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Section Editor: Vladimiro Sassone If x € V(G), then S C V(G) \ {x} is an x-visibility set if for each y € S there exists a shortest x, y-
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for square grids, square prisms, and square toruses.

1. Introduction

General position and mutual-visibility are very active areas of metric and algorithmic graph theory. The concepts are comple-
mentary to each other, and progress in one of the areas typically has an impact on the other area. The general position problem has
been recently surveyed in [1], see also [2-5]. For the mutual-visibility problem we refer to the seminal paper [6] and the following
selection of studies [4,7-15].

In [16], the general position version was investigated from a vertex’s point of view. Among the many motivations for this research,
let us highlight the following. In [17][Chapter III] it is shown how to place a set of points with integer positive coordinates (i, j),
Jj <, so that each point is in mutual-visibility with (0,0) and such that the number of points with the same abscissa is maximized.
The problem turns out to be very interesting, as the solution is linked with the Farey series and Euler’s totient function ¢: the number
of points with abscissa n is exactly ¢(n).

Due to the motivation above (and more), the paper [16] gives the following definitions. If x is a vertex of a graph G, then .S C V(G)
is said to be an x-position set if for any y € S, no vertex of S\ {y} lies on any shortest x, y-path. The vertex position number vp(G) of G
is the maximum cardinality of an x-position set among all vertices x of G. The paper [16] yields numerous results dealing with the
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$S$


$\bigcup _{t=1}^{4} Q_t$


$|S \cap (X \cup Y)|$


$0$


$1$


$2$


$n$


$i$


$j$


$\frac {n^2+n-2}{2}$


$vv(P_n \cp P_n) \leq \frac {n^2+n-2}{2}$


$x=(u_2,v_2)$


\begin {equation*}S = \{(u_k,v_1):\ k \in [n]\} \cup \{(u_1,v_l): l \in [n] \backslash \{2\}\} \cup S',\end {equation*}


$S' \subset Q_3$


$\lceil \frac {|D_a|}{2}\rceil $


$D_a$


$P_6 \cp P_6$


$P_7 \cp P_7$


$S$


$x$


$\frac {n^2+n-2}{2}$


$\text {vv}(P_n \cp P_n) = \frac {n^2+n-2}{2}$


$n \ge 4$


\begin {equation*}\text {vv}(P_n \cp C_n) = \begin {cases} \frac {n^2 + 3}{2}; & n \equiv 1 \bmod 4,\\ \frac {n^2 + n - 2}{2}; & n \equiv 3 \bmod 4, \\ \frac {2n^2 + n}{4}; & n \equiv 0 \bmod 4,\\ \frac {2n^2 + n - 2}{4}; & n \equiv 2 \bmod 4. \end {cases}\end {equation*}


$V(P_n \cp C_n) = \{(u_k,v_l): k,l \in [n]\}$


$x \in V(P_n \cp C_n)$


$x$


$\{(u_k,v_{\lceil n/2 \rceil }): k \in [\lceil n/2 \rceil ]\}$


$x = (u_{i+1},v_{\lceil n/2 \rceil })$


$0 \leq i \leq \lfloor \frac {n-1}{2} \rfloor $


$X = V({}^{u_{i+1}}C_n)$


$Y = V(P_n^{v_{\lceil n/2 \rceil }})$


\begin {align*}Q_1 & = \{(u_k,v_l):\ k < i+1, l < \lceil n/2 \rceil \}, \\ Q_2 & = \{(u_k,v_l):\ k < i+1, l > \lceil n/2 \rceil \}, \\ Q_3 & = \{(u_k,v_l):\ k > i+1, l > \lceil n/2 \rceil \}, \\ Q_4 & = \{(u_k,v_l):\ k > i+1, l < \lceil n/2 \rceil \}.\end {align*}


$S$


$v_x$


$P_n \cp C_n$


$\bigcup _{t=1}^{4} Q_t$


$n$


$x = (u_{i+1},v_{\frac {n+1}{2}})$


$0 \leq i \leq \frac {n-1}{2}$


$(u_k,v_l) \in Q_1$


$x,(u_k, v_l)$


$(u_k,v_{l+1})$


$(u_{k+1},v_l)$


$S$


$(u_k,v_l) \in Q_t$


$t \in [4]$


$Q_t$


$D_{pq}$


$p, q \in Q_t$


$\lceil \frac {|D_{pq}|}{2} \rceil $


$S \cap D_{pq}$


\begin {equation*}\text {for $t \in \{1,2\}$}:\ |S \cap Q_t| \leq \begin {cases} \frac {i(n+1)}{4}; & i \text { even},\\ \frac {(i+1)(n-1)}{4}; & i \text { odd}, \end {cases}\end {equation*}


\begin {equation*}\text {for $t \in \{3,4\}$}:\ |S \cap Q_t| \leq \begin {cases} \frac {(n-1)(n-i)}{4}; & n \equiv 1 \bmod 4,\\ \frac {(n+1)(n-i-1)}{4}; & n \equiv 3 \bmod 4. \end {cases}\end {equation*}


\begin {flalign*}& |S \cup \displaystyle \bigcup _{t=1}^{4} Q_t| \leq \begin {cases} \frac {n^2 -1}{2}; & n \equiv 1 \bmod 4,\\ \frac {n^2+n-4}{2}; & n \equiv 3 \bmod 4. \end {cases}\label {}\end {flalign*}


$S$


$S$


$x$


$S \cap (X \cup Y) \subseteq \{(u_{i+1},v_1), (u_{i+1},v_n), (u_1,v_{\frac {n+1}{2}}), (u_n,v_{\frac {n+1}{2}})\}$


$(u_{i+1},v_1)$


$S$


$(u_i,v_2)$


$(u_{i+2},v_2)$


$S$


$(u_i,v_1)$


$(u_{i+2},v_1)$


$S$


$x$


$(u_{i+1},v_n), (u_1,v_{\frac {n+1}{2}})$


$(u_n,v_{\frac {n+1}{2}})$


$i \leq \frac {n-1}{2} \leq n-i-1$


\begin {align*}\text {in $Q_1$}: &\quad |D_{p(u_2,v_{\frac {n-1}{2}} )}| = i-1 \text { and } |D_{(u_i,v_2)q}| = \begin {cases} i - 1; & i=\frac {n-1}{2},\\ i; & i < \frac {n-1}{2}, \end {cases} \\ \text {in $Q_2$}: &\quad |D_{p(u_2,v_{\frac {n+3}{2}} )}| = i-1 \text { and } |D_{(u_{i},v_{n-1})q}| = \begin {cases} i - 1; & i=\frac {n-1}{2},\\ i; & i < \frac {n-1}{2}, \end {cases} \\ \text {in $Q_3$}: &\quad |D_{p(u_{i},v_{n+1})}| = \frac {n-3}{2} \text { and } |D_{(u_{n-1},v_{\frac {n+3}{2}})q}| = \begin {cases} \frac {n-3}{2};& i=\frac {n-1}{2},\\ \frac {n-1}{2}; & i < \frac {n-1}{2}, \end {cases} \\ \text {in $Q_4$}: &\quad |D_{p(u_{i+2},v_{2})}| = \frac {n-3}{2} \text { and } |D_{(u_{n-1},v_{\frac {n-1}{2}})q}| = \begin {cases} \frac {n-3}{2}; & i=\frac {n-1}{2},\\ \frac {n-1}{2}; & i<\frac {n-1}{2}. \end {cases}\end {align*}


