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Abstract

Let G be a graph. Assume that to each vertex of a set of vertices S C V(G) a robot
is assigned. At each stage one robot can move to a neighbouring vertex. Then S is a
mobile general position set of G if there exists a sequence of moves of the robots such
that all the vertices of G are visited whilst maintaining the general position property
at all times. The mobile general position number of GG is the cardinality of a largest
mobile general position set of G. In this paper, bounds on the mobile general position
number are given and exact values determined for certain common classes of graphs
including block graphs, rooted products, unicyclic graphs, Cartesian products, joins
of graphs, Kneser graphs K(n,2), and line graphs of complete graphs.
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1. Introduction

In this article G = (V(G), E(G)) will represent a connected simple graph whose
orderis n(G) = |V(G)|. We will indicate that vertices v and v are adjacent by writing
u ~ v. A u,v-path of length ¢ is a sequence u = ug, Uy, ..., us_1,u, = v of distinct
vertices of G such that u; ~ u;yq for 0 < i < ¢. The distance dg(u,v) between two
vertices u,v € V(@) is the length of a shortest u,v-path. A clique of G is a set
S C V(G) of mutually adjacent vertices, i.e. S induces a complete graph. The clique
number, denoted w(G), is the cardinality of a largest clique in G. For a given set
S C V(G), the subgraph induced by S will be written G[S]. For a positive integer k
we will use the notation [k] = {1,...,k}.

General position sets in graphs have been widely studied in recent years, for ex-
ample in [3, 15, 16, 10, [11, 12, [14]. The concept was independently introduced in [§]
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and [13]; the terminology and set-up of the present work follow the former paper.
However, the general position sets of hypercubes and integer lattices were investigated
earlier in a different context in [7, 9], respectively.

One of the original motivations of the general position problem in [8] was to place
a set of robots in a graph such that any pair of robots situated at vertices u,v can
exchange signals by any shortest u, v-path without being obstructed by another robot.
This static concept can be transformed into a dynamic one which is more closely
related to practical problems in robotic navigation and transport. In fact this research
was inspired by the delivery robots belonging to Starship Technologies®) [15] that
deliver groceries to the inhabitants of cities including Milton Keynes, home of the
Open University. For some related studies on robot mobility in computer science
see [1,12,4]. In this paper we introduce a variant that describes the largest number of
robots that can travel through a network such that each vertex of the network can be
visited by a robot, whilst at every stage any pair of robots can see each other through
any shortest path between their positions without being obstructed by another robot.
We now describe this concept in greater detail.

A set of vertices S of a graph G forms a general position set if no three distinct
vertices from S lie on a common shortest path. The general position number gp(G) of
G is the cardinality of a largest general position set. Assume that to each vertex of a
general position set S C V(G) one robot is assigned. The robots can move through
the graph one at a time. We say that a move of a robot is legal if the robot moves
to an adjacent unoccupied vertex such that the new set of occupied vertices is also in
general position. If there exists a sequence of legal moves such that every vertex of G
can be visited by at least one robot, then we say that S is a mobile general position
set. The mobile general position number Mobg,(G) of G is the cardinality of a largest
mobile general position set of G. Such a set will be briefly called a mobile gp-set of
G. We will also abbreviate the term mobile general position set to mobile set and
mobile general position number to mobile number. A move of a robot from vertex u
to a neighbor v will be denoted by u ~~ v.

The paper is organised as follows. In the rest of the introduction we give some
preliminary results and examples. In Section 2l we consider graphs with cut vertices,
in particular block graphs, rooted products, and unicyclic graphs. Afterwards, in
Section [3] we investigate Cartesian products and joins of graphs. Finally, in Section [
the mobile number is determined for Kneser graphs K (n, 2) and line graphs of complete
graphs. We conclude the paper with some open problems.

1.1. Preliminaries

We begin with the following bounds.

Lemma 1.1. If G is a graph with n(G) > 2, then 2 < Moby,(G) < gp(G ) Moreover,
for any 2 < a < b there ezists a graph with Mob,,(G) = a and gp(G) =

Proof. As the set of occupied vertices at any stage must be a general position set of
G, we have Mob,,(G) < gp(G). Any set of two vertices is in general position. Let
S = {u,v} C V(G) be any set of two vertices of G; then for any vertex w of G the



robot closest to w (say dg(u,w) < dg(v,w)) can move along a shortest path to w
without crossing the robot at vertex v, so that Mobg,(G) > 2.

