.1002 - 2°  +0.1015-2°, £0.1105-2°, +£0.1115-2°

za e € {—1,0,1,2,3} oziroma

£0.2500, £0.5000, £1.0000, £2.0000, £4.0000,
+0.3125, +0.6250, +1.2500, +2.5000, +5.0000,
+0.3750, +0.7500, +1.5000, +3.0000, +6.0000,
£0.4375, +0.8750, £1.7500, +3.5000, £7.0000
v desetiSkem zapisu. Na intervalu (0, 1) leZijo Stevila s pozitivnim predznakom pri
e = —1 in e = 0. Denormalizirana Stevila so dolo¢ena z mantisami 0.0015, 0.010,
in 0.0112 ter najmanjsim eksponentom e = —1. Torej jih je vsega skupaj Sest (tri

pozitivna in tri negativna): +0.0625, £0.1250 in £0.1875.

7
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Exercise 1.2. Let ¢t € N be the length of mantissa, and let L,U € Z, L < 0 < U, be
boundaries for exponents that describe a set of representable numbers P(-, ¢, L, U).
Prove that the inclusions hold:

P(2,t,L,U) C P(4,t,L,U) C P(2,2t,2L,2U).

Is any of the inclusion relations an equality relation?

Solution. Stevilo z € P(2,t, L,U) lahko predstavimo v obliki
r=%(c1- 27 427244277 2°

zac;, € {0,1},i=1,2,...,t,ine € {L,L+1,...,U}. Naj bosta t; in ¢y taki Stevili,

da je
=2t +1g, t <

it, to €{0,1},
ter e in eq taki stevili, da je
e=2e +ey, |e|<3lel, leo|€{0,1}.
Potem je t; < tin L < e; < U. Stevilo z lahko zapisemo kot
r==4 ((201 +eo) 47 4 (2000, 1+ cory ) - 4T 4 2tcy - 4_(t1+1)) 461 . 2%,

Ce je eg = 0, je iz tega 7e razvidno, da je x € P(4,t,L,U). Ce je eq € {—1,1}, pa
lahko zapis z preoblikujemo v

r=d= (cl A7 4 (2e0 4 e3) 472 4+ (200, + tocy) - 4*“1“)) -gertieotl)

kar dokazuje, da je tudi v teh dveh primerih « € P(4,t, L, U).
Stevilo z € P(4,t, L,U) lahko zapiSemo v obliki

r=%(c1 47 Fep 474 44T 4C

za ¢; € {0,1,2,3}, i =1,2,...,t,ine € {L,L+1,...,U}. Za vsak ¢ naj bosta
Ci,1,Ci0 € {O, 1} taki étevili, da jec; = 261‘71 + Ci0- Potem je

== (6171 . 271 + C1,0° 272 + ...+ C1 e 272t+1 + Ct,0* 272t) . 226,

kar dokazuje, da je x € P(2,2t,2L,2U).

Stevilo 4= - 4% je vsebovano v P(4,t, L,U), ni pa vsebovano v P(2,t,L,U).
Stevilo 212311 2% je vsebovano v P(2,2t,2L,2U), ni pa vsebovano v P(4,t, L,U).
Torej pri nobeni izmed relacij vsebovanosti ne velja enakost.

Exercise 1.3. Use Matlab to generate all representable numbers from the set
P(5,4,-5,5) and order them from smallest to largest. Then, find answers to the
following questions.

1. What is the share of the denormalized numbers?
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2. How many normalized numbers are smaller than 7?7

3. What is the average distance between the subsequent representable numbers with
the absolute distance less than 1 from 77

Solution. Najprej sestavimo program, ki izra¢una seznam predstavljivih (X), norma-
liziranih (Xn) in denormaliziranih (Xdn) Stevil v danem sistemu.

b=5; t=4; L = -5; U = 5;

/ mantise

c = 0:b-1;
M = zeros(b~t,1);
i=1;
for cl1 = ¢
for c2 = ¢
for c3 = ¢
for c4 = ¢
M(i) = (b."=(1:t))*[cl; c2; c3; c4];
i = 1i+1;
end
end
end
end

4 mormalizirana Stevila
d = U-L+1;
bm = b~ (t-1);
Xpn = zeros ((b-1)*bm, d);
for j = 1:d
Xpn(:,j) = M(bm+1l:end) * b~ (L+j-1);
end
Xpn = Xpn(:);
Xn = [-Xpn(end:-1:1); ZXpnl;

/4 denormalizirana Stevila
Xpdn = M(2:bm) * b~L;
Xdn = [-Xpdn(end:-1:1); Xpdn];

% predstavljiva Stevila (brez 0, Inf, -Inf in NalN)
X = [Xn(l:end/2); Xdn(l:end/2); Xpdn; Xpnl;

1. Delez denormaliziranih Stevil izracunamo tako, da njihovo stevilo delimo s Stevi-
lom vseh predstavljivih Stevil. Rezultat je priblizno 2.2%.

2. Normalizirana Stevila, manjsa od =, lahko prestejemo z ukazom sum(Xn<pi).
Dobimo 8768.
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3. Da dobimo predstavljiva Stevila, ki se od 7 razlikujejo za manj kot ena, uporabimo
ukaz S = X(abs(X-pi)<1). Nato uporabimo vgrajeni funkciji mean in diff, da
izrac¢unamo povprecni razmik mean(diff (S)), ki je enak 0.008.

Poskusite zacetni del programa nadgraditi tako, da izracuna vse mantise splosne
dolzine t. Nato poiscite odgovore na zastavljena vprasanja Se pri kaki drugi izbiri
za t.

The number x not contained in the selected set P(b, ¢, L,U) is unrepresentable.
We substitute it with a number fl(z) that is either the greatest representable
number smaller than x or the smallest representable number greater than =x.
In rounding we choose the one that is closest to . In this way, under the
assumption that |z| lies on the interval between the smallest and the largest
representable number, we ensure that fl1(x) = 2(1+ ), where ¢ is such a number
that the absolute value |§| is smaller than the unit roundoff u = b1 ~*/2.

Exercise 1.4. Which is the greatest number from P(5,4, —5,5) smaller than 7, and
which is the smallest number greater than 7?7 Which of these two numbers is f1(7)?

Solution. S pomocjo programa iz naloge 1.3 lahko odgovore na vprasanja pois¢emo
s spodnjimi ukazi.

X = pi; A 3.1416
x1 = X(find (X<pi,1, 'last')); /4 3.1360
xf = X(find (X>pi,1, 'first')); A 3.1440
if xf-x < x-x1

flx = x1;
else

flx = xf; 4 3.1440

end

Pri tem je treba poudariti, da izbira fl(z) po zgornjem postopku za splosen z ni
korektna. V primeru, da je x enako oddaljen od obeh najblizjih predstavljivih stevil,
se za fl(z) vzame tistega, ki ima sodo zadnjo Stevko v mantisi.

Exercise 1.5. Express the number x = 47.712 in the binary representation and
by rounding find its closest representable number f1(z) from P(2,9,—10,10). Check
that the relative error |fl(x) — x| /|z| is smaller than the unit roundoff.

Solution. Dvojiski zapis celega oziroma decimalnega dela x dobimo z deljenjem
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oziroma z mnozenjem z 2:

47=123-2+1, 0.712-2=0.424 + 1,
23=11-2+1, 0.424 -2 = 0.848 + 0,
11=5-2+1, 0.848 - 2 = 0.696 + 1,
5=2.241, 0.696 - 2 = 0.392 + 1,
2=1-240, 0.392-2 = 0.784 + 0,
1=0-2+1, 0.784-2 = 0.568 + 1,.. ..

Od tod sledi 47 = 1011115 (ostanke v levem stolpcu prepisemo od spodaj navzgor)
in 0.712 = 0.101101 .. .5 (celi del v desnem stolpcu prepiSemo od zgoraj navzdol).
Torej je

2 =0.101111101101...5 - 2% in fl(z) = 0.101111110, - 26.

Ker je
fl(z) — z = ((0.1011111015 4+ 27?) — (0.1011111015 + 1.01...5 - 27'9)) - 26,

velja ocena
fl(z) — 2| < [277 — 2719 . 20 =274,

To pomeni, da je relativna napaka |f1(z) — x| / |z| manjsa od 0.0014, kar je manj od
osnovne zaokroZitvene napake 2179 /2 ~ 0.0020.

We say that a number z is given in single precision if it is represented by f1(x)
from the set P(2,24,—125,128). In computer memory, such a number is saved
in 32 bits. If it is normalized, it takes the form

fl(aj) = (_1)8(1 4 f) . 25—1277

where s € {0,1} is the sign (1 bit), & € {1,2,...,2% — 1} the exponent (8 bits)
and f = 0.cacs3...coq a part of mantissa (23 bits). Similarly, 64 bits are used to
save the numbers from P(2,53,—1021,1024) which specifies double precision.

Exercise 1.6. Prove that

(oo}

01 — Z (2741’ + 2742’71) ,

i=1

and find f1(0.1) for 0.1 in single precision. How is that number represented in com-
puter memory?

Solution. Vrsto izra¢unamo s prevedbo na geometrijsko vrsto

i e I\ o= ,oai 3 274 1
> (a2 1)=<1+2)Z(2 V=511

i=1 i=1
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in s tem dokazemo, da lahko Stevilo 0.1 predstavimo v zeleni obliki. Iz tega rezultata
sledi, da je 0.1 = 0.000115. Ker ima 0.1 v dvojiski bazi neskoncen decimalni zapis,
f1(0.1) dobimo z zaokroZevanjem. Na podlagi

0.1 =0.1100110011001100110011001 .. .5 - 273
sklepamo, da je
£1(0.1) = 0.1100110011001100110011015 - 273
oziroma
£1(0.1) = (=1)°(1 + 0.100110011001100110011015) - 2123127,

Stevilo f1(0.1) torej opisemo z biti 0, 01111011 in 10011001100110011001101, ki po
vrsti dolocajo s, € in f. Rezultat v Matlabu preverimo s pomocjo ukaza single(0.1),
ki vrne f1(0.1) za enojno natancénost.

x = 0.1;
flx = [repmat([1 1 0 0],1,5) [1 1 0 1]]1 * 2.7-(4:27)"';
double (single(x))-x 4 1.4901161e-09

double (single (x))-flx A0

Exercise 1.7. In Matlab implement the function that rounds a given in double pre-
cision representable number z € R to the nearest number from P(2,¢,—1021,1024)
where the length of the mantissa ¢t € {1,2,...,53} is an input parameter. Use the
function to compute the representable numbers from Exercises 1.5 and 1.6.

Solution. Neniéelno stevilo x lahko zapiSemo v obliki x = d-2¢, kjer je |d| € [1/2,1) in
e neko celo Stevilo. Priiskanju f1(z) si lahko zato pomagamo z dvojiskim logaritmom.
Ker jelogy(|z|) = log,(|d])+e in velja —1 < log,(|d|) < 0, po zaokrozevanju vrednosti
log,(|x|) na najblizje celo stevilo navzdol dobimo e —1. V Matlabu lahko torej stevili
e in d dolo¢imo z ukazoma e = floor(log2(abs(x))) + 1in d = x/27e. Hitreje
in zanesljiveje do teh dveh vrednosti pridemo z ukazom [d,e] = log2(x).

Za izracun fl(z) je treba vrednost d, ki si jo predstavljamo kot

d==£(d1-27 ' +dy-272+..)), d;€{0,1},i=1,2,...,
ustrezno zaokroziti. Ker je
d-28=dy -2 4 dy- 2872 4 4 dy 20 4 dpg 27

po zaokroZzevanju Stevila d- 2! in deljenju z 2¢ dobimo Stevilo m, ki je najblizje d med
vsemi Stevili s ¢ decimalkami v dvojiskem zapisu. Dodatno pazljivi moramo biti v pri-
meru, ko d lezi na sredini med dvema predstavljivima, steviloma. Takrat je d-2¢ oblike
¢/2 za ¢ € Z in po standardu IEEE ga zaokrozimo na najblizje sodo Stevilo. Za tako
doloc¢eno vrednost m velja fl(z) = m-2°. V Matlabu lahko m izra¢unamo z ukazom
m = round(d*2"t,’TieBreaker’,’even’) / 27t, Stevilo fl(z) pa nato z ukazom
flx = m*27e. Tudi tu se lahko posluzimo hitrejsega in zanesljivejSega nacina, in
sicer z ukazom flx = pow2(round(pow2(d,t),’TieBreaker’,’even’),e-t).
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function flx = fl(x,t)
% Vrne najblizZje predstavljivo Stevilo flz za z v
4 dvojiSki bazi in mantiso dolZine t.

[d,e] = log2(x);
flx = pow2(round(pow2(d,t), 'TieBreaker',6'even'),e-t);

end

Z uporabo funkcije £1 bi radi izracunali najblizje predstavljivo Stevilo za 47.712
pri mantisi dolzine 9 in za 0.1 pri mantisi dolzine 24. Rezultati spodnjih ukazov
potrdijo, da s funkcijo £1 dobimo enaki Stevili, kot sta izpeljani v nalogah 1.5 in
1.6.

flx = [1 011111 10] *x 2.7(5:-1:-3)";
flx - £1(47.712,9) 40

flx = double(single(0.1));
flx - £1(0.1,24) 40

Exercise 1.8. Let 1_ be the largest number in double precision that is smaller
than 1, and let 11 be the smallest number in double precision that is larger than 1.
Which number in double precision is the nearest to the number 1_ - 1,7

Solution. Stevila v dvojni natancnosti so predstavljena v dvojiski bazi z mantiso
dolzine 53. Najvecje stevilo, ki je manjse od 1, je

1_=0.11...15-20=1—-2753,
N——
53

najmanjse stevilo, ki je vecje od 1, pa

1. =0.100...015-2' =1+2752,
4+ =20.100...01 +
51

Produkt teh dveh stevil je
1_ - 1+ — (1 4 2752) _ (2753 4 27105) =14 (2753 _ 27105)’
iz Cesar je razvidno, da je 1_ -1, Stevilo med 1 in 1 ter da je blizje 1 kot 1.

Exercise 1.9. Let z and y be any two consecutive positive normalized numbers
from the set P(b,t, L,U). Prove that b~'z < |z — y| < b1tz

Solution. Pozitivno Stevilo x iz mnozice P(b,t, L,U) je oblike

T = ((:1b*1 Heb 2.+ ctb*t) - b°
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zac; € {0,1,....,b—1},i=1,2,...,t,ine € {L,L+1,...,U}. Predpostavljamo,
da je z normalizirano Stevilo, zato velja ¢; # 0. Zapisemo ga kot = d - b, kjer
za

d=c bt P+ ebt 2+ ..+

velja b1 < d < b'.
Ce z ni najvec¢je normalizirano Stevilo, je najmanjse normalizirano stevilo y, ki
je veéje od x, enako y = x + b¢~*. Torej je

lz|

|z -yl 7

in oceni za d potrjujeta dokazovano spodnjo in zgornjo mejo za |z — y|.

Obravnavajmo Se najvecCje pozitivno normalizirano stevilo y, ki je manjse od =x.
Ce je c; > 1 ali ¢e obstaja j € {2,3,...,t}, daje ¢; # 0, je y = x — b°t, zato tako
kot prej velja |z —y| = b, Sicer je x = b'~1 - b7t = p°~! in ¢e x ni najmanjse
pozitivno normalizirano Stevilo (e > L), velja

y=((b—1p"" "+ b—1p"2+.. . +(b-1)) b =g b
Torej je b~tx = b=t - b¢~1 = b=~ = |z — y|, kar potrjuje spodnjo in zgornjo mejo

za |z — yl.

1.2. Computational Errors

In numerical mathematics we face the errors in different phases of computing.

1. Usually an error ocurrs already in the preparation of input data at the begin-
ning of computing. The error that is the difference between the computation
with real and actual data is unremouvable error.

2. When solving a specific problem, we are often forced to compute an estimate
of the exact solution due to the difficulty of the problem or its computational
complexity. Thus we are not solving the original problem, but a simpler
related problem, and the error caused by that is approximation error.

3. Lastly, we have to consider the rounding error, which is a consequence of
rounding on every step of the metod. We need to be aware of the fact that
the result of every operation is rounded to the closest representable number.

The sum of all three errors is a computational error.

Exercise 1.10. The function f is defined as f(z) = +/1 + 2. By computing with
the set P(10,5,—10, 10) determine the value of f(x) for x = 1/13.
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. Estimate the unremovable error caused by the representation of x.

Instead of the function f use the Taylor polynomial of f of degree 2 obtained by
the expanison around the point 0. Estimate the approximation error.

Compute the value of the Taylor polynomial with the Horner algorithm. Based
on computing in double precision estimate the rounding error that is caused by
computing in the given arithmetics.

Solution. Ocenimo vsako izmed napak, ki se pojavi pri izvedbi postopka.

1.

Najprej ocenimo neodstranljivo napako, ki nastane zaradi predstavitve x v pred-
pisanem sistemu. Ker je z = 0.0769230..., je 7 = fl(z) = 0.76923 - 10~!. Neod-
stranljiva napaka D,, je podana z D,, = f(z) — f(Z). Njeno absolutno vrednost
lahko s pomocjo izreka o povprec¢ni vrednosti in ocene za relativno napako pred-
stavitve  z T v dani aritmetiki ocenimo z

Dl = 1£(&) = F@)] < gmae |/l — 7] < 052077 /2= 0.25- 10,

Napaka metode nastane, ker namesto s funkcijo f racunamo s priblizkom, ki
ga dobimo s pomocjo razvoja f v Taylorjevo vrsto. Konkretno, funkcijo f za-
menjamo s polinomom g(z) = 1 + x/2 — 22/8. Napaka metode je podana z
D,, = f(T) — g(T), njeno absolutno vrednost pa lahko ocenimo z

|Dpn| = | f(T) — g(T) x |67 < Z3/16 < 0.29- 1072,

< 3' fe(o 1)

Oznacimo g(x) = ag + a1r + azx®. Raéunanje vrednosti polinoma g v tocki T s
Hornerjevim postopkom poteka na slede¢ nacin:

bQZCLQ, blzbgf—ﬁ-ah b():blf-l-ao.

Izhodni podatek postopka je by, ki ustreza vrednosti g(Z). V predpisani aritmetiki
izvedbo postopka podaja naslednja tabela.

7 ‘ a; ‘ bi+1 - T ‘ C;, = fl(b1+1 . f) ‘ c; + a; ‘ bl = fl(az + Ci)
2 | —0.125 —0.12500 - 10°
1 0.5 —0.009615375 | —0.96154 - 102 | 0.4903846 0.49038 - 10°
0 1 0.03772150074 | 0.37722-107! 1.037722 0.10377 - 10*

Rezultat, ki predstavlja priblizek za f(x), ozna¢imo z y. Z izvedbo Hornerjevega
postopka v dvojni natancnosti, rezultat katerega privzamemo za to¢no vrednost
g(Z), dobimo priblizno 1.0377219, torej je zaokroZitvena napaka D, po absolutni
vrednosti manj$a od 0.22 - 1074,

Ker je

[f (@) =yl = f(x) = f(@) + f(T) = 9(T) + 9(F) — y| < |Dn| + [Dm| + [D-|,

iz obravnave posameznih napak sledi, da je celotna napaka manjsa od 10~%.
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Exercise 1.11. Two difference equations are given by

5 1
ap = 50p—1 — Gp—2, n:2737~-~7 aO:L ar = 3,
10 1
bnzﬁbn—l*bn—% n=23,..., bO:L blzg-

1. Use a, = A", A € R, and b, = p™, p € R, to find the exact solution of the
difference equations.

2. In Matlab, generate arrays a = (ag,a1,...,as5) and b = (bg,b1,...,b50). Use
command scatter to plot the points (n,a,) and (n,b,), n =0,1,...,50. Do the
elements of the array match the exact values? Explain why or why not.

3. Reduce the errors that occur in computing the elements of the array b by genera-
ting the elements in the reverse order with the initial values b5 = 0 and byg = 1
and scaling them by a constant that ensures by = 1. Compare the obtained values
with the exact ones.

Solution.

1. Uporabimo nastavka za a,, = A" in b, = p™. Ker sta enacbi dvoclenski, dobimo
v obeh primerih kvadratni enacbi z resitvama A1 = 1/2, Ao = 2 in uy = 1/3,
o = 3. Od tod sledi, da sta splosni resitvi oblike

a,=AM)"+B2", b, =C(1)"+D3",

kjer so A, B, C, D konstante, ki jih dolo¢imo iz zacetnih pogojev. Dobimo
an =1/2" in b, = 1/3™. Vrednosti a,, in b, z naraséajoc¢im n padata proti 0.

2. Elemente seznamov izracunamo na podlagi rekurzivnih formul, ki dolocata dife-
ren¢no enacbo.

J sezmam a
a = [1 1/2 zeros(1,49)];
for n = 3:51
a(n) = 5/2%a(n-1) - a(n-2);
end

J sezmam b
b = [1 1/3 zeros(1,49)];
for n = 3:51
b(n) = 10/3*b(n-1) - b(n-2);
end

Iz grafa na sliki 1.1a, ki ga nariSemo z ukazom scatter(0:50, a), je razvidno,
da vrednosti a, padajo proti 0, ko n raste, kar je glede na tocno resitev dife-
rencne enacbe pricakovano pricakovano. Graf je narisan v logaritemski skali, kar
dosezemo z ukazom set(gca, ’YScale’, ’log’). Graf na sliki 1.1b, narisan z
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ukazom scatter(0:50, b), po drugi strani kaze, da izracunane vrednosti b,, z
naras¢anjem n najprej padajo, nato pa zacnejo rasti in so glede na toc¢no resitev
diferen¢ne enacbe povsem napacne.

Razlog, da v prvem primeru dobimo toéne rezultate, v drugem pa napacne, se
skriva v tem, da je v prvem primeru rezultat vsake racunske operacije pred-
stavljivo stevilo v dvojni natancnosti, medtem ko v drugem primeru operiramo
z nepredstavljivimi Stevili. Za zacetni podatek namesto by = 1/3 uporabimo
by = fl(by) = by (1 + &). Pri tem je d sicer po absolutni vrednosti majhno $tevilo,

a tocna resitev b, diferen¢ne enacbe z zacetnima podatkoma by in 51 je
7 Sy (1\™ , &
bn=(1-35)(5)" +53"

Vpliv faktorja 3" se pri vecjih vrednostih n mo¢no pozna.

3. Iz rekurzivne zveze za vrednosti b,, izrazimo b,,_, in z zamikom indeksov dobimo
10
bn = ?bn+1 - bn+2-

Vzamemo bsg = 0 in by9 = 1 ter elemente seznama b generiramo v obratnem
vrstnem redu. Na koncu vse elemente seznama delimo z by in s tem zagotovimo,
da je v rezultatu by = 1. Vrednosti tega seznama se zelo dobro ujemajo s to¢nimi,
kar potrjuje graf na sliki 1.1c.

/4 sezmam b, generiran v obrantem vrstnem redu
rb = [zeros(1,49) 1 0];
for n = 49:-1:1
rb(n) = 10/3*rb(n+1) - rb(n+2);
end
b = rb/rb(1);

1.3. Computational Stability

In numerical computing stability is considered in different contexts. In principal
we are interested in the difference between the exact value and the computed
approximation: this is the forward error. If the error is small for all input data,
then we say that the method is forward stable. Analysis of the forward error is
usually difficult, and for this reason we introduce the notion of backward error:
this is the difference between exact input data and the input data modified in
a way that the computed approximation matches the exact value on modified
data. If the backward error is small for all input data, the method is considered
backward stable. With backward stability we can prove forward stability of the
method if the problem is unsensitive.
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(c) Elementi seznama b (generiran v obratnem vrstnem redu)

SLIKA 1.1: Prikaz rezultatov pri rekurzivnem racunanju Stevil v nalogi 1.11.

Exercise 1.12. A computing machine uses binary arithmetic with a mantissa of
even length t > 6. Let 7 =271 +27% + 27 in y = 271 + 2% where k = ¢/2 + 1.
We compute the value of 22 — y? with the expression x*x - y*y. By analyzing the
relative error, prove that the computation is not forward stable. Verify theoretical
observations in Matlab by using single precision.

Solution. Za stevili x in y velja
2?2 =972 497k ot L9 L olhot 4 o2t 2 92 4 9k 4 92k
Ker je 2k =t 4+ 2 in k > 4, ob zaokrozevanju dobimo
fl(x?) =272+ 277 27t 27071 fl(y?) =272 4 27F,

Pri tem upostevamo, da je y? ravno na sredini med najblizjima predstavljivima
Steviloma 272 +27% in 272 4+ 27F £ 27171 in za fl(y?) vzamemo prvega, ker ima
sodo zadnjo §tevko. Vrednost 22 — y?2, izra¢unana z izrazom x*x - y*y, je potem

z = fl(fl(z?) — fl(y?)) = 27t + 27471



1.8. Computational Stability 19

in za relativno napako izracuna velja

|2 _ (x2 _ y2)| B 9—t—=1 _9l—k—t _ 9—2t 9—t—2 1

|22 —y2| 2t 2l-k—t -2 > 9—t+l — §°

Torej je relativna napaka bistveno vecja od osnovne zaokrozitvene napake, ki je
enaka 27!, zato izra¢un ni direktno stabilen.

Za preizkus v Matlabu izberemo ¢ = 24, saj to ustreza dolzini mantise pri enojni
natancnosti. Izra¢unana napaka je ve¢ja od ocene za relativno napako.

t = 24; k = 13;
dx = 27-1 + 27-k + 27-t;

dy 27-1 + 27-k;
dz = dx*dx - dyx*dy;

x = single (dx);

y = single(dy);
Z = X*X - Y*V;
abs (double (z)-dz) / abs(dz) % 0.4996

If a machine satisfies standard IEEE, every basic computer operation @ (addi-
tion, substraction, multiplication, division) is implemented in such a way that for
any two representable numbers z and y, under the assumption that no overflow
occurs, it holds that

fllaey)=(zey)(1+9),

where § is a number with absolute value |6] not larger than the unit roundoff of
the arithmetic in use.

Exercise 1.13. Let z and y be representable real numbers. On a machine satisfying
IEEE standard we compute the value of 22 —y? with the expression (x-y) * (x+y),
which results in no overflow. Prove that the computation is backward and forward
stable. In Matlab, on the example from Exercise 1.12, verify that the relative error
of the computation in single precision is indeed small.

Solution. Ker racunanje poteka po standardu IEEE, namesto vsote oziroma razlike
Stevil x in y izraCunamo (x4 y)(1+ 1) in (x —y)(14+ a2), kjer sta oy in ay Stevili z
absolutnima vrednostma |a| in |as|, ki ne presegata osnovne zaokrozitvene napake
u. Z mnozenjem teh dveh vrednosti dobimo

z=(@+y)(r—y)l+ o)l +a2)(1+5),
kjer je 8 Stevilo z lastnostjo |3] < u. Torej je

z= (2" —y*)(1+9),
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kjer je d stevilo, za katero velja
(1-u?<1+6<(1+u)

Ker je vrednost u majhna, na podlagi tega ocenimo |§| < 3u.

Iz zgornjih ugotovitev sledi, da je z = (zv/1 + §)% — (yv/1 + 0)?, torej je z toéna
resitev pri malo zmotenih podatkih in izracun je obratno stabilen. Poleg tega za
relativno napako velja

2= (@ —9?)| _ [@® =] _
R

kar dokazuje direktno stabilnost izra¢una. To potrdi tudi izrac¢un v enojni natanc-
nosti na primeru iz naloge 1.12. Izracunana relativna napaka je celo manjsa od
osnovne zaokrozitvene napake.

t = 24; k = 13;
dx = 27-1 + 27-k + 27-t;

dy 27-1 + 27-k;
dz = dx*dx - dyx*dy;

x = single (dx);

y = single(dy);
z = (x-y) * (x+y);
abs (double(z)-dz) / abs(dz) /4 5.9590e-08

Exercise 1.14. Suppose a polynomial p is given by
P(2) = apt"™ +an_12" 4 FarFag=an(z — ) (@ — 20 1)... (T —21).

Assume the coefficients a,, an_1,...,a1,a9 and zeros x,,T,_1,...,x1 are all repre-
sentable real numbers. Analyze the relative error of polynomial evaluation at point
2 with the Horner algorithm and with the multiplication of the factors determined
by the zeros of p. Is any of the procedures forward stable if we use IEEE stan-
dard? Demonstrate the procedures in Matlab in single precision for n =9, ag = 1,
Ti=To=...=x9g=2,and z =2+ 275,

Solution. Pri Hornerjevem postopku izra¢un vrednosti polinoma p poteka v zapo-
redju

p(x)=((...((anx + an_1)x + an—2)x+...)x+a1)z + ao.

Pri vsaki operaciji seStevanja in mnozenja pride do zaokrozitvene napake, ki je re-

lativno manj$a od osnovne zaokrozitvene napake u. Zato namesto y = p(z) izrac¢u-
namo

Y1 = ant" (14 6,) + ap 12" (1 +0p_1) + ... +arz(l +6,) + ag(l + ),
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kjer za stevila 6;, ¢ = 0,1,...,n, ocenjujemo, da so po absolutni vrednosti manjsa
od priblizno 2nu (pri vrednostih §;, ¢ = 0,1,...,n — 1, smo lahko tudi natan¢nejsi,
velja namrec |d;| < (2 + 1)u). To pomeni, da za relativno napako izra¢una velja

ly =1l o 2nu (lan| || + lan—1|[z" [+ ... + |aa| |2] + |aol)
ly| ™~ |anT™ + ap_12" 1+ ... + a1z + ag ’

Ceprav smo napako (priblizno) omejili navzgor in je lahko ta ocena pregroba, vseeno
jasno odraza, da je za tocke x blizu ni¢le polinoma relativna napaka lahko velika,
Ce so koeficienti polinoma razlicno predznaceni. Postopek izracuna torej ni direktno
stabilen.

V primeru, da obstaja faktorizacija polinoma na linearne faktorje, lahko izracun
vrednosti opravimo stabilneje z mnozenjem faktorjev. Najprej izracunamo x — x;,
i=1,2,...,n, pri emer zaradi zaokrozevanja dobimo (x —xz;)(14«;) za neka Stevila
a;, ki so po absolutni vrednosti manjsa od u. Nato vsako izmed n mnozenj botruje
Se k relativni napaki, manjsi od u. Torej namesto y = p(z) izra¢unamo

Yo =an(@x —xp) ... (x —x1)(L+9) = y(1 +9),
pri Cemer je |0| < 2nu. To pomeni, da za relativno napako velja

ly —y2| _ |yd]

= = 9] < 2nu
|yl |yl

in izracun je direktno stabilen.

Zgornje ugotovitve potrjuje tudi konkreten primer izvedbe izracunov v Matlabu v
enojni natanénosti. To¢na vrednost pri podanih podatkih je y = (27°)% = 2745, Pri
racunanju s Hornerjevim postopkom (funkcija polyval) dobimo zelo veliko relativno
napako, medtem ko je napaka pri izracunu na podlagi mnoZenja faktorjev v tem
primeru celo enaka 0, saj so rezultati vseh operacij predstavljiva sStevila v enojni
natancnosti.

X = single(2*ones(1,9));
A = poly(X);

x = single(2 + 27-5);
y = 27-45;

yl = double(polyval (A,x));
abs (y-y1) / abs(y) J 1.0737e+09

y2 = double (prod(x-X));
abs(y-y2) / abs(y) %0
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2. Nonlinear Equations

If a nonlinear equation with the unknown z is represented in the form f(x) =0, its
solving can be interpreted as finding a zero of the function f. Numerical methods
addressing such a problem are iterative, which means that the approximation to the
solution is found in several steps with the repetition of the computations that in
each step improve the approximation from the previous one.

2.1. Bisection

The bisection is a robust method for finding a zero of a continuous function f
on an interval [a,b] with a different sign at the endpoints of the interval (i. e.,
fla)f(b) < 0). It is based on the fact that such a function has at least one
zero on the interval [a,b]. As the name suggests, we perform the method by
halving the interval in each step and then continue on the left or right interval,
depending on which of the two the function f has a different sign.

Exercise 2.1. Implement the bisection in Matlab. Pay attention to the efficiency
and numerical stability of the implementation. Run the program on the interval
[1,2] for the function f given by f(x) =x+4— e®”. Perform a sufficient number of
steps so that the error is less than 10712,

Solution. Pripravimo funkcijo bisekcija, ki kot vhodne podatke sprejme funkcijo
£, Stevili a in b, ki dolo¢ata robova intervala, ter stevilo korakov bisekcije N. Pri im-
plementaciji metode pazimo, da funkcijsko vrednost v doloceni tocki izracunamo le
enkrat. S spremenljivko s, ki predstavlja dolzino trenutnega intervala, se izognemo
morebitnim numeri¢nim tezavam, ki bi se lahko pojavile pri izracunu sredisca inter-
vala z izrazom (a+b)/2.

function x = bisekcija(f,a,b,N)

% funkcija

4« = bisekcija(f,a,b,N)

4 tzvede bisekcijo in dololi pribliZek = za niclo
% funkcije f ma intervalu [a,b]

23
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4 vhodni podatkd:
A f funkcija,

N

s

4 a zaletek intervala,

4 b konec intervala,

AN Stevilo korakov bisekcije

%

4 tzhodni podatek:

A priblizek za nicélo funkcije f
fa = f(a);

if sign(fa) == sign(f (b))

error ('f v tockah a in b ni nasprotno predznacena');
end

k = 0;
s = b-a;
while k¥ < N
s = s/2;
X = a+s;
fx = f(x);
if sign(fa) == sign(fx)
a = x;
fa = fx;
end
k = k+1;
end
end

Za izracun priblizka za ni¢lo podane funkcije na intervalu [1,2], ki se od toéne
vrednosti razlikuje za manj kot 10712, zadoSéa [log,(1012)] = 40 korakov bisekcije.
S pomocjo vgrajene funkcije fzero se prepricamo, da v tem primeru dovolj natancen
priblizek dobimo ze z 39 koraki.

f = @(x) x+4-exp(x72);

bisekcija(f,1,2,39) J 1.290718421716520
bisekcija(f,1,2,40) % 1.290718421715610
fzero(f,[1 2]) A 1.290718421715963

Exercise 2.2. Analyze how many zeros on the interval [0, 1] the function f,

o= ()4

has for a chosen n € N. What is the result of the bisection (according to the imple-
mentation in Exercise 2.1) if the computations are performed in single precision?
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Solution. Funkcijo f lahko analiziramo na podlagi odvoda

o= (e 1) (+-2).

