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Abstract

The transmission Trg(u) of a vertex u of a connected graph G is the sum
of distances from u to all other vertices. G is a stepwise transmission irregular
(STI) graph if |Trg(u) — Trg(v)| = 1 holds for any edge uv € E(G). In this
paper, generalized STI graphs are introduced as the graphs G such that for
some k > 1 we have |Trg(u) — Trg(v)| = k for any edge uv of G. It is proved
that generalized STI graphs are bipartite and that as soon as the minimum
degree is at least 2, they are 2-edge connected. Among the trees, the only
generalized STI graphs are stars. The diameter of STI graphs is bounded and
extremal cases discussed. The Cartesian product operation is used to obtain
highly connected generalized STI graphs. Several families of generalized STI
graphs are constructed.
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1 Introduction

The shortest-path distance dg(u,v) between vertices w and v of a graph G is the
minumum number of edges on a u,v-path. The transmission Trg(u) of a vertex
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u is the sum of distances between u and all the other vertices in G. Two early
papers in which the transmission was considered are [22/24], where the interest was
on maximal transmission in several classes of graphs and on the behaviour of the
transmission under removing a vertex. Transmission plays an important role in the
investigation of distance-based graph invariants such as the the Wiener index [I§]
and the Mostar index [3]. In particular, several measures on transmission irregularity
were posed in [3]. The fact that the transmission is a fundamental concept in metric
graph theory and wider is demonstrated by the fact that it is also known by other
names such as the total distance of a vertex [IT[17] and the status of a vertex [2,23].

Interesting graph families have recently been defined based on the transmission.
Transmassion irreqular graphs are the graphs in which any two different vertices
G have different transmissions. Although (or perhaps because) almost no graph is
transmission irregular [5], the search for such graphs has become of interest to several
groups of researchers, some of the selected papers on this topic are [7,[10,12,26]. If
we further require that the vertex transmissions of a graph form a sequence of
consecutive integers, then we speak of an interval transmission irreqular graph [8].

Stepwise transmission irreqular graphs, STI graphs for short, are the graphs in
which for every edge the transmissions of its endpoints differ by 1. STT graphs were
introduced in [13]. The research was continued in [9] where a conjecture from [13] was
confirmed that all graphs from a certain family are STI. Moreover, a computational
support was provided for another conjecture from [I3] asserting that each STT graph
has girth 4. In general, however, the conjecture remains open. STI graphs which
are extremal with respect to different metric invariants such as the diameter, the
Wiener index, and the eccentricity index, were characterized in [6].

In this paper we extend STI graphs to generalized STI graphs as follows. If k is
an arbitrary positive integer, then we say that a graph is a k-STT graph if for every
edge the transmissions of its endpoints differ by k. If G is a k-STT graph for some
k, then we say that G is a generalized STI graph. A 2-STI graph and a 3-STI graph
are shown in Fig. [I, where next to each vertex its transmission is written.
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Figure 1: A 2-STI graph (left) and a 3-STI graph (right)



We proceed as follows. After this paragraph, some definition and a useful result
needed are stated. In the next section several properties of generalized STI are
established. Among other results we prove that generalized STI graphs are bipartite,
and that as soon a generalized STT graphs has 6(G) > 2, it is 2-edge connected. We
also bound the diameter of generalized STI graphs and deduce that among trees the
only generalized STI graphs are stars. In Section [l we prove that if G and H have
order n, then GO H is an (nk)-STI graph if and only if G and H are k-STT graphs.
Finally, In Section [, several families of generalized STI graphs are constructed.

The graphs considered here are simple and connected. Let G = (V(G), E(G))
be a graph. Then the order of GG, the degree of a vertex v, and the minimum degree
of G are denoted by n(G), deg(v), and d(G) respectively.

A subgraph H of a graph G is isometric if dy(u,v) = dg(u,v) holds for each
pair of vertices u,v € V(H). The eccentricity eccg(u) of a vertex u € V(G) is the
maximum distance from u to other vertices of G. The diameter diam(G) of G is
the maximum eccentricity of vertices in G. For an edge e = uv € E(G), let Ny(e)
denote the set of vertices of G that are closer to u than to v. Similarly N,(e) is
defined. Let further n,(e) = |Ny(e)| and n,(e) = |N,(e)|. If the edge e lies in
different graphs and we consider it as an edge of a graph G, then we will specify
this notation to n,(e|G) and n,(e|G). As already said, Tre(u) = >, oy () da(u, T).
For an edge e = uv we will further use the notation I(e) = |Trg(u) — Trg(v)| and
call I(e) the transmission imbalance of the edge e.

