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1 Introduction

Positional games. Positional games form a specific and well studied subclass of combinatorial
games, that includes popular recreational games like Tic-Tac-Toe, Hex and Sim. They have
been explored in depth in two books [2] [I7]. Structurally, a positional game is a hypergraph
H = (V,E), where V is a finite set representing the board of the game, and E C 2V \ {(} is
a family of sets that we refer to as the winning sets. The game is played by two players who
alternately claim the unclaimed elements of the board, until all of them are claimed.

When it comes to the game’s outcome, there are several standard conventions. Here, we
highlight two of the most significant ones, which were also the first to be introduced and studied,
see seminal and pioneering papers of Hales and Jewett [16] and Erdés and Selfridge [14]. In
a strong game, the first player to claim all elements of a winning set is the winner, and if the
game finishes without a winner a draw is declared. In a Maker-Breaker game, the players are
called Maker and Breaker, and there are only two possible outcomes of the game; Maker’s goal
is to claim all elements of a winning set, while Breaker wins otherwise, i.e. if Breaker claims
an element in every winning set. If not specified otherwise, we will assume that Maker starts
the game.

One of the central general questions about positional games is the monotonicity with respect
to the edge set of the game hypergraph. It was observed early on by Beck (see, e.g., [2]
Section 5]) that adding an extra winning set to a strong game can change the outcome in
either direction — a draw can turn into a first player’s win, but also a first player’s win can
turn into a draw. Beck referred to this phenomenon as the ‘Extra Set Paradox’, highlighting
that this lack of monotonicity of strong games might initially seem surprising, and in sharp
contrast with the well-known monotonicity of Maker-Breaker games. Indeed, it is both folklore
and an observation that adding an extra winning set to a Maker’s win game always results in
a Maker’s win game, as Maker can simply win by applying the exact same winning strategy as
before.

Once this general monotonicity of Maker-Breaker games is established, a standard topic of
interest in extremal combinatorics is the study of critical hypergraphs — those games (V, F)
that are a win for Maker, but where removing any edge e € F results in a game (V, E \ {e})
that is a win for Breaker. This topic is also central to our investigation in the present paper.

Maker-Breaker domination game. A substantial amount of research on positional games
have been conducted on games on graphs, where the board consists of either the edge set or
the vertex set of a graph. Games played on the edges of graphs are more prevalent in the
literature; see [17] for an overview. This is partly due to the broader range of games that can
be studied in this setting, including those on complete graphs, first analyzed by Chvétal and
Erdés [11].

When it comes to Maker-Breaker games on vertices, playing on complete graphs is meaningless,
as there is no structure to play for — every vertex-induced graph is itself a complete graph.
Consequently, there are considerably fewer games for which the outcome is known (or it is



efficiently computable, given the base graph on which the game is played).

One notable exception is the domination game, which naturally arises from the well-studied
concept of domination on graphs. Given a graph G, the board of the game is the vertex set
V(G), while the winning sets are the closed neighborhoods of all vertices in G. Maker’s goal
is to claim a closed neighborhood, and Breaker wants to prevent that, which is equivalent to
claiming a dominating set of G. This game was first analyzed in [I3], and its various aspects
have been further looked at in [T}, [5, [6] [15].

Classical domination game. The Maker-Breaker domination game can be considered a
“younger sibling” of a well-established combinatorial game on graphs, widely studied in the lit-
erature under the same name: the domination game, let us call it here the classical domination
game in order to distinguish it from the (Maker-Breaker) domination game.

The two games are closely related in several ways. Among these, it inherits the game hyper-
graph structure — it also revolves around the concept of a dominating set. In this game, two
players, Staller and Dominator, alternately claim unclaimed vertices of a given graph G, jointly
building a dominating set. Each claimed vertex must expand the set of dominated vertices, and
the game concludes once the vertices claimed by both players form a dominating set. Staller
aims to prolong the game as much as possible, while Dominator seeks to minimize its duration.