Razvidno je, da je funkcija f na intervalu [0,1/2] narasfajoca, na intervalu [0,2/3]
padajoca, na intervalu [2/3, 1] pa ponovno naras¢ajoca. Ker je

31 . 1 11
sklepamo, da je f na intervalu [0, 2/3] negativna in zato tam nima nicle, na intervalu
[2/3,1] pa ima eno niclo, ¢e je n > 4 (pri n = 4 je ni¢la ravno 1).

Pri izvedbi bisekcije za funkcijo f v enojni natancnosti vse poteka po pricakova-
njih, razen Ce pride do podkoracitve in je fl(27") = 0. Najmanjse pozitivno predsta-
vljivo Stevilo v enojni natacnosti je 272427125 torej se to zgodi, e je n > 149. Pri
izvedbi bisekcije v tem primeru dobimo fi(f(1/2)) = 0 in (glede na implementacijo
v nalogi 2.1, saj je sign(0) = 0) iskanje ni¢le nadaljujemo na intervalu [0,1/2] ter
nato na intervalih [1/4,1/2],[3/8,1/2],[7/16,1/2],.... Kon¢amo v blizini 1/2, ki pa
ni dejanska nicla funkcije f.

a = single (0);
b single (1) ;

£f149 = @(x) (x-0.5)"2%(x-0.75) -2"-149;
bisekcija(f149,a,b,50) % 0.7500
fzero(£f149,[0 1]) 4 0.7500

£f150 = @(x) (x-0.5)"2%(x-0.75) -27-150;

bisekcija(£f150,a,b,50) 4 0.5000
fzero(£150,[0 1]) 4 0.7500

2.2. Fixed-Point Iteration

One of the general approaches to find a zero of a function f or to solve a nonlinear
equation f(x) = 0 is transformation of the equation into an equivalent form
2 = g(x). The function g is called an iteration function since the solution of the
equation can be found by iteration

Trt1 :g(mr)a T:Oala""

If g is a contraction on a current interval that contains xg, then by the Banach
contraction principle the sequence (z,), converges to the fixed point of g, which
corresponds to the zero of f.
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Exercise 2.3. A function f is given by f(x) = 2° — 10z + 1. We search for its zero
with the iteration function g(z) = (z° + 1)/10.

1. Argue that the function f has exactly one zero on the interval [0, 0.2].

2. Prove that the initial value x¢p = 0 guarantees the convergence of the iteration
sequence Z,4+1 = g(z,) to the zero of f on the interval [0, 0.2].

3. Estimate how good the approximation zo = g(g(0)) matches the zero of f on the
interval [0,0.2].

Solution.

1. Funkcija f je za £ = 0 enaka 1, za = = 0.2 pa 0.2° — 1 < 0. Ker je zvezna, ima
na intervalu [0,0.2] vsaj eno ni¢lo. Poleg tega je funkcija f na intervalu [0, 0.2]
padajoda, saj je f'(x) < 0 za vsak x s tega intervala. To potrjuje, da je nicla ena
sama.

2. Odvod iteracijske funkcije g je enak x*/2, zato je po absolutni vrednosti manjsi
od 1 natanko tedaj, ko je |z| < v/2. To zagotavlja konvergenco za vsak zacetni
priblizek z intervala (—+v/2, v/2) ~ (—1.1892, 1.1892).

3. Naj bo a € (0,0.2) nicla funkcije f (f(a) = 0) oziroma negibna tocka funkcije g
(9(a) = @). Opazimo, da za vsak x € [0, o] velja

@®+1  _ flo)
10 10

g(z) —a < =0,

kar pomeni, da se vsi ¢leni iteracijskega zaporedja nahajajo na intervalu [0, a].
Zato lahko po izreku o povprecni vrednosti razliko med zaporednima priblizkoma
Z, in z,41, 7 € N, ocenimo z

21— | = |g(xr) = g(xr-1)] < ¢'(0.2) |2y — 21| = 8- 107" |2 — 2]
Ker za¢nemo iteracijo z zg = 0, v naslednjih dveh korakih dobimo z; = 1/10 in
x9 = 1/10 + 1/105. Ocenimo

_ 42
22 — a| < |zg — x5] + |23 — 24| + ... < (8-10 14 (8-107%) +) |21 — |
in od tod sklepamo

81074

—6 ~ —10

|ze —a] <

Torej ze drugi priblizek iteracije predstavlja dober priblizek za niclo funkcije f.
Exercise 2.4. The iteration function g is given by g(x) = —x? + 8z — 12.

1. Find fixed points of the iteration g(z) = x and determine which are attractive
and which unattractive.
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2. For which initial values in the neighborhood of the fixed points can we ensure the
convergence of the iteration based on the derivative of g7

3. Determine for which initial values the iteration is convergent. What is the
sequence limit?

Solution.

1. Negibne tocke dobimo z reSevanjem kvadratne enacbe g(x) = x. Negibni tocki
sta torej dve, prva je 3, druga pa 4. Z odvajanjem iteracijske funkcije dobimo, da
je ¢'(3) =2 in ¢’(4) = 0, kar pomeni, da je 3 odbojna, 4 pa privlaéna tocka.

2. Konvergenco navadne iteracije v okolici negibne tocke x = 4 lahko na podlagi
odvoda funkcije g zagotovimo za zacetne priblizke xg, za katere velja |g’(zo)] < 1.
Ta pogoj je izpolnjen natanko tedaj, ko je |—2x¢ + 8| < 1 oziroma z( € (3.5,4.5).

3. Na podlagi grafa iteracijske funkcije g in simetrale lihih kvadrantov (slika 2.1
prikazuje navadno iteracijo pri zacetnih priblizkih 2.7, 3.2, 3.7 in 5.1) domnevamo,
da iteracija konvergira k 4 pri zacetnih priblizkih z intervala (3, 5), pri vseh drugih
zacCetnih priblizki pa divergira ali obstane v 3. Opazimo, da za priblizek z, na
r-tem koraku iteracije velja

tp—4=g(x,_1) —4=—(z,_1—4)?=... = —(20— 4)%,
kar potrjuje, da za vsak xo € (3,5) velja lim, o 2, = 4. Od tod sledi tudi, da

se za vsak xg € (—00,3) U (5, 00) priblizki x,- zmanjSujejo brez meje, pri zacetnih
priblizkih zg = 3 in g = 5 pa velja x, = 3 za vsak r € N.

0 | | | | | | |
2 25 3 35 4 4.5 5 5.5 6

SLIKA 2.1: Graficni prikaz navadne iteracije iz naloge 2.4.
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Exercise 2.5. In Matlab compose a function that performs the fixed-point iteration.

1. Let the input data be an iteration function, an initial value, a tolerance, and a
maximal number of steps.

2. Let the output data be the approximation after finished iteration, the array of
all computed approximations, and the number of performed steps.

3. Let the function perform the iteration until two last approximations differ for less
than the specified tolerance or the number of steps exceeds the specified maximal
number of steps.

Test the implementation with the iteration function from Exercise 2.4.

Solution. Funkcijo, ki izvede navadno iteracijo, poimenujemo iteracija.

function [x,X,k] = iteracija(g,x0,tol,N)

% funkcija

4 [z,X,k] = diteracija(g,z0,tol,N)

t1zvede mnavadno iteracijo z dano iteractjsko funkcijo
in zacetnim pribliZkom

vhodni podatk?:
g t1teractjska funkcija,
z0 zacetni priblizZek,
tol toleranca absolutnega ujemanja dveh zaporednih
pribliZkov,
N maksimalno Stevilo korakov iteracije

1zhodni podatks:

NN NI N I I N NN RN

b zadnji pribliZek izradunan 2z navadno iteractjo,
X seznam vseh izracunanth pribliZkov,
k Stevilo opravljenih korakov titeractije
X = x0;
k = 0;
while k < N
k = k+1;

X(k+1) = g(X(k));
if abs(X(k+1)-X(k)) < tol
break;
end
end
x = X(k+1);

end

Test kaze, da se racunski rezultati ujemajo s teoreticnimi izpeljavami iz naloge 2.4.
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g = 0(x)-x"2+8*x-12; tol = 1e-10; N = 1e3;

[x,~,k] = iteracija(g,3.5,tol,N) o= 4, k=7
[x,~,k] = iteracija(g,4.5,tol,N) Az =4, k=7
[x,~,k] = iteracija(g,3,tol,N) A x =3, k =1
[x,~,k] = iteracija(g,2,tol,N) 4 x = -Inf, kK = 1000

In practice it is imporant how fast the iteration sequence (), converges to the
fixed point . We say that the order of convergence is p if there exists a constant
C > 0 such that

lim 2ol o

r—00 |xr — og‘
If the function ¢ is sufficiently continuously differentiable, the order p can be
easily determined by derivation: it must hold that ¢ (a) =0,k =1,2,...,p—1,
and ¢g?) (@) # 0 with assumption |¢’ ()| < 1 if p = 1.

Exercise 2.6. To find a zero of the function f(z) = =

2 _ g — 2 use four different

iteration functions:

For every function analyze the convergence in the neighborhood of the zeros —1 and
2 and determine its order. Verify the conclusions in Matlab with the help of the
function implemented in Exercise 2.5. Plot graphs of the number of steps of iteration
in dependence of initial values on the interval [—2, 4].

Solution. Premislimo, kako se iteracijske funkcije obnasajo v okolici nicel funkcije f.

1.

Ker je gi(z) = 2z, sta tako —1 kot 2 odbojni negibni todcki iteracijske funkcije
g1. Niclo funkcije f torej dobimo le v posebnih primerih, ko za zacetni priblizek
izberemo —2, —1, 0, 1 ali 2.

. Iz gh(x) = 1/v/x + 2 sledi, da je 2 privlacna negibna tocka, v okolici katere je red

konvergence enak 1. Enostavno je dokazati, da iteracijsko zaporedje konvergira k
2 za vsak zacCetni priblizek, ki je vecji ali enak —2. Na drugi strani —1 ni negibna
tocka funkcije g2, zato te nicle funkcije f z go ne moremo poiskati.

Najprej opazimo, da sta negibni tocki funkcije g3 tako —1 kot 2, vendar iz
g5(—=1) = =2 in ¢4(2) = —1/2 sklepamo, da je le 2 privla¢na negibna tocka.
Za priblizke v okolici —1 torej ni pricakovati konvergence k —1, v —1 z iteracijo
koncamo le, ¢e v —1 z njo zacnemo. Po drugi strani vrednost odvoda gs v tocki 2
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zagotavlja konvergenco k —2 za zacetne priblizke v okolici —2, a ponovno le reda
1. S podrobnejso analizo iteracijske funkcije lahko dokazemo, da iteracijsko zapo-
redje konvergira k —2 za vse zacCetne priblizke, razen —1. Pri zacetnih priblizkih
0 in —2 v prvem oziroma drugem koraku iteracije delimo z 0.

4. Funkcija g4 ima negibni tocki —1 in 2, v obeh pa je vrednost odvoda g4 enaka 0.
Red konvergence v okolici —1 in 2 je torej vsaj reda 2 in za zacetne priblizke blizu
negibnih tock se lahko nadejamo hitre konvergence k eni ali drugi nicli funkcije
f. Iz analize vrednost g4(x) — x sledi, da iteracijsko zaporedje konvergira k 2 za
zaCetni priblizek veédji od 1/2 in k —1 za zacetni priblizek manjsi od 1/2.

V Matlabu preverimo, kaksne rezultate dobimo z uporabo iteracijskih funkcij pri
zaCetnih priblizkih —1/2 in 3. Tteracijo izvedemo s pomocjo funkcije iteracija iz
naloge 2.5 pri toleranci tol = 1e-10 in maksimalnem Stevilu korakov N = 100.

gl = @(x) x.72-2;

g2 = @(x) sqrt(x+2);

g3 = @(x) 1+2./x;

gd = 0(x) (x.72+2)./(2xx-1);

tol = 1e-10; N = 100;

[x,~,k] = iteracija(gl,-0.5,t0l,N) 7 =z = 0.5914, k = 100
[x,~,k] = iteracija(gl,3,tol,N) % x = Inf, k = 100
[x,~,k] = iteracija(g2,-0.5,tol,N) 7 z = 2, k = 19
[x,~,k] = iteracija(g2,3,tol,N) Az = 2, k = 18
[x,~,k] = iteracija(g3,-0.5,t0l,N) 7 z = 2, k = 39
[x,~,k] = iteracija(g3,3,tol,N) Az = 2, k = 35
[x,~,k] = iteracija(g4,-0.5,tol,N) 7 = = -1, k =5

[x,~,k] = iteracija(g4,3,tol,N) Az = 2, k = 6

Na sliki 2.2 so prikazani grafi stevila korakov iteracij pri zacetnih priblizkih iz
seznama linspace(-2,4,61). Oznaka * predstavlja konvergenco k nicli 2, oznaka
+ pa konvergenco k nicli —1. Oznaka x pomeni, da se je iteracija koncala brez kon-
vergence po maksimalnem stevilu korakov (v tem primeru 50). Slika 2.2a prikazuje
rezultate za iteracijsko funkcijo g;, kjer v eni izmed nicel kon¢amo le pri zacetnih
priblizkih —2, —1, 0, 1 in 2. Na sliki 2.2b je prikazano stevilo korakov iteracij pri
funkcji go, ki ima za negibno tocko ni¢lo 2. Stevilo korakov, s katerimi dosezemo
natancnost priblizka v okviru predpisane tolerance, je manjse kot pri iteracijski funk-
ciji g3, kot kaze slika 2.2c. Iz te slike je tudi jasno razvidno, da je 1 odbojna tocka
iteracije z g3, saj iteracijsko zaporedje le pri zacetnem priblizku —1 konvergira k —1.
Iteracijska zaporedja najhitreje konvergirajo pri iteracijski funkciji g4. Slika 2.2d
kaze, da je limita za zacetne priblizke manjSe od 1/2 enaka —1, za zaCetne priblizke
vecje od 1/2 pa 2. Pri zadetnem priblizku 1/2 iteracijsko zaporedje ne konvergira k
nobeni izmed nicel.



2.2. Fized-Point Iteration 31

5O PXXXXXXXXX XXXXXXXXK XHXXXKXXK XXXXXXKXK  XXXHHKXEXXXXKHHKXXXXXK 50
40| a0t
30 B
20 20
-
10F 10
o + * bl * . , o . . . * . ,
-2 -1 0 1 2 3 4 -2 -1 0 1 2 3 4
(A) Iteracijska funkcija gi1. (B) Iteracijska funkcija ga.
50 | 50 X
40 40
ok F,
%9% %@Hﬁw
£ o 30f
*** **m
20 - 20
0f 1w0f
T e,
-y B N
0 + L L * L J 0 + L L * L J
-2 -1 0 1 2 3 4 -2 -1 0 1 2 3 4
(c) Iteracijska funkcija gs. (D) Iteracijska funkcija ga.

SLIKA 2.2: Stevilo korakov v odvisnosti od zacetnih priblizkov pri iteracijah iz naloge 2.6.

Exercise 2.7. Prove that the square root of a positive number a can be computed
with the iteration
22+ 3a

T , r=0,1,...,
"312+a

Try1 =
for any inital value zy > 0 and determine the order of convergence of the iteration
sequence in the neighborhood of /a.

Solution. Enostavno je preveriti, da je funkcija g(x) = x(2%+3a)/(32%+a) iteracijska
funkcija za ena¢bo z(2% — a) = 0. Negibne tocke iteracije so —/a, 0 in \/a.

Radi bi dokazali, da iteracija za xo > 0 konvergira k negibni tocki v/a. Najprej
opazimo, da za vsak priblizek z,., r € N; velja

Ty —va = g(x,—1) — Va= M.

322 1 +a

Od tod po indukeiji sledi, da je za zacetni priblizek z¢ < y/a vsak priblizek z, manjsi

od +/a. Podobno, ¢e je g > +/a, je tudi vsak priblizek z, vedji od /a. Nadalje, ker
je

2z, (a — x2)

Tt = = gln) = = Ty

za T, < \/avelja x, 1 > z,, za T, > /a pa z,11 < z,. To dokazuje, da je zaporedje

priblizkov (z,.), pri zacetnem priblizku o > 0 konvergentno, saj je bodisi strogo
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nara$¢ajoCe in navzgor omejeno s y/a bodisi strogo padajofe in navzdol omejeno s
va. Naj bo limita zaporedja oznadena z «. Zanjo velja

m z.) = g(a),

a= lim z, = lim z,4; = lim g(x,) =g(li
r—> 00 ™— 00 T— 00

r—00

zato je negibna tocka funkcije g. Ker je v/a edina neigbna tocka g na intervalu

(0,00), je @ = +/a.

Red konvergence dolo¢imo z odvajanjem. Ker je

3(z% — a)? 48za

/ _ " — 2 _

g (1') - (3{172 +a)27 g (1‘) (3{172 +a)3 (1' a)a

je ¢'(/a) = ¢’ (v/a) = 0 in red konvergence je vsaj kubicen. Red v resnici je kubicen,
saj je ¢"'(y/a) # 0, kot sledi iz

48zxa ! 48xa
" _ 2 _
g7 (z) = <(3x2 + a)3) (2% —a) + (322 + a)3 v

Exercise 2.8. Determine the parameters «, 3, and 7y in the iteration formula

a2

a
xrﬂzaazr—I—Bﬁ—i—’y r=0,1,...,

75,
T x'f‘

for computing the cubic square root of a non-zero number a such that the convergence
of the iteration sequence for an initial value in the neighborhood of ¥/a is cubic.

Solution. Obravnavajmo iteracijsko funkcijo g(x) = axz+Ba/x?+~va? /2. Ce Zelimo,
da je ¢/a negibna tocka g, mora veljati a + 8+ = 1. Da bo red konvergence
vsaj kubiden, mora biti ¢’'(¥/a) = 0 in ¢”(¥/a) = 0, kar je ekvivalentno zahtevama
a—28—5y=0in 68 + 30y = 0. Z resevanjem sistema enacb za dane parametre
ugotovimo, da mora biti a =5/9, 8 =5/9 in v = —1/9. Ker je pri teh parametrih
g"(¥/a) = 10/Va2 # 0, je red konvergence kubicen.

2.3. Method Derivations and Properties

To find a zero of a function f there exists a number of recipes that can be used
to derive a suitable function for performing fixed-point iteration. One such is the
Newton’s (also called Newton—Raphson or tangent) method. The approximation
z,41 for a zero of a differentiable function f is produced from =z, by

f(zr)

Lr41 = Ty — f/(J? )
r

Geometrically, x,41 is the intersection of abcissa and the tangent line of f at
the point z,..
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Exercise 2.9. The Babylonian method for computing the square root y/a of a
positive number a is based on the iteration

1 a
Jfr+1:§ Tr+— |, 7":0,1,....

For performing one step of the iteration only three basic operations are needed.

1. Verify that the iteration corresponds to the Newton’s method for f(z) = 2% — a.

2. What is the order of convergence of the iteration in the neighborhood of \/a?
3. Prove that the sequence (z,.), converges to y/a for any initial value zy > 0.
Solution.

1. V formulo, ki dolo¢a priblizek po tangentni metodi, vstavimo f(x) = 22 — a. Z
nekaj preurejanja dobimo babilonsko metodo.

2. Red konvergence babilonske metode v okolici y/a lahko dolo¢imo z odvajanjem
iteracijske funkcije g(x) = (x 4+ a/x)/2. Izracunamo

1 a a
J@=5(1-%) g@==
iniz ¢'(v/a) = 0in ¢"(v/a) = 1/4/a # 0 sklepamo, da je red konvergence v okolici
va kvadraticen.

3. Odvod funkcije g je po absolutni vrednosti manjsi od 1 za vsak = € (\/a/3,0),
zato zaporedje (), konvergira k v/a za vsak zadetni priblizek z, s tega intervala.
Treba je dokazati Se, da to velja tudi v primeru, ko je z¢ € (0, y/a/3]. Opazimo,
da je

Zo a 1 2
g(@o) = va= 3+ 5= —Va= g (20 - Va),

2 2330
iz, Cesar sledi, da za vsak zacetni priblizek xo > 0 priblizek z; = g(xo) lezi na
intervalu [\/a,o0); tu pa je g po prejSnjem razmisleku skréitev, zato je limita
iteracijskega zaporedja negibna tocka +/a.

Exercise 2.10. Let f: R — R be at least twice differentiable function with a zero
a. We say that « is a zero of multiplicity m, m € N, if f can be expressed as
f(z) = (x — a)™ for a function h : R — R that does not have a zero at «.

1. Let a be a simple zero (m = 1). Verify that the order of convergence of the
Newton’s method in its neighborhood is at least quadratic.

2. Let m > 1. Prove that the iteration function g(z) = x — f(z)/f'(z) of the
Newton’s method satisfies
. / 1
lim ¢'(z) =1— —.

T m

Based on this, comment on the speed of convergence of the Newton’s method.
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3. How would you modify the Newton’s method to ensure that the order of conver-
gence in the neighborhood of zero of multiplicity m > 1 is at least quadratic?

Solution.

1. Za odvod iteracijske funkcije g velja

oy = (o A@N _ ) F@ = F@) @) _ f@)f"(=)
/0= (o~ 755) =1

f'(@)? IO

torej je ¢’(a) = 0 in red konvergence v okolici enostavne nicle « je vsaj kvadrati-
cen.

2. Glede na definicijo kratnosti nicle lahko prvi odvod funkcije f izrazimo kot
f'(@) =m(z = a)" " h(z) + (z — a)" N (z),
drugi odvod pa kot
() = (m — D)m(x — a)™ 2h(z) + 2m(z — @)™ H () + (x — a)™h" (z).
Iz tega sledi, da za odvod iteracijske funkcije g velja

J (@) = (x — a)?h(x)h (z) + 2m(x — a)h(z)h' (z) + (m — 1)mh(z)?
(z — a)2W (2)2 + 2m(z — a)h(z)l (z) + m2h(z)2 )

na podlagi cesar sklepamo, da je

m—1)m 1
lim ¢'(z) = % =1-——.

T—o m m
To pomeni, da je red konvergence v okolici veckratne nicle linearen in tudi, da je
hitrost konvergence tem manjsa, ¢im vecja je kratnost nicle.

3. ITteracijsko funkcijo g bi radi zamenjali s sorodno funkcijo G, za katero velja

lim, o G'(x) = 0. Ker je mlim,_,, ¢'(x) = m — 1, poskusimo s funkcijo

G(z)=x— mjj:/((?)

Njen odvod je
f'(@)? + f(x) f"(x)
f'(@)?

in je v limiti, ko gre = proti «, enak 0. Seveda lahko metodo z iteracijsko funkcijo
h izkoristimo le, ¢e vnaprej poznamo kratnost nicle funkcije f.

G(r)y=1-m =1-—m+mg' ()
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Exercise 2.11. Let f: R — R be at least three times differentiable function and «
its zero of multiplicity more than 1.

1. Prove that « is a simple zero of F(x) = f(z)/f ().

2. Derive the method for finding the zero of f that corresponds to the Newton’s
method for the function F'. Argue that on the neighborhood of a the convergence
order of the derived method is at least quadratic.

3. Let g denote the iteration function from the second item. Prove that every zero
of f is a fixed point of g and that every fixed point of g, which is not a zero of f,
is unattractive.

Solution.

1. Naj m € N oznacuje kratnost ni¢le a. Torej je f(z) = (x — «)™h(z), kjer je
h : R — R funkcija, za katero velja h(a) # 0. Funkcijo F' lahko potem zapisemo
v obliki F'(z) = (x — a)H(x) za funkcijo H : R — R, ki je podana s predpisom

mh(x) + (x — a)h/ (x)’
Ker je H(a) = % # 0, je a enostavna nicla funkcije F'.
2. Iteracijska funkcija je podana z

F(a)
F(x)

9(@) ==z —

in ker je red konvergence tangentne metode v okolici enostavne nicle kvadraticen,
je ta lastnost za funkcijo g v okolici a zagotovljena po prvi tocki. Z upostevanjem
predpisa za F' iteracijsko funkcijo izrazimo glede na f kot

I (5T C
9@) =T = T ) )

3. Iz predpisa za funkcijo g je razvidno, da je 5 € R njena negibna tocka natanko
tedaj, ko je f(8) = 0 ali f/(8) = 0. Ce je torej 8 negibna tocka ¢ in ni nicla
funkcije f, je f'(8) = 0 in iz predpisa za odvod

)° + f(@)f"(x)

2)? = f(a)f"(x)

2f"(@) " () = f'(2) /" (= )—f( )f" ()
(f'(x ) f(@)f"(x))?

sledi, da je ¢’(8) = 2, kar pomeni, da je 8 odbojna negibna tocka.

R i
- f(@)f'(x)
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Exercise 2.12. In dependence of the initial values analyze the convergence of the

Newton’s method for the function f(z) = 23 — .

1. Expand f into the Taylor series around the current approximation and evaluate
it at point 1. Use the obtained formula to prove that for any initial value from
(1/4/3,00) the method converges to 1. By a similar line of arguments verify that
for an initial value from (—oo, —1/1/3) the method converges to —1.

2. Describe what issues arise with the initial values +1/v/3 and +1//5.

3. How does the iteration sequence behave for initial values from (—1/v/5,1/v/5).
Does the method converge to 07

4. Find out what is the limit of the iteration sequence for the initial values from the
intervals (—1/v/3,—1/+v/5) and (1/4/5,1/V/3).

Solution. Iteracijska funkcija je podana s predpisom

-z _ 223

312 -1 322-1

9(@) =z —

Vemo, da so negibne tocke iteracije nicle funkcije f, to so —1, 0 in 1. Ker so enostavne
nicle, vemo tudi, da je konvergenca v neki njihovi okolici vsaj kvadraticna. Oglejmo
si natancneje, kaj se dogaja z iteracijskimi zaporedji pri razlicnih zacetnih priblizkih.

1. Iz razvoja f v Taylorjevo vrsto okoli x,_1, izvrednotenega v nicli 1, sledi, da je

x,.—l— M(Jh-_l—l)zy TEN?

B 2f/(xr71)

za nek &1 med 1 in x,_;. Ker je f na intervalu (1/v/3,00) strogo narascajoca
in strogo konveksna, za vsak x,._; s tega intervala velja z, > 1 za vsak r € N.
V posebnem to pomeni, da za zacetni priblizek xq € (1/v/3,00) velja f(x1) > 0,
zato iz definicije tangentne metode sledi 1 < x5 < x7. Po indukciji lahko ta sklep
nadaljujemo do ugotovitve, da je zaporedje (z,), strogo padajoce in navzdol
omejeno z 1. Ker je 1 edina ni¢la funkcije f na intervalu (1/4/3,00), smo s tem
dokazali, da za vsak zacCetni priblizek s tega intervala zaporedje (), konvergira
k 1. Podoben razmislek pripelje do zakljucka, da zaporedje (z,), konvergira k
—1 za vsak zacetni priblizek z € (—o0, —1/v/3).

2. Tangentna metoda pri zacetnih priblizkih zq = 41/v/3 propade, saj sta +1/v/3
pola iteracijske funkcije g. Tezave lahko pricakujemo tudi pri zacetnih priblizkih
+1/+/5, saj sta resitvi enacbe

223
€T = —" = —X0.
9(xo) 3z —1 0
To pomeni, da za prva dva priblizka velja o = —x1 = x, iz Cesar sklepamo, da

zaGetna priblizka +1/+/5 povzrocita cikel reda 2.
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3. Obravnavajmo zacetne priblizke z intervala (—1/v/5,1/v/5). Prepri¢ajmo se, da
zagotavljajo konvergenco k 0. Najprej iz padanja iteracijske funkcije g na obrav-
navanem intervalu sklepamo, da je g(z) € (0,1/v/5) za vsak = € (—1/+/5,0) in
g(x) € (=1//5,0) za vsak = € (0,1/4/5). Nato opazimo e, da je g(x) + 2 < 0
za vsak x € (=1/+/5,0) in g(x) + x > 0 za vsak = € (0,1/v/5). Od tod sledi, da
¢leni zaporedja alternirajo¢e menjavajo predznak. Ce je zo > 0, zaporedje sodih
¢lenov pada proti 0, zaporedje lihih ¢lenov pa raste proti 0. Za xy < 0 je situacija
ravno obratna, ne glede na to pa celotno zaporedje priblizkov konvergira k 0.

4. Za zacetne priblizke z intervala (—1/v/3, —1/1/5) lahko s pomocjo grafa iteracij-
ske funkcije g in simetrale lihih kvadrantov razberemo, da zaporedje priblizkov
konvergira bodisi k —1 bodisi k 1, ki je najbolj oddaljena nic¢la. Pri zacetnem
priblizku zy = —1/2 je na primer x; = 1, zato je zaradi zveznosti g pri zacetnih
priblizkih blizu —1/2 priblizek x; blizu 1, kar implicira konvergenco k 1. Kon-
vergenco k —1 v resnici dobimo le za zacetne priblizke g na majhnem odseku,
kjer je g(zo) € (1/v/5,1/4/3). Po simetriji podobno velja za zacetne priblizke z
intervala (1/4/5,1/v/3). Zaklju¢imo, da je tangentna metoda za dolocene zacetne
priblizke lahko zelo nepredvidljiva.

Exercise 2.13. Give an example of a function f for which the Newton’s method
fails independently of the chosen initial value. Namely, find a function f such that
for any initial value zy every approximation x,, r € N, satisfies x, = —x,_1.

Solution. Poskusajmo dolociti tako funkcijo f, da pri tangentni metodi za vsak
zacCetni priblizek z¢ velja x, = —z,_1, 7 € N. To pomeni, da se tekom iteracije
izmenjujeta priblizka xo in —xg. Ker je z, = x._1 — f(2,—1)/f'(z,—1), mora biti
funkcija f reSitev navadne diferencialne enacbe

fiz) _ 1

fl@) 2z
in zato zadoséa | f(z)| = C'y/|z] za neko konstanto C. Vzemimo na primer
@)= lal.
Ker je f'(z) = /(2 |z| \/|z]), res velja
flee) VIl 2l Vsl
x

Ty = Tp—1 — = Tr-1

f/(xrfl) r—1

—Tr-1

za vsak r € N.

Exercise 2.14. Implement the Newton’s method in Matlab and use it to find the
zero of the function f defined by f(z) =z +4— . How many iterations with the
initial value x¢g = 1 are needed so that the last computed approximation agrees with
the approximation obtained by the built-in function fzero in 10 decimal places?

Solution. Pri implementaciji uporabimo funkcijo iteracija iz naloge 2.5.
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function [x,X,k] = tangentna(f,df,x0,tol,N)

% funkcija

4 [z,X,k] = tangentna(f,df,z0,tol,N)

t1zvede tangentno metodo za tskanje nicle funkcije f

vhodna podatka:
f funkcija, nicélo katere i5cCemo,
af odvod funkcije f.

ostali whodni in <zhodnt podatki so enakt kot pri
funkcijge 'iteracija'

BRI

g = 0(x) x - f(x)/d4df(x);
[x,X,k] = iteracija(g,x0,tol,N);

end

V tabeli 2.1 je podanih prvih osem priblizkov tangentne metode, ki jih dobimo z
izvedbo ukaza [x,X,k] = tangentna(f,df,1,1e-15,100) za primerno definirani
funkciji £ in df. Primerjamo jih z vrednostjo 1.29071842171596, ki je rezultat ukaza
fzero(f,0). Ugotovimo, da je priblizek z¢ na Sestem koraku prvi, ki se z rezultatom
vgrajene metode ujema v vec¢ kot desetih decimalkah. V zadnjem stolpcu tabele je
podano skupno Stevilo funkcijskih izra¢unov funkeij f in f’, uporabljenih za izracun
posameznega priblizka.

korak priblizek napaka funkcijski izrac¢uni
1 1.51429853102254 | 2.2358- 10T 2
2 1.36287475280475 | 7.2156 - 1072 4
3 1.29944386111342 | 8.7254-1073 6
4 1.29085495577572 | 1.3653 - 1074 8
5 1.29071845546466 | 3.3749-108 10
6 1.29071842171597 | 1.9984-10~1° 12
7 1.29071842171596 0 14
8 1.29071842171596 0 16

TABELA 2.1: Izvedba tangentne metode v nalogi 2.14.
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A downside of the Newton’s method is that alongside the function value also the
value of its derivative is needed. To avoid this, we can use the secant method,
which can be geometrically interpreted in a similar way as the Newton’s method:
a new approximation x,; is determined as the intersection of the abscissa and
the secant line of f passing through z, and x,_1, which implies

Ty = 2y — flae)(zr — 2r—1)
o " flxr) = f(zr-1)
The secant method is not an example of the fixed-point iteration since for the

computation of the new approximation two previous approximations are needed.
For this reason we need two initial values to start the iteration (zo and ).

Exercise 2.15. Prove that the iteration formula

~ Tr—1Tr +a -
Tpp1=——, T=12,...,
Tr—1 + Tp

for computing the square root of a positive number a corresponds to the secant
method for the function f(x) = 22 — a and that the sequence (), converges for
any initial values xo and z; greater than /a.