The following useful result goes back to [14].

Theorem 1.1 IfG is a bipartite graph and e = uv € E(Q), then Trg(u) —Trg(v) =
ny(e) —ny(e).

2 Properties of £-STI graphs

Consider the complete bipartite graph K, ,, where p > ¢ > 1. Then the transmis-
sions of the vertices from the two bipartition sets are ¢+ 2p and p + 2q, respectively.
Hence, if p > ¢, then K, , is a (p — ¢)-STI graph. For a given k > 1, the graphs
Ky ikn, n > 1, thus form an infinite family of k-STI graphs.

Our first result collects the structural properties of k-STI graphs. To this end,
recall that vertices u and v are twins if for every w € V(G) \ {u,v} we have uw €
E(G) if and only if vw € E(G). Note that in our definition of twin vertices we put
no condition whether u and v are adjacent. We say that G is twin-free, if it contains
no twins.

Theorem 2.1 Ifk > 1 and G is a k-STI graph, then the following hold.
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(i) G is a bipartite, twin-free graph.
(ii) n(G) =k (mod 2).
(iii) If §(G) > 2, then G is 2-edge connected.
() If k € [2], then G is either 2-connected or G € {Ps, K;3}.

Proof. (i) Suppose on the contrary that G contains an odd cycle vgv; ... vey. As G
is a k-STI graph, we have Trg(vg) = Trg(v2) (mod 2k), ..., Trg(vep—2) = Tra(vey)
(mod 2k), so that also Trg(vg) = Trg(vey) (mod 2k). Since wvyvg, € E(G), this is
not possible. Hence G is bipartite. It is straightforward to see that if v and v are
twins, then Trg(u) = Trg(v), thus G must also be twin-free.

(ii) Let e = uwv € E(G), and assume without loss of generality that Trg(u) =
Trg(v) + k. As just proved in (i), G is bipartite, hence Theorem [Tl yields that
Trg(u) — Trg(v) = k = ny(e) — ny(e). Using once more that G is bipartite we also
have n,(e) + ny(e) = n(G). It follows that n(G) + k = 2n,(e) which means that
n(G) =k (mod 2).

(iii) Suppose on the contrary that e = uv is a bridge of G. Let G —e = G U Go,
where u € V(G;) and v € V(Gz). We may assume without loss of generality
that ny = n(Gy) > ny = n(Gs). By (i) we know that G is bipartite, hence using
Theorem [[.T] we have

k= 1I(uv) =ny,(e) —ny,(e) =ny —ny.

Since 0(G) > 2 and so also deg(v) > 2, there exists a vertex w € V(Gy) such that
¢ =vw € E(Gs). Then

I(vw) = ny(€') =nw(€) = (m +1) = (na = 1) =k +2,

a contradiction.

(iv) In [I3, Proposition 5] is was proved that all 1-STT graphs but the path P;
are 2-connected. Hence it remains to consider the case k = 2. It is straightforward
to check that K3 is the only 2-STI graph of order at most 4. Assume in the rest
that G is a 2-STI graph with n = n(G) > 5. If G has a pendant edge uv then
2 = |Trg(u) — Trg(v)| = n — 2 which is not possible since n > 5. Thus 6(G) > 2.
Suppose on the contrary that G contains a cut vertex v. Let G; be a component of
G — v with the minimum order n; = n(G,). Notice that n > 2n; + 1. As 0(G) > 2,
we have ny > 2, and let w, z € V(G1) such that vw, zw € E(G). By (i) G is bipartite
and hence z is not adjacent to v. Thus

2="Trg(z) —Trg(w) > (n—n1+1)— (M —1)=n—2n, +2> 3.
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This contradiction completes the argument. O

The assertions (i) and (ii) of Proposition 2l respectively extend [13], Proposition
1] and [13| Proposition 2] which assert that STI graphs are bipartite graphs of odd
order. The two examples of Fig. [[limply that the assertion (iii) cannot be extended
in general to (-edge connectedness for ¢ > 3, while the graphs K} demonstrate
that the assumption § > 2 cannot be avoided. Finally, (iv) also does not extend
to kK > 3. For instance, consider the graph obtained from two disjoint 4-cycles by
identifying a vertex from each of them. This graph is a 3-STI graph with a cut
vertex. For further such examples see Proposition [4.1]

We next show:

Theorem 2.2 If G is a k-STI graph, k > 1, then k < n(G) — 2. Moreover, the
equality holds if and only if G = K j41.