A central question is determining the game’s length under optimal play for a given graph G.
The classical domination game was introduced in [4], for a comprehensive overview of this and
related problems, see the book [3]. Because in this article we focus on the criticality of games,
we emphasize that graphs critical for the classical domination game have been investigated
in [9, 12} 24], and graphs critical for the total domination game in [10} 18] 20} 23]. For more
detail about total domination game see [19] and [3], Sections 2.9 and 3.6]. It is also important
to point to [7] for a closely related concept of perfect graphs for domination games.

A natural generalization of this game introduces a predominated set of vertices D C V(G),
where the game play remains unchanged except that the vertices in D are considered already
dominated — the game on (G, D) concludes once all vertices in V(G) \ D are dominated. The
concept of predomination allows for the study of critical pairs (G, D), where the duration of
the game on (G, D) is strictly longer than on (G, D U {z}), for all x € V(G) \ D. The effect
of predomination on the total domination game and on the connected domination game was
respectively investigated in [2I] and in [8] 22].

Our concepts. We now return to the Maker-Breaker domination game, introducing and
studying predomination in an analogue way. To align with the standard terminology established
for the classical domination game, we will refer to Closed-Neighborhood-Maker as Staller and
Closed-Neighborhood-Breaker as Dominator. This also helps to avoid potential confusion, as
Closed-Neighborhood-Maker is simultaneously Dominating-Set-Breaker.

In a Maker-Breaker domination game played on (G, D), Dominator wins if the vertices he
claims dominate all vertices in V(G) \ D, while Staller wins if she manages to claim all the
vertices in the closed neighborhood N[v] of some vertex v ¢ D. Note that the vertices in D



are part of the game board, they can be played during the game and may belong to the closed
neighborhoods of vertices outside D. Therefore, a Maker-Breaker domination game on (G, D)
in general differs from the game played on on G — D. Also, note that choosing D = () is a valid
option. Throughout this paper, we assume that Staller starts the game.

A predominated graph (G, D) is called Maker-Breaker domination game critical (MBD critical,
or just critical) if Staller wins the game on (G, D), but Dominator wins on (G, D U {v}) for
every vertex v € V(G)\ D. Furthermore, note that if (G, D) is MBD critical and D’ C D, then
(G, D") is not MBD critical. Similarly, if D C D", then (G, D") is also not MBD critical. If
Staller wins the game on (G, D), then D can be extended to a set D’ O D such that (G, D’) is
a critical predominated graph.

Main results. We develop tools for handling the domination game with predomination on
trees, which enable us to give a characterization of Staller-win predominated trees in Theo-
rem 4.6l Furthermore, we characterize all MBD critical predominated trees in Theorem [4.7]
and we show that the necessary and sufficient conditions for a given predominated tree to be
MBD critical are verifiable in linear time in Theorem 4.9 Then we turn to cacti and construct
in Theorem [5.2] a large class of (atomic) MBD critical predominated cacti. The latter approach
is extended in Theorem to obtain a wider class of (atomic) MBD critical predominated
graphs. Finally, in Proposition [6.9] Maker-Breaker critical hypergraphs are constructed.

Paper organization. In Section 2] we formally and comprehensively present the Maker-
Breaker game critical hypergraphs, while Section Bl focuses on the MBD critical graphs, along
with some of their general properties. Section Ml is dedicated to characterizing MBD critical
trees, whereas Section [B] analyzes MBD critical cactuses. Finally, in Section [6] we outline
potential directions for future work, including a more detailed exploration of three promising
avenues: the search for additional families of MBD critical graphs, the concept of criticality for
Dominator, and the general study of Maker-Breaker critical hypergraphs.

1.1 Preliminaries

A hypergraph H' = (V', E’) is a subhypergraph of H = (V,E), if V. CV and E' C E. In a
hypergraph H, the degree of a vertex is the number of incident edges, in particular, a vertex of
degree 0 is an isolated vertex. A hypergraph is k-uniform if every hyperedge e € E contains
exactly k vertices.

Given a graph G, its closed neighborhood hypergraph N(G) is defined on the vertex set V(G)
with hyperedges corresponding to the closed neighborhoods Ng[v] for every v € V(G). For a
predominated graph (G, D), the hypergraph N (G, D) is defined on the vertex set V(G) and
contains the closed neighborhoods of the non-predominated vertices:

E(N(G, D)) = {Ng[] : v € V(G) \ D}.