$S$


$\displaystyle \bigcup _{t=1}^{4} Q_t$


\begin {flalign*}& |S \cap (X \cup Y)|= \begin {cases} 2; & n \equiv 1 \bmod 4,\\ 1; & n \equiv 3 \bmod 4. \end {cases} \label {}\end {flalign*}


\begin {equation*}|S| \leq \begin {cases} \frac {n^2 +3}{2}; & n \equiv 1 \bmod 4,\\ \frac {n^2 +n-2}{2}; & n \equiv 3 \bmod 4. \end {cases}\end {equation*}


$n$


$x = (u_{i+1},v_{\frac {n}{2}})$


$0 \leq i \leq \frac {n-2}{2}$


$(u_k,v_l) \in Q_t$


$N((u_k,v_l)) \cap I(x,(u_k, v_l))$


$S$


$(u_k,v_l) \in Q_1$


$(u_k,v_{l+1})$


$(u_{k+1},v_l)$


$Q_t$


$D_{pq}$


$p, q \in Q_t$


$\sum _{pq} \lceil |D_{pq}| / 2 \rceil $


$S \cap \bigcup _{t=1}^{4} Q_t$


\begin {equation*}|S \cap Q_1| + |S \cap Q_2| \leq \frac {(i+1)(n-2)}{4} + \frac {(i+1)n}{4},\end {equation*}


$n \equiv 0 \bmod 4$


\begin {align*}|S \cup \displaystyle \bigcup _{t=1}^{4} Q_t| & = |S \cap Q_1| + |S \cap Q_2| + |S \cap Q_3| + |S \cap Q_4| \\ & \le \frac {(i+1)(n-2)}{4} + \frac {(i+1)n}{4} + \frac {n(n-i)}{4} + \frac {n(n-i-1)}{4} \\ & = \frac {2n^2 + n-4}{4},\end {align*}


$n \equiv 2 \bmod 4$


\begin {align*}|S \cup \displaystyle \bigcup _{t=1}^{4} Q_t| & = |S \cap Q_1| + |S \cap Q_2| + |S \cap Q_3| + |S \cap Q_4| \\ & \le \frac {(i+1)(n-2)}{4} + \frac {(i+1)n}{4} + \frac {(n+2)(n-i-1)}{4} + \frac {(n - 2)(n-i)}{4} \\ & = \frac {2n^2 +n-6}{4}\,.\end {align*}


$S$


$S$


$x$


$S \cap (X \cup Y) \subseteq \{(u_{i+1},v_1), (u_{i+1},v_{n-1}), (u_{i+1},v_n), (u_1,v_{\frac {n}{2}}), (u_n,v_{\frac {n}{2}})\}$


$i \leq \frac {n-2}{2} \leq n-i-1$


\begin {equation*}|D_{p(u_2,v_\frac {n-2}{2} )}| = |D_{p(u_2,v_{\frac {n+2}{2}} )}| = i-1\end {equation*}


\begin {equation*}|D_{(u_i,v_2)q}| = |D_{(u_{i},v_{n-2})q}| = \begin {cases} i - 1; & i=\frac {n-2}{2},\\ i; & i < \frac {n-2}{2}, \end {cases}\end {equation*}


\begin {equation*}|D_{(u_{i},v_{n-1})q}| = \begin {cases} i - 1; & i=\frac {n}{2},\\ i; & i < \frac {n}{2} \end {cases}\end {equation*}


\begin {equation*}|D_{p(u_{i},v_{n+1})}| = \frac {n-2}{2} \text { and } |D_{(u_{n-1},v_{\frac {n+2}{2}})q}| = \begin {cases} \frac {n-2}{2};& i=\frac {n-2}{2},\\ \frac {n}{2}; & i < \frac {n-2}{2}, \end {cases}\end {equation*}


\begin {equation*}|D_{p(u_{i+2},v_{n-2})}| = |D_{p(u_{i+2},v_{2})}| = \frac {n-4}{2} \text { and } |D_{(u_{n-1},v_{\frac {n-2}{2}})q}| = \begin {cases} \frac {n-4}{2}; & i=\frac {n}{2},\\ \frac {n-2}{2}; & i<\frac {n}{2}. \end {cases}\end {equation*}


$S$


$\displaystyle \bigcup _{t=1}^{4} Q_t$


\begin {flalign*}& |S \cap (X \cup Y)|= 1. \label {}\end {flalign*}


\begin {equation*}|S| \leq \begin {cases} \frac {2n^2 +n}{4}; & n \equiv 0 \bmod 4,\\ \frac {2n^2 +n-2}{4}; & n \equiv 2 \bmod 4. \end {cases}\end {equation*}


$x = (u_2,v_{\lceil \frac {n}{2} \rceil })$


\begin {equation*}R = \{(u_1,v_l): l \in [n] \backslash \{\lceil \frac {n}{2} \rceil \}\} \cup R' \cup R'',\end {equation*}


$R' \subset Q_3$


$R'' \subset Q_4$


$\lceil \frac {|D_{pq}|}{2}\rceil $


$D_{pq}$


$P_5 \cp C_5$


$P_7 \cp C_7$


$P_6 \cp C_6$


$P_8 \cp C_8$


$P_5 \cp C_5$


$P_6 \cp C_6$


$P_7 \cp C_7$


$P_8 \cp P_8$


$R\cup \{(u_1,v_{\frac {n+1}{2}}), (u_n,v_{\frac {n+1}{2}})\}$


$x$


$\frac {n^2 +3}{2}$


$n \equiv 1 \bmod 4$


$R\cup \{(u_1,v_{\frac {n+1}{2}})\}$


$x$


$\frac {n^2 +n-2}{2}$


$n \equiv 3 \bmod 4$


$R\cup \{(u_1,v_{\frac {n+1}{2}})\}$


$x$


$\frac {2n^2 +n}{4}$


$n \equiv 0 \bmod 4$


$\frac {2n^2 +n-2}{4}$


$n \equiv 2 \bmod 4$


$n \ge 4$


\begin {equation*}\text {vv}(C_n \cp C_n) = \begin {cases} \frac {n^2 - 1}{2}; & n \equiv 1 \bmod 4,\\ \frac {n^2 + 3}{2}; & n \equiv 3 \bmod 4,\\ \frac {n^2 + 2}{2}; & n\ {\rm even}. \end {cases}\end {equation*}


$V(C_n \cp C_n) = \{(u_k,v_l): i,j \in [n]\}$


$C_n \cp C_n$


$x = (u_{\lceil n/2 \rceil },v_{\lceil n/2 \rceil })$


$X = V({}^{u_{\lceil n/2 \rceil }}C_n)$


$Y = V(C_n^{v_{\lceil n/2 \rceil }})$


\begin {align*}Q_1 & = \{(u_k,v_l): k,l < {\lceil n/2 \rceil }\}, \\ Q_2 & = \{(u_k,v_l): k < {\lceil n/2 \rceil }, l > {\lceil n/2 \rceil }\}, \\ Q_3 & = \{(u_k,v_l): k, l > {\lceil n/2 \rceil }\}, \\ Q_4 & = \{(u_k,v_l): k > {\lceil n/2 \rceil }, l < {\lceil n/2 \rceil }\}.\end {align*}


$S$


$v_x$


$C_n \cp C_n$


$\bigcup _{t=1}^{4} Q_t$


$n$


$x = (u_{\frac {n+1}{2}},v_{\frac {n+1}{2}})$


$(u_k,v_l) \in Q_1$


$x,(u_k, v_l)$


$(u_k,v_{l+1})$


$(u_{k+1},v_l)$


$S$


$(u_k,v_l) \in Q_t$


$t \in [4]$


$Q_t$


$D_{pq}$


$p, q \in Q_t$


$\lceil \frac {|D_{pq}|}{2} \rceil $


$S \cap D_{pq}$


\begin {equation*}|S \cap Q_t| \leq \frac {n^2-1}{8}\end {equation*}


$t \in [4]$


\begin {flalign*}& |S \cup \displaystyle \bigcup _{t=1}^{4} Q_t| \leq \frac {n^2 -1}{2}. \label {}\end {flalign*}