2

Solution. Po definiciji sekantne metode za funkcijo f(x) = 2% — a izratunamo

(27 —a)(zr 1) _ we(af— a7 ,) = (27 — a) (@ — 2r 1)

(@ —a) - (2, —a) 2 —al

LTr41 = Ty —

kar se s krajsanjem izraza x, — x,_1 poenostavi v iskano formulo. Za dokaz konver-
gence zaporedja priblizkov najprej opazimo, da so pri pozitivnih zacetnih priblizkih
vsi ¢leni zaporedja pozitivni. Ker je

. - Tr_ 12, +a - a—x%
rtl — Ly = ———————— — L = ————————,
Tr—1 + Ty Tr—1 + Ty

je priblizek x,11 manjsi od z,, e je . > \/a. Poleg tega je

Trp1 —Va= W_\/&: (r—1 — Va)(x, —V/a)

Tr—1 + Ty Tr—1 + Ty

iz ¢esar lahko sklepamo, da je za poljubna zacCetna priblizka x( in z1, ki sta vecja
od +/a, zaporedje padajoce in navzdol omejeno s y/a. Torej ima limito a > /a, ki
zadoscéa enacbi

a’+a

a+a’

od kjer sledi a = \/a.
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Exercise 2.16. Implement the secant method in Matlab and test it with the func-
tion f from Exercise 2.14 with the initial values 2o = 1 and x; = 1.1. Compare the
obtained results to the results of the Newton’s method.

Solution. Funkcijo sekantna, ki izvede sekantno metodo, implementiramo na zelo
podoben nacin kot funkcijo iteracija iz naloge 2.5. Pri tem pazimo, da funk-
cijsko vrednost za vsak priblizek izracunamo le enkrat, saj izvrednotenje funkcije
predstavlja najvecji racunski zalogaj pri izvedbi metode.

function [x,X,k] = sekantna(f,x0,x1,tol,N)
% funkcija
[z,X,k] = sekantna(f,z0,z1,tol,N)
1zvede sekantno metodo za iskanje nille funkcije f

vhodni podatki:
f funkcija, nicélo katere t5cCemo,
z0, z1 zacetna pribliZka metode

ostali whodnt in <zhodnt podatkir so emnakil kot pre
funkcijt 'tteracija

NN IR

!

X [x0 x1];
k = 0;
fxk = £(X(1));
while k < N
k = k+1;
fxkn = f(X(k+1));
X(k+2) = X(k+1) - fxkn*(X(k+1)-X(k))/(fxkn-fxk) ;
fxk = fxkn;
if abs(X(k+2)-X(k+1)) < tol
break;
end
end
x = X(k+2);

end

Priblizki, izracunani z izvedbo ukaza [x,X,k] = sekantna(f,1,1.1,1e-15,100),
so prikazani v tabeli 2.2. Priblizek xg, dobljen na sedmem koraku, se z vrednostjo
fzero(f,0) ujema v enajstih decimalkah, priblizek xg pa v vseh. Torej je stevilo
korakov pri sekantni metodi v tem primeru le za ena vecje od Stevila korakov pri
tangentni metodi. Pravzaprav je sekantna metoda ucinkovitejsa, saj smo na vsakem
koraku opravili le en izracun funkcijske vrednosti namesto dveh pri tangentni metodi.
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korak priblizek napaka funkcijski izrac¢uni
1 1.42632775255262 | 1.3561- 107! 3
2 1.24363560557646 | 4.7083-102 4
3 1.27978689949541 | 1.0932-102 5
4 1.29168083871343 | 9.6242-10~4 6
5 1.29069926729793 | 1.9154-107° 7
6 1.29071838835441 | 3.3362- 108 8
7 1.29071842171712 | 1.1571-10712 9
8 1.29071842171596 0 10
9 1.29071842171596 0 11

TABELA 2.2: Izvedba sekantne metode v nalogi 2.16.

One of the generalizations of the Newton’s method is the method (f, f/, /"),
which uses not only the first derivative but also the second derivative of the
function f. The approximation x,;; is computed based on z, by the formula

e d@) @S
TP T 2w

In the literature this iteration is often called the Schrédinger method of second
order. The methods of higher orders include higher order derivatives of f.

Exercise 2.17. Let f be an analytic function with a simple zero a.. Use the Taylor
expansion of the inverse of f to derive the method (f, f’, f”’). Compute the order of
convergence of the iteration sequence in the neighborhood of «.

Solution. Ker je a enostavna nicla funkcije f, je f'(«) # 0 in po izreku o inverzni
funkciji obstaja 6 > 0, da je f na (o — §,« + d) obrnljiva. Natancneje, obstaja
e > 0 in taka funkcija F : (—¢,e) = (o — §,a + 0), da je F(f(z)) = x za vsak
x € (o — 0, + 0). Funkcijo F razvijemo v Taylorjevo vrsto okoli y € (—¢,¢€):

F() = F(o) + F'(5)(z =) + 3" (0) (=~ 5 + ..
Vzemimo z =0 in y = f(z) za x € (o — §,a + 0). Iz

F(fx) =z,  F(fl@)f(@)=1,  F'(f@)f () +F(f(x)f"(x) =0
izrazimo F'(f(x)) = 1/f(z) in F"(f(x)) = —f"(x)/f'(x)?. Ce v Taylorjevi vrsti
zanemarimo c¢lene s stopnjo, visjo od 2, dobimo
@) f@)f@)?

fr@)  2f(x)p 7

ax=T

kar doloca iteracijsko funkcijo

J@) @)

90 =T Ea T ()
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Red konvergence metode dolo¢imo z odvajanjem g. Izracunamo

_307(@) @) (@)
2/"(x)?

g'(x) fla)?.

Od tod je razvidno, da je ¢'(a) = 0 in ¢”(a) = 0, medtem ko je vrednost ¢"’(«) v
splosnem razli¢na od ni¢, zato je red konvergence kubicen.

Another method for computing a zero of a function f based on a second deri-
vative is the Halley’s method. The approximation x,;; is computed from z, by

the formula )
PP () (CO N
" ' 2f"(xy)? — flze) [ ()
The Halley’s method belongs to the class of the Householder’s methods

LD (@)
/N ()

It is obtained for d = 2. The Newton’s method corresponds to the choice d = 1.

Lr41 = Ty +

Exercise 2.18. Let f be twice differentiable function. Verify that the Halley’s
method corresponds to the Newton’s method for the function F'(z) = f(x)/+/|f'(x)].
What is the order of convergence of the method in the neighborhood of a simple zero
of f assuming f is at least five times differentiable?

Solution. Izracunamo
i 2 "
Fl(z) = 2f (xl) - f(l“/)f (2)
2f" () /| f' ()|

in izpeljemo iteracijsko funkcijo

Fa) 2@
Fla) " 2@ - S @)

Z odvajanjem iteracijske funkcije dolo¢imo Se red metode. Z nekaj rac¢unanja do-
bimo, da je

3f// T 2 _2f/ T f/// T
() = SCE A OS) fye
(f(2)f"(2) = 2f"(x)?)
iz Cesar sledi, da je red konvergence iteracijskega zaporedja v okolici nicle funkcije f
v splosnem kubicen.

Exercise 2.19. Simplify the Halley’s method for the function f given by f(z) = 22—

a, a > 0. The result of the iteration for a suitable initival value is an approximation

for v/a.
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Solution. Prva odvoda funkcije f(z) = 2% — a sta f'(z) = 2z in f”(z) = 2. Z nekaj
racunanja iteracijsko funkcijo g poenostavimo v

z2 + 3a

g(x) :x3x2 +a'

Zanjo smo v nalogi 2.7 ze dokazali, da doloca iteracijsko zaporedje, ki konvergira k
Va za vsak zadetni priblizek xg > 0.

Exercise 2.20. In Matlab compare the Newton’s method, the secant method, the
method (f, f’, f”), and the Halley’s method for computing the zero of the function f
from Exercise 2.14. Test the methods for the initial values from the array 1:0.1:10
(and x1 = x9 + 0.1 for the secant method). For each execution of the method
find the smallest number k such that the approximation xj, absolutely differs from
fzero(f,1) for less than 107'°. Then, for each method plot the graph of k in
dependence of the initial values and the graph of the number of function evaluations
in dependence of the initial values. Comment the results.

Solution. Implementacija tangentne metode (funkcija tangentna) je opisana v na-
logi 2.14, implementacija sekantne metode (funkcija sekantna) pa v nalogi 2.16.
Funkciji £dfddf in halley za izvedbo metode (f, f’, f/) in Halleyjeve metode im-
plementiramo na podoben nacin, pomagamo si lahko s funkcijo iteracija iz na-
loge 2.5. Rezultati izvedbe ukazov [x,X,k] = fdfddf (f,df,ddf,1,1e-15,100) in
[x,X,k] = halley(f,df,ddf,1,1e-15,100) ob primerno definiranih funkcijah f,
df, ddf, ki dolocajo f, f’, f”, so prikazani v tabelah 2.3 in 2.4.

korak priblizek napaka funkcijski izracuni
1 1.02811573481699 | 2.6260 - 101 3
2 1.11691838286784 | 1.7380-10~1 6
3 1.25367570678920 | 3.7043 - 10~2 9
4 1.29047854328615 | 2.3988 - 10~4 12
) 1.29071842165685 | 5.9109 - 10~ 11 15
6 1.29071842171596 0 18
7 1.29071842171596 0 21

TABELA 2.3: Izvedba metode (f, f', f"") v nalogi 2.20.

korak priblizek napaka funkcijski izrac¢uni
1 1.26437572777572 | 2.6343 - 1072 3
2 1.29070002729498 | 1.8394 - 10~° 6
3 1.29071842171596 | 6.2172-1071° 9
4 1.29071842171596 0 12
5 1.29071842171596 0 15

TABELA 2.4: Izvedba Halleyjeve metode v nalogi 2.20.
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Za vsako metodo in vsak zacCetni priblizek xq iz seznama 1:0.1:10 pois¢emo naj-
manjsi k, da se priblizek xj od vrednosti x, dobljene z vgrajeno funkcijo, absolutno
razlikuje za manj kot e = 1e-10. Ce je X seznam vseh izracunanih priblizkov (za
katerega predpostavimo, da vsebuje priblizek x, ki zadosca kriteriju), lahko indeks
k poiscemo z ukazom find(abs(X - x) < e, 1). Ta namre¢ vrne indeks prvega
elementa v seznamu X, ki se od x absolutno razlikuje za manj kot e. Ker je prvi
element seznama X zacetni priblizek xp, moramo od rezultata odsteti 1 (oziroma 2
pri sekantni metodi).

f = 0(x) x + 4 - exp(x72);
df = @(x) 1 - 2xx*exp(x72);
ddf = @(x) - 2*exp(x~2) - 4xx"2xexp(x72);

x = fzero(f,1);
x0 = 1:0.1:10; tol = 1e-15; N = 200; e = 1e-10;

[k1,k2,k3,k4] = deal(zeros(size(x0)));
for i = 1:length(x0)
[~,X1] = tangentna(f,df,x0(i),tol,N);
k1(i) = find(abs(X1-x) < e, 1) - 1;

[~,X2] = sekantna(f,x0(i),x0(i)+0.1,tol,N);
k2(i) = find(abs(X2-x) < e, 1) - 2;

[~,X3] = fdfddf(f,df,ddf,x0(i),tol,N);
k3(i) = find(abs(X3-x) < e, 1) - 1;

[~,X4] = halley(f,df,ddf,x0(i),tol,N);
k4 (i) = find(abs(X4-x) < e, 1) - 1;

end
150 1 K 250

O tangentna metoda, x O tangentna metoda

X sekantna metoda x* X sekantna metoda ®

+  metoda (f, /', f") X 200F| + metoda (f,f, ") o®

O Halleyjeva metoda X O Halleyjeva metoda o®

L x o ®
100 X O o g
x (o 150 (] P
XX 50° P
* e} ++++ ) o® QEEQ
X =]
ol o 000 100 (a8 e
a
< +++++ DDDDD @e;@@mgmgm
x X 00 ++t ood oPY g
X 50007~ 4+tt ipond 50 et
x% X 50007 | x4k tooad @Sk
augosERBRaREEaB TS ponsslEss”
R YOver.L
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
(A) Stevilo korakov (B) Stevilo funkcijskih izracunov

SLIKA 2.3: Primerjava metod za resevanje nelinearnih enacb na primeru iz naloge 2.20.

Grafi, s katerimi primerjamo ucinkovitost metod, so prikazani na sliki 2.3. Pri
pripravi grafov stevila funkcijskih izracunov upostevamo, da pri tangentni metodi
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na vsakem koraku izvrednotimo dve funkciji, pri sekantni eno, pri metodi (f, f/, ")
in Halleyjevi metodi pa tri. Rezultati kazejo, da za izbrano funkcijo f najhitreje
konvergira Halleyjeva metoda, najpocasneje pa sekantna metoda. Metoda (f, f/, ")
konvergira hitreje od tangentne. Iz grafa funkcijskih izracunov pa je razvidno, da
sta sekantna in Halleyjeva metoda ucinkovitejsi od tangentne metode in metode

(f 5517



46

2. Nonlinear Equations




3. Systems of Linear Equations

A system of n € N linear equations with n unknowns can be presented in the form
Axz = b, where A € R"*" is a square matrix, € R" is a vector of unknowns, and
b € R" is the vector of free terms. The solution of the system exists and is unique if
and only if the matrix A is invertible. To compute * = A~1b we usually use direct
methods that avoid the computation of the matrix inverse. A particular method is
chosen based on sensitivity and other special properties of the system matrix.

3.1. Matrix Norms and Sensitivity

A matrix norm ||| is a map assigning a real value to a square matrix. It is deter-
mined similarly as the vector norm, except that besides the three basic properties
(positivity, homogenity, and triangular inequality) the fourth one (submultipli-
cativity) relating the norm of product with the product of norms is required.
Namely, for every matrices A, B € C"*" and every scalar value a € C it holds:

||A]| > 0, and ||A|| = 0 if and only if A = 0 (positivity),

laAll = ol | A]| (homogenity),

|A+ BJ < ||A|| + ||B]| (triangular inequality),

|AB|| < ||A| | B (submultiplicativity).

Exercise 3.1. Let ||-|| be a matrix norm. Prove that the norm ||I|| of identity I is not
smaller than 1 and argue that every invertible matrix A satisfies || A7!|| > || A[|~!.

Solution. Iz submultiplikativnosti norme sledi | I| < ||I]|? in ker je ||I]| > 0, to
dokazuje ||I]| > 1. Za obrnljivo matriko A po submultiplikativnosti norme velja

1] = [lAA=H[| < (LAl LA,
kar potrjuje zvezo | AL > || Al L.

47
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Exercise 3.2. Let || - | be a matrix norm. Prove that every matrix A € C**"
satisfies p(A) < ||A||, where p(A) denotes the spectral radius of the matrix A.

Solution. Spektralni radij p(A) ustreza absolutni vrednosti dominantne lastne vre-
dnosti A matrike A. Naj bo & € C™ pripadajoci lastni vektor in X € C™*™ matrika,
v kateri je vsak stolpec enak . Iz homogenosti in submultiplikativnosti matri¢ne
norme sledi

AIX = [AX = [[AX]] < lA] I X}
Ker je  # 0, je X # 0 in zato || X|| > 0. Sledi |A] < ||A]|.

Often the matrix norms are defined by vector norms. A simple idea is to arrange
the elements a; j, 4,7 = 1,2,...,n, of a matrix A € C™*™ into the vector

vec(A) = (a1,1,01,2,-++,01,0,021,022,-++,02,5 -+ A, 15 A2, - - - A
and apply a vector p-norm ||« ||, p > 1. This gives the map

Np(A) = [lvec(A)]

p

satisfying the first three properties of the matrix norm.

Exercise 3.3. Let a; ;, ¢, = 0,1,...,n, denote the elements of a matrix A € C**",
and let
Noo(A) = max |a;; .
ij=1,.,n
1. Prove with example that N, is not a matrix norm.
2. Argue that ||A|| = nNw(A) is a matrix norm.
Solution.

1. Preslikava N, ni matricna norma, saj submultiplikativnost ni zagotovljena; za

1 1
A-B=|] |

na primer velja Noo(AB) =2 > 1= Ny (A)N(B).

2. Preverimo, da preslikava ||-|| izpolnjuje vse lastnosti iz definicije matri¢ne norme.
Naj bosta A, B € C™*" poljubni matriki z elementi a; ;, b; ; ter naj bo a € C
poljuben skalar.

e Pozitivnost: Po definiciji absolutne vrednosti je

Al = nmax fai| > 0.

Prav tako velja

|\A||:nrrl1:;x\ai7j|:0 < a,;=0Vij] & A=0.
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e Homogenost: Po pravilu za absolutno vrednost produkta je

= laf[|A].

oAl = nmax |aa; ;| = n [o| max|a; ;

1,] 2,]
e Trikotniska neenakost: Iz trikotniske neenakosti za absolutno vrednost sledi
4+ Bl = nomx o + iyl < n (o |-+ mox ) = A1+ 1B,

e Submultiplikativnost: Po trikotniski neenakosti in pravilu za absolutno vre-
dnost produkta velja

n

|AB]| = nmax Zalkbk] < nmax|alk| maXZ|b;w|
R k=1
< nmax |ag k| nmax|by;| = || Al |B]|-
i,k k,j

Exercise 3.4. The Frobenius norm is derived from the Euclidean vector norm. For
a matrix A € C"*" with the elements a; ;, 7,7 =0,1,...,n, it is given by

IAllF =

1. Convince yourself that ||| » is a matrix norm.
2. Prove that ||A||§; = trace(A" A).
Solution.

1. Pozitivnost, homogenost in trikotniska neenakost sledijo iz lastnosti vektorske 2-
norme. Preverimo submultiplikativnost. Ker za matriki A, B € C™"*" z elementi
a; j, b;; po Cauchy-Schwarzevi neenakosti velja

SHNTHEDS (le me)

i=1 k=1 i,j=1 \k=1
je
n n 2 n n
2 2
IAB|p = | D D aikbes| < laikl® | D 1ol = 1Al 1Bl s -
i,j=1 k=1 i,k=1 k,j=1

2. Element matrike AHA na mestu (i, ) je enak Y_,_, arax,;, zato je

n

sled( A" A Zzak,iak,i = Z |alc,z'|2 = ||AH§7

i=1 k=1 i k=1
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An important class of matrix norms are the operator norms, which are defined
based on a chosen vector norm || - || for a matrix A € C"*"™ as

I\Aw\l

IAll =
o el -

The definition can be simplified, it holds || A|| = max 4= ||Az].

Exercise 3.5. Let || - | be an operator norm. Prove that for an invertible matrix
A € C™*™ it holds
- A
HA 1H 1_ |Az||
Tzl

Solution. Ker je matrika A obrnljiva, za vsak € C™\ {0} obstaja y € C™\ {0}, da
je © = Ay. Torej po definiciji operatorske norme velja

2 S
= max
w0 o Ayro Ayl

oziroma, ker je mnozica {Ay; y € C"}\ {0} enaka mnozici C™\ {0},

- el _ (M1
Il = mas = e T

Slednje po zvezi med maksimumom in minimumom dokazuje trditev.

The matrix p-norms ||-|| »» P > 1, are examples of the operator norms induced by
the vector p-norms. Especially simple are the 1-norm and the co-norm satisfying

n n
1A, = max Y aigl, Al = max Y aigl,
j=1,....,n 4 i=1,...,n <

i=1 Jj=1

which means that they can be determined with summation of absolute values of
the elements a; ; of the matrix A € C™*™.

Exercise 3.6. Prove than for any matrix A € C™*" it holds || Al|; = ||A"]|w.

Solution. Iz lastnosti 1-norme in co-norme sledi

n
||AH|| = max E |Clj,'
o0 i=1,...,n 4 ’

Jj=0

n
- e, Sl =141,
=0
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The operator 2-norm is one of the most standard matrix norms. It is also called
the spectral norm since for a matrix A € C™*" it holds

= B H
1Al = max 4/Ai(A%A),

where \;(A"A), i = 1,2,...,n, denote the eigenvalues of the matrix A7A.
Since the matrix A" A is Germitian and non-negative definite, the eigenvalues
are non-negative. The values y/\;(AHA) are called the singular values of A. The
computation of the 2-norm is usually demanding, but sometimes it is sufficient
to estimate it based on computationally less expensive norms.

Exercise 3.7. Prove that for any matrix A € C"*" it holds ||A[s = ||A"|.

Solution. Naj bo ¢ € {1,2,...,n} in naj bo x; lastni vektor, ki pripada lastni
vrednosti \;(A" A). Potem je

AAN Az, = AN (AP A)x; = \; (AN A) Az,

kar dokazuje, da je Az; lastni vektor, \;(A"A) pa lastna vrednost matrike A AM.
Podoben sklep velja tudi v obratno smer. Torej imata matriki A"A in AA"Y enak
nabor lastnih vrednosti.

Exercise 3.8. Prove that for the spectral norm || A[|, of the matrix A € C"*" the
following estimates hold.

L = lAllp < [lA], < Al

2. Al < lAll, < vrllAll,
3. =4l < |lAll, < valAl,
4. Noo(A) < [|Aly £ nN(A)

5. [[Ally < VAl Al
Solution.

1. Upostevamo ugotovitev iz naloge 3.4, da je HA||§, = sled(A"A). Obe neenako-
sti dokazemo z uporabo dejstev, da je sled matrike enaka vsoti njenih lastnih
vrednosti in da so lastne vrednosti matrike AH A nenegativne.

2. Enostavno je preveriti, da za vsak vektor & € C" velja

2]l < llzlly < Vallzll -
Od tod sledi

Ax n||Ax
HA||2 — max ” ”2 S max \f” ||oo — \/EHAHoov
w20 |lzf, T w20zl

A A 1
1Al = max 1A%l 5 e A% 1 g, -
0 Tl © O Vil v
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3. Oceni lahko dokazemo s podobnim sklepanjem kot v prejsnji tocki, saj za vsak

vektor x € C" velja
1
7 el < llzlly < [, -
Lahko pa se posluzimo kar zveze, dokazane v prejsnji tocki, za matriko A" in
neenakosti utemeljimo na podlagi nalog 3.6 in 3.7.

4. Element a, ; matrike A na mestu (¢, j) lahko zapiSemo kot eiTAej7 kjer sta e; in
e; standardna enotska vektorja. Po Cauchy—-Schwarzevi neenakosti in definiciji

||||2 je T
|ai | = |e] Aej| <leill, [|Ae;ll, < [|All,,

iz Cesar sledi Noo(A) < ||A|l,. Neenakost [|A|, < nNy(A) lahko dokazemo s
pomocjo ocene v prvi tocki naloge, ¢e sklepamo

n
> ai sl <

i,7=1

2
4l < 4]l < 2 mae ai,” = 0 max ai,| = nNo(A)

5. Po nalogi 3.2 je spektralni radij matrike omejen z normo matrike, zato je

|42 = max A(A"4) <|la"a]_.

Zaradi submultiplikativnosti in dejstva, dokazanega v nalogi 3.6, je
latal|, < (A"l Al = Al 14]
in ocena sledi.

Exercise 3.9. Use the results of Exercise 3.8 to find the best possible estimate for
the spectral norm of the matrix A with the elements

~2i; =]

n—1i jJg=1t+1 .
Aij = J + , ,7=1,2,...,n.

n—j; i=j+1
0; otherwise

Use Matlab built-in function norm to verify the derived estimates for n = 1000 and
compute [|A||,. Compare the times needed for the computations of different norms.

Solution. Najprej izracunamo

Al = max (|=2j]+[n—j+ 1]+ |n—jl) = 20+ 1.

Ker je A simetri¢na, je tudi || Al| , = 2n+1. Po absolutni vrednosti najvecji element
matrike A je —2n, zato je Ny (A) = 2n. Nadalje,

n n—1 n—1
JAIF =D (=202 +2) i* =6 i*+4n?,
=1 =1

i=1
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od kjer po formuli za piramidna Stevila sledi

Al p =/ (n — D)n(2n — 1) +4n2 = /203 + 02 + 1.

Na podlagi izpeljanih ocen je najboljSa spodnja meja za || A||, enaka

{ [on3 +n2+1 2n+1 }
max , ,2n 0,
n vn

najboljsa zgornja meja pa

min {\/2713 TRt (204 1)V, 202,20 + 1} .

To poenostavimo v oceno

on < ||All, < 2n+1.

V Matlabu lahko matriko A zgeneriramo z uporabo ukazov diag. Norme matrik
rac¢unamo s funkcijo norm, ki ji kot prvi vhodni podatek podamo matriko, z drugim
pa doloc¢imo, katero normo ra¢unamo.

n = 1000;
A = diag(n-1:-1:1,1) - 2xdiag(l:n) + diag(n-1:-1:1,-1);

’

norm(A,1) 4 2001
norm (A, Inf) /4 2001
norm (A, 'fro') Z pribliZno 4473.2550
norm(A(C:),Inf) 7 2000
norm (A,2) % priblizZno 2000.9986

Z merjenjem Casa izvajanja ukazov se lahko prepricamo, da je racunanje 2-norme
veliko pocasnejse od rac¢unanja ostalih norm. Ce tridiagonalno matriko A podamo v
razprSeni obliki (ukaz spdiags([n-(1:n)’ -2+(1:n)’ n-(0:n-1)’1, [-1 0 1],
n, n)), spektralne norme ne moremo izracunati z ukazom norm. Namesto tega
lahko uporabimo funkcijo normest, a ta vrne le (véasih nezanesljiv) priblizek za
2-normo.

Exercise 3.10. Let A € C"*" be a matrix with the elements a; ;, and let |A| €
R™*™ denote the matrix with the elements |a; ;|.

1. Prove that ||A|l, < ||| A]ll,-

2. Find an example showing that in general it does not hold [|A[], = ||| A][|,-

Solution.

1. Naj bo & = (z1,22,...,2,) € C" tak enotski vektor, da velja ||A|, = ||Az],.
Opazimo, da je

2
n

n 2 n
2 2
1], = > aia;] < D laigllesl] = llAllll3,

n
i=1 |j=1 i=1 \j=1
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kjer je |x| = (Jz1], |22, ..., |zn|) € R™ enotski vektor. Zato po definiciji matri¢ne
2-norme velja || A, < ||| A]]l5-

2. Poskusimo poiskati simetriéno matriko A € R?*2, za katero velja || A||, < ||| A]l,-
Pisimo
A= [“ b} . abccR,
b ¢
in obravnavajmo normi || A, in ||| Al||, na podlagi lastnosti, da 2-norma matrike
ustreza najvecji singularni vrednosti matrike. Ker je
2, 12 2 412
T _ |a®+b° ab+bc T | a®*+b |ab| + |bc|
AA_[ba—i—cb b2+ 2|’ Al 1Al = lba| + |cb] b2 +c* |

je matrika ATA pri izbiri ¢ = —a diagonalna in velja [|A], = Va2 +b2. Po
drugi strani v tem primeru ||| A][|, ustreza korenu vecje izmed resitev A kvadratne
enacbe

(a> 4+ % = ))* = (2]ab])> = 0,

I|Alll, = V/a? + b2 + 2 |ab.
Ce vzamemo na primer @ = 1, b = 1, ¢ = —1, dobimo matriko A, za katero velja

1Al = v2 <2 = [||A]],.

torej

The condition number x(A) = ||A71||||A]| of an invertible matrix A is a measure
that tells us how sensitive is the solving of the system Ax = b. For a numerically
computed approximation Z of the exact solution x it holds

where u is the unit roundoff. Usually we are interested in the spectral condition
number k2(A) obtained by choosing the 2-norm in the definition of k(A), which
is equal to the quotient of the largest and smallest singular value of A.

Exercise 3.11. The polynomial
p(z) = ana™ + 12"V 4. 4 ao

of degree n € Ny with the real coefficients ag, a1, ..., a,, that agrees with a chosen
function f in pairwise different points g, x1,...,z, is determined by the solution
of the system of linear equations V' - a = f, where

1 zg a3 gy

2 n

v (] B 1 =z 7 ]
- [ i]i,j:O o : : :
1z, 22 xy
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denotes the Vandermond matrix, @ = (ag, a1, . .., ay) represents the vector of wanted
coefficients of the polynomial p, and the vector f = (f(xo), f(x1), ..., f(x,)) consists
of the function values at points xg, z1,...,Zy.

1. Comment the existence of the polynomial p.

2. In Matlab compute the spectral condition number of the Vandermond matrices
determined by the points x = k/n, k =0,1,...,n, for n € {1,2,...,10}.

3. Let
flx)y=a5+2* +23 + 22 + 2+ 1.

The polynomial p of degree 5 that agrees with f in the points k/5, k =0,1,...,5,
is the function f itself since it is a polynomial of degree 5. Verify that by solving
the above system of equations in Matlab we do not obtain exactly the same result.

Solution.

1. Znano je, da je

det(V) = H (xg — ).

0<j<k<n

Ker so tocke zg, 21, ..., x, paroma razlicne, je det(V') # 0 in sistem, ki doloc¢a p,
ima enoli¢no resitev.

2. Vandermondovo matriko lahko v Matlabu zgeneriramo z ukazom vander, vendar,
pozor, rezultat klica je matrika z elementi [z} ]}';_. Za racunanje (spektralne)
obcutljivosti matrike uporabimo vgrajeno funkcijo cond. Ugotovimo, da z veca-
njem n obcutljivost hitro raste. Pri n = 2 je priblizno 2.6, pri n = 5 ze priblizno
5.8 -10%, pri n = 10 pa kar 4.5 - 102,

3. Resujemo sistem z Vandermondovo matriko velikosti 6 x 6. Uporabimo vgrajeni
operator \. Rezultat bi moral biti vektor samih enic, vendar se v drugi normi od
njega razlikuje za priblizno 2.3386 - 10713, kar ni zanemarljiva napaka.

(0:5) '/5;

fliplr (vander (X)) ;

polyval (ones(1,6),X);

V\£;

norm(ones (6,1) -a) 4 pribliZno 2.3386 * le-13

P <<
I

Exercise 3.12. Prove that the spectral condition number of the Vandermond matrix
V given in Exercise 3.11 equals 1 if the points xg, 21, ..., x, correspond to the roots
of unity, i.e.,

zp = 2™/ =01, n.
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Solution. Oznaéimo w = 2™/ (1) Tocka x;, ustreza vrednosti w*, zato je
1 W W WO
1wt oW o W
V= . .
2
1 " w2n wn

Oglejmo si produkt V in V1. Diagonalni element (VVH)M, 7=0,1,...,n, je enak
n e — n
IR A )
k=0 k=0
saj je @ = w™!, medtem ko za vsak izvendiagonalni element velja

1— Wn-‘,—l

Zwk: 1—w =0,

k=0
saj je w"t! = 1. Potemtakem je VVH = (n 4+ 1)I in ko(V) = 1.

3.2. LU Decomposition

The basic numerical method for solving a system of linear equations is based on
the LU decomposition. Every matrix A € R™*" with invertible leading principal
submatrices can be uniquely expressed as A = LU, where L € R™*" is a lower
triangular matrix with ones on the diagonal and U € R™*™ an upper triangular
matrix with non-zero elements on the diagonal.

The LU decomposition is computed in n — 1 steps by transforming the initial
matrix A® = A and in step j € {1,2,...,n — 1} substituting it with the
matrix AU )LjA(j —1)_ which is obtained with the elementary elimination matrix
L;=1- lje;r. Here e; € R™ denotes the standard unit vector and the vector

.
lj:[o N 2—"} eRrR”
is determined by elements o, i = 1,2,...,n, of the column j of AU~ Hence
T T
Lj[Oél Qo ... Oén] :[Oél Qg ... O 0 ... O] s

implying that A=Y is an upper triangular matrix corresponding to U. More-
over, since L;l =1+ lje]T and
Li'Ly' L)Y =T +1le +led+...+1, 1€ 4,

the inverse of L, _1---LyL;y is a lower triangular matrix, which corresponds
to the matrix L. With this procedure the LU decomposition is computed in
2n® + O(n?) basic arithmetic operations.
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Exercise 3.13. Given is the matrix

2 1 3 —4

-4 -1 -4 7
A= 2 3 5 =3
-2 -2 -7 9

Compute the LU decomposition of A.

Solution. Matriko A s pomocjo treh elementarnih eliminacij Ly, Lo, L3 preobli-
kujemo v zgornje trikotno matriko U. Ker je matrika L = (L3zLyL;)~! spodnje
trikotna in ima na diagonali enice, lahko vse bistvene elemente matrik L in U hra-
nimo v matriki enake velikosti, kot je A. Postopek je povzet v naslednjih korakih.

1. korak:
2 1 3 -4 2 1 3 -4
-4 -1 -4 7 L, |2 1 2 -1
2 3 5 -3 1 2 2 1 ’
-2 -2 -7 9 -1 -1 -4 5
2. korak:
2 1 3 -4 2 1 3 —4
-2 1 2 -1 |rL,| =2 1 2 -1
1 2 2 1 1 2 -2 3 ’
-1 -1 -4 5 -1 -1 -2 4
3. korak:
2 1 3 —4 2 1 3 —4
-2 1 2 -1 |, -2 1 2 -1
1 2 -2 3 1 2 -2 3 ’
-1 -1 -2 4 -1 —-101 1
Iskani matriki L in U sta dani z
1 0 0 0 2
-2 1 00 0
L= 1 2 1 0]’ U= 0
-1 -1 1 1 0

O O = =

1 000
2 1.0 0
Li=1 4 91 0
1 0 0 1
1 0 0 0
0 1 00
=19 21 0
0 1 0 1
10 0 0
01 0 0
Ls=109 0 1 o
00 —1 1
3 —4
2 -1
-2 3
0 1

Exercise 3.14. In Matlab prepare a function that computes the LU decomposition

of the given matrix. Test the function on the matrices

2 -1 1 4 2
4 -3 7 14 4
Ar=10 3 18 19 | Az =| g
6 —2 7 14 6

-2 -4 4
-3 -6 14
3 6 19
-2 7 14
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Solution. LU razcep A = LU matrike A € R™"*" opravimo v n — 1 korakih. Pri
tem sproti

e dopolnjujemo matriko L, ki jo na zacetku z ukazom eye nastavimo na identicno
matriko, in

o spreminjamo matriko A, ki jo na koncu z ukazom triu oklestimo v zgornjo
trikotno matriko U.