To prove the second assertion, we claim that if r; > --- > r;, where t > 2 and
ry > 2, then
Mobg, (K;,....r) = max{2,t — 1}. (1)

Let S be the set of occupied vertices in the initial configuration of Mobg, (K, )
robots. It is trivial that two robots can visit every vertex and remain in general
position, so assume that |[S| > 3. Assume that S contains at least 2 vertices from
the same partite set W. Hence, there can be no robots in the other partite sets and,
furthermore, if there are at least 3 robots, then no robot can move from W to a different
partite set. Therefore, if Mobg, (K, »,) > 3, then the set of occupied vertices at any
stage contains at most one vertex from each partite set. If each partite set contains an
occupied vertex, then no robot can move without making a partite set containing at
least 2 robots. So it follows that |S| <t — 1. On the other hand, clearly ¢t — 1 robots

can remain in general position and visit every vertex of K, ,,.

The second assertion now follows from ([II) upon taking a complete a-partite graph
with largest part of order b. O

We close the introduction with some examples. We first show that Mob,,(Cy) =
Mobg,(Cs) = 2 and if n > 3 and n # 4,6, then Moby,(C,,) = 3. Since gp(Cy) = 2,
Lemma [[T] yields Mobg,(Cy) = 2. In Cg, a general position set of order 3 is an
independent set. But such a set is not a mobile set, hence Moby,(Cg) = 2. Assume in
the rest that n > 3 and n # 4,6. Set V(C,) = Z,,. When n = 2r + 1, consider the
general position set {0,r,7 + 1}. The sequence of moves 7+ 1 ~» r 4+ 2, 0 ~» 1 and
r ~» r+ 1 keeps the property of being in general position. By iterating this procedure,
each vertex of C,, will be visited by a robot. As gp(C,,) = 3, Lemma [T implies that
this set is a mobile gp-set. The second case to consider is when n is even. Then
consider a set of three vertices that are as equidistant as possible. By moving robots
sequentially along the cycle in the same direction, all vertices will be visited by the
robots.

Consider next the Petersen graph P. A scheme that allows four robots to visit
every vertex of P in general position is shown in Fig. [I} robots are initially positioned
at the vertices labelled 1,2, 3 and 4. The robot at position 1 can visit vertices a, b and
e, the robot at 3 can visit vertex d and the robot at 2 can visit the vertices ¢ and f.

To see that four robots is optimal, suppose for a contradiction that K C V(G)
is an initial configuration of at least five robots in general position. Observe that as
a(P) = 4 and P is edge-transitive, we can assume that K contains the two blue vertices
in Fig. @l It is easily verified that the remaining robots must be situated on a subset
of the green vertices. If all four green vertices are occupied, then no robot can move
at all without creating three-in-a-line. If there are just five robots, then in the two
independent edges joining the green vertices one edge must have both incident vertices
occupied by robots, whilst the other edge has just one robot on it. However in this
configuration the only move that can be made is by the robot on the edge containing
one robot and this robot can only move to the unoccupied green vertex and back, so
that not all vertices of P can be visited. We have thus shown that Mobg,(P) = 4.
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Figure 1: Four robots traversing the Petersen graph in general position

Figure 2: Five robots cannot visit every vertex of the Petersen graph

Note that Moby,(G) = n(G) if and only if G is complete. Moreover, Mob,,(G) =
n(G) — 1 if and only if G is obtained from K, ; by attaching a leaf to one of its
vertices. The latter result can be deduced from [13, Theorem 3.1] in which the graphs
G with gp(G) = n(G) — 1 are characterised; among the two families described there,
the above stated graphs are the only ones with the mobile number equal to their
general position number. To characterise all graphs with the mobile number equal to
their general position number seems to be difficult.

2. Graphs with cut-vertices

In this section we first give a technical lemma about mobile sets in graphs with
cut-vertices. Then we apply it to block graphs and to rooted products.

Lemma 2.1. Let v be a cut-vertex of a (connected) graph G and let C4, ..., Cy be the
components of G —v. Let G; = G[V(C;) U{v}], i € [k]. If S is a mobile gp-set of G,
then the following holds.
(i) If v € S, then S C V(G;) for some i € [k].
(i) Ifv ¢ S, then S C V(C;) UV(C}) for some i,j € [k]. Moreover, |SNV(C;)| <
1 and |S N V(C;)| < Mobg,(G;) (or the other way around). In addition, if

Proof. (i) Suppose that v € S, v; € SNV(C;) and v, € SNV (C}), where j # k. Then

v, v; and vy are not in general position.
» Uj



(ii) Assume v ¢ S. Suppose that there exist vertices v; € SNV (C;), v; € SNV(C})
and v, € SNV(Cy), where |{i, 7, k}| = 3. Consider now the moment when the vertex
v is visited for the first time by some robot. At that moment we get a contradiction
with (i). It follows that S C V(C;) UV (C}) for some i, j € [k]. By a similar argument
we see that S has at most one vertex in C; or C;, without loss of generality assume
ISNV(Cy)| < 1. If [SNV(C;)| =0, then S = SNV(C;) and hence S is in particular
a mobile gp-set of C;. Thus |S| =[S NV(C;)| < Mobg,(G).