$S$


$S$


$x$


$S \cap (X \cup Y) \subseteq \{(u_{\frac {n+1}{2}},v_1), (u_{\frac {n+1}{2}},v_n), (u_1,v_{\frac {n+1}{2}}), (u_n,v_{\frac {n+1}{2}})\}$


$(u_{\frac {n+1}{2}},v_1)$


$S$


$(u_\frac {n-1}{2},v_2)$


$(u_{\frac {n+3}{2}},v_2)$


$S$


$(u_\frac {n-1}{2},v_1)$


$(u_{\frac {n+3}{2}},v_1)$


$S$


$x$


$(u_{\frac {n+1}{2}},v_n)$


$(u_1,v_{\frac {n+1}{2}})$


$(u_n,v_{\frac {n+1}{2}})$


$D_{(u_\frac {n-1}{2},v_2)(u_2,v_\frac {n-1}{2})}, D_{(u_\frac {n-1}{2},v_{n-1})(u_2,v_\frac {n+3}{2})}, D_{(u_{n-1},v_\frac {n+3}{2})(u_\frac {n+3}{2},v_{n-1})}$


$D_{(u_{n-1},v_\frac {n-1}{2})(u_\frac {n+3}{2},v_{2})}$


$\frac {n-3}{2}$


$S$


$\bigcup _{t=1}^{4} Q_t$


\begin {flalign*}& |S \cap (X \cup Y)|= \begin {cases} 0; & n \equiv 1 \bmod 4,\\ 2; & n \equiv 3 \bmod 4. \end {cases} \label {}\end {flalign*}


\begin {equation*}|S| \leq \begin {cases} \frac {n^2 -1}{2}; & n \equiv 1 \bmod 4,\\ \frac {n^2 +3}{2}; & n \equiv 3 \bmod 4. \end {cases}\end {equation*}


$n$


$x = (u_{\frac {n}{2}},v_{\frac {n}{2}})$


$(u_k,v_l) \in Q_t$


$N((u_k,v_l)) \cap I(x,(u_k, v_l))$


$S$


$(u_k,v_l) \in Q_1$


$(u_k,v_{l+1})$


$(u_{k+1},v_l)$


$Q_t$


$D_{pq}$


$p, q \in Q_t$


$\sum _{pq} \lceil |D_{pq}| / 2 \rceil $


$S \cap \bigcup _{t=1}^{4} Q_t$


$n \equiv 0 \bmod 4$


\begin {align*}|S \cup \displaystyle \bigcup _{t=1}^{4} Q_t| & = |S \cap Q_1| + |S \cap Q_2| + |S \cap Q_3| + |S \cap Q_4| \\ & \le \frac {(n-2)n}{8} + \frac {n^2}{8} + \frac {n(n+2)}{8} + \frac {n^2}{8} \\ & = \frac {n^2}{2},\end {align*}


$n \equiv 2 \bmod 4$


\begin {align*}|S \cup \displaystyle \bigcup _{t=1}^{4} Q_t| & = |S \cap Q_1| + |S \cap Q_2| + |S \cap Q_3| + |S \cap Q_4| \\ & \le \frac {(n-2)n}{8} + \frac {n^2 - 4}{8} + \frac {n(n+2)}{8} + \frac {n^2 - 4}{8} \\ & = \frac {n^2 -2}{2}\,.\end {align*}


$S$


$S$


$x$


$S \cap (X \cup Y) \subseteq \{(u_{\frac {n}{2}},v_1), (u_{\frac {n}{2}},v_{n-1}), (u_{\frac {n}{2}},v_n), (u_1,v_{\frac {n}{2}}), (u_{n-1},v_{\frac {n}{2}}), (u_n,v_{\frac {n}{2}})\}$


\begin {align*}\text {in $Q_1$}: &\quad |D_{(u_\frac {n-2}{2},v_2)(u_2,v_\frac {n-2}{2})}| = \frac {n-4}{2}, \\ \text {in $Q_2$}: &\quad |D_{(u_\frac {n-2}{2},v_{n-2})(u_2,v_\frac {n+2}{2})}| = \frac {n-4}{2} \text { and } |D_{(u_\frac {n-2}{2},v_{n-1})(u_1,v_\frac {n+2}{2})}| = \frac {n-2}{2}, \\ \text {in $Q_3$}: &\quad |D_{(u_{n-2},v_\frac {n+2}{2})(u_\frac {n+2}{2},v_{n-2})}| = \frac {n-4}{2} \text { and } |D_{(u_{n-1},v_\frac {n+2}{2})(u_\frac {n+2}{2},v_{n-1})}| = \frac {n-2}{2},\\ \text {in $Q_4$}: &\quad |D_{(u_{n-2},v_\frac {n-2}{2})(u_\frac {n+2}{2},v_{3})}| = \frac {n-4}{2} \text { and } |D_{(u_{n-1},v_\frac {n-2}{2})(u_\frac {n+2}{2},v_{2})}| = \frac {n-2}{2}.\end {align*}


$S$


$\bigcup _{t=1}^{4} Q_t$


\begin {flalign*}& |S \cap (X \cup Y)|= \begin {cases} 1; & n \equiv 0 \bmod 4,\\ 2; & n \equiv 2 \bmod 4. \end {cases} \label {}\end {flalign*}


$n \equiv 0 \bmod 4$


\begin {equation*}|S| \leq \frac {n^2 +2}{2}.\end {equation*}


$R$


$\lceil |D_{pq}|/2 \rceil $


$D_{pq}$


$C_5 \cp C_5$


$C_7 \cp C_7$


$C_6 \cp C_6$


$C_8 \cp C_8$


$P_5 \cp C_5$


$P_6 \cp C_6$


$P_7 \cp C_7$


$P_8 \cp P_8$


$R$


$x$


$\frac {n^2 -1}{2}$


$n \equiv 1 \bmod 4$


$R\cup \{(u_{\frac {n+1}{2}},v_1), (u_{\frac {n+1}{2}},v_n)\}$


$x$


$\frac {n^2 +3}{2}$


$n \equiv 3 \bmod 4$


$R\cup \{(u_{\frac {n+1}{2}},v_1)\}$


$x$


$\frac {n^2 +2}{2}$


$n \equiv 0 \bmod 4$


$R\cup \{(u_{\frac {n+1}{2}},v_n), (u_n,v_{\frac {n+1}{2}})\}$


$x$


$\frac {n^2 +2}{2}$


$n \equiv 2 \bmod 4$
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largest and smallest orders of maximum x-position sets, in particular giving bounds in terms of the girth, vertex degrees, diameter
and radius.

In this paper, we complement the investigation from [16] by considering the mutual-visibility problem from a vertex’s point of
view. If x is a vertex of a graph G, then .S C V(G) \ {x} is an x-visibility set if for any y € .S there exists a shortest x, y-path P, such that
V(P)n S = {y}. The x-visibility number v, (G) is the maximum cardinality of an x-visibility set, we also say that v, (G) is the visibility
number of x, cf. Fig. 1. An x-visibility set of cardinality v (G) is called a v,-set. The maximum value of v,(G) among all vertices x of
G is called the vertex visibility number vv(G) of G, and a corresponding v, -set is a vv-set, see Fig. 1 again. For instance, if n > 3, then
v,(C,) =2 for any x € V(C,), hence vv(C,) = 2. Similarly, if n > 3, then v, (P,) = deg p, (%), hence vv(P,) = 2. It is worth mentioning
the following fact, where n(G) denotes the order of a graph G.