V koraku j € {1,2,...,n — 1} popravimo vrstice matrike A z indeksi ¢ od j + 1
do n. Element A(%,j) delimo z diagonalnim elementom A(j,j) in dobimo L(, j).
Elemente v vrstici ¢ matrike A, ki se nahajajo v stolpcih z indeksi k od 7+ 1 don
(to je desno od elementa A(%,j)), popravimo tako, da od njih odstejemo produkt
L(i,j) in A, k).

n = size(A,1);
L = eye(n);
for j = 1:n-1
for i = j+1:n
L(i,j) = A(1,3)/A(5,3);
for k = j+1l:n
ACi,k) = A(i,k) - L(i,j)*A(j,k);
end
end
end
U = triu(A);

Pri izvedbi zgornjega postopka na matriki A; dobimo LU razcep A; = L Uy, ki je
dolocen z matrikama

1 0 0 0 2 -1 1 4
2 1 00 0 -1 5 6
Li=lyg 3 100 U=lo 0 31
3 -1 3 1 0 0 0 5

Pri racunanju LU razcepa As = LoUs matrike Ay pa pride do zapleta, saj dobimo

1 0 0 0 2 2 —4 4

2 1 0 0 0 1 2 6
Le=1 _4 5 1 o U2=109 0 0 65

3 4 oo 1 0 0 0 -o0o

Tezava je, da smo v predzadnjem koraku na diagonali dobili niclo, po deljenju z njo
pa v matriki L element co. O¢itno torej LU razcep matrike A, ne obstaja.

Exercise 3.15. Find such lower triangular matrix L and upper triangular matrix
U that for the non-invertible matrix

A:

OO =
— =N
o O W
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it holds A = LU. Is the decomposition unique? Why does this not contradict the
claim on the existence and uniqueness of the LU decomposition?

Solution. Po obicajnem postopku LU razcepa dobimo

100 1 23
L=|010|, U=|010
01 1 000

V matriki L lahko element na mestu (3,3) spremenimo na poljubno vrednost pa
produkt L in U ostane enak A. To ni v nasprotju s trditvijo o obstoju in enoli¢-
nosti LU razcepa, saj je element matrike U na mestu (3,3) enak 0 in U ne ustreza
lastnostim zgornje trikotne matrike iz LU razcepa. Prav tako L ustreza lastnostim
spodnje trikotne matrike iz LU razcepa le, e je element na mestu (3, 3) enak 1.

Let A € R™ "™ be a matrix and b € R" a vector that determine the system of
linear equations Ax = b. Suppose there exists the LU decomposition A = LU
of A. Then L(Uzx) = b and the solution & € R™ can be computed by solving
the systems Ly = b and Ux = y. Since both systems are based on a triangular
matrix, computing their solutions is simple and requires 2n? 4+ n operations.

Exercise 3.16. Let A € R*** be the matrix from Exercise 3.13 and
b=1[8 —14 7 —16]".
Use the LU decomposition of A to solve the system Ax = b.

Solution. Sistem Ax = b resimo z resevanjem sistemov Ly = b in Uz = y za matriki
L in U, podani v resitvi naloge 3.13. Prvi sistem resimo s premo substitucijo (od
zgoraj navzdol):

1 0 007 [wm 8 n 8
2 1 00 ||y | | -14 | | 2
1 2 10| |yw!|~| 7 = YT | T s |
111 1| | —16 Ya —1

drugega pa z obratno substitucijo (od spodaj navzgor):

21 3 -4 1 8 1 1
01 2 -1 Ty | _ 2 N I -1
00 -2 3 T3 ) 3 1
0 0 O 1 T4 -1 T4 -1
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The system Ax = b has a unique solution if and only if the matrix A is invertible.
To find the solution of the system also when the leading principal submatrices
of A are not all invertible, we compute the LU decomposition by pivoting. In
partial pivoting we ensure before performing the elementary elimination that
the maximal absolute element on or below the diagonal of the current column
is positioned on the diagonal of the matrix. This is achieved by the exchange
of two rows, which is called pivoting and which is reflected by the permutation
matrix P that appears in the final decomposition. The LU decomposition of A
with partial pivoting has the form PA = LU, where L and U are matrices with
the same properties as in the standard LU decomposition.

Exercise 3.17. Let

2 1 -2 1
2 1 -4 2
A=13 9 3
1 3 -1 1

Find the LU decomposition of the matrix A with partial pivoting and use it to
compute the determinant of A.

Solution. Razcep lahko shemati¢no predstavimo podobno kot obicajni LU razcep v
nalogi 3.13, le da tu po potrebi na vsakem koraku postopka pivotiramo.

1. korak:
2 1 -2 1 3 -2 3 -1 3 -2 3 _1
2 1 4 2| p |2 1 4 2 |4, 2 I 6 %
3 -2 3 1|3 2 1 -2 1 2 I 4 3
_1 7 0 2
-1 3 -1 1 -1 3 -1 1 3 3 3
2. korak:
3 -2 3 -1 3 -2 3 -1 3 -2 3 -1
2 7 8 2 7 8 2 7 8
3 3 6 3 | m| 3 3 6 3 L] 35 3 -6 3
AR NI N
1 7 2 1 7 2 1
-5 3 0 3 -3 3 0 3 -3 .1 6 -2
3. korak:
3 -2 3 -1 3 -2 3 -1 3 -2 3 -1
2 7 8 2 7 8 2 7 8
3 5 6 31 m| 5 3 6 35 L] 35 3 -6 3
2 1 1
2 1 2 1 |sea|[=l —2 -1 1 6 -2
1 2 2 1 1
—I1 e =2 2 1 2 -1 : 1 I -;
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Na ta nacin matriko A postopno transformiramo v zgornje trikotno matriko U.
Velja
LsP;LoP,L1P/A=U.

Ce uvedemo matriki ig = P3L2P3_1 in il = P3P2L1P2_1P3_1, lahko zvezo zapi-
Semo kot

Li;L,L,P;P,P,A =U.

Permutacijsko matriko P = P3P, P; dobimo iz identitete z uporabo enakih zamenjav
vrstic, kot smo jih izvedli pri pivotiranju:

1000 00 10 00 10
01 00|m|0100|rP]|0100
0010|1531 000]|s504/000 1
000 1 000 1 1000

Matriki L = (Lgigil)*l in U razberemo iz izracunane tabele. Kljuc¢no je, da smo v
postopku izvedli zamenjavo celotnih vrstic tabele in tako izracunali elemente matrik
Lfl, L;l, Lgl, ki se nahajajo pod diagonalo. Razcep PA = LU matrike A je
torej doloCen z matrikami

1 00 0 3 2 3 -1 0010
2 7 8

L_| 3 100 g_ |0 5 6 3 p_|0 100
-1 11 0| 0 0 6 -2/ 0001
2 1 1
2 1 1 o0 o0 -1 1000

Determinanto matrike A izraCunamo na podlagi lastnosti
det(P)det(A) = det(PA) = det(LU) = det(L) det(U).
Ker je det(P) =1, det(L) = 1 in det(U) = —14, je det(A) = —14.

Exercise 3.18. In Matlab the LU decomposition with partial pivoting is computed
with built-in function 1u. Test it on the matrices A; and A, from Exercise 3.14.

Solution. Iz dokumentacije funkcije 1u (help 1lu) je mo¢ razbrati, da jo lahko upo-
rabimo z razlicnimi vhodnimi in izhodnimi podatki. Izberemo nacin, ki sprejme
matriko, vrne pa seznam treh matrik.

[(L,U,P] = 1lu(h);

Rezultat klica je LU razcep PA = LU matrike A z delnim pivotiranjem. Matrika
L je spodnje trikotna z enicami na diagonali, matrika U je zgornje trikotna, matrika
P pa je permutacijska in povzema postopek pivotiranja pri izra¢unu razcepa. Pri
izvedbi LU razcepa matrike A; dobimo drugacen razcep od izracunanega po metodi
brez pivotiranja. Smiseln razcep dobimo tudi pri matriki As, na kateri je postopek
LU razcepa brez pivotiranja odpovedal.
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Exercise 3.19. In Matlab compose a function that finds the solution of the system
Az = b for an invertible matrix A and a vector b. In the function first use the
built-in command to compute the LU decomposition of A by partial pivoting, and
then determine « by forward and backward substitutions. Verify that the results of
the implented function match the results of the built-in function linsolve or \ for
randomly chosen matrices and vectors generated by the command rand.

Solution. Ce LU razcep PA = LU matrike A izrac¢unamo z vgrajenim ukazom lu,
lahko resitev sistema Ax = b dobimo z resevanjem dveh sistemov: Ly = Pb in
Ux = y. V teh dveh sistemih nastopata spodnje in zgornje trikotna matrika, zato
ju lahko resimo s premo in obratno substitucijo.

Pri resevanju prvega sistema je treba dolociti vse komponente vektorja y, ki jih
indeksiramo z indeksi ¢ od 1 do n. Na zacetku y definiramo kot produkt permuta-
cijske matrike P in vektorja b. Nato vsak element y(i) popravimo tako, da od njega
odstejemo produkte L(%, k) in y(k) za vse predhodne indekse k£ od 1 do i —1. Ker je
matrika L spodnje trikotna in ima na diagonali enice, je kon¢ni vektor y res resitev
sistema Ly = Pb.

y = Pxb;
for i = 2:n
for k = 1:i-1
y(i) = y(i) - L(i,k)*y(k);
end
end

Pri resevanju sistema Ux = y uberemo obratni pristop. Na zacetku za vektor x
vzamemo kar y, nato pa komponente vektorja x, ki jih indeksiramo z ¢, popravljamo
po vrsti od n proti 1. V koraku ¢ od komponente x(i) odstejemo produkte U (i, k) in
x (k) za vse indekse k od i+1 do n, na koncu pa vrednost (%) Se delimo z diagonalnim
elementom U (7,1), ki tu (v sploSnem) ni enak 1. Rezultat tega postopka je resitev
x sistema Ux = y, ki predstavlja tudi resitev prvotnega sistema Ax = y.

X = y;
for i = n:-1:1
for k = i+1l:n
x(i) = x(i) - U@i,k)*x(k);
end
x(1) = x(1)/U0(i,1i);
end

Exercise 3.20. Let A € R"*" n € N, be an invertible matrix for which the
LU decomposition with partial pivoting is known. Let B € R™*™ be an invertible
matrix obtained from A by substituting one of the columns with a vector b € R™.
Let ¢ € R™. Derive an efficient algorithm for computing the solution x of the system
Bx = c. Precisely count the number of basic computational operations needed for
executing the proposed algorithm.
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Solution. Opazimo, da lahko matriko B predstavimo kot B = AE, kjer matrika
E € R™ ™ ustreza identi¢ni matriki v vseh stolpcih, razen v stolpcu, ki ima enak
indeks kot stolpec, v katerem se matriki A in B razlikujeta. Naj bo ta stolpec
matrike E oznacen z e € R". Zanj velja Ae = b in ga lahko ob znanem LU razcepu
matrike A izraéunamo s premo in obratno substitucijo (2n? +n osnovnih ra¢unskih
operacij).

Naj bo s PA = LU predstavljen LU razcep matrike A z delnim pivotiranjem.
Sistem Ba = ¢ lahko sedaj resimo v treh korakih. Najprej poisc¢emo resitev z € R”
sistema Lz = Pc s premo substitucijo (n? osnovnih racunskih operacij). Nato
poiséemo refitev y € R” sistema Uy = z z obratno substitucijo (n? + n osnovnih
racunskih operacij). Nazadnje poisfemo Se reSitev & € R™ sistema Fx = y, ki
ustreza resitvi sistema Bx = c.

Naj bo k£ € N indeks stolpca e v matriki E. Sistem Ex = y lahko resimo tako, da
najprej z eno osnovno racunsko operacijo izracunamo komponento x z indeksom k.
Nato z obratno substitucijo z 2(k — 1) osnovnimi ra¢unskimi operacijami izra¢unamo
komponente x z indeksi od 1 do k — 1 in s premo substitucijo z 2(n — k) osnovnimi
racunskimi operacijami se komponente x z indeksi od k + 1 do n.

Celoten postopek izracuna x torej zahteva 4n? + 4n — 1 osnovnih racunskih
operacij.

In computing the LU decomposition we can use the complete instead of the par-
tial pivoting. In each step we search for a pivot element in the reminder of the
matrix (and not only under the diagonal of the current column as for the partial
pivoting). The pivot element is taken to the left upper part of the reminder of
the matrix by exchanging rows and columns, which results in the LU decom-
position of the form PAQ = LU. Here P and Q) are permutation matrices
outlining the exchange of rows and columns, and the matrices L and U have the
same properties as in the standard LU decomposition. The decomposition with
complete pivoting provides a theoretical guarantee for backward stability of the
algorithm (as opposed to partial pivoting), but requires far more comparisons
than the partial pivoting, which is way the latter is used more often.

Exercise 3.21. Let

1 2 -3 8
A=| 4 2 6|, b=|14
-3 3 3 0

Compute the LU decomposition of the matrix A by complete pivoting and find the
solution of the system Ax = b.
Solution. Razcep izracunamo po naslednjih korakih.
1. korak:
1 2 -3 -6 2 4 -6 2 4
4 o2 =6 | PR32 1 | R 1

1,1)(2,3
33 3 |V 3 3 3 ~1 4
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2. korak:
-6 2 4 -6 2 4 -6 2 4
1 Py, Q- 1 Lo 1
1 _ ~ 1 S N - I B R |
2 2 2
(2,2)(3,2)
1 1 1 1 3
-3 4 -1 3 1 -1 2 41 1

S tem postopkom smo matriko A transformirali v obrnljivo zgornje trikotno matriko
U = L,P,L, PLAQ1Q>, na podlagi ¢esar dobimo razcep PAQ = LU. Trikotni
matriki, ki ju razberemo iz izracunane tabele, sta podani z

1 00 -6 2 4
L=PRL'Py'Ly'=| -1 1 0|, U=| 0 4 -1 |,
A 0 0 3

permutacijsko matriki, ki ju lahko dobimo z ustreznimi permutacijami vrstic oziroma
stolpcev identite, pa z

0 1 0 0 0 1
P=PFPP=|0 01|, Q@=Q:1Q2=|0 1 0
1 00 1 00
Resitev sistema Ax = b dolo¢imo z resevanjem sistema Ly = Pb:
IR A
3 1 1 Y3 8 Y3 -
in sistema Uz = y:
—6 2 4 Z1 14 21 -1
0 4 -1 z9 | = 7 = z=| 2o | = 2 ;
0o o0 -3 23 -3 23 1

ter permutacijo x = Qz = (1,2, —1).

In finding the solution & = A~'b of the system Az = b we do not compute the
inverse A~! of the matrix A since this is computationally more demanding and
less stable than computing x by forward and backward substitutions after the
LU decomposition. However, there exist problems where the explicit inverse of a
matrix is needed. To achieve this the LU decomposition can be used again. An
important consideration is also how to compute the inverse of an expanded or
modified matrix based on the previously computed inverse of the initial matrix.

Exercise 3.22. Describe how the inverse of a matrix A € R™*™ can be computed
by applying the LU decomposition. How many operations in dependence of n are
needed? Demonstrate the procedure on the matrix

2 3 1
A=|4 8 3
0 -2 3
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Solution. Naj bo X = A~! inverz matrike A. Ker je AX = I, lahko X dolo¢imo z
reSevanjem sistemov Ax; =e;, j =1,2,...,n, kjer &; oznacuje j-ti stolpec matrike
X, e; pa j-ti standardni enotski vektor velikosti n. Najprej izracunamo LU razcep
matrike A, za kar je potrebnih %n3 + O(n?) operacij. Nato s premimi in obratnimi
substitucijami resimo vsakega izmed n sistemov, kar zahtevata n(2n? +n)) operacij.
Celoten postopek je torej zahtevnosti §n? + O(n?).

Pois¢imo inverz dane matrike A. Najprej izracunamo LU razcep PA = LU
matrike A z delnim pivotiranjem. Dolocen je z matrikami

1 0 0 4 8 01 0
L=|0 1 0{, U=|0 -2 3 |, P=|0 01
101
5 3 |1 0 0 -2 100
Z resevanjem sistemov Ly; = Pe; in Ux; = y;, j = 1,2,...,n, dobimo inverz

5 11 1
) 8, 5 18
X=A"=|-7 § s
_1 1 1
2 1 1

Exercise 3.23. Given is an invertible matrix A € R™*” and its inverse A~!.
Compose an efficient algorithm to compute the inverse of the matrix

B:[é uy u,v € R", a € R,
v«

provided that B is invertible. How many operations are needed to perform the
algorithm and what is the necessary and sufficient condition for invertibility of B?

Solution. Zapisimo inverz B~! matrike B v obliki

B‘lz{c; w}, C cR"™™ g ycR", BER.
y B
1z
N ERI RIS
sledi

AC +uy' =1,, Az +Pfu=0 v CH+oay' =0, v'ec+as=1.
S pomoéjo A1 lahko od tod izrazimo

1

-1 1, T —1
C:A _A uy, :B:_BA u, ﬁ:m7

yT _ —ﬁ’UTA_l.
Torej lahko izracun inverza matrike B izvedemo v korakih:

e z= A"1'u (2n% — n operacij),
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e B=1/(a—v"z) (2n + 1 operacij),
o y' = —pvT A~ (2n? operacij),

e & = —fz (n operacij),

e C=A"1—2zy" (2n? operacij).

Celoten postopek izracuna torej zahteva 6n? + 2n + 1 operacij. Iz postopka je
razvidno, da inverz matrike B obstaja, ¢e je a # vT A~ u. Velja tudi obratno. Ce

je o = v Ay, potem je
A ul[A ] O
v« -1 | |o}|”’

kar pomeni, da v jedru matrike B obstaja neniceln vektor, zato ni obrnljiva.

Exercise 3.24. Let A € R™™ "™ be an invertible matrix. Prove that for vectors
u,v € R” the matrix A 4+ uwv' is invertible if and only if 1 4+vT A~ u # 0, and that
in this case the Sherman—Morrison formula holds:

1 4 AluvTAT!
=A - ——
(A+uv') T ToTA Tu
Solution. 1z naloge 3.23 sledi, da je matrika
A u
o[ 2

obrnljiva natanko tedaj, ko je 1 +vTA~'u # 0. Opazimo, da je

InuAuIHO_A—I—uvTO
o 1| |v"T —1]|v" 1| o’ —1|

pri ¢emer sta matriki, s katerimi smo mnozili matriko B, obrnljivi:

I, w7 [I, -u I, o' [I, o
o' 1 0T 1|’ ot 1 L N

Sledi, da je tudi matrika A 4+ uv" obrnljiva natanko tedaj, ko je 1 + v’ A~ u # 0.
Za inverz glede na oznake iz naloge 3.23 velja

Rt R e

kar dokazuje Sherman—Morrisonovo formulo.

Exercise 3.25. Suppose that the solving of the system Ax = b with the LU de-
composition PA = LU of an invertible matrix A € R"*™ is given. How would you
efficiently compute the solution of the system By = b with an invertible matrix B
which differes from A in one single element?
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Solution. Recimo, da se matriki A in B razlikujeta v elementih na mestu (4, j), ki
ju ozna¢imo z a; ; in b; ;. Potem je

B = A+ (by; —aij)ee;,

pri ¢emer sta e;,e; € R™*" standardna enotska vektorja. Resitev sistema By = b
lahko izrazimo s pomocjo Sherman—Morrisonove formule iz naloge 3.24 kot

e]TA_lb e]T:c

- AT'ei=xr - —2 -1
l1+efA-le ! 1+efA-le;

y=B'b=A""'b— e;.

Za izracun y torej zadosca poiskati resitev sistema Az = e;, ki jo lahko dobimo z
2n2 +n operacijami preme in obratne substitucije ob pomoéi LU razcepa matrike A.
Resitev y potem ustreza vektorju  — (x;/(1+ 2;))z, ki ga izra¢unamo z dodatnimi
2n + 2 operacijami.

3.3. Solving Systems of Special Form

The systems of linear equations encountered in practice often have specific pro-
perties that reflect on the matrix A € R"*™ of the system Ax = b. Such
properties can sometimes be exploited to reduce the computational complexity
of solving the system or they can be used in stability analysis.

If the matrix A is symmetric positive definite (A = AT and " Az > 0 for every
x € R™\ {0}), we solve the system not by the LU decomposition but by the
Cholesky decomposition, which requires only %n3 + O(n?) operations. In this
decomposition the matrix A is represented as the product of the lower triangular
matrix V and its transpose: A = VV'T. The matrix V is called the Cholesky
factor and has positive elements on the diagonal. The Cholesky decomposition
can be computed in Matlab as follows.

n = size(A,1);
V = zeros(n);
for j = 1:n
V(j,j) = sqrt(A(j,j) - V(j,1:5-1)*V(j,1:5-1)");
for i = j+1:n
V(i,j) = (ACi,§)-V(@Ei,1:9-1)%V(j,1:5-1) ") /V(i,j);
end
end

Exercise 3.26. Given is the matrix

4 6 2 —4
6 18 0 3
A= 9 0 3 —4|° aeR.

-4 3 -4 «
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1. Determine all numbers « such that the matrix A is symmetric positive definite.

2. Let a = 23. Use the Cholesky decomposition to solve the system Ax = b where
b=(6,15,2,1).

Solution. Za dano matriko A je faktor Choleskega podan z

2 0 0 0

3 3 0 0
V= 1 -1 1 0

-2 3 1 Va—-14

in obstaja natanko tedaj, ko je a > 14.

1. Matrika A je simetri¢na pozitivno definitna natanko tedaj, ko obstaja razcep
Choleskega, torej natanko tedaj, ko je v > 14.

2. Resitev sistema pois¢emo z resevanjem dveh preprostejsih sistemov: Vy = b in
VTx = y. Pri prvem uporabimo premo substitucijo, pri drugem pa obratno
substitucijo. Izra¢unamo y = (3,2,1,0) in « = (—1/2,1,1,0).

Exercise 3.27. Let
B = {ﬁ a], AeR™ gecR" ack.
a «

What are the minimal sufficient conditions that the matrix B is symmetric positive
definite? Assume them and determine the Cholesky decomposition of B.

Solution. Matrika B je simetri¢no pozitivno definitna natanko tedaj, ko obstaja
razcep Choleskega

A a vV o][vT b s "
[aT OJ:L)T ﬁ} {OT ﬁ]’ V eR"™" beR", BeR,

kjer je V' spodnje trikotna matrika s pozitivnimi diagonalnimi elementi in 8 > 0. Iz
tega sledi, da je A = V'V in matrika V (¢e obstaja) je faktor Choleskega matrike
A. Torej je simetri¢nost in pozitivna definitnost matrike A potreben pogoj za to,
da ima enako lastnost tudi matrika B. Poleg tega nastavek implicira, da je Vb = a
in bTb+ 3% = a oziroma b = V~'a (matrika V je obrnljiva) in 3 = vVa —aTA 1a.
Slednje pomeni, da mora za pozitivno definitnost matrike B veljati e a > a' A" la.

Exercise 3.28. Given are the matrices A, B € R"*". The matrix B is symmetric
positive definite. Compose an efficient algorithm for the computation of the trace
of the matrix ATB~'A and count how many operations it requires.

Solution. Naj bo i-ti stolpec matrike A oznacen z a;, i = 1,2,...,n. Potem je

(ATBilA)iJ' = G/;-I—Bilaj
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in
sledATB™'A)=a]{B'a; +alB'as + ...+ a]! B 'a,.
Za ucinkovit izracun sledi torej zadosca premisliti, kako ucinkovito izracunati vre-

dnosti @] B'a;, i = 1,2,...,n. Ker je B simetri¢na pozitivno definitna matrika,
jo lahko zapisemo v obliki B = V'V, kjer je V faktor Choleskega. Iz razcepa sledi

a/Bla;=a](VV)'a; = (V'a) (V'a;) = ||V_1aiH§'

Izra¢un matrike V' zahteva in® + O(n?) operacij. Vrednost V ~'a; izracunamo s
premimi substitucijami z n? 4+ n operacijami. Za izra¢un kvadrata druge norme je
potrebnih se dodatnih 2n — 1 operacij. Celoten postopek izracuna sledi torej terja

(;)n‘3 + (’)(nQ)) +n((P®+n)+@2n—1))+(n—1) = gn?’ +0(n?)

osnovnih racunskih operacij.

A matrix is strictly diagonal dominant if in each of its rows the absolute value
of the diagonal element is larger than the sum of the absolute values of the
outer-diagonal elements. In computing the LU decomposition of such matrices
the pivoting is not necessary. If additionally the matrix is tridiagonal, the LU
decomposition can be significantly simplied and shortened.

Exercise 3.29. Prove that every strictly diagonal dominant matrix admits the LU
decomposition (without pivoting).

Solution. Preverimo, da je po vrsticah strogo diagonalno dominantna matrika A
velikosti n x n z elementi a; ; nesingularna. Denimo nasprotno, da je Au = 0 za
nek neniceln vektor w = (u1,us,...,u,). Naj bo ¢ indeks po absolutni vrednosti
najveCjega elementa u. Ker je

n n U
_ _ _ J
E a; jU; = 0 =4 A Uy = — E a; jUj ~ Qi3 = — E ;ai’j,
j=1 j=1
J#i J#i

iz izbire indeksa 7 sledi

n

Jaiil <> laijl,

j=1

J#i
kar je v protislovju s strogo diagonalno dominantnostjo matrike A. Ker je vsaka
vodilna podmatrika strogo diagonalno dominantne matrike tudi strogo diagonalno
dominantna, so vse vodilne podmatrike A nesingularne, kar zagotavlja obstoj LU
razcepa (brez pivotiranja).
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Exercise 3.30. Given is a tridiagonal matrix

ay b1
1 a2 bo

A: '.- '.. '.. ERnxn.

Cp—2 0ap-1 bn—l
Cn—1 Ganp

1. Provided that the LU decomposition of A (without pivoting) exists, simplify the
decomposition algorithm.

2. After computing the decomposition A = LU, the solution € R™ to the system
Ax = z, z € R", is determined by forward and backward substitutions. Compare
the number of operations in the general algorithm to the number of operations
needed to compute the solution to the system in case of a tridiagonal matrix A.

3. Implement the algorithm for solving the system with a tridiagonal system in
Matlab. This is the so called Thomas algorithm. Generate random data for
n = 10* such that the matrix A is strictly diagonal dominant. Then measure the
time needed for computing the solution by Thomas algorithm and compare it to
the time needed for computing the solution by the built-in function.

Solution.

1. Pri LU razcepu tridiagonalne matrike sta matriki L in U oblike

1 (5% bl
L1 uz by
L= , U =
ln,Q 1 Up—1 bnfl
lnfl 1 Unp
Velja uy = ay, vrednosti I in upy1 za k=1,2,...,n— 1 pa se izrazajo kot
Ck
lg=—, Upt1 = Qpt1 — lpbg.
Uk

Za izrac¢un LU razcepa je torej potrebnih vsega 3n — 3 operacij.

2. Sistem resujemo s premo in obratno substitucijo. Namesto n? operacij je pri
premi substituciji potrebnih le 2n —2 operacij. Podobno je pri obratni substituciji
namesto n? +n operacij potrebnih le 3n — 2 operacij. Celoten postopek resevanja
skupaj z LU razcepom torej zahteva 8n — 7 operacij, kar je za dva reda manj kot
pri LU razcepu splosne matrike.

3. Funkcija, ki izracuna resitev sistema Ax = z sprejme obliko A v obliki treh
seznamov: seznam a vsebuje elemente na diagonali matrike A in je dolzine n,
seznama b in ¢ pa vsebujeta elemente na naddiagonali oziroma poddiagonali
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matrike A ter sta dolzine n — 1. Na ta na¢in matriko A namesto z n? elementi
predstavimo le s seznami v skupni dolzini 3n — 2. Izhodni podatek funkcije je
reSitev sistema x, pomozna izhodna podatka pa sta Se seznam £ dolzine n — 1, ki
doloc¢a matriko L, in seznam u dolzine n, ki dolo¢a matriko U.

function [x,1l,u] = thomas(a,b,c,z)
n = length(a);

u = zeros(n,1);

1 = zeros(n-1,1);

4 LU razcep
u(l) = a(1);
for k = 1:n-1
1(k) = c(k)/u(k);
u(k+1) = a(k+1) - 1(k)x*b(k);
end

% prema substitucija
y = z;
for k = 2:n
y(k) = z(k) - 1(k-1)*y(k-1);
end

4 obratna substitucija
X = v;
x(n) = y(n)/u(n);
for k = n-1:-1:1
x(k) = (y(k) - b(k)*x(k+1))/u(k);
end

end

Primerjava resevanja sistema z matriko velikosti n = 10* z uporabo Thomasovega
postopka in vgrajene funkcije (linsolve oziroma operator \) pokaZe, da je nasa
funkcija priblizno 500-krat hitrejsa.

= 1le4;

= rand(n,1) + 2;
rand(n-1,1);

= rand(n-1,1);

= rand(n,1);

N o TP B
]

tic; x1 = thomas(a,b,c,z); tl = toc;
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A = diag(a) + diag(b,1) + diag(c,-1);
tic; x2 = A\z; t2 = toc;

t2/tl; 7 priblizno 500

The pivot growth g in the LU decomposition of the matrix A € R™*" is

max; j—1,_.n Uil

max; j1,..n|ai;|’

where a;; denote the elements of A and wu;; the elements of the invertible
upper triangular matrix U in the decomposition of A. The pivot growth can
be used in backward stability analaysis of solving the system Ax = b by the
LU decomposition with pivoting. If the value of ¢ is small, then solving of the
system is backward stable since the computed Z obtained in place of x is the
exact solution of the system (A+AA)x = b, where A A is the matrix satisfying

|AAll, < 3nul| L] Ul < 3gn°u Al -

Here, u denotes the unit roundoff of the chosen arithmetic. The pivot growth
g in the LU decomposition with partial pivoting is in general bounded upwards
by 27!, which means that the procedure is in threory not backward stable. For
matrices with special structure this estimate can be improved.

Exercise 3.31. The matrix A € R"*" with the elements a; ; is upper Hessenberg
if a; ; = 0 for ¢ > j + 1. Prove that the pivot growth of an upper Hessenberg matrix
in the LU decomposition with partial pivoting is bounded by n.

Solution. Naj bo A € R™ "™ zgornja Hessenbergova matrika. Zaradi posebne oblike
te matrike imamo na vsakem koraku LU razcepa z delnim pivotiranjem dve moznosti
za pivot (ohranimo obstojede stanje ali zamenjamo trenutno in naslednjo vrstico).
Naj bo M = max; j=1,.n|ai |- V prvem koraku postopka je situacija naslednja.

« Cejelai 1| > |ag.1], pivotiranje ni potrebno in novi elementi a(zlll na mestih (2, k),
k=2,3,...,n, so izraGunani kot

(1) _ _
s = a2,k — L2101k, by =

Ker je |[l21| < 1, je |a§z)c| <2M.

o Ceje |a1,1| < |ag 1|, zamenjamo prvo in drugo vrstico in tedaj velja

(1) ai1
Ao ) = A1,k — €2,142,k7 52,1 =
as i

Ker je |¢31] < 1, je tudi v tem primeru |a§,)€| < 2M.
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Zaradi lastnosti matrike A preostale vrstice (od tretje dalje) v prvem koraku LU
razcepa ostanejo nespremenjene. Recimo, da smo ze opravili r — 1 korakov postopka
in predpostavimo, da je |affk_1)\ <rM,k=r,...,n. Ocenimo nove elemente a(rli)l &

na mestih (r +1,k), k=r+1,r+2...,n.
o Ceje \a&lﬁ\ > |ay+1,0+1|, pivotiranje ni potrebno in za

Qpr4-1,r
(r=1)’

T

(r) (r—1)
Api1 k= Qr4+1,k — fr-{-l,rank )

Er-{—l,r =

po predpostavki velja |a7(:21’k| <M+rM=(r+1)M.

- 1 . L . L
o Ceje |a$7),| < |ar+41,r+1], pa zamenjamo vrstici z indeksoma r in r + 1 ter izracu-

namo
(r—1)
(r) _ (r-1) Ay r
CLr+1,j - ar,k

- €r+1,rar+1,k; ‘€T+1,r =

Qp41,r .

Tudi v tem primeru je po predpostavki |a7(121 el STM+M = (r+1)M.
LU razcep izracunamo v n — 1 korakih. Za element agf; b velja |a£f; 1)| < nM.
Pokazali smo torej, da so vsi elementi v matriki U manjsi od nM, zato je g < n.

Exercise 3.32. Verify that for the upper Hessenberg matrix

1 0 0 0 1
-1 1 0 0 1
A_| 0 -1 1 L | goxn
: o0
0 ... 0 -1 1 1
L 0 0 0 -1 1|

the pivot growth g is equal to n.

Solution. Pri LU razcepu matrike A v nobenem koraku ni potrebe po pivotiranju.
Po standardnem postopku izracunamo LU razcep A = LU, ki ga dolocata matriki

1 0 0 0 1 0 ... 0 1

-1 1 0 1 2

L=1 09 -1 0 0 U=10 o 0 3
1 0 : T

L0 ... 0 -1 1 0 0 0 n

Po definiciji pivotne rasti je g = n.
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4. Systems of Non-linear Equations

The system of n non-linear equations with » unknowns is given in the form f(x) = 0,
where f : R™ — R™ is a mapping, 0 € R" is the vector of zeros and « € R" is the
vector representing the solution to the system. The solving of the system can be
approached similarly as the solving of non-linear equations.

4.1. The Jacobi Method

The idea behind the basic method for solving the system f(x) = 0 is the same as
for the fixed-point iteration. The system is transformed into the form g(x) = =z,
where g : R — R” denotes the iteration mapping. The solution is found by
choosing an initial vector (*) € R™ and performing the iteration

2 =g (aV), r=01,...

This procedure is called the Jacobi method. It can usually be accelerated by
using the already computed coordinates. The approximation in the step 7+ 1 is
r+1) _ g, ($§T+1), o :cgitl), :czm, e a:(r)) , i=1,2,...,n.