Proof. Let ¢ = uv be an edge of G. Since G is bipartite by Theorem [2.11(i), we
may assume without loss of generality (having Theorem [[1] in mind) that n,(e) >
n,(e), so that n,(e) —n,(e) = k holds. Since n,(e) + n,(e) = n(G), we infer that
n(G) = k + 2n,(e) > k + 2 with equality holding if and only if n,(e) = 1. This
implies that v is a pendant vertex. If w is another vertex adjacent to w, then
|Trg(u) — Trg(w)| = k = n(G) — 2. Thus w is also a leaf. We conclude that all
vertices adjacent to u are pendant which in turn implies that G = K ;1. O

Corollary 2.3 If k > 1, then a tree T is a k-STI graph if and only of T = K1 j41.

Proof. If e = uwv € E(T), where v is a leaf of T, then I(uv) = ny(e) — n,(e) =
n(T) — 2. The result now follows from Theorem 221 O

To conclude the section we bound the diameter of k-STI graphs as follows.

Theorem 2.4 If G is an k-STI graph of order n > 5, then

k
n + 1

2 < diam(G) <
Moreover, the left equality holds if and only if G = K%@%.

Proof. Since G is bipartite and nG) > 5, we have diam(G) > 2. Moreover,
diam(G) = 2 if and only if G is a complete bipartite graph K,,, p > ¢. But
then p 4+ ¢ = n and p — ¢ = k which yields that G = K%kn%k This proves the
lower bound and the equality case.



To prove the upper bound, we claim that G contains an edge g = zy such that
n.(g) > diam(G) + 1. Let P be a diametral path in G with v and w its endpoints.
Let v' be the neighbor of v on P and let w’ be the neighbor of w on P. We may
assume that v' # w’, for otherwise diam(G) = 2 and the upper bound clearly holds.
Let e = vv' and f = ww'. If deg(v) = 1, then ny(e) > diam(G) + 1 because
n > 5 and therefore G is not a path. Similarly, n,(e) > diam(G) + 1 holds if
deg(w) = 1. Hence assume that deg(v) > 2 and deg(w) > 2. Let w” be a neighbor
of w, w"” # w'. Note that all the vertices of P but v lie in N,/(e). Hence, if also
w” € Ny(e), then ny(e) > diam(G) + 1. Assume hence that w” ¢ N, (e). Then
dg(v',w") = diam(G) and dg(v, w”) = diam(G) — 1. Let @ be a shortest v, w”-path.
If v" lies on @, then ) contains another vertex which is not on P and lies in Ny (e),
hence n,s(e) > diam(G) + 1 as required. Assume next that the neighbor v” of v
on @ is different from v’. Moreover, all the vertices on @ lie in N,(e). Now, since
G is not a cycle, there exists a vertex z ¢ V(P) U V(Q). As G is bipartite, either
z € Ny(e) or z € Ny(e). In either case, the existence of a required edge is proved.

Assume now without loss of generality that n,(e) > diam(G) + 1. Since G is
an k-STI graph, we have |n,(e) — ny(e)| = k and n, + ny = n. Thus diam(G) <
ny(e) —1 <otk 1, O

In [6, Lemma 3.1] an infinite family of graphs was constructed for which the
upper bound in Theorem [2.4] is attained. It would be of interest to construct such
families for each k& > 2 (or prove they do not exist). A sporadic example for k = 3
is the graph obtained from two 4-cycles by identifying a vertex from one by a vertex
from the other.

3 Graph operations and k£-STI graphs

Using Theorem 2.1 one can show that many local or global graph operations do not
preserve the property of being generalized STI. For instance, by Theorem 21J(i),
the line graph L(G) of a generalized STI graph G is not such except L(P;) =
P;. Similarly, by checking the small cases and by applying Theorem [2.11i), the
complement of a generalized STI graph G is never a generalized STI graph.