Lemma 1.1. If x is a leaf of a connected graph G with n(G) > 3, then v, (G) < v(G).

Proof. If G is a path graph on at least three vertices, then v,(G) = 1 and vv(G) = 2. Assume next that G is not a path, let y be the
support vertex of x, and .S be a v,-set of G. Then S’ = .S U {x} is a y-visibility set, hence vv(G) > |S’| > |S| = v (G). O

The paper is organized as follows. In the following subsection, further definitions needed are listed. In Section 2 we first prove
the fundamental reason for the computational difficulty of the vertex visibility number: vv(G) is equal to the largest possible number
of leaves of a shortest-path tree of G. This builds a bridge between the new introduced concepts and the Dijkstra’s algorithm, the
result of which is precisely a tree of shortest-paths. In the second main result of the section we prove that the x-VISIBILITY problem
is NP-complete even for graphs of diameter 2, where the x-VISIBILITY problem asks whether v, (G) > k holds for given G, a vertex
x € V(G), and a positive integer k. In Section 3 we deduce some general sharp lower and upper bounds on the vertex visibility number
in terms of the order, the maximum degree, and the eccentricity. The vertex visibility number of Cartesian products is investigated in
Section 4. After establishing a general sharp lower bound and an upper bound, the focus is on square grids, square prisms, and square
toruses. For each of these Cartesian products, the exact value of the vertex visibility number is obtained. We conclude the paper with
some problems for future investigation.

1.1. Concepts and notation

Here we provide further necessary definitions.

Let G = (V(G), E(G)) be a graph. The maximum degree of G is denoted by A(G), and the (open) neighborhood of x € V(G) by
Ng(x). A vertex x of G is simplicial if the subgraph induced by N (x) is complete. A vertex of G is universal if it is adjacent to all other
vertices of G. A double star is a tree in which exactly two vertices are not leaves.

The distance function dg(-, -) is the standard shortest-path distance. The eccentricity ecc;(x) of a vertex x is the maximum distance
between x and the other vertices of G. A vertex z is an eccentric vertex of x if dg(x, z) = eccy(x). The open interval I(x, y) between
vertices x and y is the set of all vertices that lie on shortest x, y-paths other than x and y. When every two vertices x and y of G are
connected by a unique shortest x, y-path, G is called geodetic. A vertex y is maximally distant from x if d;(x,y) > d(x, z), for every
z € Ng(p). (This notion was introduced in [18] as a tool to study the strong metric dimension.) The collection of all maximally distant
vertices from x is denoted by MD(x).

If S C V(G), then we say that x, y € V(G) are S-visible, if there exists a shortest x, y-path P such that V(P)n.S C {x, y}. The set S
is a mutual-visibility set if any two vertices from S are S-visible. The cardinality of a largest mutual-visibility set of G is the mutual-
visibility number u(G) of G. A mutual-visibility set of cardinality u(G) is a u-set. We also say that a vertex y is .S-visible from x if there
exists a shortest y, x-path P such that V(P)n S C {x, y}.

The Cartesian product G [] H of graphs G and H has the vertex set V(G) x V (H), vertices (g, h) and (g’, »’) of G[] H are adjacent if
either gg’ € E(G)and h = I/, or g = g’ and hi' € E(H). A G-layer is a subgraph of G[J H induced by V(G) x {h} for some h € V(H),
denoted by G”. Analogously, for g € V(G) we have the H-layer ¢H.

Finally, for a positive integer k, the set {1, ..., k} is denoted by [k].

2. Shortest-path trees and computational complexity

To study the computational complexity of finding the x-visibility number v, (G) for a fixed vertex x of a graph G, we introduce
the following decision problem.

Definition 2.1. x-VISIBILITY problem: INSTANCE: A graph G, a vertex x € V(G), a positive integer k < n(G). QUESTION: v, (G) > k?

In this section, we prove that the x-VISIBILITY problem is NP-complete even for graphs of diameter 2, so finding vv(G) is an NP-
hard problem. This result is in sharp contrast with the computational complexity of the vertex position problem, which is solvable in
O(n*log(n)) time, as shown in [16].

The intrinsic difficulty of the x-VISIBILITY problem lies in the fact that the value vv(G) is equal to the largest possible number
of leaves in a shortest-path tree of G. These trees are defined as follows. Let G be a graph, and x € V(G). Then a tree rooted in x
constructed by the BFS search is called a shortest-path tree of G. That is, it is a rooted spanning tree T, such that dy(x, y) = dg(x, y) for
every y € V(G).

Theorem 2.2. If G is a connected graph, then vv(G) is equal to the largest possible number of leaves of a shortest-path tree of G.

2
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c

Fig. 1. A graph G where #(G) = 11 but vv(G) = v,(G) = 10 (also attained at y and z).

Proof. Let S = {x,,...,x;} be a vv-set of G, and let x be a vertex with v,(G) = vv(G). Then, if n(G) > 3, x is not a leaf because
v (G) > v, (G), where x’ is the (support) vertex adjacent to x.

Denoting the largest possible number of leaves in a shortest-path tree of G by 1., it is clear that vv(G) > 1.

To prove t; > vv(G), we first claim that there exist shortest x, x;-paths P,, i € [k], such that V(P,)n .S = {x;} and the edges of

i E(P;) induce a tree T in G. Since S is a v,-set, there exist shortest x, x;-paths P,, i € [k], such that V(P) n S = {x;}. Assume that

the paths P, are selected such that the union U, E(P,) induces the smallest number of cycles possible. Suppose that this number is
not zero. Then there exist s, € [k] such that the union of edges E(P,) U E(P,) induces a cycle. Let y be a vertex from V(P,) NV (P,)
such that d(x, y) is as large as possible among all vertices of V' (P,) N V(P,). Let P! and P/ be the subpaths of P, and P, between x and
¥, respectively. Since P, and P, are the shortest paths, P/ and P/ are also the shortest paths Then in our collection {P, : i € [k]} o
shortest paths, replace P, with the concatenation of P/ and the y, x,-subpath of P,. In this way, the union of the edges from the new
collections of shortest x, x;-paths induces at least one cycle less. This contradicts the selection of the paths P,. We can conclude that
the union U, E(P,) does not induce a cycle, thus proving the claim.

Let T be the tree induced by the edges of U, E(P,). If T is a spanning tree, then we are done. Hence, assume that 7' does
not span G. Let y be an arbitrary vertex from V(G) \ V(T). Then every shortest x, y-path contains at least one vertex from S, for
otherwise .S U {y} would be an x-position set larger than .S, which is not possible. Moreover, there exists a shortest x, y-path P such
that V(P)n S = {x i for some j € [k], for otherwise .S would not be an x-position set. Then replace x j by yin S and in the collection
of our shortest paths, replace the current shortest x, x;-path by P. Proceeding in this way, we end with an x-position set of the same
cardinality as .S, and with a collection of paths whose edges induce a spanning tree T of G. We can conclude that 7; > vv(G). O

In view of Theorem 2.2, we first recall that the problem of finding a spanning tree with maximum number of leaves has been
extensively researched and is computationally difficult. For instance, the problem is NP-hard and APX-hard for cubic graphs, see [19].
On the other hand, a 2-approximation algorithm is known for this problem [20]. We now demonstrate that the difference between
the maximum number of leaves in a spanning tree of G and vv(G) can be arbitrarily large.