Assume second that |[SNV/(C;)| = 1. The statement clearly holds if |[SNV(C};)| = 1,
hence we may consider the case when |[S N V(C;)| > 2. Then the vertex v must be
visited by the unique vertex from SNV (C;), for otherwise we are in contradiction with
(). At that moment, (SN V(C;)) U {v} is a mobile gp-set, which in turn implies that
|ISNV(C;)| < Mobg,(Gy). O

Corollary 2.2. Let v be a cut-vertex of a (connected) graph G, let C1,...,Cy be the
components of G —v and let G; = G[V(C;)U{v}], i € [k]. Then there exists an { € [k]
such that the following holds.

(i) There exists a mobile gp-set S of G such that S C V(Gy) andv € S.
(i) Mobg,(G) = Mobg,(Gy).

Proof. Let S be an arbitrary mobile gp-set of G. Assume first that S C V(G;) for
some 7 € [k]. If v € S, there is nothing to prove. And if v ¢ S, then moving one robot
to v yields a required mobile gp-set when ¢ = 7. In the second case, Lemma 2Tl implies
that S C V(G;) UV(G,) for some i,j € [k], where i # j. Then by Lemma 2.1I(ii) we
have, without loss of generality, |S NV (G;)| = 1. Moving the robot from S NV (G,)
to v yields a required mobile gp-set which lies completely in G;. This proves (i) by
taking ¢ = 1.

The proof of (i) also implies that Mobg,(G¢) > Mobg,(G). Since Mobg,(Gy) <
Moby, (G), the assertion (ii) follows. O

Theorem 2.3. If G is a block graph, then Mobg,(G) = w(G).

Proof. Let @ be a clique of G with n(Q) = w(G). Then we easily see that V(Q) is a
mobile gp-set, hence Mobg,(G) > w(G).

To prove that Mob,,(G) < w(G), we proceed by induction on the number of blocks
of G. If G has only one block, then G is a complete graph for which we know that
Mobg,(G) = n(G) = w(G). Suppose now that B is an end block of G. Then B
contains exactly one cut-vertex of GG, denote it by v. Let S be an arbitrary mobile gp-
set of G. If v € S, then the assertion follows by Lemma 2I](i) and induction. Assume
secondly that v ¢ S. Let H be the subgraph of G induced by (V(G) \ V(B)) U {v}.
By Lemma 2.11(ii) we get that |S| < 14 (Mobg,(H) —1) or |S| < 1+ (Mobg,(B) —1).
The induction assumption now gives |S| < 1+ (w(H) — 1) = w(H) < w(G), or
19| <1+ (w(B)—1) =w(B) <w(G). O

Theorem [2.3] clearly implies that Mobg, (/) = n for n > 2 and that Mob,,(T") = 2,
where T is a tree of order at least 2.



A rooted graph is a connected graph with one chosen vertex called the root. Let
G be a graph and let H be a rooted graph with root x. The rooted product graph
G o, H is the graph obtained from G and n(G) copies of H, say Hy,..., Hyq), by
identifying the root of H; with the i*! vertex of G. If w € V(H), then the vertex from
H, corresponding to w will be denoted by (v, w).

Theorem 2.4. If G and H are graphs and x € V(H), then
max{Mob,, (G), Mobg,(H)} < Mobg, (G o, H) < max{Moby,(H),n(G)} .
Moreover, the bounds are sharp.

Proof. Let S be a mobile gp-set of G. Then we claim that S considered as a subgraph
of G o, H is a mobile set of G o, H. Indeed, if v € S, then v can be moved to every
vertex of H, by maintaining the general position property. On the other hand, if
v ¢ S, then in the subgraph G of G o, H, some robot can move to v and then continue
visiting all the vertices of H,. Hence Moby,(G o, H) > |S| = Moby,(G).

Let S be a mobile gp-set of H. Then a copy of S in an arbitrary H, is a mobile set
of Go, H. Indeed, after a robot inside H, visits the vertex (v, z), this robot can freely
move around V(G o, H) \ V(H,) whilst maintaining the general position property.
Thus Mobg, (G o, H) > |S| = Moby,(H). This proves the lower bound.

Suppose now that S C V(G o, H), where |S| > n(G), is a mobile set. By the
pigeonhole principle there exists v € V(G) such that |SNV(H,)| > 2. By Lemma 2]
we have |SN(V(Go, H)\V(H,))| <1. It SN(V(Go, H)\ V(H,)) =0, then clearly
|S| < Mobg,(H). Otherwise, let {y} = SN (V(Go, H)\ V(H,)). Then the vertex
(v, x) must be visited by the robot from y and at this point the robots form a mobile
set of H,. We conclude again that |S| < Moby,(H).