7 n

xTr

where g; denotes the component of the mapping g with index . Such iteration
is called the Seidel metod.

Exercise 4.1. Given is the system

. (2x—y T+ 2y
x = sin = cos
1+ ) 4

of two non-linear equations with the unknowns x and y. For the initial approxima-
tion (x0,y0) = (2, 0) compute the first and second approximation of the Jacobi and
Seidel method. Using Matlab perform another 13 steps. Compare the approximati-
ons to (—0.43752408,0.93632532), which is an exact approximation of the solution.

(6]
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Solution. Pri Jacobijevi iteraciji za prva priblizka (z1,y1) in (z2,y2) dobimo

zq = sin (222 = sin(7) = 0, y1 = cos (2t20) = cos (Z) =0,
X9 = sin (2“471“) = sin(0) = 0, Y2 = cos (11222,/1) =cos(0) =1,

pri Seidlovi iteraciji pa
zq = sin (222 = sin(7) = 0, y1 = cos (2E20) = cos(0) = 1,

_gin(l
Ty = sin (29614_3“) = —sin (i) ) Y2 = COS (IQ‘L‘Eyl) = Cos (SH1(44)—|-2> .

Naslednjih 13 priblizkov izra¢unamo v Matlabu.

gl @(x)sin ((2*x(1)-x(2))/4);
g2 = @(x)cos((x(1)+2*xx(2))/4);
x0 = [2*xpi; 0];

XJ = x0;
XS = x0;
for r = 1:15
XJ(1,r+1) = g1 (XJ(:,1));

XJ(2,r+1) = g2(XJ(:,1));

XS(1,r+1) gl(XS(:,r));

XS(2,r+1) g2 ([XS(1,r+1); XS(2,r)1);
end

Rezultata prikazuje tabela 4.1. Napaka je izracunana kot norma razlike med tre-
nutnim priblizkom in podanim natanénim priblizkom. Razvidno je, da so priblizki
Seidlove iteracije boljsi od priblizkov Jacobijeve iteracije.

The convergence of the sequence of the approximations in the Jacobi iteration
depends on the properties of the mapping g. Suppose g is continuously diffe-
rentiable on a bounded and closed region 2 C R™ and for every x € () satisfies
g(x) € Qand ||Jg(x)|| < m < 1. Here, Jg is the Jacobi matrix of the mapping
g and ||-|| denotes some matrix norm. Then g is a contraction with the Lip-
schitz constant m and by the Banach fixed point theorem the iteration sequence
converge for any initial approximation from €.

Exercise 4.2. Prove that the Jacobi and Seidel method for the system in Exer-
cise 4.1 converge for any initial approximation.

Solution. Preslikava Jacobijeve iteracije

= (252 e (52
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korak Jacobijeva iteracija Seidlova iteracija

r Ty Yr napaka Ty Yr napaka

1 0 0 1.0-10° 0 1 4.4-1071
2 0 1 4.4-107' | —0.247404 0.905539 1.9-10~!
3 —0.247404 0.877583 2.0-10~' | —0.342979 0.933399 9.5-102
4 —0.336406 0.929795 1.0-10~' | —0.393871 0.932965 4.4-1072
5 —0.390019  0.928369 4.8-1072 | —0.417032 0.935111 2.1-1072
6 —0.414234  0.933523 2.3-1072 | —0.428013 0.935702 9.5-1073
7 —0.42639  0.934764 1.1-1072 | —0.433103 0.936046 4.4-1073
8 —0.432159  0.93562 5.4-1073 | —0.435472 0.936194 2.1-1073
9 —0.434952  0.935978 2.6-1073 | —0.436572 0.936265 9.5-10*
10 —0.436289  0.93616 1.2-1073 | —0.437082 0.936297 4.4-10~*
11 —0.436932 0.936246 6.0-10"* | —0.437319 0.936312 2.1-107*
12 —0.43724  0.936287 2.9-107* | —0.437429 0.936319 9.5-107°
13 —0.437388 0.936307 1.4-107* | —0.43748 0.936323 4.4-107°
14 —0.437459  0.936317 6.6-107° | —0.437504 0.936324 2.1-107°
15 —0.437493  0.936321 3.2-107° | —0.437515 0.936325 9.5-1076

TABELA 4.1: Jacobijeva in Seidlova iteracija iz naloge 4.1.

vsak (z,y) € R? preslika v [—1,1] x [~1,1], zato lahko analizo g; omejimo na to
obmodje. Jacobijeva matrika Jg, preslikave g; je podana z

beos (257%) L eos (272) ]

J =
T i (2520) —fain (222)

Za vsak (z,y) velja ||Jg, (z,y)], < % < 1, zato je gy skréitev in iteracijsko zaporedje
po Banachovem skréitvenem nacelu konvergira za vsak zacetni priblizek. Enak sklep
velja za preslikavo

gs(z,y) = (sin (2334_ y) cos <W>>

Seidlove iteracije, saj je [|Jgq(z,y)|| < 2 < 1.

Methods for solving systems of non-linear equations can be applied to systems of
linear equations. This is helpful especially when the system of linear equations
is too large to be handled by the direct method (e.g. LU decomposition).

Exercise 4.3. Express the iteration function of the Jacobi and Seidel method for
solving the system of linear equations Ax = b. Assume that all diagonal elements
of A are non-zero.

Solution. Pri Jacobijevi iteraciji iteracijsko preslikavo zasnujemo tako, da v i-ti
enacbi sistema Ax = b izrazimo i-to komponento x; vektorja x. V vektorskem
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smislu to pomeni, da sistem zapisemo kot Dx = —(A—D)x+b, kjer je D diagonalna
matrika, ki ima enako diagonalo kot A. Ker so vsi elementi na diagonali A razli¢ni
od ni¢, je D obrnljiva in preurejeno enacbo lahko z leve pomnozimo z inverzom D.
Na ta nacin dobimo iteracijsko preslikavo

gs(x)=—-D (A - D)x+ D 'b.

Pri Seidlovi iteraciji v trenutnem koraku pri ra¢unanju posamezne komponente no-
vega priblizka upostevamo ze izracunane priblizke v trenutnem koraku in sistem
zapiSemo kot Lx = —(A — L)x + b, kjer je L spodnje trikotna matrika, ki ima na
in pod diagonalo enake elemente kot A. Za iteracijsko preslikavo gg zato vzamemo

gs(x) = —-L'(A—-L)x+ L 'b.

Zaradi predpostavke o nenic¢elnosti diagonalnih elementov A je tudi matrika L obrn-
ljiva. Pri izvedbi Seidlove iteracije ne racunamo inverza matrike L, pa¢ pa korak
iteracije izvedemo s premimi substitucijami.

Exercise 4.4. Given is the system Az = b of linear equations determined by strictly
diagonal dominant matrix A. Prove that the Jacobi and Seidel method converge for
any initial approximation.

Solution. Jacobijeva matrika iteracijske preslikave g s, ki je definirana v nalogi 4.3, je
enaka —D~!(A—D). Oznac¢imo elemente matrike A € R"*" za; j,i,j = 1,2,...,n.
Iz stroge diagonalne dominantnosti matrike A sledi, da je a;; # 0 za vsak %, poleg
tega pa za vsak x € R™ tudi
D15 1]

J —l-DY%A—-D — =l TN

1 g, (@)l = || ( )N o B P <1,
kar pomeni, da je g skréitev.

Pri Seidlovi iteraciji Jacobijeva matrika Jg  (x) iteracijske preslikave gg iz na-

loge 4.3 za vsak @ ustreza matriki Jg, = —L7'(A — L). Oglejmo si, v kaksni zvezi
je priblizek (") na r-tem koraku iteracije s toéno resitvijo sistema. Ker je

2~ A7 = (Jpe@" D 4+ L7b) — (Jy A b+ L7'D),

sledi (") — A7b = Jg, (2"~ — A~'b) . Ce to zvezo uporabimo veckrat zapored,
dobimo

™ — Ab = J,, (a;”—l) - A—lb) == (Jg)" (:1:(0) - A—lb) .

Torej je A~1b limita iteracijskega zaporedja natanko tedaj, ko je lim, oo (Jgs)" = 0,
to pa velja natanko tedaj, ko so vse lastne vrednosti matrike Jg, po absolutni
vrednosti manjse od 1 (v kar se lahko prepri¢amo s pomocjo Jordanove dekompozicije
matrike). Obravnavajmo poljuben lastni par (A, v) matrike Jg . Po definiciji je

M =Jyv=-L"'(A- L)
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oziroma ALv = —(A — L)v, iz Cesar sledi, da za vsak i € {1,2,...,n} velja
7 n
)\Zai’jvj = — Z 4,5V .
J=1 j=it1

Iz teh enacb lahko izrazimo

)\a”vl—/\g a; jv; + E a; ;V;

Jj=i+1
in Ce izberemo tisto, pri kateri je |'ui| = ||v]| ., sledi
v
|)‘Haw|<|)“2| Q5 J|| j| S‘)‘|Z|am|+ Z |ai ;] -
j=i+1 Vi j=i+1
Torej je
n
I\ < iji+1|ai,j|

= i—1
laiil = 22501 lai ]

in zaradi diagonalne dominantnosti velja |A| < 1. S tem smo dokazali, da so vse

lastne vrednosti matrike Jg po absolutni vrednosti manjse od 1, kar dokazuje kon-

vergenco iteracijskega zaporedja.

4.2. The Newton’s method

The Newton’s method for solving a system f(x) = 0 is a generalization of the
Newton’s method for a single non-linear equation. We perform the iteration step

2D = o) _ g, (x(m)’l f (a,m)

by solving the system of linear equations

Js (mm) Az = _f ($<r>)

and then express the new approximation ("t from Az(") = 2"+ — (),
In the quasi-Newton’s methods the Jacobi matricx is replaced by matrices that
are easier to compute. In the Broyden’s method it is replaced in step r by the
matrix B, that is recursively determined by

£ (20) (A;B(r—l))T
|azt-n|;

Br = Br—l +

)

where By is an approximation for J¢(x(?)). The Broyden’s method may be seen
as a generalization of the secant method for solving non-linear equations.
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Exercise 4.5. Given is the system Dan je sistem
2?4y =4, 2—y?=1
of two non-linear equations for the unknowns = and y.

1. Interpret the system geometrically. How many solutions does it have? Find the
solutions analytically.

2. Derive the Newton’s method for solving the system and perform two iteration
steps with the initial approximation (xo,yo) = (2, 1).

3. Find an approximate solution to the system with two steps of the Broyden’s
method with the initial approximation (zo,yo) = (2,1) and By = J¢(zo, o).

Solution.

1. Prva enacba predstavlja kroznico s polmerom 2, druga enac¢ba pa hiperbolo. Sis-

tem ima Stiri resitve, to so (£4/5/2,+t+/3/2) in (£4/5/2,F+/3/2)

2. Dani sistem enacb zapiSemo v obliki f(x,y) = 0 za preslikavo f, podano s pred-
pisom
flay) = (" +y* —4,2° —y* = 1).

Jacobijeva matrika preslikave f je

20 2

zato v prvem koraku metode pri zacetnem priblizku (xg,yo) = (2,1) resujemo
sistem

4 2 Az _ 1

4 -2 Ayg | 2 |
Izra¢unamo (Azg, Ayg) = (f%, i), kar pomeni, da je novi priblizek

(‘Tlayl) = (x07y0) =+ (Ax()vAyO) = (%7 %) .

V drugem koraku z resevanjem sistema

4[]
T T3 Ay [
dobimo (Azq,Ay;) = (—%, —%), torej je
(z2,y2) = (z1, 1) + (Az1, Ayr) = (32, 2) ~ (1.5817,1.2250).

Iteracijsko zaporedje konvergira k resitvi (1/5/2,+/3/2) =~ (1.5811,1.2247).
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3. Zaradi izbire By je prvi korak Broydnove metode enak kot pri Newtonovi metodi.
Za izvedbo drugega koraka najprej izracunamo

_ fli,m) - (Azg, Aye)T [ 2§
Bi =By + 2 — | 401 _ 99
[ (Azo, Ayo)5 104 T 52
Nato resimo sistem By - (Azq, Ay;) = — f(x1,y1) in priblizek (z1,y1) izracunamo
iz resitve (Az1, Ayr) = (— 305, — ). Dobimo

(v2,0) = (483, 1978) ~ (1.5589,1.2179).

Exercise 4.6. Given are the points (z;,y;), 7 =1,2,...,n, in the plane. We would
like to find a function f of the form f(z) = ae®®, o, B € R, that minimizes

n

(o, B) = Z z": aeﬁw‘

=1 i=1
For such f we say that fits the points best in the least square sense.

1. Finding the minimum of ¢(«, §) interpret as solving a system of non-linear equa-
tions with unknowns « and S.

2. Derive the Newton’s method for the obtained system.

3. If the ordinates y; are positive, a good initial approximation for the Newton’s
method can be found by the linearization of ¢(«, 8) into the form

n

Y(a, B) = Z(ln(yz) n(a) — ﬁxz> .

=1
Derive and solve the system of linear equations for the parameters a and .

4. In Matlab, using the linearization and the Newton’s method find and plot f that
in the least square sense best fits to the points

(1,8), (2,9), (3,6), (4,7), (5,4), (6,3), (7,2), (8,3), (9,2), (10,1).

Compare the solution to the solution of the original problem computed by the
built-in function fminsearch.

Solution.

1. Z odvajanjem ¢ dobimo
8(‘0 - z; T,
%(aaﬁ) = ZQ (yi — aelB %) (—65 1,) ;
9y

i=1
85( ﬂ) = 22 (yl - Ozeﬁwi) (_axieﬂ$i> ,
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kar pomeni, da lahko minimum funkcije ¢ iS¢emo z resevanjem sistema nelinearnih

enacb f(a, ) =0 za
(Zeﬁz y; — ae’ aZme y — aePTi ))

. Zaizpeljavo Newtonove metode je treba dolociti Jacobijevo matriko Jy preslikave
f. Izracunamo

n n
- Z 2w Z x;eP% (yl - QQGBJ“)
i=1 i=1

Jg(a, B) =

n n
ineﬁxi (yz — 204659”7‘) aZx?e’B“ (yi — Qaeﬁx")
i=1 i=1

Na vsakem koraku metode novi priblizek (a1, 8r+1) izra¢unamo iz prejSnjega
(o, Br) tako, da reSimo sistem

Jf(aTvﬁT) : (AO‘N A/BT) = _f(aTaﬁr)

in vzamemo
(ar+17 6T+1) = (047'7 Br) + (AO[T, Aﬂr)
. Najbo X; =z;, Y; =In(y;), A =In(a) in B = g. Tedaj je

n

Y(A,B) =Y (Yi— A— BX;)?

i=1
in iz

o =
aA(AB Z 2(Y; — A— BX;) (1),

9y
0B

M: i

Il
-

-7(A,B) =) 2(Yi—A-BX;) (X))

K3
podobno kot v prvi tocki naloge sledi

n zn:Xi ﬁ:Yi
i=1 A i=1
B n

znjxi anX? > XY
i=1 i=1

i=1
To ni ni¢ drugega kot normalni sistem za predolocen sistem, ki doloc¢a najboljso
aproksimacijo parov (X;,Y;) s premico « — A 4+ Bz po metodi najmanjsih kva-
dratov. Prvi priblizek za parametra « in § lahko torej dolo¢imo na podlagi resitve
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sistema

noy > In(y:)
i=1 i=1
i=1 i=1 i—1

4. V Matlabu pripravimo implementacijo Newtonove metode, ki za dano preslikavo
f in njeno Jacobijevo matriko vrne priblizek za resitev sistema f(x) = 0. Funk-
cija deluje tako, da pri podanem zacetnem priblizku izvede toliko iteracij, da je
norma razlike dveh zaporednih priblizkov manjsa od podane tolerance, razen c¢e
stevilo iteracij preseze maksimalno predpisano stevilo le-teh.

function [x,X,k] = newton(f,Jf,x0,tol,N)

% Opis:

%  mnewton tzvede Newtonovo metodo za reSevanje sistema
4 melinearnih enacb

Z

4 Definicija:

A [z,X,k] = newton(f,Jf,z0,tol,N)

%

% Vhodni podatk<:

bi preslikava, kit dolola sistem f(z) = 0,
Jf Jacobijeva matrika preslikave f,
z0 zacdetni priblizZek (stolpec),

tol toleranca morme razlike dveh zaporednih
pribliZkov,
N maksimalno Stevilo korakov tteractje

Izhodni podatki:

BN SN

T konéni priblizZek za reSitev sistema f(z) = 0,
X tabela vseh izracunanih pridblizZkov,
k Stevilo opravljenih korakowv

X = x0;

dx = Inf;

k = 0;

while norm(dx) > tol && k < N
k = k+1;
dx = -JE(X(:,k))\E(X(:,k));
X(:,k+1) = X(:,k) + dx;

end

x = X(:,k+1);

end
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Zacetni priblizek za Newtonovo metodo pois¢emo z linearizacijo.

X = (1:10) ';

Y = [8; 9; 6; 7; 4; 3; 25 3; 2;
A = [10 sum(X); sum(X) X'xX];
logY = log(Y);

logx0 = A\[sum(logY); X'*logY];
x0 = [exp(logx0(1)); logx0(2)1;

Za zacetni priblizek vzamemo par, ki je rezultat zgornjega izraCuna in je pri-
blizno enak (12.4733, —0.2228). Nato z ustrezno definiranima funkcijama, ki za
dani vektor @ vrneta vektor f(x) in matriko J¢(x), izvedemo funkcijo newton.
Pri toleranci 1071° v 5 korakih iteracije dobimo priblizek, ki je priblizno enak
(11.1713,—0.1898). Skoraj povsem enak priblizek dobimo, ¢e resitev problema
pois¢emo z vgrajeno funkcijo fminsearch. Kot vhodna podatka ji podamo funk-
cijo o in zacetni priblizek, ki smo ga dobili z linearizacijo. Rezultati so grafi¢cno

predstavljeni na sliki 4.1.

11

(A) linearizacija (B) Newtonova metoda

(C) funkcija fminsearch

SLIKA 4.1: Grafi funkcije f, ki jih dobimo pri resevanju naloge 4.6.



5. Overdetermined Systems

A system of linear equations Ax = b may have more equations than unknowns.
This means that A € R™*™ is a rectangular matrix with more rows than columns
(m >n). A vector x € R™ satisfying the system for any b € R™ does not exist, and
we usually look for & minimizing the norm of the remineder Ax — b..

5.1. Normal System

The problem of finding the vector & € R™ minimizing the value of || Axz—b||; has a
unique solution if A is a full rank matrix (rang(A) = n). The solution is called
the best least square approximation. It is determined by solving the normal
system ATAx = ATb. The matrix ATA € R™" is symmetric and positive
definite, hence the system can be solved by the Cholesky decomposition.

Exercise 5.1. Prove that the solution of the system

5 ][z (8]

corresponds to the solution of the overdetermined system Ax = b in the least square
sense. Interpret the system geometrically.

Solution. Vektorja 7 in  ustrezata enakostma r + Az = bin ATr = 0. Ce v prvi
izrazimo 7 in ga vstavimo v drugo, dobimo normalni sistem AT Ax = ATb. Vektor
r predstavlja razliko med vektorjem b in vektorjem Ax, ki lezi v prostoru im(A).
Z zahtevo ATr = 0 predpisemo, da je r pravokoten na im(A) oziroma da je Ax
pravokotna projekcija b na im(A).

Exercise 5.2. Values of a function f are given at four points:
fEN=4 Jo=5 Jm=% Jjo=%

Find the parabola that by the least square method best fits to the given values
of the function f. Derive the normal system and solve it by using the Cholesky
decomposition.

85
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Solution. Parabolo predstavimo v obliki p(z) = ag + a1z + azz?. Veljati mora
p(x) = f(x) zax € {—1,0, 1,2}, torej so koeficienti ag, a;, as dolodeni s predolo¢enim
sistemom

1 -1 1 11
1 0o o] %] 1|7
11 1 e R I
1 2 4 @2 13

Naj bo matrika sistema oznacCena z A, desna stran sistema pa z b. Normalni sistem
ATAx = ATb je podan kot

4 2 6 ao 8
2 6 8 al = 4
6 8 18 az 16

Njegova resitev ustreza vektorju @, ki minimizira || Az — b||, oziroma vsoto kvadra-
tov razlik med vrednostmi parabole p in funkcije f v tockah —1, 0, 1, 2. Faktor
Choleskega za matriko AT A je podan z

2 0
V=|1 0
3 2

S&e

Ker je ATA = VVT, lahko koeficiente parabole izra¢unamo z reSevanjem sistemov
Vy=ATbin VTz = y. Dobimo y = (4,0,2) in = = (1,—1,1), kar pomeni, da je
p(x) = 22 — x + 1 parabola, ki se po metodi najmanjsih kvadratov najbolje danim
podatkom.

Exercise 5.3. Derive the normal system that determines the polynomial of degree
n that is the beast least square approximation for the values of the function f at
m + 1 points distinct xg, z1,...,Tm.

Solution. Polinom zapisimo v obliki
p($) = anxn + an—lxnil +...+ta1x+ ag.

Predolocen sistem doloc¢ajo enacbe p(x;) = f(x;), i = 0,1,...,m, kar lahko v vek-
torski obliki zapisemo kot

1 x 3 ... af ao f(zo)
1z 22 ... ap a f(z1)
1 zy l‘?n T, an f(xm)

Normalni sistem je zato

l ;xiﬂ' ] . [ a; ]?:0 = [ szff(zk) ] |
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Exercise 5.4. A planet is travelling on an elliptical orbit. Some of its positions are
given in the below table. They are represented by the Cartesian coordinates (x;,y;),
1=1,2,...,10, with respect to the orbit plane.

;| -05 —-03 01 08 09 05 02 —01 —03 —0.6
yi | 03 —-0.7 —-08 —0.7 —0.1 05 06 07 06 0.2

Determine the coefficients a, b, ¢, d, e in the quadratic form
ar® +bry+cy? +dr+ey =1

that minimizes the value of

10
Z (ax? + bx;y; + cyi2 + dx; + ey; — 1)
i=1

2

Interpret the problem as solving the system of an overdetermined system of equations
and in Matlab plot the orbit of the planet determined by the least square method.

Solution. Iskani koeficienti a, b, ¢, d, e ustrezajo resitvi predolo¢enega sistema

2 2
Ty Tyt Y7 T % a 1
2 2
D) T2Y2 Yy T2 Y2 b 1
. c = .
: : : : : d :
2 2 1
Ti0 ZTi10Y10 Yipo Ti0 Y10 e

po metodi najmanjsih kvadratov. V Matlabu lahko resitev predolocenega sistema
izra¢unamo kar s pomocjo operatorja \, enako kot da bi resevali sistem linearnih
enacb z enakim Stevilom enacb in neznank.

X =[-0.5;-0.3;0.1;0.8;0.9;0.5;0.2;-0.1;-0.3;-0.6];
Y = [-0.3;-0.7;-0.8;-0.7;-0.1;0.5;0.6;0.7;0.6;0.27;

A= [X.72 X.xY Y."2 X Y];
b = ones(10,1);

k = A\b;
Kvadratno formo, ki je dolo¢ena s koeficienti vektorja k = (a,b,c,d,e), lahko v

Matlabu narisemo z uporabo vgrajenih funkcij meshgrid in contour. Skupaj s
podanimi polozaji planeta je prikazana na sliki 5.1.

Problems converted to solving an overdetermined system often include additional
constraints. To meet these constraints an adaptation of the system solving is
needed.




88 5. Owerdetermined Systems

05} L]

0571

SLIKA 5.1: PoloZaji planeta, podani v nalogi 5.4, in kvadratna forma, ki se jim nagjbolje
prilega po metodi najmanjsih kvadratov.

Exercise 5.5. The overdetermined system Ax = b with the matrix A € R™*",
m > n, and the vector b € R™ contains additional constraints expressed by the
matrix C € RP*" p < n, and the vector d € RP| in the form of an underdetermined
system Cx = d. Assuming that the matrices A and C have full rank, we are looking
for £ € R™ minimizing || Ax — b||, under the additional condition Cx = d.

1. Let (x,y) € R™ x RP be the solution of the system
ATA CT x| [ ATb
C 0 y | d ‘
Prove that @ is the solution of the minimization problem.

2. Argue that the solution x exists and is unique.

Solution.

1. Naj bo & € R™ poljuben vektor, za katerega velja Cz = d. Tudi vektor x, ki
je delna resitev zgornjega blo¢nega sistema, zados¢a pogoju Cx = d. Dokazimo,
da je ||[Ax — b||, < ||[AZ — b]|,. Kvadrat ||AZ — b||, lahko zapisemo kot

IA@ - 2) + Az - b]; = |A@ - 2)|; + 2(& — 2) AT (Az — b) + | Az - b]5 .
Sedaj upostevamo, da za x velja AT Ax + CTy = ATb in za ¢len
20z —x) AT(Az —b) = 2z —x)"Cy
sklepamo, da je enak 0, saj je Cx = Cz. Od tod potem takoj sledi
| A% — b2 = | A@ — @)+ || Az — b]}2 > || Az — b]}2.
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2. Zadosca utemeljitev, da je blo¢na matrika, ki nastopa v sistemu iz prve tocke,
obrnljiva. Denimo, da ni. Potem obstaja neniceln vektor (Z,y) € R™ x R?, da je

STl

ATAZ+CTy =0, Cz=0.

Od tod sledi

Jasno je, da je Z' (ATAZ + C"y) = 0, kar pomeni, da je [|AZ|, = 0, saj je
Cz = 0. Torej je AZ = 0 in ker je A polnega ranga, je £ = 0. Sedaj prva
enacba implicira CTy = 0; tudi matrika C je polnega ranga, zato mora biti
y = 0, kar je v protislovju z zacetno predpostavko.

Exercise 5.6. Let C € R™*™ be a symmetric positive definite matrix that deter-

mines the norm
el = VaTCa.

Derive the normal system that determines the solution to the problem

in |Az — b|| .
min Az — bl

Solution. Ker je C simetri¢na pozitivno definitna, jo lahko zapiSemo kot C = VV'T,
kjer je V faktor Choleskega. Kvadrat norme ||Az — b||5 je zato enak

(Az —b)TC(Az —b) = (VT(Az — b)) (VT (Az — b)),

torej ustreza kvadratu norme HVTA:L' — VTbHQ. To pomeni, da je minimalna vre-
dnost ||Az — b|| dosezena pri vektorju € R™, ki je resitev sistema

(VTA) (vTA)z=(VTA) Vb

in ga lahko poenostavimo v ATCAxz = ATCb. To je normalni sistem, ki doloca
resitev problema po metodi najmanjsih kvadratov v normi ||-||5.

5.2. QR Decomposition

To find the solution of an overdetermined system Ax = b we usually do not
solve the normal system since this can be numerically unstable when a pair of
columns of the matrix A € R™*" is almost linearly dependent. We can avoid
such problems if we replace the columns of A by an orthonormal basis for im(A),
which is achieved by the decomposition A = QR of A to the orthogonal matrix
Q € R™ " (QTQ = I) and the upper triangular matrix R € R"*".
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Exercise 5.7. Use the QR decomposition of a matrix A € R™*™ to prove the
Hadamard inequality

det(A)| < I llall, ,
j=1

where a;, j =1,2,...,n, denote the columns of A.

Solution. Ce je matrika A singularna, je trditev trivialna, zato privzemimo, da je
rang(A) = n. Naj bosta Q in R matriki QR razcepa A = QR matrike A. Ker
je @ ortogonalna, je absolutna vrednost determinante A enaka determinanti R, to
je produktu diagonalnih elementov r;;, j = 1,2,...,n, matrike R. Poleg tega iz
razvoja

i
aj =) ri;di
=1

zaradi ortonormiranosti vektorjev g; sledi, da je |r; ;| < |laj||,. S tem je neenakost
dokazana.

In the modified Gram—Schmidt algorithm the QR decomposition A = QR of
the matrix A € R™*" is computed in n steps. Let the columns of A be de-
noted by ai,as,...,a, and the columns of @ by qi1,qo,...,q,. In the step
j€{1,2,...,n} we start with the vector a; and then subtract the orthogonal

projections of the current vector to the vectors q;, 1 =1,2,...,57 — 1:
1 i+1 i i
¢V =a;, ¢"V=¢" —rijq ri;=da'd".

We conclude the step by normalizing the obtained vector:

Le) %)
w=a ma=|a],
By this procedure, which requires approximately 2mn? operations, it is ensured
that the vectors g; are orthonormal, and the values r; ;, i = 1,2,...,7, corr-
responding to the elements of R determine the expansion of a; over q;. The
algorithm also ensures that the diagonal elements of R are positive.

Exercise 5.8. Let

1
A=y
0
Compute the QR decomposition of A by the modified Gram—Schmidt algorithm.
Solution. QR razcep A = QR matrike A s stolpci

a; =(1,1,0,0), a2 =1(0,0,1,-1), a3=(-1,-3,1,1)

izra¢unamo v treh korakih.
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1)

1. korak: Definiramo g;"’ = a; in izra¢unamo
. 1 V2
i=1: ra=d” = V2 @ = —qM = Y2(1,1,0,0).
2 T1,1 2
2. korak: Definiramo qél) = a9 in izrac¢unamo
) 1 2 1 1
1=1: T1,2:Q1TQ§): ) qé):qé)fm,qu:qé),
. 1 V2
1=2: Troo= Hqéz)H =2, Q2 = 7q§2) =—(0,0,1,-1).
2 72,2 2
3. korak: Definiramo qél) = ag in izracunamo
1=1: r1,3 = qil'qél) = 72\/57 q{(i2) = q:(;l) - 7"1,3‘11 = (15 717 1a 1)7
1=2: 7’273 = QJ(I?) = 07 qég) = (I:E,Q) - 7’2,3Q2 = (]-a _17 ]-7 1)7
. 1 @3 1
—3: =[], =2 = — ¢ = —(1,-1,1,1).
¢ 73,3 qs ) qs T3 q;3 2( )

Ortogonalna matrika @ je dolocCena s stolpci q1, g2, q3, zgornje trikotna matrika R
pa z elementi r; ;, 1 <7 < j < 3:

_1@8—2 V20 -2v2

0\/51’R: \/5(2)
0 —v2 1

In theory the coefficient r; ; of R could be computed as the dot product of g;
and a;. This is the classical Gram—Schmidt algorithm, which is numerically less
precise. As it turns out, it is better to correct the orthogonality with respect to
the vectors containing the rounding errors. For the same reason we do not solve
the system Az = b by decomposing A and converting to the (adapted normal)
system Rx = Qb but instead compute the QR decomposition of the extended
matrix

(A b]=[Q an]|® 2.

p
where Q@ € R™*" gp,41 € R™, R € R"*" 2z € R", and p € R. From

Az -b= A b}[ml]

=[Q qun ][R ZH_wl } = Q(Rx — 2) — pgni1

and the fact that g,11 is by construction orthogonal to the columns of Q, it then
follows that the value of | Az — b||, is minimal if and only if « is the solution to
the system Rx = z. The minimal value is equal to |p| = p.
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Exercise 5.9. Let A be the matrix from Exercise 5.8 and b = (4,6, —1,2). Continue
the modified Gram—Schmidt algorithm on the matrix A and find the QR decompo-
sition of A extended by the vector b. With the result compute the solution of the
overdetermined system Ax = b.

Solution. Nadaljujemo postopek iz naloge 5.8 s Se enim korakom.

(1)

4. korak: Definiramo gq; ° = b in izra¢unamo
i=1: ra= lthz(;l) =5V2, ‘Jf) = ‘L(Ll) —riaq = (-1,1,-1,2),
. 3V2 1
1=2: ro4= QQqu(f) = T qff’) = qf) — 7124492 = 5(—2;27 L,1),
, 1 1
=3 T34 = q:;rqz(Lg) = _57 q4(14) = qz(Lg) — 73,4493 = i(_3737373)7
. 3 1w 1
— 4 :H (4)H =2 = — ¢ = 2(-1,1,1,1).
J T4,4 qd, 5 9 q4 Tea qy 2( )
Velja torej
V2.0 1 -1 V2 0 —2v2 52
2 0 -1 1 _3v2
[A b= 1 V2 . V20 2 |
0 v2 1 1 2 -3
0 —v2 1 1 3

iz Cesar sklepamo, da je mingeps ||[Ax — b||, = 3. Vektor € R?, pri katerem je

minimum doseZen, izracunamo z reSevanjem sistema

V2 0 =22 5v/2
2 _1
2

in je enak = = 1(18,—6,-1).

Exercise 5.10. Using the modified Gram—Schmidt algorithm determine the func-
tion f of the form

fx)=a+ bx? + csin(%F), a,b,c€R,

that by the least square method best fits to the points (—2,2), (—1,-2), (1,2),
(2,4). Are the parameters a, b, ¢ uniquely determined? Does the same hold also if
the function x ~ sin(%7) in the expression for f is replaced by z +— cos(%%)?

Solution. V prvem delu naloge is¢emo resitev predolocenega sistema, ki je dolo¢en
z enacbami

a—|—4b—§c:2, a—|—b—§c=—2, a—!—b—i—?c=27 a+4b—|—§c:4.
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Z modificiranim Gram-Schmidtovim postopkom ga prevedemo v (prilagojeni nor-
malni) sistem

2 5 0 a 3
0 3 0 b =13
0 0 V3 ¢ 3

z enolitno reditvijo a = —1, b =1, ¢ = V3. Torej je f(z) = —1 + 2 + V/3sin(ZE)
iskana funkcija.

Ce v funkciji f zamenjamo z — sin(%E) z x + cos(%E), dobimo predoloceni
sistem

1 1 1 1
a—|—4b—§c=2, a—|—b+§c:—2, a—|—b+§c:2, a—|—4b—§c:4,

ki ni polnega ranga, saj leve strani enacb ustrezajo le dvema razli¢nima izrazoma. Ce
uporabimo modificirani Gram—Schmidtov postopek, dobimo (prilagojeni normalni)

sistem
2 5 0 w3
0 3 -1 3|
C

kar pomeni, da resitvi problema ustreza funkcija f(x) = a +bx? + ccos(7") pri vseh
parametrih a, b, ¢, ki zadoséajo zvezama 2a + 5b = 3 in 3b — ¢ = 3.