Let #(G) denote the maximum number of leaves in a spanning tree of a graph G. Let G, denote the graph obtained by taking n
copies of the graph G in Fig. 1 and identifying the vertex x. Then #(G,) = 11n. By Lemma 3.2, it is easy to check that v,(G,) = v,(G,) =
v,(G,) = 10n while v,(G,) =9, v,(G,) = 8 and v,(G,) = 8. Thus, by the symmetry of the graph and by Lemma 1.1, we can conclude
that vv(G,) = 10n. Hence, the difference #(G,) — vv(G,) is n, which we summarize in the following result.

Proposition 2.3. Given a graph G, the difference between ¢(G) and vv(G) can be arbitrarily large.
We are now ready to prove that the x-VISIBILITY problem is hard to solve.
Theorem 2.4. The x-VISIBILITY problem is NP-complete even for graphs of diameter 2.

Proof. Given a set X C V(G) \ {x} of G, it is possible to test in polynomial time whether it is a x-visibility set or not. Consequently,
the problem is in NP.

We will now prove that the INDEPENDENT SET problem (equivalent to the CLIQUE problem in the complement graph and shown
as NP-complete in [21]), polynomially reduces to the x-VISIBILITY problem. The INDEPENDENT SET problem asks if the independence
number «(G) of a graph G, that is, the cardinality of a largest mutually non adjacent set of vertices of G, is at least a given integer r.
Here we assume that G does not contain any isolated vertices. Clearly, this assumption does not affect the hardness of the problem. We
consider an arbitrary instance (G, t) of the INDEPENDENT SET problem where G has no isolated vertices and construct an instance(G’, k)
of the x-VISIBILITY problem as follows.

Let V(G) = [r] and add a universal vertex x to V(G). Now for each edge e = ij of G, we add a new vertex v, = v;; and the edges
iv, and ju,. Also, let S = {v, : e € E(G)} induce a clique. An example of the graph G’, for G = Ps, is given in Fig. 2.

Let (G,1) be an instance of the INDEPENDENT SET problem, we show that a(G) > ¢ if and only if the x-VISIBILITY problem has
x-visibility number greater than k, where k = E(G) +1, that is, v,(G') > k.

Let I be an independent set of G, and consider the set X = I U.S in G’. For each v, € S, where e = ij, either i or j is not present in
I and hence all vertices in .S are x-visible. In addition, all vertices in I are adjacent to x and hence are x-visible. Therefore, v, (G’) > k.

On the contrary, let X be an x-visibility set of G’ of cardinality at least k. By Lemma 3.2, we can assume that all the vertices of S
are in X. Then the vertices in X \ .S must form an independent set of G, as, otherwise, there would be an edge e = ij such that both

3
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Yo1 U3y

Fig. 2. The graph G’ for G = P;.

vertices i and j are in X, but then v, would not be in visibility with x. Since the number of vertices in S is |E(G)|, the number of
vertices in the independent set of G is | X \ S| > k — | E(G)| = 1. Hence, a(G) > 1.

Finally, the diameter of G’ is two as x is adjacent to all vertices of G and at distance 2 from the vertices in .S. All pairs of vertices
u,v in G are at distance at most two as u, x, v is a path in G’. Each vertex in .S is adjacent to all other vertices in .S and, since G has
no isolated vertices, it is at a distance of at most two from the vertices in G. [

The above Theorem 2.4 clearly implies that finding vv(G) is also an NP-hard problem.

3. General lower and upper bounds

In view of the hardness of the problem studied, as established in Section 2, in this section we prove general lower and upper
bounds for the vertex visibility numbers. Along the way, several exact values are also determined.

If S'is a u-set of G and x € S, then .S\ {x} is an x-visibility set of G. Also, N;(x) is an x-visibility set for every vertex x. Thus we
have the following general bounds:

max{u(G) - 1,A(G)} < vv(G) < n(G) - 1. @

The difference vv(G) — (u(G) — 1) can be arbitrarily large. For instance, it can be deduced from [22][Theorem 3.2.(i)] that if n > 6,
then u(K, [JC,) = 6, while on the other hand vv(K, []C,) > n. The first assertion of the following result follows from (1), while the
second is also straightforward to verify, hence we omit the proof.

Proposition 3.1. If G is a connected graph with n(G) > 2, then the following properties hold.

1. w(G) = n(G) — 1 if and only if G has a universal vertex.
2. vw(G) = n(G) — 2 if and only if G contains no universal vertex and contains a spanning double star.

We now say that a vertex y is a stress vertex for x if there exists a maximally distant vertex z of x such that y lies on every x, z-
shortest path in G. Note, that every cut vertex y, y # x, is a stress vertex for x. Let str;(x) denote the number of stress vertices for
X.

Lemma 3.2. If x is a vertex of a connected graph G, then there exists a v,.-set .S with the following properties:

1. every y e V(G) \ {x} is S-visible from x;
2. MDg(x) C S;
3. S contains no stress vertex for x.

In addition, |MDg(x)| < v,(G) < n(G) — strg(x) — 1.

Proof. Let R be a v,-set of G such that it contains as many vertices of MD;(x) as possible. Suppose that there exists a vertex
y € MDg(x) \ (RU {x}). Then every shortest x, y-path intersects R. Also, there exists a shortest x, y-path that contains exactly one
vertex from R, say z, for otherwise R would not be an x-visibility set. But then (R \ {z})U {y} is an x-visibility set of the same
cardinality as R that contains more vertices from MDg(x), a contradiction.

By the above we have MD(x) C R. It follows from here by the definition of the stress vertex that R contains no stress vertex for
x and that every y € V(G) \ {x} is R-visible from x. The set R is thus a v,-set with the three required properties. Finally, the second
property yields the claimed lower bound, while the third property gives the upper bound. O

Note that Lemma 3.2 implies that if G is a geodetic graph, then v, (G) = [MDg(x)| for every x € V(G). For a graph G, where
[MDg(x)| < v,(G) < n(G) — strg(x) — 1, see Fig. 3.

For block graphs, which form a special case of geodetic graphs, a more specific result can be stated. In fact, this is an example
where the lower and upper bounds in Lemma 3.2 coincide. Denoting by s(G) the number of simplicial vertices of a graph G, the result
for block graphs reads as follows.
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Fig. 3. A graph G, where v,(G) = 4 while |[MDg(x)| = strg(x) = 2.

Proposition 3.3. If G is a block graph different from a complete graph, then
W(G) = s(G).

Proof. Since G is not complete, it contains a cut vertex x. Then MD(x) consists of the simplicial vertices of G. By the lower bound
of Lemma 3.2 we thus get vv(G) > s(G). On the other hand, as already mentioned, cut vertices are stress vertices, therefore by the
upper bound of Lemma 3.2 we also get vv(G) < s(G). O

We continue with the next upper bound depending on the order and the maximum degree.

Theorem 3.4. If G has no universal vertex, then

n(G)A(G) — IJ

w(G) < [ AG) +1

and the bound is sharp.
Proof. Let S be a vv-set of G and set n = n(G) and A = A(G) for the rest of the proof.
Assume first that vv(G) = A. Then we have

nA -1
A+1°

vw(G) =A<

where the above inequality holds since A < n — 2 by the assumption of the theorem.
Next, assume that vv(G) > A. Let x be a vertex such that v,(G) = vv(G) and let S be a v, -set. Then |.S| = vv(G). Let ' =5\ Ng(x)
and lets’ = | S’|. Since vv(G) > A we have s’ > 1. This in turn implies that at least one neighbor of x does not belong to .S. Consequently,

5" > vv(G) — (degg(x) — 1) > vv(G) — A+ 1. 2
Since S is an x-visibility set, each vertex of .S” has a neighbor in V' (G) \ (S U {x}). It follows that

s’ <(m=vv(G) - DA. 3
Combining (2) with (3) we get

WG -A+1<(n—vv(G)-1)A.