2 Maker-Breaker game critical hypergraphs

Here, we define criticality for Maker-Breaker games in general. We impose no restrictions on
the game hypergraph, and in particular we allow the presence of isolated vertices in V.

Definition 2.1 A hypergraph H = (V,E) is Maker-Breaker critical if Maker wins in the
Maker-Breaker game on H but, for every e € E, Breaker wins the game on H — e.

Proposition 2.2 For every hypergraph H = (V, E), the following statements hold.

(i) Maker wins the game on H if and only if H contains a Maker-Breaker critical subhyper-
graph.

(1) Let Vo CV be a set of isolated vertices in H. Then, H is Maker-Breaker critical if and
only if H — Vy is Maker-Breaker critical.

(tit) If H is a disconnected Maker-Breaker critical hypergraph, then all but one components of
‘H are isolated vertices.

Proof. (i) Recall that adding new winning sets to the hypergraph is never disadvantageous
for Maker. If H contains a Maker-Breaker critical subhypergraph H’, then Maker wins on H’
and therefore wins on H. For the other direction, assume that Maker wins on H. If H is
Maker-Breaker critical, then we are done. If this is not the case, there is a hyperedge e € F
such that Maker wins on H — e. We repeat this operation while it is possible; i.e., we remove
an edge such that Maker wins on the hypergraph obtained. As Maker does not win if £ = (),
we will arrive at a subhypergraph H' that is Maker-Breaker critical.

For (ii), we note that the presence or absence of isolated vertices in H does not affect the
outcome of the Maker-Breaker game.

To prove (iii), suppose that H is disconnected and consists of components H1, ..., H,. Breaker
as second can win the game on H if each component H;, for i € [¢], is a Breaker-win graph.
Indeed, if Breaker replies to every move of Maker in H; by playing a vertex from the same
component according to a winning strategy on H;, Maker can never claim a winning set.
(Breaker may choose an arbitrary vertex from H if there is no unplayed vertex in H; after
the move of Maker.) Consequently, if Maker can win the game on #, then there is at least
one component, say Hip, such that Maker wins on H;. Removing all winning sets outside H1
leaves a hypergraph on which Maker wins. Thus, if H is Maker-Breaker critical, there are no
hyperedges outside H1, and equivalently, the other components are all isolated vertices. O

By Proposition (ii), we may restrict our attention to Maker-Breaker critical hypergraphs
without isolated vertices that we call atomic Maker-Breaker critical hypergraphs. As a conse-
quence of Proposition [2.2] we may also state the following properties.



Corollary 2.3

(i) Maker wins the game on a hypergraph H if and only if H contains an atomic Maker-
Breaker critical subhypergraph.

(13) If H is an atomic Maker-Breaker critical hypergraph, then H is connected.

In Section [0, we present several further statements and examples for Maker-Breaker critical
hypergraphs.

3 Maker-Breaker domination game critical graphs

It was first observed in [13] (see also [5, Observation 1.3]) that a Maker-Breaker domination
game on a graph G can be considered as a Maker-Breaker game on N (G) where Staller plays
as Maker and Dominator plays as Breaker. Equivalently, Staller’s goal is to claim the entire
closed neighborhood Ng(v] for a vertex v. If she is successful in this goal, it will make it
impossible for Dominator to dominate v, and Staller wins. In a predominated graph (G, D),
the closed neighborhoods of the predominated vertices are no longer winning sets for Staller,
and we obtain the following interrelation between the games.

Observation 3.1 A Maker-Breaker domination game on the predominated graph (G, D) cor-
responds to the Maker-Breaker game on the hypergraph N (G, D), where Staller is Maker and
Dominator is Breaker.

Proposition 3.2 The following statements hold for every predominated graph (G,D).

(i) If e is an edge between two vertices of D, then Staller can win on (G, D) if and only if
she wins on (G —e, D). Further, (G, D) is MBD critical if and only if (G—e, D) is MBD
critical.

(i7) If a predominated vertex u € D 1is isolated in G, then Staller can win on (G, D) if and
only if she wins on (G — wu,D \ {u}). Further, (G,D) is MBD critical if and only if
(G —wu,D\ {u}) is MBD critical.