To compute the QR decomposition of a matrix A € R™*™ or to solve an over-
determined system with a matrix A the Givens rotations can be used. The
principal idea is to transform the matrix by using a plane rotation to eliminate
one of its elements. To eliminate the element a; ; of A at the position (i, ),
i > j, we rotate the vector (a; ;,a; ;), where a; ; denotes the diagonal element of
A at the position (j,7), to the vector (r,0), r = ||(a; , a; ;)||,. This rotation can
be described by the matrix R ; € R™*™ which is equal to the identity matrix
everywhere, except in the I“OWb 7 and j. In these two rows the non-zero elements
are given by

—S C

RLGALG =] < 2]

with ¢ = a; j/r and s = a, ;/r. The values ¢ and s can be interpreted as cos(y)
and sin(y), where ¢ denotes the rotation angle in the negative (i.e. clockwise)
direction. The matrix RL- applied to A affects only the rows i and j, the
elements in other rows remain unchanged. Hence, by applying successive Givens
rotations, A can be transformed into the upper trapezoidal form, the upper
triangle of which is the triangular matrix from the QR decomposition of A.

Exercise 5.11. Let a = (3,—4,12,—-84) and b = (7,—1,5,0). Use Givens rotati-
ons to compute mingcg |[[@ax — b, and determine x € R at which the minimum is
attained.
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Solution. Konstruiramo tri Givensove rotacije, s katerimi v vektorju a po vrsti
izni¢imo elemente na drugem, tretjem in cetrtem mestu.

1. korak: Z rotacijo R] , izni¢imo element a na drugem mestu.

(SN[
SISV
(SIS

. a = R{ ,a = (5,0,12, —84),
R1,2 =

) b = R ,b = (5,5,5,0).

2. korak: Z rotacijo R1T73 izni¢imo element a*) na tretjem mestu.

5 12
. Boon a® = R{ ;a™") = (13,0,0,-84),
R1’3 = 12 5 :
13 B b? = R ;b = (85/13,5,-35/13,0).

3. korak: Z rotacijo R1T’4 izni¢imo element a(® na ¢etrtem mestu.

13 _ 84
. o $ | a® =R ,a® = (85,0,0,0),
R1,4 = :
84 1 13 b = R ;b = (1,5,-35/13,84/13).
85 85

Ker so matrike rotacij ortogonalne matrike, je

laz — bll, = | RT.RI R o(az — b)||, = @@z — 6@

-
Sledi, da je mingcg ||@z — bl|, dosezen pri resitvi enacbe 85z = 1, to je x = 1/85.
Minimum ustreza normi vektorja (5, —35/13,84/13), ki je enaka +/74.

Exercise 5.12. Derive an algorithm for solving the linear system Ax = z with a
tridiagonal matrix

ar b
cr az by
J— . . . nxn
A= . . . eR ,
Cn—2 Ap—1 bnfl

Cn—1 (29

which is based on Givens rotations, and implement it in Matlab. How many opera-
tions are needed to compute x?

Solution. Razsirjeno matriko [A z] Zelimo z Givensovimi rotacijami preoblikovati
tako, da bo na mestu matrike A zgornje trikotna matrika. ReSevanje sistema, ki
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ustreza postopku izracuna QR razcepa razsirjene matrike, lahko torej zastavimo
tako, da najprej dolo¢imo rotacijo RIQ, s katero izni¢imo element c; na mestu
(2,1). Spremenita se prva in druga vrstica razsirjene matrike, ostale vrstice ostanejo
nespremenjene. Zato lahko nadaljujemo z rotacijami RJT»J-_H, 7=2,3,....,n—1 ki
jih po enakem razmisleku dolo¢imo tako, da iznic¢ijo elemente ¢; na mestih (j+1, j).

Pri implementaciji metode za resevanje sistema Ax = z v Matlabu pazimo tako
na racunsko kot prostorsko ucinkovitost. Metoda sprejme matriko A v obliki treh
seznamov: seznama diagonalnih elementov a ter seznamov b in ¢, ki predstavljata
naddiagonalo in poddiagonalo matrike A. Pri transformaciji matrike A v zgornje
trikotno ne konstruiramo matrik Givensovih rotacij, temve¢ v vsakem izmed n — 1
korakov doloé¢imo le ¢ in s ter popravimo 5 elementov matrike (v koraku n — 1 samo
3). Zgornje trikotna matrika R, ki v razsirjeni matriki na koncu nadomesti matriko
A, ima nenicelne elemente le na diagonali in na dveh naddiagonalah, zato jo lahko
predstavimo s seznami 7y, 7o in 73, ki so po vrsti dolzin n, n — 1 in n — 2. Na
vsakem koraku postopka na podoben nacin kot elemente spreminjajoce se matrike
A popravimo tudi dva elementa v vektorju z.

n = length(a);

4 diagonala in naddiagonali matrike R

rl = a;
r2 = b;
r3 = zeros(n-2,1);

for j = 1:n-1
T sqrt (r1(j)~2 + c(j)~2);

if r > 0
C =1r1(j)/r; S = c(j)/r;

4 transformacija matrike stistema

r1(j) = r;

r1(j+1) = -S*r2(j) + Cxa(j+1);
r2(j) = C*xr2(j) + S*xa(j+1);

if j < n-1

r2(j+1) = C*xb(j+1);
r3(j) = S*b(j+1);
end

% transformacija desne strant sistema
z([j j+11) = [C 8; -S Cl*z([j j+11);
end
end

Na koncu iz razsirjene matrike [A z] dobimo razsirjeno matriko [R z]. Ortogonalna
matrika @ iz QR razcepa ustreza transponirani matriki, ki je produkt uporabljenih
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Givensovih rotacij, a je ni treba eksplicitno izracunati. Matrika @ podaja povezavo
med razsirjenima matrikama [A z] in [R 2], saj velja A = QR in z = QZ. Resitev
sistema Ax = z lahko tako izraGunamo z reSevanjem sistema Rax = Z z obratno
subsitucijo.

x = zeros(n,1);
x(n) = z(n)/r1(n);

if n > 1
x(n-1) = (z(n-1) - r2(n-1)*x(n))/r1(n-1);
end

for i = n-2:-1:1
x(i) = (z(i) - r2(i)*x(i+1) - r3(i)*x(i+2))/r1(i);
end

Prestejemo, da je za celoten postopek izracuna x po zgornji implementaciji potrebnih
25n— 28 osnovnih ra¢unskih operacij (n > 1). Tudi prostorska zahtevnost je linearna
glede na n.

Exercise 5.13. Given is the QR decomposition A = QR of the matrix A € R™*",
m > n. Use Givens rotations to compose an efficient algorithm for the QR decom-

position of the matrix
al
T -

Count the number of operations that the proposed algorithm requires.

Solution. Matriko A’ zapiSemo kot

A — a’ _ |1 a’ U e Rm+Dx(+1)  ff ¢ Rin+1)xn
QR Q R ) ) .
U H

Matrika, oznacena z U, je sestavljena iz ortogonalnih stolpcev. Matrika H je zgornja
Hessenbergova (to pomeni, da so vsi elementi pod diagonalo matrike enaki ni¢, razen
tistih, ki se nahajajo neposredno pod diagonalo) in jo lahko z uporabo Givensovih
rotacij transformiramo v zgornje trapezno. Naj bo H(®) = H in

HY =Rl HU™Y  j=12..n,
kjerje R ;. € R(+Dx(n+1) Givensova rotacija, ki v matriki HU~1) izni¢i element

na mestu (j + 1, ). Pri j = n dobimo

n R
H( ):Rl,n-ﬁ-l R-2r,3R-1r,2H: |: 0 :|7



5.2. QR Decomposition 97

kjer R’ € R™*"™ oznacuje zgornje trikotno matriko z nenicelnimi diagonalnimi ele-
menti. Vpeljimo e matrike U = U in

UD =UUIR, 1, j=12..n
Pri j = n velja
U = UR,2R33... R, y1 = [ Q ] ’

kjer Q' € RmT1X" gznaéuje ortogonalno matriko in ¢’ € R™*1! vektor, ki je pravo-
koten na stolpce matrike @Q’. Zaradi ortogonalnosti Givensovih rotacij velja

A'=UH=U"YH™ = Q'R

torej matriki @' in R’ doloc¢ata QR razcep matrike A’.

Povzemimo postopek izracuna matrik Q' in R’ ter prestejmo Stevilo racunskih
operacij, potrebnih za njegovo izvedbo. Za vsak j € {1,2,...,n} pripravimo Given-
sovo rotacijo RJT-J- 11, ki je dolo€ena z vrednostma c in s v vrsticah in stolpcih j in
j+ 1

—S C

RIJ+1([]5]+1]7[]7]+ 1]) = |: ¢ s :| .

Izracun vrednosti ¢ in s terja 6 operacij. Rotacijo uporabimo za izracun matrike
H | ki jo dobimo z

. c s . .. .
HO(g+ gin = | ©, 8 [ HOD (1150,

za kar je potrebnih 6(n — j) operacij. Poleg tega s to rotacijo izra¢unamo tudi U G)
po formuli

UD (1 (m+1), [, +1) =UYV (1 (m +1),[5,5 + 1)) [ - ] ’
za kar je potrebnih 6(m + 1) operacij. Celoten postopek torej zahteva

Z (6 +6(n —7)+6(m+ 1)) = 6mn + 3n? +9n

Jj=1

operacij.

The use of Givens rotations hints to an alternative form of the QR decomposition,
the so-called extended QR decomposition A = QR of the matrix A € R™*". In
this form @ € R™*™ is an orthogonal matrix, the columns of which correspond
to the orthonormal basis of R™, and R € R™*" is an upper trapezoidal matrix.
In solving the system Ax = b the matrix Q is usually not computed and is
only implicitly constructed in the process. Nonetheless, the procedure based
on Givens rotations is computationally more expensive than the Gram—Schmidt
algorithm, unless the matrix A has many zero elements. But instead of rotations
the reflections can be used to eliminate several elements of the matrix at once.
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Using the Householder reflections, the overdetermined system Ax = b can be
solved by multiplying the extended matrix [A b] by orthogonal transformations.
In the step k € {1,2,...,n} we eliminate all elements in the column & that lay
below the k-th diagonal element of the current matrix. This way we gradually ob-
tain an upper trapezoidal matrix corresponding to the exteded upper triangular
matrix of the QR decomposition, while the composition of the transformations
determine the orthogonal matrix. An individual orthogonal transformation is
defined as a reflection over a suitably chosen hyperplane. To eliminate all but
first element of the vector & = (x1,Z2, ..., z,), we reflect it over im(w)* where

w = (21 +sign(z1) ||z]5, 22, ..., Tn).

The reflection matrix is given by

2
ww"

P=1—-
wTw ’

but we usually do not need to compute it since the transformation Pwv of the
vector v can be expressed as

Pv=v-— Py (w'v)w.
The vector x is transformed into Px = (—sign(z1) ||z],,0,...,0).
Exercise 5.14. Let
1 2 1 0
1 2 -1 3
A= 1 -4 1 ’ b= 0
1 -4 3 3

Use Householder reflections to solve the overdetermined system Ax = b. What is
the value of mingegs || Az — bl|,?

Solution.

1. korak: Najprej zrcalimo prvi stolpec matrike A. Householderjevo zrcaljenje Py
je dolo¢eno z vektorjem w; = (3,1,1,1). Ker je

2

Piay =a; — Tiwl('wlTal) =(-2,0,0,0), a; =(1,1,1,1),
w w
2
P1a2 =az — T w1 (w-lra@) = (2a 27 _47 _4)7 as = (27 27 _4a _4)7
wi wy
2
P1a3 =as — Tiwl(w}—afi) = (_27 _27()’2)) as = (17 _17 1a3)7
w; w
2
Piay=ay— ——wi(wiay) = (-3,2,-1,2), ay = (0,3,0,3),
w; w
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se prvotni predoloceni sistem preoblikuje v

2 2 -2 -3
0 2 -2 | 2
0 -4 0 |TT] 1
0 —4 2 2

2. korak: Zrcalimo vektor (2, —4,—4). Householderjevo zrcaljenje P; je dolo¢eno z
vektorjem wy = (8, —4,—4). Iz

2
P2a1 =a; — Tiwg(w;al) = (—6,0,0), a; = (27 —4, —4),
Wy W2
P2(12 = az — Tiwg(wgag) = (2, —2,0)7 as = (—2,0,2),
Wy W2
Pray = a3 — ———ws(wya3) = (0,0,3), az = (2,-1,2),
Wy W2

sledi, da je resevanje prvotnega predolocenega sistema ekvivalentno resevanju sis-
tema

2 2 2 -3
0 -6 2 o
o 0o —=2*71] o
0 0 0 3

3. korak: Zrcaljenje v tretjem koraku ni potrebno, saj je matrika predoloc¢enega
sistema iz prejSnjega koraka ze zgornje trapezna.

Komporzicija zrcaljenj v obratnem vrstnem redu, kot smo jih uporabili na matriki
A, dolo¢a matriko Q = [Q gq] razsirjenega QR razcepa matrike A. Zgornje trapezno
matriko, dobljeno v drugem koraku, oznac¢imo z R, njen zgornji trikotnik pa z R.
Ker je

7

ool = @7 tae o] = e, [ 7 2 ]|

,qu

je
in [|[Az — b, = |—q"b| =3
min Az — b, |—q"b| =3,

ta vrednost pa je dosezena pri vektorju x, ki je resitev sistema

-2 2 =2 -3
0 -6 2 T = 0
0 0 -2 0

Izraunamo, da je x = (2,0,0).
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6. Matrix Eigenvalues

The eigenvalue A € C of a matrix A € R™*" is a number satisfying Az = Az for
some non-zero vector x € C™. The latter is called the eigenvector, and the tuple
(A, x) is the eigenpair of the matrix A.

6.1. Schur Form

The eigenvalues of a matrix can be determined by the Jordan decomposition.
In numerical linear algebra a computationally more stable alternative of this de-
composition is used, the existence of which is guaranteed by the Schur’s theorem:
for any A € R"*™ there exists a unitary matrix U € C**" (U"U = UU" =I)
and an upper triangular matrix T' € C"*" such that UM AU = T. This implies
A =UTU", which is the Schur decomposition of A, and T is called the Schur
form of A. Since A and T are similar matrices, the eigenvalues of A can be
obtained from the diagonal of T'.

Exercise 6.1. Let A be a simple eigenvalue of A. Find out how the Schur form
T can be used to compute the eigenvector corresponding to A. Demonstrate the
procedure by computing the eigenvector of the smalles eigenvalue of the matrix A
determined by the Schur decomposition matrices

2 2 0 1 1 2 3 4
111 2 0 2 02 1 -1
U_§0030’T_00—12
2 1 0 -2 00 0 3

Solution. Matrika T je zgornja trikotna, zato elementi na diagonali ustrezajo njenim
lastnim vrednostim. Ker je matrika A podobna matriki T, so to tudi lastne vrednosti
A. Lastni vektor & za matriko A, ki pripada lastni vrednosti A, lahko izrazimo
v odvisnosti od lastnega vektorja y za matriko T', ki pripada A\, kot * = Uwy.
Premislimo torej, kako poiskati lastni vektor y.

101
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Denimo, da X ustreza i-temu elementu ¢; ; na diagonali matrike T". PiSimo

T,y Tvp, T3 Y1
T= ti; Ths |, y=| v
T3 Ys3

Ker je Ty = Ay, mora veljati
(T1,1 — M)yy + T 2y2 + T1 3y3 = 0, T>3ys = 0, (T33 — M )ys = 0.

Ker je X\ enostavna lastna vrednost, je T3 3 —AI nesingularna matrika, zato je y3 = 0.
Ostane nam enacba

(Tl,l — )\I)yl + T172y2 =0.

Ker je lastni vektor y dolocen le do konstante natacno, lahko vzamemo, da je yo = 1.
Z reSevanjem sistema (T 1 —AI)y1 = —T7 2 dolo¢imo Se y;. Vektor (y1, 1,0) je lastni
vektor za T, ki pripada lastni vrednosti .

Za podano Schurovo formo matrike A lahko lastni vektor, ki pripada najmanjsi
lastni vrednosti —1, dobimo z resevanjem sistema

(Lo 3]-enlo 2 )u=-17]

Izra¢unamo y; = (—7,—2)/6, kar pomeni, da je y = (=7, —2,6,0)/6 lastni vektor
za matriko T, « = Uy = (—10,—11,18,—16)/18 pa lastni vektor za matriko A, ki
pripada lastni vrednosti —1.

Exercise 6.2. Given is a block matrix

A= Al X , 141 c Rmxm’ A2 c }Rnxn7 D¢ c Rmxn'
0 A

1. Suppose the Schur decompositions A; = UlTlUf and Ay, = UQTQUQH of A
and Ay are given. Determine the Schur decomposition of A and prove that the
eigenvalues of A correspond to the union of the eigenvalues of A; and As.

2. Using a Householder reflection compute an upper Hessenberg matrix, which has
the form of A and is similar to the matrix

0 0 0 1
0 0 -1 0
B= 0 1 0 O
-1 0 0 O

Then determine the Schur decomposition of the matrix B.

Solution.
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1. Opazimo, da je

A 0 U, T,US 0 U, 0 T, 0 UH

U T (94

lunut x }_[Ul OHT1 UIHXUQHUlH 0}

Ker je T zgornja trikotna matrika in U unitarna matrika, je A = UTU" Schurov
razcep matrike A. Lastne vrednosti matrike A so enake lastnim vrednostim ma-
trike T in se nahajajo na diagonali matrike T'. Torej so enake lastnim vrednostim
matrik T in T5, te pa ustrezajo lastnim vrednostim matrik A; in As.

2. Konstruirajmo ortogonalno transformacijo

|10 _ 2 T
Q_[O P}’ P—I—wTwww,

kjer je P Householderjevo zrcaljenje, dolo¢eno z vektorjem w = (1,0,—1), ki
poskrbi, da je P -(0,0,—1) = (—1,0,0). IzraGunamo, da je

0 0 0 1 0 1 0 0

r | -1 0 0 o0 + | -1 0 0 o0
QB =1 o 1 o o' P |0 0 0 1
0 0 -1 0 0 0 —1 0

Vidimo, da ima matrika Q BQT obliko matrike A. Ker je
0 1]_V2[1 ] [i 0] vV2[1 —i
-1 0| 2|4 1 0 —i 2 | - 1 |

U, A Ut

je Schurov razcep B = UTU" matrike B podan z matrikama

i 0 0 0 1 i 00
o =0 0 [ 0] V200 d 1
=10 0 i o | U_Q{o Ul]_Q 00 1 i
0 0 0 —i i 100

The general Schur form can be replaced by the real Schur form, which corre-
sponds to a real quasi upper triangular matrix. This is an upper triangular
matrix, except that blocks of size 2 x 2 are allowed on the diagonal.

Exercise 6.3. Prove that for any matrix A € R™*™ there exist an orthogonal matrix
Q € R™™ and a quasi upper triangular matrix T' € R™*" such that QT AQ = T.
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Solution. Dokazujemo z indukcijo na velikost matrike A € R™*". Ce je n = 1,
trditev velja, saj lahko izberemo @ = 1 in T' = A. Denimo, da trditev velja za
matrike velikosti manjSe ali enake n — 1, in dokazimo, da velja tudi za matrike
velikosti n. Naj bo (A, x) lastni par matrike A. Ce je A realna lastna vrednost, x
razpenja realni enodimenzionalni invariantni podprostor N' = {ax; o € R} za A,
saj je Ay € N za vsak y € N. Ce je po drugi strani A\ kompleksna lastna vrednost,
je tudi (A, T) lastni par za A. Realni in imaginarni del vektorjev x in &,
1 _ 1 _
rp = — (T x), ry = —((xr—x),
R=35 (@ +7) 1= 5 ( )
sta vektorja iz prostora R", ki razpenjata realni dvodimenzionalni invariantni pod-
prostor N = {axr + fzr1; o, 3 € R} za A. V obeh primerih obstaja taka ortogo-
nalna matrika Q1 € R™*"™  da njen prvi oziroma njena prva dva stolpca dolocata
bazo za N. Iz invariantnosti podprostora N potem sledi
Tl X
AQl — Ql |: 0 142 :| )

pri cemer je T} skalar ali matrika velikosti 2 x 2, matrika A5 pa v odvisnosti od tega

velikosti n — 1 ali n — 2. Po indukcijski predpostavki obstaja ortogonalna matrika
Q-, da je Tr = QJ A2Q kvazi zgornja trikotna. Iz tega sledi

(@[ o] al@l" o ])-[% 2]

kar potrjuje obstoj razcepa QTAQ =T.

6.2. Power Method

Usually a certain eigenvalue of a matrix A € R™*™ can be found by performing

the iteration
2t = Az, r=0,1,....

Here (®) € C™ is a chosen initial approximation for the eigenvector of A.

Exercise 6.4. Let A € R"*™ be a diagonalizable matrix with the eigenvalues
A1, Ao, ..., Ay, satisfying

[A1] > |A2] = |As] > ... > |-
This means that A; is the dominant eigenvalue. Prove that

w(r+1)

i O =M

where i € {1,2,...,n} is the index, for which it holds that |m§T)| = |2 |-
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Solution. Naj bodo (A;,v;), i = 1,2,...,n, lastni pari matrike A, ki so Steviléeni
tako, da velja
A1l > A2l > A3] > ... > A

Ker se da matriko A diagonalizirati, so lastni vektorji linearno neodvisni in zacetni
vektor z(©) lahko razvijemo kot

w(o) = QU] + V2 + ...+ apVy.
To pomeni, da za priblizek (") velja
2 = A2 = a1 Ajvr + agx\gm + . Fan A,

in za vsak i € {1,2,...,n}, pri katerem je a: ;é 0, lahko razmerje a:( U/iL‘Y)

zapisemo kot

m(r+1) (Oz11)1 + OQ(%)T'H’UQ +...ta, ( )T_H ) )
% — )\1 %
335 ) (Ozl’l}l +Ot2(%)r'vg+...+Oé7l(%)TUn)_

Ker je A\; dominantna lastna vrednost (|[A1] > |Az2]), od tod sledi, da razmerja kon-
vergirajo k A1, ko gre r proti neskonéno.

Exercise 6.5. Suppose that the eigenvalues A1, As,..., A, of the diagonalizable
matrix A € R™*" satisfy

A= [o| > A3 > ... > [\

and Ay = —)\;. Compose a procedure for computing the eigenvalues A; and As
together with their corresponding eigenvectors.

Solution. V primeru, ko je A = —A;1, lahko na podoben nacin kot v nalogi 6.4
izpeljemo, da za vsak indeks i € {1,2,...,n} velja
(r+2)
lim T = )2,

r—00 (B(r)

Ce torej vemo, da sta po absolutni vrednosti najvedji lastni vrednosti matrike A
nasprotno predznaceni, ju lahko dolo¢imo na podlagi razmerij komponent vsakih
dveh drugih zaporednih priblizkov. Nadalje, ker je

pr ooty (3) et (5) o
EQl

)

T T
HOLl'Ul + QQ(—I)TUQ + (%) Ok} + ...+ (%) Un

je ") za dovolj velik r priblizno enak Biv; + B2v2 za neki konstanti 51 in B2 Za
naslednji priblizek potem velja 2D = X\ B1v1 — A1 Bavs. Iz tega izrazimo

()\133 + w(’”ﬂ)) , vy = 1 ()\133 w(’”ﬂ)) .

v 2X\1 B2

1
20181
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Vektorja v in vy lahko torej doloc¢imo tako, da na podlagi A; izracunamo vektorja
Mz £ 2D in ju normiramo.

With the power method the dominant eigenvalue of a matrix A € R"*™ is
computed by normalizing the approximation at every step of the iteration:

:’E(r—&-l)

~(r+1) (r) (r4+1) _ _
T = Az, x —7HE(T+1)H, r=0,1,....

The initial approximation x(®) € C™ is also normalized. By normalizing we
avoid overflows in the computation. The best approximation A, of the dominant
eigenvalue based on the computed approximation (™) of the eigenvector is the
Rayleigh quotient

M7 Agp()
p(4,20) = wafi) — 2™ Az,

Exercise 6.6. In Matlab prepare a function that performs the power method for the
given matrix A and the initial vector (9). Let the stopping criteria of the iteration
be prescribed by the tolerance for the second norm of the error Az — \,x(") and
the maximal steps. Test the function with the matrix

4 1 -2 1
1 3 -1 8
-1 -1 5 2
0 3 1 -6

and use the bult-in command eig to confirm the quality of the approximation.

Solution. Vhodni podatki implementacije poten¢ne metode so matrika A, zacetni
priblizek x(©) ter parametra, ki dolo¢ata zaustavitveni kriterij. Metoda vrne pri-
blizek za dominantno lastno vrednost matrike A, ki je izracunan kot Rayleighjev
kvocient drugega izhodnega podatka: priblizka za dominantni lastni vektor. Tretji
izhodni podatek je stevilo korakov, ki jih je potrebno izvesti, da je izpolnjen zausta-
vitveni kriterij. Pri implementaciji smo pozorni na to, da v vsakem koraku priblizek
z matriko mnozimo le enkrat, saj to predstavlja najzahtevnejSo operacijo v metodi.

function [e,x,k] = potencna(A,x0,tol,N)
x = x0/norm(x0);

Ax = Axx;

e = x'*Ax;

k = 0;

while norm(Ax-e*xx) >= tol && k < N
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x = Ax/norm(Ax) ;
Ax = Axx;
e = x'*xAx;
k = k+1;
end
end

Metodo preizkusimo s spodnjimi ukazi in ugotovimo, da se zakljuc¢i po 146 korakih
pri priblizku —8.3602 za lastno vrednost.

x0 = ones(4,1); tol = 1le-12; N = 200;
[el,~,k] = potencna(A,x0,tol,N);

Uporaba vgrajene metode eig na matriki A potrdi pravilnost izrac¢una, saj so pri-
blizki za lastne vrednosti matrike A enaki —8.3602, 6.6817, 4.8349 in 2.8436.

Exercise 6.7. Adjust the implementation of the power method from Exercise 6.6
in a way that it can accept a function that multiplies the vector by a matrix instead
of the matrix itself. Using the multiplication by the inverse A~!, compute the
absolutely smallest eigenvalue of the given matrix A. By suitable shifting of the
matrix try to compute all eigenvalues of the matrix A.

Solution. Popravek implementacije metode, ki omogoca mnozenje priblizka z inver-
zom matrike A, je preprost; treba je le zamenjati ukaz Axx z ukazom A (x) ter metodi
za prvi vhodni podatek namesto matrike podati funkcijo mnozenja z matriko. Za
definicijo funkcije mnozenja z inverzom matrike A ni treba izracunati inverza ma-
trike A. Racunanje A~'zx interpretiramo kot reSevanje sistema Az = . Ker se
tekom iteracije matrika A ne spreminja, vnaprej izracunamo LU razcep PA = LU
in na vsakem koraku izvedemo le reSevanje sistemov Ly = Px in Uz = y s premimi
in obratnimi substitucijami. Rezultat poten¢ne metode je recipro¢na vrednost pri-
blizka za absolutno najmanjso lastno vrednost matrike A, saj je A lastna vrednost
matrike A natanko tedaj, ko je A~! lastna vrednost matrike A~1. Iskanju absolutno
najmanjse lastne vrednosti matrike A z izvajanjem poten¢ne metode za A~! pra-
vimo inverzna potenc¢na metoda. S spodnjimi ukazi dobimo lastno vrednost 2.8436
pri prejsnjih nastavitvah vhodnih podatkov v 49 korakih.

[L,U,p] = 1u(A, 'vector');
[e4,~,k] = potencna(@(x)U\(L\x(p)),x0,t0l,N);
ed = 1/e4;

Podoben trik kot pri rac¢unanju absolutno najmanjse lastne vrednosti uporabimo tudi
za racunanje srednjih dveh lastnih vrednosti matrike A. Za poljubno realno stevilo p
je n lastna vrednost matrike A — I natanko tedaj, ko je n~! lastna vrednost matrike
(A — uI)~t. Ce torej vzamemo p = 6.5, bo lastna vrednost A =~ 6.6817 matrike A
(doloéili smo jo z uporabo eig) z absolutno najmanjso lastno vrednostjo n matrike
A — pI povezana z zvezo A = 1+ p in jo lahko zato poiséemo z inverzno potenc¢no
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metodo. Na podoben nacin dobimo lastno vrednost A ~ 4.8349 matrike A z uporabo
premika g = 5. Prvi rezultat dobimo v 14, drugega pa v 13 korakih. Korakov je
manj kot pri prejsnjih izvedbah metode, ker smo zaradi poznavanja dejanskih lastnih
vrednosti matrike A lahko izbrali primerna premika.

[L,U,p] = 1u(A-6.5%I, 'vector');
[e2,~,k] = potencna(@(x)U\(L\x(p)),x0,tol,N);
e2 = 1/e2 + 6.5;

[L,U,p] = 1u(A-5%I, 'vector');
[e3,~,k] = potencna (@(x)U\(L\x(p)) ,x0,tol,N);
e3 = 1/e3 + 5;

Exercise 6.8. Compose a function that makes use of the power method and the
Householder reductions to compute all eigenvalues of the matrix. Assume that none
of the two eigenvalues of the input matrix have the same absolute value. Test the
function with the matrix A form Exercise 6.6.

Solution. Pri Householderjevi redukciji s Householderjevim zrcaljenjem matrike iz-
lo¢imo lastno vrednost, ki smo jo izra¢unali s potenéno metodo, in nadaljujemo
z matriko manjSe velikosti, ki ima enake lastne vrednosti (z izjemo izlocene) kot
prvotna matrika. V osnovi je postopek naslednji.

n = size(A,1);
A = Q(x)A*x;
E = zeros(n,1);

for k = 1:n-1
/% potencna metoda
[E(k),v] = potencna(A,rand(n-k+1,1),tol,N);

/% Householderjeva redukcija
A = @(x)redukcija(A,v,x);
end
E(n) = A(1);

Postavimo A; = A € R™"*". V koraku k € {1,2,...,n — 1} s potenéno metodo izra-
¢unamo dominantno lastno vrednost A\, matrike A € R(—k+Dx(n=k+1)  Nato funk-
cijo mnozenja z matriko popravimo z redukcijo. V manjkajoci metodi redukcija se
na podlagi dominantnega lastnega vektorja vy matrike Ay doloé¢i vektor wy House-
holderjevega zrcaljenja P, = I — 2/(w]wy,)wiw] 7 lastnostjo Pyvy, = +e; (kjer je
e; standardni enotski vektor z enko v prvi komponenti), ki zagotavlja, da je

Ak X

Matrika Ay € R8>k ima enake lastne vrednosti kot Ay z izjemo .
MnozZenje matrike Ay z vektorjem x € R" ¥ se izvede brez dejanskega izracuna
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matrik Py in Ajy1 na podlagi opazke

0 N Ak X
par [ 0] <[

eelale ]

Absolutno najmanjsa lastna vrednost matrike A je kar A,,. Z izvedbo opisanega
postopka na matriki iz naloge 6.6 dobimo dobre priblizke za vse lastne vrednosti.

Exercise 6.9. Given is a symmetric matrix A € R"*™ with eigenpairs (\;, v;),
1 =1,2,...,n, where v; € R™ are normalized vectors and the eigenvalues \; € R
satisfy

Al > [A2] > ... > Al

The eigenpair (A1, v1) can be computed by power method. Consider the eigenpairs
of the matrix A — \jv; vlT and based on the observations compose an algorithm for
the computation of all eigenpairs of the matrix A.

Solution. Za produkt matrike A; = A — A\jvjv{ in vektorja v;, i € {1,2,...,n},
velja
Al’Ui = A’Ui — )\1(’0-{’01')’1)1 = Al(l — vlT'vi)vl.

Obravnavajmo najprej i = 1. Ker je v; normiran vektor, je 1 — v{v; = 0. Torej
je Ajv; = 0 = 0 vy, kar pomeni, da je (0,v1) lastni par matrike A;. Za i > 1 iz
simetrije matrike A sledi

i 1

1 1 ;

T T AT T i
vV, = —v A v, = —v] Av; = —v,v;.

At A A1

Lastni vrednosti A1 in \; sta razli¢ni, zato je v}-vi = 0. Potemtakem je Ajv; = \;v;
in (A\;,v;) je lastni par matrike A;.

Po tem premisleku je (A2, v2) dominantni lastni par matrike A;. Izracunamo ga
lahko s potenéno metodo. Nato definiramo matriko Ay = Ay — )\gvgva . Zanjo po
zgornjih sklepih velja Asv; = Asvs = 0 ter Asv; = \;v;, @ = 3,4, ...,n. Lastni par
(A3, v3) izracunamo s potencéno metodo in enak postopek nadaljujemo rekurzivno z
matrikami A; = A;_1 — )\iviviT . Na ta nacin dobimo vse lastne pare matrike A. Ta

postopek se imenuje Hotellingova redukcija.

Exercise 6.10. Let A be a simple eigenvalue of a matrix A with a (right) eigenvector
v (that is Av = \v) and a left eigenvector u (that is u" A = MuM). Prove that the
eigenvalues of the matrix
B=A- %vu”
uHv

agree with the eigenvalues of A, except that instead of A it has an eigenvalue equal
to 0. Based on this observation describe how one can use the power method to
compute the second absolutely largest eigenvalue p of A provided that |A| > |u| and
that p is absolutely larger than the rest of the eigenvalues of A. Demonstrate the
procedure in Matlab on the example from Exercise 6.6.
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Solution. Ker je

Bv:Av—u—ﬁvquv:)\v—)\v:OZO-v,
je 0 lastna vrednost matrike B. Naj bo (v, w) poljuben lastni par matrike A, razli¢en
od (A, v). Tedaj velja
Melw = ulAw = vulw

in ker je A # v, je uMw = 0. To pomeni, da je Bw = vw, zato je v tudi lastna
vrednost matrike B.