In the previous section we observed that the graphs K, i ,, n > 1, are k-STI
graphs. To obtained more involved highly connected generalized STI graphs, the
Cartesian product can be used. Recall that the Cartesian product of two graphs G
and H, denoted G H, is the graph with vertex set V(GO H) =V (G) x V(H) and
vertices (u,v) and (z,y) are adjacent in GO H if either u = z and vy € E(H) or
v =y and ux € E(G), see [15] for more information on this graph operation.



Theorem 3.1 Let G and H be graphs with n(G) =n(H) =n and let k > 1. Then
GUOH s an (nk)-STI graph if and only if G and H are k-STI graphs.

Proof. From [4] we recall that if z € V(G) and u € V(H), then
Treou((z,u)) = Trg(x)n(H) + Trg(u)n(G) . (1)

Assume first that GO H is an nk-STI graph. If 2y € F(G) and u € V(H), then
(z,u)(y,u) € E(GOH) and thus (1) yields

nk = |Treou((z,v) — Traou((z,v))|
= |Trg(z)n + Try(u)n — Tra(y)n — Try(u)n|
= n|Trg(z) — Tra(y)l,

and hence |Trg(z) — Trg(y)| = k. IT follows that G is a k-STT graph. Analogously
we see that H is k-STT graph.

Conversely, assume that G and H are k-STI graphs. If (z,u) and (z,v) are
adjacent vertices in G H, then applying (II) once more we have

| Traon(z,u) — Traonu(x,v)| = |Trg(x)n + Try(u)n — Trg(z)n — Trg(v)n
=n|Trg(u) — Try(v)| = nk.

Analogously we get the same conclusion for the edges of G H whose endvertices
differ in the first coordinate. We conclude that GU H is an nk-STI graph. 0J

If G and H are graphs on at least two vertices, then the following formula applies
to the connectivity the connectivity (GO H) of GO H:

k(GO H) = min{x(G)n(H), s(H)n(G),5(G) + 6(H)} .

The formula was announced in 1978 in [21]. However, neither its proof was provided
nor did it appear afterwards. After several partial results, the formula was proved
in 2008 by Spacapan in [25]. An appealing consequence of the formula is that
k(GOH) > k(G) + k(H) holds for any connected graphs G and H, cf. [15, Exercise
25.4]. Another consequence of the formula is that if G is a connected graph of order
at least 2 and G"" denotes the Cartesian product of n copies of G, then for any
n > 2 we have k(G"") = §(GY") = nd(G) [16]. These two consequences together
with Theorem [B.1] guarantee the existence of numerous highly connected generalized
STT graphs.



4 Some families of generalized STI graphs

In this section, some families of generalized STI graphs are constructed.

For a graph G and a vertex u € V(G), let rG(u) denote the graph obtained from
r disjoint copies of G by identifying a copy of u in each of the copies. In Fig. 2 the
graph rCy,(u) is schematically presented, where w is an arbitrary, fixed vertex of the
even cycle Cy,.

Figure 2: The graph rCsy,(u)

A graph G is transmission regular if all its vertices have the same transmission,
cf. [1,19,20]. Now we have:

Proposition 4.1 Let G be a bipartite, transmision regular graph, v € V(G), and
r > 2. Then the graph rG(u) is a ((r — 1)(n — 1))-STI graph.

Proof. let e = vw be an arbitrary edge of GG, and consider it in a copy G’ of G in
rG(u). As G is bipartite, we may without loss of generality assume that dg/ (v, u) <
de(w,u). Moreover G is transmission regular it follows that n,(e|G") = n,(e|G’).
Hence

Lcw) (vw) = |ny(e|G") — ny(elG)|+ (n—1)(r—1) = (n—1)(r — 1)
and we are done. ]

If p, ¢ > 2, then let I, , be the graph with the vertex set V(I', ;) = {v;,w;; : i €
2¢],7 € [p]} and the edge set

E(F%q) :{viwi,j,viwi_u : 2 S ) S 2(] — 1,] c [p]} U {ini,j 1 E {1,2(]},] S [p]}

U {v1waq j, Vagwag—15: J € [p]}-



Figure 3: The graph Iy,

To put it more informally, I, is obtained from 2¢ copies of K3, by attaching them
in circular manner, see Fig. Bl

Proposition 4.2 Ifp,q > 2, then ', is a (2p — 2)-STI graph.