Noting that Mobyy, (K, 0, K3) = Moby, (K3 0, K,,) = n for n > 2, we infer that the
bounds are sharp. O

The next result shows in particular that the mobile position number of a rooted
product can lie strictly between the bounds of Theorem 2.4l Let G be a unicyclic
graph with unique cycle C' of length ¢; we will identify the vertex set of C' with Z,
in the natural manner. Let & < ¢ be the number of vertices of C' that have degree
at least three; we will call such a vertex a root. If ¢ ¢ {4,6}, then it is trivial that
Moby,(G) > 3, as three robots can traverse C' in general position as described in
Subsection [Tl visiting the vertices of any pendent tree on their way.

We note firstly that if = is a root of C', with attached trees Ti,...,T,, then there can
be at most one robot on the vertices in {x}U (U;Zl V(T])> at any time if Mobg,(G) >
3. By Theorem 2.3 there can be at most two robots on {x}UV/(T}) for any 1 < j <r.
When a robot visits x for the first time there will be a robot in a tree attached to x, say
Ty. Since z is a cut-vertex there can be no robots on the vertices of V(G)\ ({z }UV (11)),
so that there are only two robots on G. Therefore when analysing unicyclic graphs

without loss of generality we can assume that G is a subgraph of a sun graph, i.e. any
vertex on the cycle of G has degree two or three and any attached tree is a leaf. For



simplicity in the following result we only deal with the case that both ¢ and k are even;
similar results are possible in the other cases by a slightly more involved argument.

Theorem 2.5. Let G be a unicyclic graph with cycle length ¢ such that there are
k > 2 wvertices of the cycle with degree at least 3. If both k and ¢ are even, then
Mobg,(G) < & + 2 and this is tight.

Proof. As described previously, we can assume that G is a subgraph of a sun graph.
For any i € Z, we call the set {i,i +1,...,i + é — 1} and any attached leaves the
i-section of the cycle. Observe that if a robot is stationed at a vertex x of C, then the
shortest x1, ro-path containing x must be of length at least g + 1, for otherwise there
would be a shortest x1, xo-path in G through z.

Suppose for a contradiction that Mobg,(G) > % + 3. Either the 0-section or -
section must contain < g roots of C; we shall assume that the 0O-section has this
property. If there are g + 2 robots contained in the 0O-section, then g of them must
be positioned on leaves and the other two are on vertices of the cycle; then it is easily
seen that there are three robots not in general position, possibly considering another
robot from the g—section. Hence there are at most g + 1 robots on the 0-section.
Furthermore, if there are g + 1 robots in the 0-section, then we can assume that there

are robots stationed on leaves attached to vertices i1, 4, ...,7x (where 0 < i; < iy <
2

"‘<iﬁ§§—2) and a robot on a vertex iz, of C, where i <Z.ﬁ+1<£
2 2 2 2

- 2

Firstly, suppose that there are at least §+4 robots. Then as the 0-section contains
at most g + 1 robots, there are at least three robots on the é—section. Consider the
middle robot R among any such three robots and suppose this robot is at the vertex
y or at a leaf attached to y. Then R must be stationed on the leaf attached to y,
otherwise it is on a shortest path between the other two vertices of the g-section.

Then no robot can visit the vertex y, a contradiction.

Now suppose that there are exactly g + 3 robots. If any section contains less than
g roots, then the above argument yields a contradiction, so we can assume that every
section of C' contains exactly g roots. This implies that if x, 2’ is any pair of antipodal
vertices on C, then either both x, 2’ are roots or neither x,z’ are roots. As the 0-
section of G contains g roots, there must be at least two robots R, and Ry at vertices
x1, 2 of C' or attached leaves in the é—section. If R, is stationed on a leaf at some
point it must descend to a vertex of C' in order to visit the root, so we can assume
that Ry is on C'. When this occurs, we consider the two robots at shortest distance
from R; on either side of Ry with respect to the cycle. Since they must be at distance
bigger than g, at least one of then must be in the O-section. As the O-section can hold
at most g + 1 robots, we can assume that R; is on C' and Ry is on a leaf attached to
2o in the g-section. Now by the preceding argument the vertex x}, antipodal to xs on
C'is also a root in the O-section; as there are g roots and g + 1 robots in the 0-section,
there must also be a robot R, on the leaf attached to x5,. However, this implies that
the robot R; lies on a shortest path between the robots R, and Rj. As a conclusion

we get that Mobg,(G) < & + 2.