Ce je X dominantna lastna vrednost matrike A, lahko s potenéno metodo izra-
¢unamo priblizek za par (\,v). Poleg tega lahko s potenéno metodo za matriko AT
izra¢unamo priblizek za w, saj je w (desni) lastni vektor za AT:

ATy = (uHA)H = () =Nl

S tem je dolo¢ena matrika B. Ce je u po absolutni vrednosti druga najveéja la-
stna vrednost matrike A, je p dominantna lastna vrednost matrike B, ki jo lahko
izracunamo z novo izvedbo potenc¢ne metode.

Na podlagi teh ugotovitev lahko v Matlabu najve¢jo in drugo najvecéjo lastno
vrednost matrike A iz naloge 6.6 izracunamo z naslednjimi ukazi.

x0 = ones(4,1); N = 200; tol = 1e-12;

[lam,v] = potencna(A,x0,tol,N); / lam = 8.3602
[~,u] = potencna(A',x0,tol,N);

s = lam/(u'*v)*xv;
Bx = 0@(x) Axx-(u'*x)*s;
mu = potencna(Bx,x0,tol,N); A mu = 6.6817

Pri izvedbi potencne metode za matriko B podamo le funkcijo & — Bz, ki zahteva
manj operacij od izracuna matrike B. Vidimo, da s tem postopkom dobimo dober
priblizek za p. Omeniti velja Se, da je ob izra¢unu natancnejsega priblizka za A
vektor u ucinkoviteje poiskati z inverzno potenéno metodo za matriko AT — I, saj
lahko na ta nacin priblizek za u dobimo z bistveno manj koraki iteracije.

Exercise 6.11. Let A € R™ "™ be a matrix with the eigenvalues Ay, Ag,..., A\,
satisfying
M| > o] > ..o > [

1. Prove that for a randomly chosen vector & € R™ the Rayleigh quotients in the
power method with the initial approximation (A — A;I)x in theory converge to
the eigenvalue Ao. What troubles are expected in practice?

2. Suppose that by using the power method with the initial approximation x we
compute an approximation for the eigenvalue A\; and then with the initial appro-
ximation (A — A;I)x the eigenvalue A2. How would you continue the procedure
in the manner of the first item to compute the remaining eigenvalues of A?
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Solution.

1. Po predpostavki so lastne vrednosti paroma razli¢ne, zato so pripadajoci lastni
vektorji vy, va,...,v, linearno neodvisni. Naj bodo a1, as,...,a, take realne
vrednosti, da je

T = a1V + Uy + ... + a,U,.
Za zaletni priblizek &g = (A — A1 I)x potem velja
(A= Dz = (A — A)agve + ...+ (A — A1), Uy
Pisimo 8; = (A; — A1)y, i = 2,3, ..., n. Ker je & naklju¢no izbran, lahko predpo-

stavimo, da je ag # 0 oziroma (3 # 0. Za priblizek x na k-tem koraku potencne
metode potem velja

Army _ Bova t B30 v .+ B
T = T —
i PR I RN

in po smeri konvergira k lastnemu vektorju vs, zato Rayleighjevi kvocienti kon-
vergirajo k Ag. V praksi zaradi numeri¢nih napak koeficient razvoja vektorja
(A — M\ I)x pri vektorju v; ni enak 0, zato lahko Rayleighjevi kvocienti v po-
tencéni metodi séasoma skonvergirajo k lastni vrednosti A;.

2. Ce za zacetni priblizek pri potenéni metodi vzamemo (A — A\oI)(A — A\ I)zx, po
podobnem razmisleku kot v prvi tocki Rayleighjevi kvocienti konvergirajo k As.
Ce torej po izra¢unu lastne vrednosti A, zacetni priblizek, uporabljen pri izvedbi
potencéne metode, pomnozimo z (A — A1), z naslednjo izvedbo potentne metode
dobimo Ag41. Na ta nacin nadaljujemo, dokler ne dobimo lastne vrednosti A,,.

6.3. QR Iteration

With the QR iteration the eigenvalues of a matrix A are computed by iteratively
transforming the matrix into a real Schur form, from which the eigenvalues of
A can be determined. The method is usually performed by first reducing the
matrix into upper Hessenberg matrix H by applying a similiarity transform.
Then, we set Ag = H and iteratively compute

Api1 = RipQp + or 1, k=0,1,...,

where Q and Ry, are matrices of the QR decomposition Ay — orI = Qr Ry, for
a chosen shift o;. The reduction to Hessenberg matrix is used to decrease the
computational complexity of a step of iteration, while the shifts oy, are introduced
to speed up the convergence of the matrices Ay to the Schur form of A.
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Exercise 6.12. Let

= = = O
=
= o=

— = =

6

1. Use Householder reflections to reduce the matrix A to an upper Hessenberg ma-
trix H.

2. Perform a step of the QR iteration for H with the shift g = 5. Use a Givens
rotation to compute the QR decomposition.

Solution.

1. Poskrbimo, da se zadnja dva elementa v prvem stolpcu matrike A spremenita v
0. To lahko dosezemo s Householderjevim zrcaljenjem

2
P=1-— ww', w=(1+V3,1,1).
wTw

7 nekaj racunanja v enem koraku redukcije dobimo Hessenbergovo matriko

6 —v3 0 0

g_[1 o] 4t o] _|-v3 8 00
“lo P oP| | 0 0 50
0 0 05

Ker je matrika A simetri¢na, je matrika H po pricakovanjih tridiagonalna.

2. Hessenbergova matrika H iz prejsnje tocke je razcepna. Sklepamo lahko, da je 5
vsaj dvojna lastna vrednost matrike H, preostali pa sta dolo¢eni s podmatriko

el 7]

S pomocjo Givensove rotacije dolo¢imo QR razcep matrike Ay — 5I. Rotacija, ki
iznici drugi element v stolpcu (1, —v/3), je podana z

a1k 7]

Velja

0 0

in kot rezultat prvega koraka QR iteracije dobimo

mzﬁmrﬂb[Qﬁﬁ}

4 0 5 0 9 0
&%%+“L)ﬂ+{o5]{05}
Izkazalo se je, da premik oy = 5 ustreza lastni vrednosti matrike Ag, zato smo

ze po prvem koraku QR iteracije dobili obe lastni vrednosti matrike Ag: 5 in 9.
Zakljucimo, da je 5 trojna, 9 pa enojna lastna vrednost matrike A.
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Exercise 6.13. Let A be a symmetric positive definite matrix.

1. Argue that there exists a matrix v/A satisfying \/Z2 =A.

2. Let By = VA, and let By, k=1,2,..., be the matrices obtained by performing
the QR iteration for the matrix v/A. Prove that B? corresponds to the matrix
Ay, obtained by the iteration

A0:A7 Ak:‘/k-|;1‘/kfl; k:1a27"'a

where Ap_; = Vk_letl is the Cholesky decomposition of Ai_;. From this
deduce that the eigenvalues of A can be computed with the above iteration,
where QR decomposition is replaced by the Cholesky decomposition.

Solution.

1. Ker je matrika A simetri¢na, ima realne lastne vrednosti in ortogonalne lastne
vektorje, zato jo lahko predstavimo z razcepom A = UDUT, kjer je U ortogo-
nalna matrika s stolpci, ki ustrezajo normiranim lastnim vektorjem matrike A,
D pa diagonalna matrika, ki je dolocena z lastnimi vrednostmi matrike A. Ker
je A pozitivno definitna, so njene lastne vrednosti pozitivne in matriko D lahko
razcepimo v D = v/ DvD, kjer je VD diagonalna matrika, v kateri nastopajo
koreni lastnih vrednosti matrike A. Sedaj lahko iz

(uvbUT) (UVDUT) = U (VD (UTU) VD) UT = UDU"

sklepamo, da je VA = UvVDUT matrika z Zeleno lastnostjo.

2. Pri QR iteraciji za matriko /A v koraku k € {1,2,...} izra¢unamo QR razcep
Bj_1 = Qi_1Ry_1 matrike By_; in nadaljujemo z matriko By = Ri_1Qx_1-
Zanjo velja

By =Ri1Qi-1 = Q[_1Bi_1Qi1,
zato iz dejstva, da je By simetri¢na, po indukciji sledi, da je tudi By simetri¢na.
Na podlagi tega lahko sklepamo, da je

B} = BB =R, 1Qx1Q|_R]_, =Ry R]_,,

in ker je Rjy_1 zgornje trikotna matrika s pozitivnimi diagonalnimi elementi,
matrika R] | ustreza (enoli¢no dolo¢enemu) faktorju Choleskega za matriko BZ.
Tudi matrika Bj_1 je simetri¢na, zato zanjo velja

B} =B By-1 = R] Q[ Qi1 Ri—1 = R}, Ri

in po definiciji matrike Ay je Ay = B2, kot smo Zeleli dokazati. Iz lastnosti QR
iteracije zaklju¢imo, da zaporedje matrik By, By, Bs, ... konvergira k Schurovi
formi za /A, torej zaporedje matrik Ay, A;, Ay konvergira k Schurovi formi za
A. Pri tem velja dodati, da je zaporedje matrik Ag, A1, As, ... dobro definiramo,
saj je Ap = ijllAk_lvk_l za vsak k > 0 in so zato po indukciji vse matrike v
zaporedju simetri¢ne pozitivno definitne.
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7. Polynomial Interpolation

The principal problem of polynomial interpolation is to find for a given function f
a polynomial of degree n € Ny that agrees with the function f in n + 1 distinct
points. For such a polynomial we say that it interpolates the function or that it is
the interpolation polynomial for f. In a broader sense, the theory of interpolation
deals with the construction and analysis of polynomials that match the function in
certain properties.

7.1. Lagrange Form

A convenient way to represent the polynomial of degree n that interpolates the
values of a function in distinct points z;, i = 0,1,...,n, is based on Lagrange
basis polynomials /,, ;. They are defined by

n
T — Ty .
ém(x):H ) i=0,1,...,n,
T; — Tk
k=0

ki

from which it is clear that they are all polynomials of degree n.

Exercise 7.1. Argue that ¢, ;(x;) =1 and ¢, ;(x;) = 0 for every j # i. From this
deduce that

b= Z f(xk)gn,k
k=0

is a polynomial of degree at most n satisfying p(z;) = f(z;), i =0,1,...,n.

Solution. Ce izvrednotimo £y,; v tocki x;, so vsi ¢leni produkta, ki doloca £, ;, enaki
1, zato je £, i(z;) = 1. Ce po drugi strani £, ; izvrednotimo v tocki x;, j # i, je
eden izmed ¢lenov produkta enak 0, zato je £, ;(z;) = 0. Za vrednost polinoma p v
poljubni interpolacijski tocki x; torej velja

p(zi) = Z f(@r) i () = f(z3).
k=0

115
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Ker so vsi Lagrangeeevi bazni polinomi ¢, ;; stopnje n, je tudi p, ki je doloc¢en kot
njihova linearna kombinacija, najve¢ stopnje n.

Exercise 7.2. Prove that the Lagrange basis polynomials ¢, ;, ¢ =0,1,...,n, con-
stitute a basis for the space of polynomials of degree at most n.

Solution. Stevilo Lagrangeevih baznih polinomov ly; je enako n + 1, kar ustreza
dimenziji prostora polinomov stopnje najve¢ n. Zato zadosc¢a dokaz, da so funkcije
£y,.; linearno neodvisne. Denimo, da za neka realna Stevila ay, £ = 0,1,...,n, velja

i akémk =0.
k=0

Ker po nalogi 7.1 za vsak i € {0,1,...,n} velja £, ;(x;) =1 in £y, ;(x;) =0, j # 1, 2
izracunom vrednosti linearne kombinacije v tocki z; dobimo a; = 0.

Exercise 7.3. Use the Lagrange basis polynomials to determine the polynomial of

degree at most 3 that interpolates the function f(z) = 40/(z + 1) at the points 0,

%, %, 1. Express the polynomial also in the power basis.

Solution. Lagrangeeevi bazni polinomi so za ta primer podani z
1 9
ls30(z) = —5(333 —1)(3z —2)(x — 1), l31(z) = 53:(3:5 —2)(z — 1),

lo(x) = —gx(?)x (- 1), las(x) = %aﬁ(?)x B —2).

Prikazani so na sliki 7.1a. Izracunamo f(0) =40, f(3) =30, f(3) =24, f(1) =20
in polinom p, ki interpolira funkcijo, predstavimo v obliki

p = 4003 9 4 30031 + 2443 5 + 2003 3.

7 upostevanjem predpisov za Lagrangeeve bazne polinome lahko p v potenc¢ni bazi
izrazimo kot p(r) = —923 + 272? — 382 + 40. Polinom p je, skupaj s funkcijo f,
prikazan na sliki 7.1b.

Exercise 7.4. Prove that the polynomial p of degree at most n that interpolates

the values of f at points zg, 1, ..., T, can be represented in the barycentric form
ow
k
> f(zr)
ko * Tk
p(z) = —7F——,

>
=0 r — T

where wy, = 1/w'(zy) for w(z) = (x — zo)(x — 1) ... (x — x,). Argue that for pre-
computed values wg, k = 0,1,...,n, the value of p at any point x can be computed
with O(n) basic computational operations, independently of the values f(xy).
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(A) Lagrangeevi bazni polinomi. (B) Interpolacijski polinom.

SLIKA 7.1: Primer polinomske interpolacije iz naloge 7.3.

Solution. Za odvod polinoma w velja

W'(z) = Z H(sc —x;),

k=0 1i=0
i2k
torej je
1
Wy = 37— k:0317 1,
[Tk =)
=0
i2k

in po definiciji Lagrangeevih baznih polinomov lahko p zapisemo v obliki

— ‘, = .
p@) =Y fap)lnr(@) = p— wy f(zr)
k=0 k=0
Ta zveza velja za vsako funkcijo f, tudi za konstanto x + 1, iz Cesar sledi enakost
n
w(z)
1= .
;0 Tr — Tg Wk

Ob upostevanju p(z) = p(z)/1 iz teh dveh zvez dobimo iskano obliko polinoma p.

Za izracun vrednosti wy, k = 0,1,...,n, je potrebnih (n + 1)(2n — 1) = O(n?)
osnovnih rac¢unskih operacij. Ko te vrednosti, ki so odvisne le od interpolacijskih
tock, imamo, lahko ob podanih vrednostih f(zy), k = 0,1,...,n, vrednost polinoma
p v poljubni tocki z izracunamo le s 5n4+4 = O(n) osnovnimi ra¢unskimi operacijami.
Pri tem moramo biti pazljivi v primeru, ko je x enak eni izmed interpolacijskih tock
xi. Tedaj velja p(zy) = f(ag).
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The value of an interpolation polynomial can be computed without its explicit
construction. Such procedures are called iterative interpolation. One of them is
the computation of values by the Neville’s scheme presented in the following.

Exercise 7.5. Let xg,z1,... be distinct points and p; , ¢ > 0, & > 0, the polyno-
mial of degree at most k that interpolates the values of a function f at the points

Lis Tit1s -y Litk-

1. Suppose the values of the polynomials p; ;1 and p;+1 -1 at a point = are known.
Prove that the value of p; , at z is

pate) = | mm el
Titk —Ti | T — Titk Pit1,k—1(T)

2. Compute the value of the polynomial that interpolates the points (0,2), (2,4)
and (4,8) at the point z = 1. Use the relation from the previous item starting
with constant polynomials and proceeding with two steps to compute the value
of the parabola that interpolates the given points.

3. Compute the value of the polynomial that interpolates the points (0,2), (2,4),
(4,8) and (6,10) at the point « = 1. Use the calculations from the previous item.

Solution.
1. Ker je
pik—1(x;) = f(x)), j=ii+1,.. . i4+k—1,
Piy1k—1(75) = f(5), j=i+1,...i+k—11+k,
za polinom
T — T Tigk —
q@) = —pirp () + Epi i (2)
Tit+k — Tq Tivk — T4
velja

q(z;) = f(z;), j=d0+1,...,i+ k.
Iz enoli¢nosti interpolacijskega polinoma sledi p; , = ¢, kar zakljucuje dokaz.
2. Naj bo zg =0, z; =2 in z3 = 4. Vemo, da je
po,o(r) =2, p1o(r) =4, p20(z) = 8.

Nato za x = 1 izracunamo

1 x—xo Po,o(T) 1)1 2

_ ’ = — =3

po,1() 1 —2o | *T—x1 Dp1o(T) 2] -1 4 7
1 x—x1 pro(x) -1 4

_ b = — - 2
p11(2) To—1T1 | T— T2 D2o(T) 2| =3 8
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ter Se

1 T —x z 11 1 3 11
- |4 1)

xo —x0 | T—x2 pr1(T) 41 -3 2 4

3. Naj bo Se x3 = 6. Izracune iz prejsnje tocke lahko zberemo v naslednji shemi, ki
jo dopolnimo z izra¢unom vrednosti pa 1(z), p1.2(x) in po s(z) pri z = 1.

. z—x | polx) pailz) po(z) p sz
0 1 2

3
2 -1 4 a

2 ) s

2

4 -3 8 3

)
6 ) 10

Sledi torej, da je po3(1) = 3.

7.2. Newton’s Form

The Lagrange form of the interpolation polynomial is simple and intelligible
but computationally ineffective. More appropriate and versatile is the New-
ton’s form, which is based on divided differences. The divided difference
[xo,1,...,2,]f represents the leading coefficient of the polynomial of degree
at most n that interpolates the function f at the points xg, x1, ..., Zy.

Exercise 7.6. Let xg,x1,...,x, be pairwise distinct points. Prove that
n
[xoaxlv v 71'71]](' = Zwkf(xk)v
k=0

where the values wy, k = 0,1,...,n, are defined as in Exercise 7.4.

Solution. Polinom p stopnje najve¢ n, ki interpolira vrednosti funkcije f v tockah
2o, T1,-..,Tn, lahko zapiSemo v Lagrangeeevi obliki kot

k=0

Vodilni koeficient je koeficient pri funkciji z — 2™ in je po definiciji Lagrangeevih
baznih polinomov enak

= 1 = flaw)
z:: Jew) [Tj=o(zi —ax) 2 W' (zx)’

k=0 £k k=0

kar po definiciji wy, potrjuje dokazovano formulo.
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Exercise 7.7. Let x¢ and x; be distinct points. Argue that for a function f defined
at xg and x; it holds that [xo]f = f(x0), [z1]f = f(x1), and

f@1) = f(x0)
r1 — o '

[xovxl]f =

To what does the value of limg,, [0, z1]f correspond?

Solution. Uporabimo lahko rezultat naloge 7.6. Ce je w(z) = x—g ali w(x) = z—x1,
je odvod funkcije w enak 1, zato je [zo]f = f(xo) in [z1]f = f(21). V primeru dveh
tock je funkcija w podana s predpisom w(x) = (& — zo)(z — x1), njen odvod w’ pa s
predpisom w’(z) = 2z — x¢p — 1. Velja torej

f (o) n f(z1) :f($1)—f(330)'

o — 1 xr1 — o r1 — o

[xo, 21]f =

Limita tega izraza, ko posljemo x; proti x, ustreza odvodu funkcije f v tocki xg.

The attractiveness of the divided differences is in the recurrence relation that
they satisfy. For a given function f and the sequence of interpolation points

Zo,T1,...,Tp—1, 2k the value [xg,21,...,2L]f can be expressed as
Tl xQ"'xkf_xOxln.LUk,lf
[x07x17'-~,37k]f:[ ? ? ? ] [ ’ ) } '

T — X0

Since the divided difference [x]f is equal to the value of f at the point z, we
can start with the values f(xo), f(x1),..., f(zx) and compute [zg,x1,...,2k]f
in k — 1 steps of recursion. An interpolation point can appear in the sequence
multiple times, by which we express that not only the value of f but also the
value of one or more of its derivatives is interpolated. For the validity of the
recurrence relation it is sufficient that at least two points in the sequence are
distinct since the divided difference is independent of the order of the points and
can thus be assumed that they are ordered increasingly. If all the points are
equal, i. e. zp = x¢, the divided difference can be computed by the formula

f(k)(l‘o)

[l‘o,l‘1,...,£k]f: %l

under the assumption that the function is k-times differentiable at xg.

The interpolation polynomial p of f for a sequence of the interpolation points

To,T1,- .-, Ty is in the Newton’s form given by
n
E (x —x0)(x—21) ... (¢ —2—1) [0, 21, - - ., R S
k=0

,-..,n. Moreover, if the point z;

The polynomial satisfies p(z;) = f(z;), 1 =0, 1,.
(r (xj) r=0,1,...,m—1.

appears m-times, it holds that p(") (x DEN )
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Exercise 7.8. Let p be polynomial of degree 3 that interpolates the values of the
function f(x) = 40/(x+1) at the points 0, %, %, 1. Express p in the Newton’s form.
Solution. Polinom p dolo¢imo na podlagi naslednje sheme. Vrednosti deljenih dife-
renc so izracunane s pomocjo rekurzivne formule.

. Hf [7]f [H]f [H,]f
0 40

—30
5|30 18

—18 -9
2 24 9

—12
1|20

S pomocjo podatkov v zgornji diagonali sheme dolo¢imo interpolacijski polinom

o) =0 0m 150 (o) aw (5 1) (o 2).

Razvidno je, da se p v potené¢ni bazi izraza kot p(x) = —92 + 2722 — 38z + 40.
Zato se (kot je zaradi enoli¢nosti interpolacijskega polinoma pri¢akovano) ujema s
polinomom v Lagrangeevi obliki, izpeljanim v nalogi 7.3.

Exercise 7.9. Determine the polynomial ¢ of degree 3 that interpolates the values
and derivatives of the function f(x) =40/(x + 1) at the points 0 and 1.

Solution. Polinom ¢ dolo¢imo na podoben nacin kot polinom p v nalogi 7.8, le da
tokrat uporabimo zaporedje interpolacijskih tock 0,0, 1, 1 namesto 0, %, %, 1. S tem,
da tocki 0 in 1 v zaporedju podamo dvakrat, ponazarimo, da interpoliramo tako
vrednosti kot vrednosti odvoda funkcije f v tockah 0 in 1. V shemi deljenih diferenc
v stolpcu, ki dolo¢a deljeno diferenco f na dveh tockah, dvakrat uporabimo odvod
f'(z) = —40/(x + 1)? funkcije f.

) Hf [7 ]f ['7'7 ]f ["'7'7 ]f
0] 40

—40
0] 40 20

—20 —-10
1] 20 10

—10
1] 20

Koeficiente polinoma ¢ razberemo iz zgornje diagonale sheme deljenih diferenc. Do-
bimo
q(z) = 40 — 40z + 202% — 102°(x — 1),

kar se razlikuje od polinoma p v nalogi 7.8.
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The Newton’s form of the interpolation polynomial can be interpreted as a ge-
neralization of the Taylor expansion of f. Under suitable assumptions on the
function f it holds that

f(@) =p(@) + (x —20)(z — 21) ... (& — @n) w0, 1, - .. T, 7],

where p is the interpolation polynomial of f for the sequence of interpolation
points xg,x1,...,2,. It follows from this relation and the Hermite—Genocchi
formula that

F(E)

(x —xo)(x —21) ... (x — xp)

for some ¢ € (min(z, zg), max(z,x,)), which is a convenient equality that can
be used for estimation of the interpolation error on a closed interval.

Exercise 7.10. Using the fourth derivative of the function f(z) = 40/(xz + 1)
estimate the errors

@ Pl gy )~ @)

of interpolation of f by the polynomials p and g from Exercises 7.8 and 7.9 on [0, 1].

Solution. Za polinom p velja

1
N <1 @
ax, [f(z) = p)l < 5 Jax, ‘f (2)

J&%ﬁ] lz(z — L)z — 2)(x - 1)].

Ker je f®(z) = 40 - 4!/(z + 1)®, lahko prvi del zgornje ocene navzgor omejimo s

40. Za omejitev drugega dela ocene obravnavamo maksimalni absolutni vrednosti
parabol z(z — 1) in (z — §)(x — %) na intervalu [0,1]. Prva je omejena z 1, druga

2 . s . . . o 1 .
pa z §, kar pomeni, da je drugi maksimum v oceni gotovo manjsi od 5. Na podlagi
tega ocenimo

— < = =22
max, |f(z) —p(z)| < 18

Napako interpolacije s polinom ¢ ocenimo z

max ‘xz(m - 1)2’ .

max [7(x) — g(a)| < 3 max ‘fw@ ze[0.1]

z€0,1] - E z€0,1]

Ker je absolutna vrednost parabole z(x — 1) na intervalu [0, 1] omejena z %, velja

- <— =25
wrg[%ﬁ]\f(x) 9(z)| < g =25

Oceni namigujeta, da vzdolz intervala [0, 1] polinom p bolje aproksimira funkcijo f
kot polinom g. To potrjujeta tudi grafa razlik f —p in f — ¢, prikazana na sliki 7.2.
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1 1 1 1 1 1 1 1 |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

SLIKA 7.2: Graf razlik med funkcijo in interpolacijskima polinomoma iz naloge 7.10.

Exercise 7.11. Prove that for the function f(z) = 40/(x + 1) and any sequence of
interpolation points xg, z1, ...,z it holds that

40(—1)*
(ko + 1) (1 +1)... (2 + 1)

[0, @1, ..., xk]f =

Use this result to improve the error estimate from Exercise 7.10.

Solution. Dokazimo najprej, da izrazava deljene diference velja, ¢e so vse tocke
enake. Z indukcijo preverimo, da za k-ti odvod funkcije f velja

40(—1)kk!
(B) () = A7) ™
kar pomeni, da je
_ W (o) 40(=1)"
[mOvl'an..;xO}f_ If' — (x0+1)k+1
k+1
Predpostavimo sedaj, da sta med tockami xg, z1, . ..,z vsaj dve razliéni (brez skode

za splosnost sta to xo in zy) in da izrazava velja za deljenje diference, v katerih
nastopa manj kot k£ + 1 tock. Potem po rekurzivni zvezi za deljene diference velja
40(—1)F1 B 40(—1)F1
]f _ (x14+1)...(p—1+1) (zk+1) (xo+1)(z141)...(xr—_1+1)
Tk — Zo

[1‘071‘1,...,xk s
kar se poenostavi ravno v zeleno izrazavo.
Iz dokazanega sledi, da za poljuben x € [0, 1] velja

9 10
129 — < 1.1 =
|[073737 7x}f| .73+1 —97 |[0707 I 7x]f| .23+1

< 10.
S pomocjo ocen, izpeljanih v nalogi 7.10, sklepamo, da je

L@@l <2

N | =

[f(z) = p(a)] <
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Tudi ti dve oceni, ki sta precej boljsi od ocen v nalogi 7.10, kaZeta na to, da je
polinom p boljsa aproksimacija za f kot q.

Exercise 7.12. Adjust the Horner’s method in order to evaluate a polynomial in
the Newton’s form. Compute the values of the polynomials p and ¢ from Exercises
7.8 and 7.9 at the point « = 5. Which of these values is a better estimate for f(3)?

Solution. Vrednost polinoma, ki je predstavljen v obliki
xagt+a(r—x9)+...+an(x—x0) ... (& —zp_1),

lahko v toc¢ki z izrac¢unamo s 3n racunskimi operacijami na podoben nacin kot s
Hornerjevim postopkom. Edina razlika je, da moramo x v vsakem koraku postopka

ustrezno zamakniti. Ce podatke predstavimo s seznamoma a = (ag,ay, ... ,a,) in
X = (z9,21,...,2,), v Matlabu to opravimo na naslednji nacin.
n = length(a)-1;
b = a(n+1);
for i = n:-1:1
b = a(i) + (x-X(i))x*b;
end

Konéna vrednost b ustreza vrednosti polinoma v tocki z. Za izra¢un vrednosti
polinomov p in ¢ v tocki x = % so potrebni trije koraki postopka. Pri polinomu p
spremenljivka b po vrsti zavzame vrednosti —9, 19.5, —26.75, 26.625, pri polinomu
q pa —10, 25, —27.5, 26.25. Torej je p(3) = 26.625 in g(3) = 26.25. Ker je
f(%) = % = 26.6, polinom p v tocki % predstavlja boljsi priblizek za funkcijo f kot

polinom gq.

Exercise 7.13. In Matlab prepare a function that accepts arrays of interpolation
points and function values at the interpolation points and returns the values of the
interpolation polynomial at abscissas given by a third input array. Implement the
function by constructing a scheme of divided differences and evaluate the polynomial
by the adjusted Horner’s method. Test the function with the data provided in
Exercise 7.8 that determines the interpolation polynomial p of f, and compute

omax | (505) = P (7005) |

to obtain a precise estimate of the actual interpolation error on the interval [0, 1].

Solution. Izsek kode, podan v nalogi 7.12, za izrac¢un vrednosti polinoma, ki interpo-
lira vrednosti funkcije f v n 4+ 1 tockah, dopolnimo s konstrukcijo tabele F velikosti
(n+1) x (n+1), v katero shranjujemo vrednosti deljenih diferenc. V prvi stolpec te
tabele postavimo funkcijske vrednosti iz £X v interpolacijskih tockah iz X. Spremen-
ljivki X in £X predstavljata vrstici dolzine n + 1, ki ju metoda prejme kot vhodna
podatka. Nato v zanki dopolnimo tabelo F tako, da v koraku 5, j =2,3,...,n+ 1,
zapolnimo prvih n— j 42 elementov v j-tem stolpcu z vrednostmi, ki jih izracunamo
s pomocjo rekurzivne formule za deljene diference na podlagi vrednosti v prejsSnjem
stolpcu tabele F in interpolacijskih tock iz X.
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n = length(X)-1;
F = [fX' NaN(n+1,n)];
for j = 2:n+1
for i = 1:n-j+2
F(i,j) = (F(i+1,j-1)-F(i,j-1))/(X(i+j-1)-X(1i));
end
end

Prva vrstica tabele F predstavlja koeficiente interpolacijskega polinoma v Newtonovi
obliki. Za izrac¢un vrednosti tega polinoma lahko uporabimo prilagojeni Hornerjev
postopek. Pri podatkih X = [0 1/3 2/3 1] in £X = [40 30 24 20] izracunamo
vrednosti polinoma v tockah x = 0:1e-3:1. Maksimalna absolutna razlika med
vrednostmi funkcije in polinoma p v teh tockah je 0.0990.

Exercise 7.14. Customize the function from Exercise 7.13 so that it additionally
accepts the array of derivatives at the interpolation points and computes the values
of the polynomial that interpolates the function and derivative values. Test the
method with the data from Exercise 7.9 that determines the polynomial ¢ for the
function f. Compute

=01 % 000 |f (505) — @ (500) |
and compare the result to the error estimate from Exercise 7.13.

Solution. Metoda za izracun vrednosti polinoma, ki poleg vrednosti funkcije v in-
terpolacijskih tockah interpolira tudi vrednosti njenih odvodov, mora sprejeti Se eno
dodatno vrstico dfX dolzine n + 1, v kateri so shranjene vrednosti odvodov funk-
cije v interpolacijskih tockah. Shema deljenih diferenc je v tem primeru dolzine
(2n+2) x (2n+2). V prvi stolpec F je treba na zacetku vstaviti funkcijske vrednosti
iz £X tako, da se vsaka zaporedoma pojavi dvakrat. V drugi stolpec v lihe vrstice F
postavimo vrednosti odvodov iz dfX, v sode vrstice (razen zadnje) pa vrednosti, ki
jih dobimo s pomocjo rekurzivne formule za deljene diference. Pred nadaljevanjem
razsSirimo Se seznam X tako, da vsako interpolacijsko tocko podvojimo.

F = NaN(2*xn+2) ;

F([1:2:2%n+1 2:2:2*n+2],1) = [fX fX]';

F([1:2:2%n+1 2:2:2%n],2) = [dfX diff (£fX)./diff(X)]"';
X([1:2:2%n+1 2:2:2*%xn+2]) [X X]°';

Preostanek postopka za izracun sheme deljenih diferenc je v vecji meri enak prej-
Snjemu, treba je le ustrezno prilagoditi indekse v zanki. Za¢nemo s tretjim stolpcem
in vztrajamo do stolpca 2n + 2.

Ocena za napako interpolacije vrednosti in odvodov funkcije f v tockah 0in 1 s
polinomom ¢, ki jo izra¢unamo v 1001 tockah na intervalu [0, 1], je enaka 0.4226 in
nakazuje, da se polinom ¢ slabse prilega funkciji f kot p. Z izrisom grafa f ter grafov
p in q se lahko prepricamo, da se p enakomerno prilega funkciji f vzdolz celotnega
intervala, medtem ko se ¢ s funkcijo posebej dobro ujema v okolici tock 0 in 1, slabse
pa v sredini intervala.
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8. Differentiation and Integration

The basic idea in approximation of a derivative value or an integral of a function
is to replace the function by its interpolation polynomial and derive or integrate
the polynomial instead. With this approach, explicit rules for differentation and
integration that depend on function values can be derived. One can also reverse the
process: a rule is expressed as a weighted combination of function values, and the
weights are determined by the requirement that the approximation is exact for po-
lynomials of degree as high as possible. This is the so-called method of undetermined
coefficients.

8.1. Differentation Rules

It makes sense to set an approximation for a derivative value of a function f at
a point xg based on values of f in the neighborhood of xy. In dependence of the
number of used function values one can expect better or worse approximations.

Exercise 8.1. For a given function f, we would like to derive a formula for the
derivative of f at the point = of the form

F(xzo) = Af(xzo — 2h) + Bf(xo — h) + Cf(xo) + Df(xo + h) + Ef(xo + 2h),

where h > 0 is a chosen offset. Determine the constants A, B, C, D and E so
that the formula is exact for all polynomials of degree at most 4. Use the system of

equations obtained by replacing f by the functions z — (x — )%, i =0,1,2,3,4.