Proof. By the symmetry of the graph I', , we infer that I(v,w; ;) is independent of
the section of ¢ and j. Hence it suffices to compute I(vjw;q). Setting e = vywy ; we
have

Ny (e) ={vi}U{wy;: 2<j<plufv;: ¢+2<1i<2q}
U{wij: ¢+1<i<2qj€[p]}.

Therefore, n, (e) =14+ (p—1)+(¢—1)+ (pg) = pg+p+q—1 and n,, ,(e) =
2qp+1)—(pg+p+q—1)=q(p+1) —p+ 1. By Theorem [[.T] we conclude that

|[('U1'LU1,1)| = |nv1 - nw1,1|
=|pg+p+q—1)—(pg+q—p+1)]
= 2p - 27
hence the assertion. O

If p,q > 2, then let H,, be the graph with the vertex set

V(Hyg) = {vi: i€ [2q]} U{war—ry: 7€ gl € [p]y Udwar; 2 7€ [a], 7 € 21}



and the edge set AU B U C, where

A= {U1w2q,j S [2]}7
B = {vo,1wor—1;: 7€ gl 5 € [p]} U{vgqwar—g;: 2<71 <gq,j€ 2]},
C = {vgywar; 7 €lgl,j € 2]} U{vgpwy oy € gl,j € [pl}-

Informatively, H, , has a cyclic structure where K5, and K, alternate, see Fig. @l

Waq,1 (o Wi,1
O O

1
V2 Wa 1
O

Figure 4: The graph H,,

Proposition 4.3 Ifp > 2 and q > 3 is odd, then H, , is a p-STI graph.

Proof. For the rest of the proof set n = n(H,,) = ¢(p + 4), Considering the
symmetry of H,,, it is enough to determine the transmission imbalance for the
edges e = vywy 1 and f; = viwq, ;. For the edge e; = v1wy ;1 we have

Ny, (e1) ={wi 1} U{vi: 2<i< g+ 1 U{w,;: reven,2<r <gq,j €2}
U{w,;: rodd,3<r<gq,j€p}.

Therefore n,, ,(e1) = (q+ 1) +2(51) + p(5) and hence

1(e1) = n = 210, ()] = lalp -+ 4) = 2 + 1+ 2/ )| = .

For the edge fi = viwg,1 we have

Ny (f1) ={wago} U{vi: i €[ql}U{w,;: reven,2 <r <qg—1,5€ 2]}
U{w,;: rodd,relql,j € [p]}.
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Thus n,, (f1) =14+ ¢+ 2% —I—p% =2q—1 +p% and we obtain that

1(F1) = In— 2, (£)] = lalp +4) 220 1+ pT T D) = p.

We conclude that H, , is a p-STI graph. O]

We add that if ¢ is even, then the transmission imbalances of the edges of H, ,
are 2p — 2 and 2.

The last class of graphs we present is defined as follows. If r > 2 and n > 5,
then let Gy, be the graph with the vertex set {vi,vs,...,v,} and the edge set
{vivign i€ n—r =1} U{vnwv;,v,_pv;: n—r+1<j<n}, see Fig. [l

Figure 5: The graph G, ,

Proposition 4.4 Ifn >5,r > 2, andn=r—1 (mod 2), then Gy, is a (r—1)-STI
graph.

Proof. Let v;v; be an edge of G = G, ,, where v; is closer to one of two vertices v; and
Up—p than to vj, that is, min{dq(v;, v1), de(vi, vo—r)} < min{de(v;, v1), da(vj, Vo) }.
Note that the cycle C' : vivg - - - v, 001, where n —r + 1 <t < v, is an even cycle
and then n(v;|C) = n(v;|C). Moreover the other vertices not on the cycle C' are
closer to v; than to v;. Thus

I(vivj) = [ny, —nu, | = ‘(%jtr—l) _nore o

and we are done. O

11



Acknowledgements

Sandi Klavzar was supported by the Slovenian Research Agency (ARIS) under the
grants P1-0297, J1-2452, and N1-0285.