We now show that this bound is tight. For ¢ > k we define the (¢, k)-jellyfish to
be the unicyclic graph with order ¢ + k formed from an f-cycle C, (with vertex set



identified with Z,) with leaves attached to the vertices 0,1, ...,k — 1. We will denote
the leaf attached to vertex i by i'. We describe how §+2 vertices can visit every vertex
of the jellyfish whilst staying in general position. We begin with robots at the vertices
0,1, ..., (£ 4+ 1) (call the robots Ry, Ry etc). The first robot Ry makes the move
0" ~ 0 and then moves around Cy in the direction 0 ~» £ — 1 ~» £ — 2 ~» -+« ~> g + 2.
When robot Ry visits vertices k—1,k—2, ..., §+2 it can also visit the attached leaves
(k—1),(k—=2),...,(£+2). Finally robot Ry moves to the leaf (£ 4 2)’. We now
send robot I; around the cycle in the same direction and station it at leaf (g +3)" and
in general for 1 < i < £ — 3 we send robot R; around the cycle to leaf (£ + 2+ 1)’ in

sequence. At this point there are robots at the leaves (5—2), (5—1),..., (k—1)' and all

vertices of G have been visited with the exception of the leaves (g —-2),..., (g +1).
Now robot Rk _, moves (g —2) ~ g — 2 and moves around the cycle in the same
2
direction
k k

——2'\"-)——3'\’“)"'0'\"‘)€—1’V“>""\’">k
2 2 ’

stopping at vertex k. Next, robot R§—1 performs the move (g —1) ~ g — 1. Finally,

by symmetry, it follows that vertices g and g + 1 can also be visited. O

Note that if ¢ = k then the graph in question is a rooted product.

3. Cartesian products and joins

Recall that the Cartesian product G O H of graphs G and H satisfies V(G O H) =
V(G)xV(H)and (g,h)(¢', 1) € E(G O H) if either g¢' € E(G) and h =h,org=¢
and hh' € E(H). We begin with the following general lower bound.

Proposition 3.1. If G and H are graphs, then

Moby, (GO H) > max{Mobg,(G), Moby, (H)} .

Proof. Let S be a Mobg,-set of G and let h € V(H). Let S) be the copy of S in
the G-layer of G I H corresponding to h. Then S, is a mobile general position set
restricted to its G-layer. Now, whenever a vertex (g,h) of this layer is visited by a
robot, this robot can visit all the vertices in the H-layer corresponding to g. Hence

Moby, (G O H) > Moby,(G). By symmetry, Mob,,(G O H) > Mob,,(H). O

The bound of Proposition B.T]is sharp as demonstrated by the prisms over complete
graphs K, n > 2, for which Moby, (K, O K3) = n = Moby,(X,) holds. The following
result provides another family that demonstrates sharpness. Recall that the median
of vertices x,y, z in a tree T is a vertex that lies on a shortest u, v-path, on a shortest
u, w-path and on a shortest v, w-path. It is well known that a median of a triple of
vertices of T' is unique.

Proposition 3.2. If T is a tree with n(T) > 2, then Mob,,(T O K,) = 2.



Proof. Let V(K3) = {1,2}. Suppose on the contrary that 7' [0 K, contains a mobile
set S with |S| = 3. Then S = {(u,1), (v,)), (w, k)}, where 7,7,k € [2] and u,v,w €
V(T). Since Mobg,(T') = 2, we see that {i,j,k} = [2]. Assume without loss of
generality that ¢ = j = 1 and k = 2. Clearly, u # v. Moreover, w # u,v because
otherwise S is not a general position set. Let x be the median of u,v,w in T'. Then
x # u,v,w, for otherwise S again would not be a general position set. Consider now
the vertex (x,1) which is clearly not in S. At the moment when the first robot will
arrive to (x, 1), the three robots are not in general position, hence S is not a mobile
set. U

We next continue our exposition with exact values of the mobile number of some
Cartesian product graphs.

Theorem 3.3. (i) If n > 2, then Mob,, (P, O P) = 2.
(ii) If n > m > 3, then Mob,, (P, O P,,) = 3.

Proof. Let V(Py) = [k], so that V(P, O P,,) = [n] x [m].

(i) Consider an arbitrary general position set S of P, 0 P, with |S| = 3. Then we
know from [6] that S is, without loss of generality, of the form S = {(i, 1), (j,2), (k, 1)},
where ¢ < j < k. Now, however the robots will move, at some point necessarily there
will be two vertices with the same first coordinate. But at that point the three vertices
will not be in general position. Therefore, Mob,, (P, O P») < 2. By Lemma [L.1]
Moby, (P, O P) = 2.

(ii) Consider an arbitrary general position set S of P, O P,, with |S| = 4. Then
from the proof of [6, Theorem 2.1] we deduce that none of the vertices (1,1), (1,m),
(n,1) and (n,m) belongs to S. Hence, no matter how the robots will move, none of
the four vertices can be reached by keeping the property of being in general position.
Thus, Mobg,(P, O P,) < 3.