Solution. Poljuben polinom stopnje najvec¢ 4 lahko predstavimo v predlagani po-
tencni bazi z zamikom xy. Zato bo formula zanj to¢na, ¢e konstante A, B, C, D in
F zadoscajo enacbam

0=A+B+C+D+E,

1 = —2hA —hB + hD + 2hE,

0 =4h?A+ h?B + h*D + 4h*E,
0=—8h3A—h3B+h3D + 8h*E,
0 =16h*A + h*B + h*D + 16h*E,

127



128 8. Differentiation and Integration

ki jih dobimo tako, da v formuli funkcijo f po vrsti nadomestimo z baznimi funkci-
jami x — (x — 20)*, 1= 10,1,2,3,4. Od tod izra¢unamo

1 2 2 1
A— ﬁ7 B—_%7 C—O, D_%7 E—_ﬁv
torej je

Fo) = 5z (7o — 2h) — 87 (w0 — h) + 8 (o + h) — f(ao +21)

iskana formula za priblizek f’(zg).

Exercise 8.2. Assume f is five times continuously differentiable and for the rule F’
from Exercise 8.1 derive the remainder f’(x¢) — F(zo) in the form K f©®)(¢), where
K is a constant depending on h abd ¢ is a number from (z¢ — 2h, zg + 2h).

Solution. Pravilo F(zg) je enoli¢no dolo¢eno z zahtevo, da je to¢no za polinome
stopnje manjse ali enake 4. Potemtakem zaradi enoli¢nosti polinoma p stopnje najvec
4, ki interpolira vrednosti f v to¢kah x¢g — 2h, o — h, xg, o + h, Tg + 2h, ustreza
vrednosti p'(xg). Za vsak x € [xg— 2h, 2o+ 2h] obstaja Stevilo £ € (xg—2h, zg+2h),
odvisno od z, da velja

VN LU B B o o
f(z)—p(z) = = (x —20+2h) (x —xzo+ h)(x —x0) (x — 20 — h) (¥ — 2o — 2h).
Ce zgornji izraz odvajamo in izvrednotimo v o, dobimo

(5) 4
@)~ Fao) = f'(ao) — o/ tw) = L& ans = o1 e)

kar predstavlja ostanek v iskani obliki.

Exercise 8.3. Using the rule F' derived in Exercise 8.1, we would like to find a
precise approximation for the derivative of the function f(x) = x/(x + 1) at the
points xg = % The approximation error depends on h and consists of two parts, the
error of method that is determined by the remainder and the round-off error that
occurs in the evaluation of f. Assume the evaluation error is smaller than ¢ and
determine the offset h, at which the approximation error is the smallest possible.

Solution. Napaka metode za dano funkcijo f ustreza absolutni vrednosti ostanka.
Za majhen h bo priblizno enaka
h* 5! B AN
30(1+1/2)6 36
Zaokrozitveno napako lahko na podlagi formule za odvajanje ocenimo z
% %61*§€2+%63*%84 S;—;, lei| <e, i=1,2,3,4.

Celotna napaka je torej oblike

in bo najmanjsa pri h ~ {/37/2!1e.
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8.2. Integration Rules

Interpolation integration rules for a function f on an interval [a, b] are in general
represented as

b n
[ f@yde =Y wiste) + BQ)
a i=0

The points g < 1 < ... < x,, are assumed to be distinct, and we address them
as nodes of the integration rule. The coefficients w;, i = 0,1,...,n, are the
weights, which according to the Lagrange form of the interpolation polynomial
for f can be expressed as the integrals

b
wi:/ lyi(z) de

of the Lagrange basis polynomials ¢,, ; of degree n defined based on the interpo-
lation points z;. The expression R(f) denotes the remainder of the integration
rule, which under the assumption that f is sufficiently times continously diffe-
rential satisfies b rntl)
S E)
R(f) = _ dx,
= [ Tote) s

where w(z) = (z —xo)(z—x1) ... (x —x,) and &, € (a,b) is a number depending
on x.

Exercise 8.4. Derive the interpolation integration rule for the integral of a func-
tion f on the interval [a,b] with nodes g = a and x; = b. Assuming f is twice
continuously differentiable, prove that there exits £ € (a,b) such that the remainder

satisfies
(b—a)®

R(f) = =S 1(€),

and argue that the rule is exact for all linear functions. What does the approximation
of the integral correspond to geometrically?

Solution. Utezi integracijskega pravila

b
/f@ﬁb=wdw%Hmﬂ®+RU)

sta podani z

b _ b _
wo:/x bdx:b a’ wl:/z adx:b a7

ostanek pa z

b
R(f) = %/ (&) (xz —a)(x — b)dx.
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Slednjega lahko poenostavimo. Ker je funkcija f” zvezna na intervalu [a,b], je
omejena, zato obstajata realni konstanti k¥ in K, da velja k < f(£;) < K za vsak
x € [a,b]. Nadalje velja

K(z —a)(x—b) < f'(&)(x —a)(z —b) < k(z —a)(z —b),

saj je parabola z — (z — a)(x — b) na intervalu [a,b] negativnega predznaka. Po
integraciji zgornjih neenacb dobimo

b b b
K/ (:cfa)(xfb)dxg/ f”({z)(xfa)(sz)dxgk/ (x —a)(xz—b)

in iz

sledi
b
k< —ﬁ/ F(E) (@ — a)(@ — b)dz < K.

Ponovno upostevamo, da je f” zvezna na intervalu [a, b], kar pomeni, da zavzame
vse vrednosti med k in K. Torej obstaja tako Stevilo & € (a,b), da je

" _ 6 b 11 _ _
116 = 5= | F'(€)e—a)a—b)

Integral funkcije f lahko torej predstavimo kot

b 3
b—a b—a
[ rwrae =230 G + 50 - Lo,
Ce je funkcija f linearna, je odvod f” enak 0 in R(f) = 0. To pomeni, da je pravilo
to¢no. Geometrijsko vrednost 252 (f(a) + f(b)) predstavlja ploi¢ino trapeza z ogliséi
(a,0), (b,0), (b, f()), (a, f(a)), zato se je pravila prijelo ime trapezno pravilo.

A special class of interpolation rules are the Newton—Cotes rules defined by
equidistant nodes x; (x; = x;—1 + h for h = (b — a)/n). There are two types of
these rules: the closed rules for which the first and the last node correspond to
the endpoints of the interval (zp = a and z,, = b) and the open rules for which
the points xo and x,, are left out (the first and the last node are 1 = a + h and
Zn—1 = b —h). The latter type is used primarily when f is not bounded at the
endpoints of the interval. The closed rule for n = 1 is the trapezoidal rule

/ @) do = I (flao) + fa1) — LHAFO )
j =3 0 1 9 )

and the rule for n = 2 is the Simpson’s rule:

b
| Fa)ds = S (fan) + 41t + fa) - goh 10O,

Here £ € (a,b). The rule for n = 3 is called the 3/8-rule.
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Exercise 8.5. Derive the Newton—Cotes integration rule of the closed type with
four nodes (n = 3), which takes the form

b
/ f(2)dz = Af(w0) + Bf (1) + Cf(xa) + Df(ws) + EFD(E), €€ (ah).

Determine the constants A, B, C' and D so that the rule is exact for polynomials of
degree as high as possible. Use the functions x +— (z —a)?, i = 0, 1,2, 3, that form a
basis of the space of polynomials of degree 3. Then, by a similar approach, determine
the constants F and r assuming f is sufficiently times continuously differentiable.

Solution. Ko integracijsko pravilo uporabimo za funkcije z + (x — a)?, i = 0, 1,2, 3,
dobimo
3h=A+B+C+ D,
(3h)? = hB + 2hC + 3hD,
(3h)* = h?B + 4h*C + 9h*D,
(3h)* = h3B + 8h3C + 27h3D.

= W= N

Konstante, ki zados¢ajo zgornjemu sistemu enach, so

3 9 9 3
A=— B=- = - D = —h.
8h7 8h, C 8h, Sh

Oglejmo si $e ostanek integracijskega pravila za funkcijo x + (z — 20)*. Ker je

9

(3h)°  3h 9
10

5 5 (04 3h* +3(2h)* + (3h)*) =

jer =41in E = —3/80h°. S tem je 3/8-pravilo

h5

b
[ @) de = § (7o) +35(@) + 35 () + faa) — g2 FO).

v celoti doloceno.

Among the Newton—Cotes rules of the open type the simplest is the midpoint
rule with one node (n = 2):

b
[ #@)de=2hsa) + 5050,

Frequently used is the Milne’s rule with three nodes corresponding to n = 4.

Exercise 8.6. Derive the Newton—Cotes integration rule of the open type with three
nodes (n = 4), which takes the form

b
/ F(@)dz = Af(21) + Bf(22) + Cf(xs) + DFO(E), €€ (a,h).
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Determine the constants A, B and C so that the rule is exact for polynomials of
degree as high as possible. By determining the constants D and r express the
remainder of the rule assuming f is sufficiently times continuously differentiable.

Solution. 7 ustrezno izbiro treh prostih konstant lahko zagotovimo, da bo pravilo
tocno za vse parabole. To je res natanko tedaj, ko je pravilo tocno za funkcije
x— (x—a)', i=0,1,2, oziroma ko konstante A, B in C zados¢ajo zvezam

4h=A+ B+C, 8h?>=hA+2hB+3hC, 64h3/3 = h>A+4h>B + 9h’C.

Resitev dobljenega sistema enacb je A = 8h/3, B = —4h/3 in C' = 8h/3. Nadalje
opazimo, da je

b
4h
l/@—@%xzmngxﬁﬁwﬁ+mﬁ)

in

b 5
1024h
j/ (z—a)tdz = # 47(2h4 16n* + 162h")
a

od Kkjer sledi, da je pravilo to¢no za polinome stopnje manjse ali enake 3, ne pa tudi
za polinome stopnje 4. To pomeni, da je r = 4. Iz druge enacbe potem sledi Se, da
je 41D = 1024h°/5 — 592h° /3 = 112h5 /15, torej je D = 14h°/45. Na ta nadin smo
izpeljali Milnovo pravilo

[ rras = h@r) ~ e 25 + a0

S Stirimi vozli.

Adding nodes to integration rules (i.e. increasing n) does not necessarily improve
approximations of the integral. A more suitable extension of the basic Newton—
Cotes rules are the so-called composite rules obtained by dividing the interval
[a,b] to m subintervals of equal length, on each of which we use a basic rule
determined by a small n.

Exercise 8.7. Let S; f denote the Simpson’s rule on the interval [a, b], and Saf the
integration rule composed of two Simpson’s rules on the interval [a,b]. Prove that

the Milne’s rule derived in Exercise 8.6 can be expressed as a combination of the
rules S; f and Ssf.

Solution. Integracijski pravili S7f in Ssf sta podani z
Sif = — (f(zo) +4f(z2) + f(z4)),
Saf = 7 (f(zo) +4f (1) + 2f(22) + 4f(23) + f(z4)),

wl |
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kjer je h = (b—a)/4 in x; = a+1ih, ¢ = 0,1,...,4. Ker v Milnovem pravilu ne
nastopata funkcijski vrednosti v tockah zq in x4, vzamemo

4h
3

kar ravno ustreza formuli, izpeljani v nalogi 8.6.

25:f = S1f = o (2f (1) = f(x2) + 2 (23))

Exercise 8.8. Let

b_
gj=a+jh, h=-—" j=0,1,...,m,
m

where m is a chosen even natural number. Assume that the composite trapezoidal
rule

h
Thnf = 3 (f(zo) +2f (1) + ... +2f (¥m-1) + f(Tm))
satisfies .
/ fx)de = Thf +coh® +cah* +..., coycqy... ER.
Argue why Tﬁf = (4T f —Top f)/3 is a better integral approximation than 7T}, f and
find out to which composite rule T} f corresponds.

Solution. Na podlagi izrazave ostanka za sestavljeno trapezno pravilo sklepamo, da

je
b 1

/ f(x)dz — T f = 3 (deoh® + degh® + ... — c2(2h) — es(2R)* —..) = O(hY),
kar pomeni, da je T} f priblizek za integral, ki je za dva reda boljsi od Ty f. Z
upostevanjem izrazav Ty, f in Toy s lahko pravilo T} f zapiSemo kot

m_

f@aia) +2 ) flwa) + flm) |,
i=1

[M] 2

Tf}fzg flzo) +4
=1

-
Il

kar ustreza ravno sestavljenemu Simpsonovemu pravilu za korak h.

Exercise 8.9. Let
b—a

;= ih, h=
Zj a—+ jh, o

, 3=0,1,...,2m,

where m is a chosen natural number. In Matlab implement the composite Simpson’s
rule

Sy f = % (f(xo) +4) flwgi) +2 Z_: f(@2:) +f($2m)> :

i=1 i=1

Test it by computing the integral of the function f(z) = e~*" on the interval [0, 3]
for choices m = 3k + 1, k = 0,1,2,3,4,5. Compare the results to the exact value
of the integral. What is the smallest m, at which S,, f absolutely differs from the
exact solution /7 erf(3)/2 for less than 107107



134 8. Differentiation and Integration

Solution. Funkcijo, ki izracuna priblizek po sestavljenem Simpsonovem pravilu,
lahko zasnujemo tako, da sprejme seznam fX, ki vsebuje vrednosti funkcije f v
tockah iz seznama X = a:h:b, kjer je h = (b-a)/(2*m). Priblizek za integral Sf
funkcije f na intervalu [a, b] lahko potem izra¢unamo z naslednjim ukazom.

Sf = h*(fX(1) + 4*sum(fX(2:2:end-1)) +
2%sum (fX(3:2:end-2)) + fX(end))/3;

Tabela 8.1 vsebuje napake e,, = |/merf(3)/2— S, f|, dobljene pri numeri¢nem
integriranju funkcije f(z) = e~ na intervalu [0, 3] pri razliénih izbirah m. Toéna
vrednost je izracunana s pomocjo vgrajene funkcije erf. Nadalje izracunamo, da je
m = 50 najmanjsi parameter, pri katerem je napaka sestavljenega pravila manjsa
od 10710,

m | 1 | 4 | 7 | 10 | 13 | 16
em | 1.8-1071 [ 1.7-107° [ 23-1077 | 5.9-107F | 21-10°% | 9.3-107°

TABELA 8.1: Napake pri integraciji s sestavljenim Simpsonovim pravilom v nalogi 8.9.

Exercise 8.10. In Matlab implement the adaptive Simpson’s rule. Test it by inte-
grating the function g(x) = 1/vx + 1076 on the interval [0, 1], which starting with
1000 at the left end of the interval quickly decreases to 0. Estimate the tolerance
ensuring that the result absolutely differs from the exact solution (v/106 + 1—1)/500
for less that 1071°, and compare the computational time to the time required by the
composite Simpson’s rule with m = 10® that provides a comparably good approxi-
mation.

Solution. Funkcijo za racunanje integrala po adaptivnem Simpsonovem pravilu za-
snujemo rekurzivno. Sprejme funkcijo f ter interval [a,b], na katerem jo integri-
ramo, poleg tega pa Se toleranco (tol) za absolutno napako priblizka. V funkciji
najprej izracunamo priblizek Sf1 po osnovnem Simpsonovem pravilu na intervalu
[a,b] in priblizek Sf2 po sestavljenem Simpsonovem pravilu na dveh podintervalih
intervala [a,b]. Na podlagi teh dveh vrednosti lahko napako integracije ocenimo
z abs (S£2-Sf1) /15, kar sledi iz izpeljave Richardsonove ekstrapolacije. Ce je oce-
njena napaka manjsa od tolerance, zaklju¢imo in priblizek Richardsonove integracije
pristejemo priblizku za integral, sicer pa rekurzivno nadaljujemo na levem in desnem
podintervalu intervala [a, b] z razpolovljeno toleranco ter rezultata rekurzivnih klicev
seStejemo.

function Sf = adsimpson(f,a,b,tol)
c = (a+b)/2;
d = (a+c)/2;
e = (c+b)/2;

fa = f(a);
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fc = f(c);

fb = f(b);

Sf1 = (b-a)*(fa + 4*xfc + fb)/6;

Sf2 = (b-a)*x(fa + 4xf(d) + 2xfc + 4xf(e) + fb)/12;

r = (8Sf2-Sf1)/15;

if abs(r) <= tol
Sf = Sf2 + r;

else
Sfa = adsimpson(f,a,c,to0l/2);
Sfb = adsimpson(f,c,b,t0l/2);
Sf = Sfa + Sfb;

end

end

Izkaze se, da je tak postopek izredno uéinkovit pri integraciji funkcij, ki na enem
delu intervala strmo rastejo ali padajo, na drugem pa so zelo polozne oziroma se
blago spreminjajo. V naSem primeru lahko z adaptivnim Simpsonovim pravilom
priblizek za integral, ki se od to¢ne resitve absolutno razlikuje za manj kot 10712,
izrac¢unamo priblizno 20-krat hitreje kot s sestavljenim Simpsonovim pravilom.

A special type of interpolation rules are the Gaussian rules obtained by finding
the nodes such that the rule is exact for the polynomials of the highest possible
degree. Consequently such rules are usually applicable only when the function
values are known along the entire interval of integration, but the approach is very
effective due to the fact that a rule with n + 1 nodes is exact for polynomials of
degree 2n + 1.

Exercise 8.11. Let the function f be defined on the interval [—1,1]. Determine
the weights ag, a1 and the nodes g, x1 in the Gaussian rule

1
[ @) de = aof o) + o fla) + KD, ¢ (-1,0)
-1
Also, determine the constant K that appears in the remainder of the rule.

Solution. V zastavljenem integracijskem pravilu proste parametre predstavljata utezi
ap in ag ter vozla zg in 7. Zato domnevamo, da jih lahko dolo¢imo tako, da bo
pravilo to¢no za polinome stopnje manjse ali enake 3 (vsak tak polinom ima namre¢ 4
proste parametre). Uporabimo integracijsko pravilo za funkcije z — 2%, i = 0,1, 2, 3,
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in zahtevajmo, da je za te funkcije pravilo tocno. Dobimo sistem nelinearnih enacb
2=ap+ aq,
0 =agpxrg + 127,
2 2
2/3 = gy + 127,

3 3
0= apxy + o125

Iz teh enacb lahko hitro sklepamo, da so utezi in vozla neni¢elni. Ce drugo enacbo

mnozimo z z2 in od nje odstejemo Eetrto, dobimo

alxl(x% —22) =0,

torej mora biti 3 = #2. Po prvi in tretji enac¢bi je potem

2
273 = (ap + oy )xh = 3
Brez $kode za splosnost privzamemo, da je zo < 1, torej je 7 = —/3/3 in

r1 = v/3/3. To tudi pomeni, da sta utezi ag in a; enaki 1. Ostanek izpeljanega
integracijskega pravila dolo¢imo s pomocjo funkcije = + x*. Po predpostavki, da je
za. splosno funkcijo f oblike K f(*)(¢), iz

1 4 4 92 9
4 — — — = - — — = —
/_1 v de ( ‘/3/3) (‘/3/3) 5 0 15
sledi K = 1/135. Integral lahko torej zapisemo kot

1
[ ra)de = £=VE/3) + 1313 + 35100

The derivation of the Gaussian rules by the method of undetermined coefficients
is in general difficult since the calculation of nodes and weights requires solving
a system of non-linear equations. Fortunately, it turns out that the nodes can be
determined independently from the weights as zeros of a polynomial of degree
n + 1 that is orthogonal to all polynomials of degree at most n. Here, the inner
product (g, h) of square-integrable functions g and h is defined by

(9,h) = /_lg(x)h(x) da.

After the nodes are determined, the weights can be derived by the standard
procedure with the method of undetermined coefficients.

Exercise 8.12. Derive the Gaussian integration rule

/_1 f(x)de = aof(xo) + a1 fla1) + asf(az) + KfO(€), €€ (-1,1),



8.2. Integration Rules 137

that is exact for polynomials of degree at most 5. Determine the nodes zq, x1, x2
based on a cubic polynomial orthogonal to all polynomials of degree at most 2 and
the weights g, a1, as by the method of undetermined coefficients. Determine also
the constant K in the remainder of the rule, the expression of which is based on the
assumption that f is six times continuously differentiable.

Solution. Kubicni polinom, ortogonalen na polinome stopnje manjse ali enake 2,
lahko dolo¢imo z Gram—Schmidtovim postopkom za ortogonalizacijo baznih funkcij
x+— x', i=0,1,2,3. Skalarni produkt funkcij g in h je podan s predpisom

1
<9ah>:/ g(x)h(z) dx.

-1

Po standardnem postopku dobimo bazne polinome

x»—)%, 56'_)@% xHié(mQ—;>7 x»—>(x+£>x<x—£)

Pri tem zadnji polinom ni normiran, saj nas zanimajo le njegove nicle, ki ustre-
zajo vozlom xzg = —/3/V/5, 1 = 0, x5 = /3/v/5. Sedaj lahko utezi dolo¢imo z

reSevanjem sistema linearnih enacb

V3 V3 3
_ve Yl =0. 2 2 = 2
BT e grtgnTy
ki jih dobimo, ¢e v nastavek za integracijsko formulo po vrsti vstavimo funkcije
x> 2t i =0,1,2, za katere zahtevamo, da je pravilo to¢no. Iz tega sledi ay = 5/9,
a1 =8/9 in ag = 5/9. Izpeljano pravilo

/llf(x)dl”: é <5f <—£) +8f(0)+5f (ﬁ)) + KfO(¢)

je po konstrukeciji toéno za polinome stopnje manjse ali enake 5. Konstanto K v
ostanku pravila dolo¢imo tako, da vstavimo funkcijo z + 2. Iz

2 1/ 271 _27
S (52 452 ) 6K
7 9(5125+5125>+6

ag+ a1 +ag =2,

sledi K = 1/15750.
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9. Differential Equations

A classical problem of mathematical analysis is solving the ordinary differential
equation

y'(z) = f(z,y(@), x>0,
where f is a given function of two variables and y is an unkown function that we are
looking for. Under suitable assumptions on the function f, the function y exists and
is unique in the neighborhood of z( if an initial condition y(z¢) = yo is prescribed.
This is called an initial or a Cauchy problem.

9.1. The Runge-Kutta Methods

An important class of numerical methods for solving initial problems are Runge—
Kutta methods. These are discrete methodsused to compute an approximation
for y only at some specific points on the right-hand side of xy. The approximation
yn, for the exact value y(z,) at the point z,, = xo + nh, h > 0, is determined by

S
Yn = Yn—1 + Z%’k‘i
i=1

for a chosen stage s and chosen coefficients ~;, i = 1,2, ...,s. The latter usually
sum to 1, which means that the sum > ;_, v;k; is an average of the increments
k;. These are in general defined as

ki =hf | Tno1 + ih,yna + Y Bijk;

Jj=1

and depend on the choice of the parameters a; and f; ;. The parameters of a
Runge-Kutta method can be economically expressed by the Butche tableau

aq 51,1 51,2 51,5
Q2 ﬁ2,1 52,2 ﬁz,s

Qs 53,1 53,2 s 55,5
‘ 24! Y2 - s
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Since any such method uses only the approximation y,_; to compute the appro-
ximation y,, these methods are considered as one-step methods.

Exercise 9.1. Argue that the explicit Euler method

Yn = Yn—1 + hf(l'nfhynfl)v

and the implicit Euler method

Yn = Yn—1 + hf(znayn)-
are one-stage Runge-Kutta methods and determine their Butcher tableaus.

Solution. Iz formule za eksplicitno Eulerjevo metodo je razvidno, da ustreza eno-
stopenjski Runge-Kutta metodi s parametri o; = 0, $1,1 = 0 in y; = 1. Implicitno
Eulerjevo metodo pa dobimo, ¢e vzamemo a3 =1, 811 =11in y; =1, saj je

Yn = Yn—1+ hf(xnayn) =Yn—1+ hf (wvu Yn—1+ hf(xnayn)) .

Pripadajoci Butcherjevi shemi sta

00 1]1
|1 1

Exercise 9.2. The modified Euler method is given by the Butcher tableau

0] o0 o
1/21/2 0 .
0 1

By the Taylor expansion of y prove that the local error of the method is of order 3,
that is y(z,,) — yn = O(h?) under the assumption that y,_1 = y(z,—_1).

Solution. Oglejmo si Taylorjev razvoj
Y(xn) = y(Tn_1) + hy'(xn_1) + %hzy//(fﬂn—l) + O(h?)
funkcije y okoli tocke x,_1. Ker je y resitev diferencialne enacbe, velja
Y (@n-1) = f (Tn-1,9(Tn-1))
Y (@n-1) = fo (@n—1,Y(@n-1)) + fy @n-1,y(@n-1)) ¥ (Tn_1),
zato lahko razvoj ob predpostavki y,_1 = y(x,—1) zapiSemo kot
Y(@n) = Yn-1 + hfno1+ 3h* (fo(@n1,Yn-1) + fy(@n_1,Yn—1) fa1) + O(h*),

pri ¢emer smo z f,,—1 oznacili vrednost f(2,—1,yn—1). Primerjajmo to s priblizkom
Yn, ki ga dobimo z izboljsano Eulerjevo metodo. Po Butcherjevi shemi je

Yn = Yn—1+ hf (xn—l + %hvyn—l + %hfn—l)
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in iz Taylorjevega razvoja

f(xn—l + %hayn—l + %hfn—l) R fno1+ %hf;c(mn—hyn—l) + %hfn—lfy(xn—layn—l)

funkcije f z napako O(h?) sledi, da je y(x,) —y, = O(h?). Kot je posredno razvidno
iz izpeljav, je to za red bolje kot pri eksplicitni in implicitni Eulerjevi metodi.

Exercise 9.3. In Matlab implement functions that perform the explicit, implicit
and modified Euler method for solving an initial problem. Test the functions by
solving the equation

) = 9 _ y(=@) 50

(@) = 2ay(a) - L0 a0,
with the initial condition y(0) = 1. Find approximations for the values of y at the
points x, = 55, n = 1,2,...,30, and analyze the error graphs (the exact solution to

the initial problem is y(z) = e* /(x + 1)).

Solution. Funkcije za izvedbe metod zasnujemo tako, da sprejmejo funkcijo £ dveh
spremenljivk, ki doloca diferencialno enacbo, seznam tock x, ki vsebuje tocke, v
katerih iS¢emo priblizek za resitev, in vrednost yO0, ki predstavlja zacetno vrednost
(v prvi tocki iz seznama x). Funkcija za izvedbo eksplicitne Eulerjeve metode je
preprosta in v vsakem koraku zanke izrac¢una priblizek v naslednji tocki.

m = length(x) - 1;
h = diff(x);
y = [y0 zeros(1,m)];
for n = 2:m+1
y(n) = y(n-1) + h(n-D)*f(x(n-1),y(n-1));
end

Funkcija, ki izvede implicitno Eulerjevo metodo, v vsakem koraku metode priblizek
za resitev najprej dolo¢i po eksplicitni Eulerjevi metodi, nato pa iterativno racuna
priblizek po implicitni Eulerjevi metodi, dokler se priblizka v iteraciji absolutno ne
razlikujeta za manj od tol, ki je dodaten parameter funkcije.

m = length(x) - 1;
h = diff(x);
y = [y0 zeros(1,m)];
for n = 2:m+1
y(n) = y(n-1) + h(n-D)*f(x(n-1),y(n-1));
while true
yns = y(n);
y(n) = y(n-1) + h(n-D)*f(x(n),y(n));
if abs(yns-y(n)) < tol
break;
end
end
end
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Pri implementaciji izboljsane Eulerjeve metode v vsakem koraku najprej izracunamo
premika k1 in k2, nato pa Se priblizek metode.

m = length(x) - 1;

h = diff(x);

y = [y0 zeros(1,m)];

for n = 2:m+1
k1 = f(x(n-1),y(n-1));
k2 = f(x(n-1)+h(n-1)/2, y(n-1)+h(n-1)*k1/2);
y(n) = y(n-1) + h(n-1)*k2;

end

Opisane funkcije preizkusimo z vhodnimi podatki £ = @(x,y) 2*x.*y - y./(x+1),
x = linspace(0,1.5,31), yO = 1 in tol = 1le-10. Rezultate podaja slika 9.1.
Slika 9.1a prikazuje izracunane priblizke, slika 9.1b pa napake (razlike med toc¢no
vrednostjo in priblizki). Crne tocke oznacuje eksplicitno Eulerjevo metodo, sive
tocke implicitno Eulerjevo metodo, bele tocke pa izboljSano Eulerjevo metodo. Siv
pas na sliki 9.1a je graf to¢ne resitve zacetnega problema Maksimalna absolutna
razlika med to¢nimi vrednostmi in priblizki v tockah iz x je pri eksplicitni Eulerjevi
metodi 0.5358, pri implicitni Eulerjevi metodi 0.6929, pri izboljsani Eulerjevi metodi
pa 0.0132. To jasno kaze, da je izboljSana Eulerjeva metoda natancénejsa od drugih
dveh, kot nakazuje rezultat v nalogi 9.2.

451
4t
351
3l
251
2|

15F

1

-0.8

(a) (B)

SLIKA 9.1: Primerjava Eulerjevih metod na primeru iz naloge 9.3.

Exercise 9.4. The Heun’s method is given by the Butcher tableau

0 0 0
11 o0 .
12 1/2

Express the approximation y,, for the value of the solution of the differential equation
y'(z) = —2y(x) in dependence of the initial condition y(0) = yo and find out how
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large can be the offset  so that the numerical solution y,, when n goes to the infinity
behaves in the same way as the exact solution when = goes to the infinity.

Solution. Po Butcherjevi shemi je priblizek y,, pri Heunovi metodi podan z
Yn = Yn—1 + 3 (k1 + k2), ki =hf(zn-1,9n—1), k2 =hf(Tn,yn—1+ hk1).
Ce vzamemo f(z,y) = —2y, je k1 = —2hy,_1 in ko = —2y,,_1h(1—2h) ter posledi¢no
Yn = Yn—1 + 2h (=2hy,—1 — 2yp_1h(1 — 2h)) = y,_1 (1 — 2h + 2R7) .
Zato lahko y, v odvisnosti od yg izrazimo kot

Yn = yo (1 — 20 +207)" .
Toéna refitev enacbe ¢/ (z) = —2y(z) pri zacetnem pogoju y(0) = yo je y(z) = yoe 2*
in gre proti 0, ko posljemo x proti neskonéno. Ce Zelimo, da se tako obnaga tudi y,,,
ko posljemo n proti neskonéno, mora biti ’1 —2h+ 2h2’ < 1. Ker je 1—2h+2h% > 0
za vsak h > 0, je to ekvivalentno pogoju h(h — 1) < 0 oziroma h < 1.

Exercise 9.5. Derive the trapezoidal method for solving an initial problem by
integrating the equation y'(z) = f(x,y(x)) on the interval [x,,_1,x,], replacing the
integral of f(x,y(x)) by the trapezoidal rule, and expressing y(x,). Determine the
Butcher tableau to prove that this is a two-stage Runge-Kuta method. Similarly
as in Exercise 9.4 analyze the approximation y, for the solution of the equation
y'(z) = —2y(z) in dependence of the initial condition y(0) = yo.

Solution. 7 integracijo leve strani diferencialne ena¢be dobimo

/%ZM@dw=y®m—y@mﬂ,

Tp—1

z integracijo desne strani pa ob uporabi trapeznega pravila

[ Heu(@) ds = S0 y@n0) + S vla) + O0)

n—1

Ce nadomestimo y(x,_1) 2 Yn_1 in y(2n) z Y ter pozabimo na élen O(h3), pridemo
do formule

Yn = Yn—-1 + %h (f(xnflaynfl) + f(xnayn))a

ki doloca trapezno metodo. Iz izpeljave je razvidno, da je podobno kot pri izboljsani
Eulerjevi metodi (obravnavani v nalogi 9.2) tudi pri tej metodi lokalna napaka reda
3. Pripadajo¢a Butcherjeva shema je

0 0
1/2 1/2 .
12 12
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Oglejmo si e, kako se y,, izraza v odvisnosti od yo v primeru, ko je f(z,y) = —2y.
1z

1
Yn = Yn—1+ Sh(=2yn-1 = 2yn) = (L = R)yn—1 — hyn
sledi )
_1-h _(1-h\"
yn—1+hyn—1— 1+h Yo,
kar pomeni, da je lim,_,o yn = 0 neodvisno od h > 0. Zaklju¢imo lahko, da je
trapezna metoda bolj stabilna od Heunove metode (naloga 9.4), saj pri reSevanju

tega zaCetnega problema nimamo omejitve na dolzino koraka. Izkaze se, da je to
tudi v splo$nem prednost implicitnih metod pred eksplicitnimi.

9.2. Multistep Methods

When solving the initial problem numerically by the recurrence relation that
determines an approximation ¥, for the value of y at xz, based on y,_1, one
could also take the advantage of the previous approximations (yn—2, Yn—3,...).
This is the principal idea of multistep methods.

Exercise 9.6. Derive the two-step Adams—Bashforth method for solving the initial
problem by integrating the equation y'(z) = f(z,y(z)) on the interval [x,_1,z,]
and replacing the function z — f(z,y(x)) by a linear function that inteprolates it
at the points z,_» and z,_; (by this we achieve that the method is explicit).

Solution. Linearno funkcijo, ki interpolira funkcijo z — f(z,y(z)) v tockah x,_o in
ZTn_1, lahko zapisemo kot

[ (@n1,y(®n1)) = f (3771—27:‘/(3371—2))(

Tp—1 — Tp—2

r= f(zp_1,y(Tn-1)) + T —Tp_1).

Ce slednjo integriramo na intervalu [z,,_1,2,], dobimo

(mnfla y(xnfl)) — f (mn727 y(xn72))
Tp—1 — Tp-2 .

1
0 ar,y(an ) + 0%
To pomeni, da je

y(@n) = y(on-1) + %h (3f (@n-1,Y(@n-1)) = f (Tn—2,y(xn-2))) + O(h?)

in priblizek za y(z,) v tej metodi izra¢unamo kot

1
Yn = Yn—1 + §h(3f(xnflaynfl) - f(mn727yn72))o
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