Rearranging this inequality and using the fact that vv(G) is a positive integer, the claimed inequality follows.
To show the sharpness of the bound, consider the cocktail party graph K., (the complete k-partite graph where each partite set
is of cardinality 2) of order 2k, where k > 2. Then A(K;,,) = 2k — 2 = v(K},,) = 2k — 2. Since

=2k-2,

1
[2k(2k—2)—1J _ 2k=2-5

Qk—2)+1 - L
2k

the equality holds for K;,,, k >2. O

Next, we bound the x-visibility number using the eccentricity of x.

Proposition 3.5. If G is a graph and x € V(G), then

MO =1, (6) < n(G) - eccg (),
eccg(x)

and the bounds are sharp.

Proof. Let .S be a v,-set, and let y be an eccentric vertex of x in G. Let P : x = x, X, ..., x; = y be the shortest x, y-path selected
such that [V'(P) n S| is as small as possible. Suppose that S contains more than one vertex from P, say x; and x;, where i < j. Since
S is an x-visibility set, there exists a shortest x, x;-path Q such that V(@) n S = {x;}. This in turn implies that the path Q followed
by the x;, y-subpath of P is a shortest x, y-path that contains fewer vertices from .S than P, a contradiction to the choice of P. Hence
[V(P)n S| <1 which in turn yields v,(G) < n(G) — ecci(x). For the lower bound, let N;(x), i € [ecc;(x)], be the set of all vertices at
distance exactly i from x. Then each of these is an x-visibility set, and one of them must have order at least (n(G) — 1)/eccs(x).

If x is the universal vertex in a star graph, then the lower and upper bounds coincide. O

5
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4. Cartesian products

In this section, we consider the Cartesian product graphs and first prove the general lower and upper bounds on their vertex
visibility number. Next, we focus on square grids (P, ] P,), square prisms (P, []C,), and square toruses (C,[]C,), and determine
exact values for the vertex visibility number in all three cases. The general bounds read as follows.

Proposition 4.1. If G and H are graphs with n(G) > n(H), then
max{A(G)n(H), A(H)n(G)} < wW(G[H) < (n(G) - Hn(H).
Both bounds are sharp, in particular, vw(K,,[1K,) = mn—m form > n > 2.

Proof. Let g € V(G) be such that deg;(g) = A(G) and let & be an arbitrary vertex of H. Then N;(x) X V(H) is a (g, h)-visibility set of
G [ H with cardinality A(G)n(H). By the commutativity of the Cartesian product operation, there also exists a (g’, h’)-visibility set
of G [J H with cardinality A(H)n(G). Thus, vv(G [ H) > max{A(G)n(H), A(H)n(G)}.

To prove that vv(G[] H) < (n(G) — 1)n(H) suppose, in contrast, that G[] H contains a (g, h)-visibility set S with |S| > (n(G) —
Dn(H). Then there exist g’ € V(G) and h' € V(H) such that V(G") C S and V(¢ H) C S. But then the vertex (g’, /') € S is not S-
visible from (g, k), a contradiction.

If G has a universal vertex, then the lower and upper bounds coincide. A particular case of this situation is the product K,[1K,,. O

Next, we will cover each of the square grids, square prisms, and square toruses in their own subsections.
4.1. Square grids

In this subsection, we determine the vertex visibility number of square grids.
Theorem 4.2. If n > 4, then
n4+n-2
—
Proof. Let V(P,[dP,) = {(u,v)) : k,I € [n]}. Consider an arbitrary vertex x = (u;1,0;4) € V(P, [ P,), where we may assume with-
out loss of generality that 0 <i < j < ["T_IJ. Let X =V(*“+ P)and Y = V(P:’“). Set further

w(p,OF,) =

O ={(u,v): k<i+1,1<j+1},
Q) ={(u,v) 1 k<i+1,1>j+1},
O3 ={(u,v) - k>i+1,1>j+1},
Oy ={(u,v) : k>i+1,1<j+1}.

Let S be a v,-set in P, [] P, that satisfies the properties given in Lemma 3.2 and has the maximum number of vertices from Ufil 0,
among its choices.

For (u, v)) € Oy, a shortest (u;,1, v;4), (uy, v))-path passes through either (4, v;,) or (4. v;), and hence these two vertices cannot
be simultaneously in S. A similar argument is valid for (u, v)) € Q,, t € [4]. Now, partition each Q, into diagonals D,,,, where p,q € O,
are its end vertices, as illustrated in Fig. 4. The rectangles indicate the sets Q;, i € [4], and the doted lines indicate the diagonals D,,.

D, Lo . . -
By the above argument, we can have at most [l ""l] vertices in S N D,,,. The diagonals D,, in Q, can be explicitly represented as

D, = {(ug,v) : k+1=a},ae[i+j]\{1}. Thusifiis even, then

ISnol= Y |SmDa|54(1+2+...+luj)+0_i+3)[ﬂ7

ael (1) 2
and if i is odd,
ISnoil= Y 1snD,l 54(1+2+---+ [%J)HJ-HUH].
aeli+jI\{1}

On simplification we get,

UCeaby i even
ISNO << A ’
&l i odd.

A similar computation can be done for each Q,,t € [4]. It may be noted that by our choice of i and j we have, i <j<n—-j—-1<
n—i— 1. Consequently we obtain the following inequalities:

=, i even
[SNO,l << 2. . ’
(t+l)(rl2 J 1); i odd,

(=j=D@=D. ;1 even
[SNQ;| < AN '
I =iz odd,
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“ FTOTO—Q—0—8 | 4 T OT0—O—8—0—=0
" STOTO—O—8—0 | v & TOT8—0—8—0—8
. e—(D—O—O—0 . e—(—O—O—O—O—0
o/ \r >/ T \r
“ O&1T-O—1@® * @ $ “ @&1+O—1-@ * @ * g J
2] - Uy - U3 = Uy - Us = Ug 2] - Uy - U3 - Uy - Us - Vg - Uy
Fig. 4. vv-sets of P,[]P; and P,[] P,.
jn=i) . ;
; j even,
SN0 <9 (Eymic
4 (/+1)(;l i 1); j odd.

By the choice of .S, every vertex must be S-visible from (., v;,;) and hence S N (X UY) C { (w1, 0), @iy 15 Vs Wy, Uj1p), Wy 0j3g) )
But, (4, v,) can be in .S only if both (4;,v,) and (u;,,v,) are not in S since (4;,v;) and (u;4, v,) must be S-visible from (u;,, v}4)).
A similar argument holds for (u;,,v,), (u;,v;4,), and (u,, v;,). Also, note that in Q,, at least one end vertex of D,, must be in .S if
|D,,| is even, and both end vertices of D,, must be in S if | D, | is odd for S n Q, to attain the maximum cardinality. Since i < j we
get that

. . . i-1 i=j,
inQ : |DF(M2,U/)| =i—1and |D(u[’u2>q| = - i<

A similar computation can be done in Q,, Q5, and Q,, to obtain the following respective cardinalities:

i—-1;, i=n—j—-1,

le(ug,uj+2)| =i—1and ID(u”UH)q| = {i; <n— i1

: n—j=2 i=j,
1D,y =1 —Jj—2and |D(un,],vj+z)q| = {n—j— i<y

=1L j=n—-i-1,

1Dpiuyy.09)] =7 = 1 and 1D, _y.0ql = {j; j<n—i-1.