To prove that Mobg, (P, O P,,) > 3, we start with the general position set S =
{(1,1),(n,1),(2,m)}. We next describe several movements of the three robots.

e (1,1) moves to all the vertices from [1] x [m — 1] and returns back to (1,1).
e (n,1) moves to all the vertices from {n} x [m — 1] and returns back to (n, 1).

e (2,m) moves to all the vertices from {2,...,n—1} x{2,...,m} and returns back
to (2,m).

e (n,1) ~ (n,2). After this, (1,1) moves to vertices (2,1),...,(n —1,1). Notice
that at this point the robots are at vertices (2, m), (n—1,1) and (n, 2). Moreover,
up to this point, all the vertices but (1, m) and (n, m) have already been visited.

e (2,m)~ (1,m) and (n,2) ~ (n,3) ~> - -+ ~> (n,m).

This demonstrates that Mobg, (P, O P,,) > 3 and hence Mob,, (P, O F,,) = 3 when
n>m > 3. O



Proposition 3.4. Ifn > 3, then

3; n=3,
Moby, (C, O K3) =< 2; n=4,

4; otherwise.

Proof. The case C3 10 Ky = K3 [ K5 has already been treated above. The fact that
Mobg,(Cy O K5) = 2 can be easily deduced by case analysis due to the following. Up
to symmetries, there exists a unique general position set in Cy [ K of cardinality 3.
It is an independent set with vertices pairwise at distance 2. But from this set, no

robot can move to keep the property of being in general position. Assume in the rest
that n > 5. Let V(C,) = {vo,...,v,—1} and V(K3) = [2]. Consider the set

S = {(vo, 1), (W[ns2ys 1), (v1,2), (V(ny2)+1,2) } -

Then S is a general position set. Moreover, consider the following consecutive move-
ments of robots:

o (v, ) (02,2),

U071) <U172)7

® (Uln/2|+1, )W (IUUL/2J+272);

(
(
(
® (Vpns2)5 1) ~ (Vjns2)41,1).

Fig. [3l shows this process for the case Cg [ K.

POPYE

Figure 3: Moving robots in Cs O K>

Note that during these four moves, the transformed set S remains a general position
set. Since the obtained set is symmetric with respect to the original one, repeating
the procedure, the robots will eventually visit all the vertices of C,, O Kj. It follows
that S is a mobile set and hence Mob,,(C,, O K3) > 4.

We still need to show that Mobg,(C,, O K3) < 4. This follows from [6, Theorem
3.2] which in particular asserts that if n > 4, then gp(C,, O K3) = 4. O

We next consider joins of graphs, where the join G V H of graphs G and H is
obtained from the disjoint union of G and H by adding all possible edges between G
and H.
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Theorem 3.5. If G and H are graphs with order > 2 that are not both cliques, then
min{w(G),w(H)} +1 < Mobg,(GV H) <w(G)+w(H) — 1,

and the upper bound is tight. For any graph G we have Mobg,(G) < w(G)+1 and this
bound is tight.

Proof. 1f both G and H are cliques, then GV H is also a clique and the question is
trivial, so suppose that at least one of G and H is not a clique. At some point any set of
at least 2 robots visiting the vertices of GV H in general position must have at least one
robot in G and at least one in H. At this point, the set of occupied vertices in G and the
occupied vertices in H must both be cliques in G and H, respectively, giving the upper
bound Mob,(GV H) < w(G)+w(H). However, if Mob,,(GV H) = w(G)+w(H ), then
in such a configuration no robot can move from G to H or vice versa. Furthermore,
supposing without generality that GG is not a clique, then if a robot at a vertex z in a
maximum clique of G' moves to a new vertex y, then y ~ x and, as the set of occupied
vertices in G still forms a clique, y must also be adjacent to all of the other occupied
vertices of GG, which is impossible, as this would imply the existence of a clique in G

of order > w(G) + 1. Thus Mob,,(GV H) < w(G) +w(H) — 1.

This bound is tight. Consider the join KV K[, where K represents a complete
graph minus one edge. If z1, 29 is the pair of non-adjacent vertices in K, and vy, yo
is the pair of non-adjacent vertices of K, then (V(K )\ z2) U(V(K; )\ {y1,v2}) is
a mobile set, as the set of occupied vertices forms a clique in K~V K and the robot
at x1 can follow the route xy ~» y; ~» x5 ~> yy to visit the remaining vertices. This
matches the upper bound.

For the lower bound, assume that w(H) < w(G). We can start with robots at a
maximum clique Qg of H and one robot in GG. The robot in GG can visit every vertex
of GG, since during this process the vertices occupied form a clique in GV H. At the
end, this robot moves into a maximum clique Q¢ of G. After that, all the robots from
Xy but one move into Q. At that time, only one robot remains in H and, by the
same argument, it can move to every vertex of H. ]

Note that if G and H are both triangle-free graphs, then the upper bound and the
lower bound of Theorem coincide.