(13i) If G is disconnected and (G, D) is MBD critical, then all vertices in V(G) \ D belong to
the same component of G.

Proof. By Observation Bl the winning sets for Staller in the MBD game on (G, D) are the
closed neighborhoods of the vertices from V(G) \ D. Thus, removing an edge e = uu' with
u, v’ € D does not modify the winning sets of the game. It implies that the game’s outcome
is the same on (G,D) and (G — e, D). Further, for every vertex v € V(G) \ D, the same
equivalence holds for (G, D U{v}) and (G — e, D U {v}). It finishes the proof for part (i).



To prove (ii), we remark that a predominated and isolated vertex u does not belong to any
winning sets and therefore, it is an isolated vertex in N (G,D). Then, Proposition (ii)
directly implies the statement.

To show (iii), we remark that those components of G that are entirely predominated correspond

to a set of isolated vertices in the hypergraph N(G, D). Then, by Proposition (iii), part
(iii) follows. O

Definition 3.3 A predominated graph (G, D) is an atomic MBD critical graph if (G, D) is
MBD critical, D is an independent set, and no vertex from D is an isolated vertex in G.

Clearly, (Py,0) is an atomic MBD critical graph. By Proposition (iii) and Definition B3]
it is the only atomic MBD critical graph that contains an isolated vertex. If (G, D) is MBD
critical, we may obtain an atomic MBD critical graph (G’,D’) by removing all the edges
inside D and then deleting all the isolated vertices. If GG is a disconnected graph, then by
Proposition (iii), the obtained atomic MBD critical graph (G’, D) will be a connected
subgraph of one component of G.

4 MBD critical trees

4.1 Preliminaries

In [6], the authors considered the minimum number v§y5(G) of moves Staller needs to win the
game on a graph G (provided that both players play optimally). The characterization of trees
T having g\ (T) = k involved a definition of a family Sy of graphs where every graph S € Sy,
is given together with a fixed subset of vertices denoted by X (S). Here, without introducing
Sy for each k, we consider the union S of these families. According to [0, Proposition 3.4], this
union may also be defined as follows.

Definition 4.1 For a tree T, let S(T') denote the tree obtained from T by subdividing each
edge exactly once. We define

S={S(T):T isatree} and X(S(T))=V(T).
We remark that S(P;) = P, and X(P) = V(Py).

Definition 4.2 We say that F € § is a substructure in the graph G, if F is a subgraph of G
and degg(v) = degp(v) holds for each v € X(F).

Motivated by the requirement in Definition £.2] the vertices in X (F') are called fized-degree
vertices. Given a substructure F' in a graph G, we will say that a vertex v € V(F') is black if
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Figure 1: A tree T, the tree S(T'), and G with a substructure S(7').

v is a fixed-degree vertex (i.e., v € X(F)), and otherwise (i.e., if v € V(F) \ X (F')) vertex v is
white. In Fig. [l these definitions are illustrated.

With this terminology, we may state the following result which can be quickly derived from [6]
Theorem 3.5].

Theorem 4.3 ([6]) Staller wins the MBD game on a tree T, if and only if T contains a
substructure F' € S.

Furthermore, it turns out that we can utilize [6, Proposition 3.7] to establish a sufficient condi-
tion for a hypergraph H on which Maker can win the Maker-Breaker game. Using our notation
introduced for closed neighborhood hypergraphs of predominated graphs, for every F' € S, the
hypergraph N (F,V(F) \ X(F)) consists of hyperedges which are the closed neighborhoods of
the vertices in X (F'). Then, we may define

F={N(E,V(F)\ X(F)): F eS8}

and restate the result from [0].

Proposition 4.4 ([6]) If a hypergraph H contains a subhypergraph from F, then Maker can
win the Maker-Breaker game on H.

4.2 Characterization of MBD critical trees

Proposition 4.5 Suppose that T is a tree, F1 € S and F» € S are substructures in T, and v
is a common vertex of Fy and Fy. Then, v € X(F1) if and only if v € X(Fy).