Then, since we have assumed that S has the maximum number of vertices from Ule Q,, we infer that |[S N (X UY)| equals 0, 1, or 2,

24 n—
according to n, i, and j being even or odd. Considering all possible combinations, we get the maximum possible cardinality as %

Therefore, vu(P,[] P,) < "2+T"_2
Now, choose x = (u,, v,) and let
S ={(u,vy) : ke€n}ul,):lemN\2}}us,

1D,]
2

2 2
on Py[] P and on P;[] P;. Then S is an x-visibility set of cardinality %”_2 We can conclude that vw(P,[] P,) = L;—Z O

where S’ C Qj is chosen by taking [-=% ] alternate vertices from each diagonal D, there; see Fig. 4 which illustrates this construction

4.2. Square prisms

The proof technique used in Theorem 4.2 can be used to determine the vertex visibility number of square prisms.

7
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Theorem 4.3. If n > 4, then

"ZT+3; n=1mod4,
w(P,(1C,) = —Z::{;z, n=3mod 4,
- n=0mod 4,
w; n=2mod 4.

Proof. Let V(P,[1C,) = {(u,v)) : k,I € [n]}. By the symmetry, a vertex x € V(P,[]C,) has the same x-visibility number as some
vertex from {(uy, vp,/2)) © k € [[n/2]1}, hence we may without loss of generality assume that x = (u;,, vy, /27), Where 0 <i < [%J.

Let X = V(4+1C,) and Y = V(P,""*). Set further

O, ={(u,v): k<i+1,1<[n/2]},
0, = {(uy,v) : k<i+1,1>[n/2]},
03 = {(uy,v) : k>i+1,1>[n/2]},
Q4= {Ww.v): k>i+1.1<[n/2]}.

Let S be a v,-set in P, []C, that satisfies the properties given in Lemma 3.2 and has the maximum number of vertices from Ufil 0,
among its choices.

First assume » is odd and x = (u;,{, Un1 ), Where 0 <i < T For (u,,v,) € O, a shortest x, (u;, v))-path passes through either
2

(uy, v141) or (ug,q.v;), hence these two vertices cannot be simultaneously in S. A similar argument is valid for each (u;,v;) € Q,,

t € [4]. Now, partition each Q, into diagonals D,,,, where p,q € Q, are its end vertices as in Theorem 4.2. Then we can have at most

D, L
[%] vertices in S n D,,,. Hence we get that

“"*”- i even
forte (1,2} : |SNQ,| < ’ ’
t (l+1)(n 1), iOdd,
and
—(" D), n=1mod4
forre (3,4} : |SNQ,| < (m)(n D, =3 mod 4

Thus we obtain,

n?—1

; n=1mod4

5 5
|SUUQ|<{n+n4

= > n =3 mod 4.

By the choice of S, every vertex must be S-visible from x and hence SN (X UY) C {(u;y1, 1), (g1, 0,), (g, 0 n+l) (un,un+1 )}. But,

(u;41,v1) can be in .S only if both (u;,v,) and (u;,,,v,) are not in S since (u;,v,) and (u;,,,v;) must be S- v151ble from x Similar

8
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Fig. 6. vv-sets of P;[]1C¢ and Py []C;.

. . —1 .
argument holds for (u;,;,v,), (uy, vse1) and (u,, v 41 ). Also, since i < "T <n-—i-1we have,
2 2

, , i-1 =%l
inQ; : |Dp(uz.v,,4 =i-1 and |D(M,_,U2)q| =9 . WA
=1 iy 1< =
. . n—1
. ) i—-1; i=—=,
inQ: [Dyuyw,,l=i=1and Dy, =1 Y
3 iy 1< =
n=3 . n—1
. n—3 - ==
. _ — 2 2
inQz: |Dyy,p,l= and 1D,y wedal =4 w21 .l
= = <75
2 2
n—=3 n—1
. n—3 > =5
. _ - 2 2
n Q4 . |Dp(ui+2,02)| - and |D(u,, 15U n-1 )ql - n—1 . n—1
7 5 <

4

Then, since we have assumed that § has the maximum number of vertices from U 0, we get,
1=1

2; n=1modd4,

1; n=3mod4.

|Sn(XUY)|={

Thus,

IS < "22+3; n=1mod 4,
- "2+T"_2; n =3 mod 4.

Now, assume n is even and x = (u;,,vn), where 0 < i < "772 For each (uy, v;) € O,, we know that the set N ((u, v))) N I(x, (u;, v;)) has
2

cardinality at most three and has a vertex which is not in .S. Particularly for (u;,v,) € Oy, this vertex is either (u;,v;,;) or (u;,,v)).

Now, partition each Q, into diagonals D,,, where p,q € Q, are its end vertices. Then we can have at most }, [|D,,|/2] vertices in

Sn U;Ll 0,. Since we have

pq’ pql

(i+1Dn-2) + (i+Dn

S S < s
[SNO+]SN0, < 2 2

we obtain that for n = 0 mod 4,

4
ISUlJOI=1SN01+ISNQ,l +ISN 05 +1S N0yl

t=1
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(i+D)mn-2) (@(G+bn nm—i) nn—i-1)
- 4 4 4 4
_2n*+n—4

=0

and for n =2 mod 4,

4
ISUlJOI=1SN0I+ISNQ,I +ISN 05 +1S N0yl

t=1
(i+D)mn=-2) (@(G+bn m+2)n—-i—-1) @m-=2)(n—1i)

<

e ) M

_2*+n-6

==
Again, by the choice of S, every vertex must be S-visible
{1, V1) W1, Uy 1), Wiy ), (u],u%),(un,U%)}. Since i < % <n-—i-1we have

|D |D |=i—1

p(ug,vd)l =

P2,V p42)
2 2

and

-1 i="2
|D(“i»’—72)q| = |D(u,-vn-2)q| =3 .. . on=

2
. . n
i—-1; i=-=z,
|D | = 2
(uj,0,-1)q . . n
e i i< 3
n=2 . n=2
n—2 - ==,
— = 2 2
|Dp(“i’un+l)| ) and |D(un71,Un+2 )ql =3 . n=2
a 55 1< ==,
2 2
n—4 i n
— — = 2 T T2
lDP(“quUnfz)l - |DP(l¢i+2vvz)| - and |D(un 120 n=2 )ql T Y n2. . _n
a 5 1<z
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from x and hence, SnN(XUY)C

Then, since we have assumed that .S has the maximum number of vertices from U 0,, we get,

t=1

ISN(XUY) =1.

2n%+n .

=
lSl = 2n2+n—2 .

-

Now, choose x = (u,, Uf§1) and let

Thus,

n=0mod 4,
n =2 mod 4.

R={(u,v): 1€ [n]\{[gm UR UR",

[Dpql

where R’ C Q3 and R” C Q, are chosen by taking [ 7

] alternate vertices from each diagonal D, there; see Figs. 5 and 6 which

illustrates this construction on Ps []Cs, Ps[1Cy, P;[1C; and Py [] Ps. Then R U {(uy, Unt1 ), (u,, Uas1 )} is an x-visibility set of cardinality
2 2

”ZT” forn=1mod 4and RU {(u;, v a1 )} is an x-visibility set of cardinality "2+T"’2 for n = 3 mod 4. Also, RU {(u;, v.s1)} is an x-visibility
2 2

2n4n

set of cardinality =

is complete. O

4.3. Square toruses

Theorem 4.4. If n > 4, then

oL n=1mod 4,
wW(C,0C,) =4 1 =3mod4,
2

";’2, n even.