4. Kneser graphs and line graphs of complete graphs

If n > 2k, then the Kneser graph K(n,k) has all k-subsets of [n] as vertices, two
vertices being adjacent if the corresponding sets are disjoint. In [5, Theorem 2.2] it
was proved that gp(K(n,2)) =6 for n € {4,5,6} and gp(K(n,2)) =n—1forn >7.
For additional results on the gp-number of Kneser graphs see [10].

The Kneser graph K (5,2) is the Petersen graph for which we have seen in Sec-
tion [[L1] that Mobg, (K (5,2)) = 4. This fact generalises as follows.

Theorem 4.1. Ifn > 5, then Mobg, (K (n,2)) = max{4, | %52]}.
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Proof. For n > 5 the diameter of K(n,2) is 2. It follows from [3] that a set S of
vertices of K(n,2) is in general position if and only if it is an independent union of
cliques. Moreover, from the proof of |5, Theorem 2.2] we recall that the structure of
S is one of the following: (i) S consists of a clique of order at least 3 (ii) the largest
clique of S is of order 2, in which case |S| < 6; and (iii) S induces an independent set.
We now discuss these structures in turn.

Case 1: S contains a clique of order at least 3.

We can assume that S is of the form {{1,2},{3,4},...,{2r — 1,2r}} for some r > 3.
If 2r > n — 1, then none of the robots can move, whereas if 2r = n — 2, then any robot
of S can only move to the vertex {n — 1,n} and back again, so that not every vertex
can be visited.

However, if 2r < n — 3 then S is a mobile gp-set. There are three forms of vertex
that need to be visited: (i) {a,b}, where a,b ¢ [2r], (ii) {¢,d}, where ¢ € [2r] and
d ¢ [2r] and (iii) {e, f}, where e, f € [2r], but {e, f} ¢ S. Without loss of generality
we can assume that {a,b} = {n,n — 1}, {¢,d} = {1,n} and {e, f} = {1,3}. These
vertices can be visited by the following sequences of moves.

Case (i): {1,2} ~ {n —1,n}. Case (ii): {1,2} ~ {n —2,n — 1} ~» {1,n}. Case
(iii): The robot at vertex {1,2} moves according to {1,2} ~» {n —1,n} ~ {2,n — 2},
so that the robots now occupy the set {{3,4},{5,6},...,{2r — 1,2r}} U{{2,n — 2}}.
Now the robot at {3,4} makes the following moves: {3,4} ~ {n —1,n} ~ {1, 3}.

In summary, if S contains a clique of order at least 3, then since |S| = r and
r < (n —3)/2, we deduce that |S| < |(n — 3)/2|. The aforementioned procedure
also shows that a mobile general position set of cardinality |(n — 3)/2] exists, hence
Mobg, (K (n,2)) > [(n = 3)/2].

Case 2: S contains an induced clique of order 2 (and no triangle).

By the result of [5] if S contains an induced copy of K5, say on the vertices {1,2},{3,4},
then all vertices of S are subsets of {1,2,3,4}. Firstly we show that there is such a
mobile set with four robots. For any distinct a,b, ¢, d € [n] if robots are positioned
at the vertices {a, b}, {c,d}, {a,c} and {a,d} then by the moves {a,c} ~» {b,d} and
{a,d} ~ {b,c} the robots can visit every vertex that is a subset of {a,b,c,d} whilst
remaining in general position. Suppose that we start with the robots at {1,2}, {3,4},
{1,3} and {1,4}. Let a,b ¢ {1,2,3,4}. The move {1,2} ~ {3,a} transforms the set
of occupied vertices into a general position set of the same form, so that all subsets of
{1,3,4,a} can be visited. Furthermore, starting with robots at {1,2} ,{3,4}, {1,3}
and {1,4} the sequence of moves {1,2} ~ {3,a}, {3,4} ~ {1,a} and {1,4} ~» {a, b}
allows any vertex of the form {a,b} to be visited.

Suppose for a contradiction that there exists such a mobile set with |S| > 5. At
some point a robot has to move to a vertex {a,b} that is not a subset of {1,2,3,4};
we can assume that immediately before this step there are robots on the vertices
{1,2}, {3,4}, {1,3}, {2,4} and {1,4} (and possibly {2,3}) and we let S” be the set of
occupied vertices immediately after this step. S’ cannot contain any induced copy of
K on subsets of {1,2, 3,4} (otherwise we would have {a,b} C {1,2,3,4}) and we can
also assume by Case 1 that S’ does not contain a clique of order at least 3. Clearly
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this is impossible.

In summary, if S contains an induced K> and no triangle, then |S| < 4. Moreover,
in this case we also have Moby, (K (n,2)) > 4.

Case 3: S is an independent set.