Proof. The statement clearly holds if Fj is an isolated vertex P; as, in this case, T and F5
are also isolated vertices. From now on we may suppose that both F} and Fj are of order at



least 3. By Definitions [4.1] and [4.2] every nontrivial substructure F' € S in T' contains at least
two leaves from T, and all the leaves in F' belong to X (F'). The definitions also imply that the
graph F' is bipartite, and that the bipartition of its vertices is given by X (F) and V (F')\ X (F),
that is, the set of black and white vertices in F'.

Consider now the two substructures I} and Fy in T that share some vertices. Since T is a tree
and F} and F5 are connected, the common vertices of F; and F5 induce a connected subgraph
Fio of T\ If F 5 is a tree of order at least two, we can choose a leaf w in it. If F o consists of
only one vertex, choose this vertex as u.

If uw is a leaf in F7, it is a fixed-degree vertex in the substructure, and therefore, it is a leaf in T’
and Fy as well. It follows that v € X (F1) N X (F>). Then, the bipartition of the substructures
gives that for every v € V(Fy) NV (Fy), vertex v belongs to X (F) if and only if v € X (Fy).
The same is true if we start with the assumption that u is a leaf in F5.

If w is a leaf or the only vertex in Fj o but it is neither a leaf in Fy nor in F3, then u has a
neighbor from both V(Fy)\ V(F2) and V(Fy) \ V(F1). Thus, u is neither a fixed-degree vertex
in F} nor in F. We then have u € V(F;)\ X(F;), for i € {1,2}, and the bipartitions of F} and
F; give that, for every v € V(F}2), the color of v in F} is the same as its color in F5. O

We now define the following vertex coloring for a tree T'. A vertex v is black in T if there is
a substructure F' € § in T such that v is black in that substructure, i.e. v € X (F'); a vertex
v is white if there exists a substructure F' in T such that v is white in that substructure,
ie. v € V(F)\ X(F). The remaining vertices of T" belong to no substructure, and we say that
they are gray.

By Proposition the vertex colorings stemming from different substructures are compatible
— no vertex from T is colored with both white and black. Therefore, the sets of black, white,
and gray vertices give a partition of V(T'). An example of a tree T with its substructures and
its vertex coloring is presented in Fig. 2l

Theorem 4.6 Staller wins on a predominated tree (T, D) if and only if T contains a substruc-
ture F' € S such that no vertex from X (F) belongs to D.

Proof. Suppose first that a predominated tree (7', D) contains a substructure F' € S such
that X(F) N D = (. Since every vertex v € X(F) has the same degree in T and F, the
closed neighborhoods Ng[v] and Nr[v] are the same. As v ¢ D for every v € X (F'), the closed
neighborhoods of the black vertices of F are all present in N'(T, D). It implies that N (T, D)
contains the subhypergraph N (F,V(F)\ X (F)) and, by Proposition [£.4] we may conclude that
Staller wins the game.

In the second part of the proof, we suppose that D contains at least one black vertex from
each substructure in 7" and show that Dominator wins the game. We proceed by induction
on k = n(T) + |D|. Under the present condition, the smallest value of k is 2. It covers two
cases. First, if T is just an isolated vertex, it is a substructure with one black vertex, which
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Figure 2: The partition of the vertices of the tree T into black, white and gray vertices, along
with the four substructures of 1. The colorings on substructures are compatible on their
intersections, by Proposition

is predominated. Then, Dominator wins the game, as there is no winning set for Staller. The
second case is (P, ) when the condition is satisfied as P, contains no substructure from S.
Clearly, Dominator wins the MBD game on (P, ().

Assume that k > 3 and the statement holds for every predominated tree (77, D') with n(T") +
|D’| < k—1. Consider a predominated tree (T, D) where n(T)+|D| = k and every substructure
F € S in T contains a predominated black vertex. If every black leaf of T is predominated,
then we remove a black leaf x from D. Since every substructure contains at least two leaves,
it remains true in (7, D \ {z}) that every substructure has a leaf in D. Hence, we can apply
the hypothesis and get that Dominator wins on (7, D \ {z}). Therefore, Dominator also wins
on (T, D) where more vertices are predominated.

The other case is when a black leaf x in T is not predominated. Let y be the neighbor of
x. Consider the components Tj,...,Ty of T'— y such that Ty is the isolated vertex z. Let
rg = x,...,Ty, respectively, be the vertices in the components Ty, ..., T, that are adjacent to
y in T. We continue to refer to the colors of vertices as they were defined in T'. In particular,
x is black and y is white. We prove the following claim to show that the hypothesis can be
applied to T" — y.