10

for n = 0 mod 4 and of cardinality % for n = 2 mod 4. Since we have covered all possible cases, the proof
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) ) 7’
s | Q O / 4 /_’I\II I/ ® O/f/()
Us O 4 ® O—9

L 4
e

*~
“s | Qg O—-0—
=

L—1]
L 4
O)

I
|
o N —o—
ia
[
15 14
VIRV
.

v v, vy vy v vy U, vy

<
=
<
o
<
=)
<
~

Fig. 7. vv-sets of Cs[]Cs and C, []C;.

Proof. Let V(C,[1C,) = {(u,v)) : i,j € [n]}. By the symmetry, all vertices of C,[]C, have the same visibility number, and hence
we may without loss of generality assume that x = (u,,/), Up,2))- Let X = V(“"21C,) and Y = V(C; /21y Set further

(ug,vp) = k.1 < [n/2]},

(ug,vp) = k< [n/2],1> [n/2]},

(ug,vp) = k1> [n/2]},

=
=
=
(o) = k> [n/21.0 < [n/2]).

Let S be a v,-set in C, []C, that satisfies the properties given in Lemma 3.2 and has the maximum number of vertices from Uf:] 0,
among its choices.
First assume » is odd and x = (u 1, vas1 ). For (uy,v;) € Q, a shortest x, (u;, v;)-path contains either (u;,v,,;) or (u,,v,;), hence
2 2
these two vertices cannot simultaneously belong to .S. A similar argument is valid for each (u;,v;) € Q,, ¢ e [4] Now, partition each

Q, into diagonals D
Thus we get,

,q» Where p,q € O, are its end vertices as in Theorem 4.2. Then we can have at most [ Do | vertices in SN D,,

2 _
ISnQ,l <™

for each ¢ € [4] and hence,

4
2
IsulJol <
t=1

By the choice of S, every vertex must be S-visible from x and hence SNn(XUY)C {(u,m,vl) (Unt1,0,), (ul,vm) (un,um)}
2
But, (u,,+1 v;) can be in S only if both (u,i,v,) and (un+3 v,) are not in § 51nce (unl v;) and (un+3 vy) must

2
be S-v151ble from x. Similar argument holds for (uu.i, u,,), Uy, vn1), and (u,, Unt1). Also each of the diagonals
2 2 2

and D, . ) is of cardinality '% Then, since we have assumed

D(un 1:02)(u2, Un 1)’D(un-1 Wy 1)U, Un+3)’D(un 1Un+3)(un+3 WUn—1)? n=1 ) p43 02
= 2 2

that S has the maximum number of vertices from U, , O, we get,

0; n=1mod4,

ISN(XUY)| =
2; n=3mod4.

Thus,

n2714 _

——i n= 1 mod 4,
lSl < n2+34 —

s n =3 mod 4.

Next assume that n is even and x = (u», v» ). For each (4, v;) € Q,, we know that the set N ((u, v))) N I(x, (u;, v;)) has cardinality at
most four and has a vertex which is not in S. Particularly for (u;,v,) € Oy, this vertex is either (u, v,,) or (u;,,v;). As in the previous

11
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u | Qx O / ® I/ O I/ ! / O C ')
o | @10 ® O ® O ®
[ | T
us | @0 ® O ® O *——0
L] T T
“| @O O— —O O O—=0
— _.—-/
J: ® O ®
-
> ‘\0 \ O O ')
). ' \
J
v, U, 23 Uy Us Ug vy U, 23 Uy Vs Vg v, vg

Fig. 8. vv-sets of C;[]C and Cq [ Cs.

two proofs, partition each Q, into diagonals D
inSn Ule Q,. Thus, for n = 0 mod 4 we get

4
ISUlJOI=1SN0 1 +ISNQ,I+ISN 05 +1S N0,

t=1

P’

— 2 2

< (n=2)n n” n(n+2) + n

8 8 8 8
_n
7

and for n = 2 mod 4 we get
4
ISUJOI=1Sn01+ISN 0, +ISN 01 +1SN Q]

t=1

(n—=2)n + 24 + n(n+2) + 2_4
8 8 8 8
n?—2
-
Again, by the choice of S, every vertex must be S-visible from x and hence,
{(ug 01, (u%, U,_1)» (u% ,0,), (U, U%), (u,_1, U%), (u,, U%)} Also,

IN

. . n—4
N0+ D,y wpue,al =5

= =
. . n—4 n—2
ing,: |D("n—2 »Un—z)(uz-l’n+2)| = 2 and |D(un—2 »Un—l)(ul,l’n+z)| = 2

= N = N
. X n—4 n—2
003 0 1D, 50,00 s )| = and Dy, 40 )y 0| = 5

e = 7
. X n—4 n—2
inQ,: |D(un,2,UE)(uM,U3)| = and |D(u,,,,,ud>(uﬁ,uz)| =5
2 2 2 2

Then, since we have assumed that § has the maximum number of vertices from Uf=l Q,, we get

1; n=0mod4,
ISN(XUY)| =
2; n=2mod4.
Thus for n = 0 mod 4,
n*+2
S| < ——.
Is1 <

12

where p, ¢ € Q, are its end vertices. Then we can have at most qu [1D,,1/2] vertices

SN(XUuY)C
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Table 1
The vertex visibility number of square grids, prisms, and toruses.

n=1mod4 n=3mod4 n=0mod 4 n=2mod4

n’+n-2 n+n=2 n’+n-2 n4n=2
P” D P” 2 2 2 2

43 n+n=2 2n’+4n 2n+n=2
P” D C” 2 2 4 4

-1 43 42 n42
C” D C" 2 2 2 2

To prove the required lower bound, let R be the set of [|D,,|/2] alternate vertices from each D,,; see Figs. 7 and 8 which

illustrate the construction on Ps[]Cs, P;[1Cs, P;[1C5, and Py [] Ps. Then R is an x-visibility set of cardinality "“2_ L for n= 1 mod 4
2
"+ for n=3 mod 4. Also, RU {(uns1,0))} is an x-visibility set of
2

and RU {(uns1,0)), (e1,0,)} is an x-visibility set of cardinality =
2 2

P42 forn=2mod4. O

cardinality >

2
z 2+ 2 for n=0mod 4 and RU {(Wns1,0,), (u,, va1)} is an x-visibility set of cardinality
2 2

The results of Theorems 4.2-4.4 are summarized in Table 1.
5. Concluding remarks

We conclude the paper by outlining some interesting directions for future research.

From a graph theoretical point of view, in connection with the sharp example presented in Proposition 4.1, a natural next step is to
determine the vertex visibility number of the Cartesian product of an arbitrary product of finitely many complete graphs. Following
our investigation of the vertex visibility property within Cartesian products, it is also of interest to extend this study to other graph
products. In particular, since mutual-visibility has already been explored for strong products [23], it would be valuable to analyze
the vertex visibility in the strong product of two graphs.

From a computer science point of view, given that mutual-visibility and general position problems have been successfully analyzed
on many graph classes (e.g., [12,22,24,25]), it would be interesting to extend our study to other classes, in particular those suitable
to describe interconnection networks, like hypercubes, butterflies, cube-connected cycles, as done for the mutual-visibility in [26].

Finally, since the mutual visibility problem is NP-complete, in [27] the authors provide approximation algorithms for this problem.
We have shown, as a consequence of Theorem 2.4, that computing the vertex visibility number of a graph is also hard. Then it would
be interesting to devise approximation algorithms with performance guarantees even for the new posed problem.
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