There are two possible structures of independent set in K(n,2). Either S is of the
form {{1,2},{1,3},{2,3}}, or else is of the form {{1,2},{1,3},...,{1,r}} for some
r € [n]. In the first case |S| < 3. Suppose that |S| = r —1 > 4. Let a,b ¢ [r].
Without loss of generality we can assume that the robot at {1,2} makes the first
move. Without loss of generality there are three types of move that the robot can
make: (i) {1,2} ~ {a,b}, (ii) {1,2} ~ {3,a} and (iii) {1,2} ~» {3,4}. In Cases (i)
and (ii) {1,3} ~ {a,b} ~ {1,4} and {1,4} ~ {3a} ~ {1,5} respectively would be
shortest paths containing three robots, a contradiction. For Case (iii), if 7 > 6, then
{1,5} ~ {3,4} ~ {1,6} shows that there would be three robots in a line, whereas if
r = 5 this move returns us to Case 2 above.

Once all possibilities have been considered, we conclude that Moby, (K (n,2)) =
max{4, | 52|} holds for n > 5. O

We now determine the mobility number of the complement of the Kneser graphs
K(n,2), i.e. the line graph L(K,,) of K,. Recall that the line graph L(G) of a graph G
has V(L(G)) = E(G), vertices being adjacent if the corresponding edges are incident
in G. By the result of [5] the general position number of this graph is n if 3|n and
n — 1 otherwise; we will show that the mobile gp-number of these graphs is very close
to the general position number.

Theorem 4.2. Ifn > 4, then Mobg,(L(K,,)) =n — 2.

Proof. Let S be a largest mobile set in L(K,). By [3, Theorem 3.1] each component
of the subgraph induced by S is a clique. Calls these cliques Wy, ..., Wy, k > 1, with
orders nq,...,n; respectively. Each of these cliques correspond to either an induced
star in K, or an induced C3. We identify the vertex set of K, with [n] and a vertex
of L(K,), that is an edge ij of K,,, with the pair {7, j}.

Suppose that S contains a clique W that corresponds to a C's in K,,, so that without
loss of generality W is the clique on the edges {1,2}, {2,3} and {1,3}. No robot can
be positioned at an edge {1,7}, where 4 < ¢ < n. Consider the edge {1,4}. Observe
that no robot on an edge of W can move to {1,4} without creating three-in-a-line.
Similarly any robot on an edge {i,j}, 4 < i,7 < n, would create three-in-a-line if it
moves to {1,4}. Therefore no robot can ever visit the edge {1,4} in this scenario, a
contradiction, so we can assume that each clique in S corresponds to an induced star
in K,,.

Following the convention of [5] for 1 <i < k we write

{i.5 ev(Wi)
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and set x; = |X;|. As each W, corresponds to a star of K, we have z; = n; + 1 for
1 <4 <Ek. It follows that

S| =S8 n; =%F (1) <n—k.

Thus |S| < n — 1 and we have equality if and only if £ = 1 and W; corresponds to an
induced star of order n in K,,; however in this case no robot is free to move without
violating the general position property. Therefore |S| < n — 2.

Conversely, there is a mobile set of L(K,) of order n — 2, namely

({1,2),{1,3}, ... {1,n— 1},

The move {1,2} ~» {1,n} is valid, so all edges adjacent to 1 can be visited. Also for
2 <i¢<n-—1the move {1,i} ~» {n,i} is valid. Therefore the only vertices that must
still be visited are those of the form {7, j}, where 2 < i < j; without loss of generality
we show how to visit {2,3}. This can be done by performing the move {1,i} ~ {i,n}
for 4 <i <n —1, followed by {1,2} ~» {2,3}. This completes the proof. O

5. Concluding remarks

As a conclusion we list a few interesting open problems that arise naturally.

e Since it not even clear whether checking if a given set of vertices of a graph is a
mobile general position set is in NP, the computational complexity of computing
the mobile general position number seems to be a challenging and interesting
problem.

e Determine the mobile general position number for all unicyclic graphs.

e Is there a nontrivial upper bound on Mob,,(G O H) or at least for the particular
case Moby, (G O K5)?

e Is the lower bound of Theorem sharp for graphs with clique number larger
than 27

e Determine Moby, (K (n, k)) for k > 3.

e Based on Theorem it would be interesting to investigate the mobile general
position number of arbitrary line graphs.

e In view of Theorems {1l and B2 since L(K,) is the complement of K (n,2), we
propose to investigate Mobg,(G) + Mobg,(G) for an arbitrary G, that is, the
additive Nordhaus-Gaddum inequalities.

e [s there a general relationship between the mobile general position number and
clique number?

e Finally, in our model it suffices that each vertex is visited by one of the robots.
However, possible applications can also be imagined in which each vertex must
be visited by every robot while still maintaining the general position property at
all times. We believe this variant of mobility deserves independent investigation.
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