References

1]

[10]

[11]

A. Abiad, B. Brimkov, A. Erey, L. Leshock, X. Martinez-Rivera, S. O,
S.Y. Song, J. Williford, On the Wiener index, distance cospectrality and
transmission-regular graphs, Discrete Appl. Math. 230 (2017) 1-10.

A. Abiad, B. Brimkov, A. Grigoriev, On the status sequences of trees, Theoret.
Comput. Sci. 856 (2021) 110-120.

A. Ali, T. Dosli¢, Mostar index: results and perspectives, Appl. Math. Comput.
404 (2021) 126245.

Y. Alizadeh, V. Andova, S. Klavzar, R. Skrekovski, Wiener dimension: Funda-
mental properties and (5, 0)-nanotubical fullerenes MATCH Commun. Math.
Comput. Chem. 72 (2014) 279-294.

Y. Alizadeh, S. Klavzar, On graphs whose Wiener complexity equals their order
and on Wiener index of asymmetric graphs, Appl. Math. Comput. 328 (2018)
113-118.

Y. Alizadeh, S. Klavzar, Extremal results on stepwise transmission irregular
graphs, Filomat 37 (2023) 1271-1276.

S. Al-Yakoob, D. Stevanovi¢, On transmission irregular starlike trees, Appl.
Math. Comput. 380 (2020) 125257.

S. Al-Yakoob, D. Stevanovi¢, On interval transmission irregular graphs, J. Appl.
Math. Comput. 68 (2022) 45-68.

S. Al-Yakoob, D. Stevanovi¢, On stepwise transmission irregular graphs, Appl.
Math. Comput. 413 (2022) 1266077.

AY. Bezhaev, A.A. Dobrynin, On quartic transmission irregular graphs, Appl.
Math. Comput. 399 (2021) 126049.

M. Cavaleri, A. Donno, A. Scozzari, Total distance, Wiener index and oppor-
tunity index in wreath products of star graphs, Electron. J. Combin. 26 (2019)
Paper No. 1.21.

12



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

A.A. Dobrynin, Infinite family of 3-connected cubic transmission irregular
graphs, Discete Appl. Math. 257 (2019) 151-157.

A.A. Dobrynin, R. Sharafdini, Stepwise transmission irregular graphs, Appl.
Math. Comput. 371 (2020) 124949.

R.C. Entringer, D.E. Jackson, D.A. Snyder, Distance in graphs, Czechoslovak
Math. J. 26 (1976) 283-296.

R. Hammack, W. Imrich, S. Klavzar, Handbook of Product Graphs, Second
Edition, CRC Press, Boca Raton, FL, 2011.

S. Klavzar, S. Spacapan, On the edge-connectivity of Cartesian product graphs,
Asian-Eur. J. Math. 1 (2008) 93-98.

S. Klavzar, S.S. Zemlji¢, On distances in Sierpinski graphs: almost-extreme
vertices and metric dimension, Appl. Anal. Discrete Math. 7 (2013) 72-82.

M. Knor, R. Skrekovski, A. Tepeh, Mathematical aspects of Wiener index, Ars
Math. Contemp. 11 (2016) 327-352.

H. Lin, K.Ch. Das, B. Wu, Remoteness and distance eigenvalues of a graph,
Discrete Appl. Math. 215 (2016) 218-224.

L. Liu, H. Shan, C. He, A proof of a conjecture on the distance spectral radius
and maximum transmission of graphs, Graphs Combin. 38 (2022) Paper No.
49.

B. Liouville, Sur la connectivité des produits de graphes, C. R. Acad. Sci. Paris
Sér. A-B 286 (1978) A363—-A365.

J. Plesnik, On the sum of all distances in a graph, J. Graph Theory 8 (1984)
1-21.

P. Qiao, X. Zhan, Pairs of a tree and a nontree graph with the same status
sequence, Discrete Math. 343 (2020) 111662.

L. Soltés, Transmission in graphs: A bound and vertex removing, Math. Slovaca
41 (1991) 11-16.

S. Spacapan, Connectivity of Cartesian products of graphs, Appl. Math. Lett.
21 (2008) 682-685.

K. Xu, S. Klavzar, Constructing new families of transmission irregular graphs,
Discrete Appl. Math. 289 (2021) 383-391.

13



	Introduction
	Properties of k-STI graphs
	Graph operations and k-STI graphs
	Some families of generalized STI graphs