Claim 1 FEvery substructure F € § in T — {x,y} contains a vertex in X (F)N D.
Proof. Let F' be a substructure in T;, for i € [¢]. If F' does not contain x;, then F' is also a

substructure in 7" and, by our condition, X (F') N D is not empty. If z; is not a fixed-degree
vertex in F, then again, F is a substructure in T and satisfies the condition X (F)N D # (). If

10



x; is a fixed-degree vertex in F, then consider the tree F'* obtained by adding vertices y and
x to F; that is F'T is the subtree induced by V(F)U{z,y} in T. As F € S, it is a subdivision
of a tree with z; being a non-subdivision vertex. Therefore, F'* can also be obtained as a
subdivision of a tree, and X(F) = X (F) U {z}. We conclude that F* is a substructure in T
and, since x ¢ D, a fixed-degree vertex of F' belongs to D. o)

By Claim [ the hypothesis can be applied to each component, and we infer that Dominator
can win on T1,...,T; (even if Staller starts the game). Clearly, Dominator also wins on the
one-edge graph induced by x and y. It implies that Dominator wins on the union of these trees.
Finally, putting back the edges yz;, for i € [¢], we obtain T where Dominator can also win. It
finishes the proof of the theorem. O

Theorem 4.7 If (T, D) is a predominated tree, then the following holds.

(z) (T, D) is MBD critical if and only if there exists a substructure F € S in T such that
D=V(T)\ X(F).

(1) (T, D) is an atomic MBD critical tree if and only if T € S and D =V (T)\ X(T).

Proof. (i) Suppose first that F € S is a substructure in 7" and D = V(T') \ X(F). As no
black vertex from F' belongs to D, Theorem implies that Staller wins the game on (T, D).
Further, the only possibility of extending D is adding vertices from X (F') to it. For every
v € X(F), the set D' = D U {v} contains a black vertex from every substructure of 7. To
see this, observe that, by definition of a substructure, no proper subset of V(F) induces a
substructure in 7. Applying Theorem again, we conclude that Dominator wins the game
on (T, D U {v}) for every v € V(T) \ D, and hence (T, D) is MBD critical.

Suppose now that (7', D) is an MBD critical predominated tree. By Theorem [£.6] there is at
least one substructure F' € § in T such that no black vertex of F' belongs to D. Assume for a
contradiction that some further vertices of T are also omitted from D. Let v be such a vertex.
That is, v ¢ D and v ¢ X(F'). Now, Theorem implies that Staller can win the game on
(T, DU {v}) as the black vertices of F' remain outside D U {v}. It contradicts the criticality of
(T, D) and, in turn, finishes the proof of (i).

(ii) An atomic MBD critical tree (T, D) surely satisfies the necessary and sufficient condition
for MBD critical trees that we just proved in (i), ensuring the existence of a substructure F' € S
in T such that D = V(T) \ X(F'). Furthermore, by definition of an atomic MBD critical tree
there is no edge inside D. Thus, every edge of T is incident to at least one black vertex from
F. As these are the fixed-degree vertices of F', no edge of T is incident to vertices outside F.
Since (7', D) is an atomic MBD critical tree, it contains no isolated vertex. Then T itself is the
substructure F' and, by part (i), D = V(T) \ X(T) as stated.

To prove the other direction of (ii), we observe that (i) implies the MBD criticality of (T, D),
as T € S and D is the set of white vertices of T'. It is also clear that no substructure different
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from P; contains isolated vertices or edges between two white vertices. It follows that, under
the given conditions, (7', D) is an atomic MBD critical graph. This finishes the proof of (ii). O

Theorem (A7 is illustrated in Fig. B where two predominated trees satisfying (i), and one
predominated tree satisfying (ii) are shown. In the figure, predominated vertices are marked
with a square around them.

@@Jf@oF
[o@o@ O—e
O|
o (@ [o
@@T@
[@——{O—{e—{O——{e}——{o——e]
o
o
—{O—e—O [O}—e

Figure 3: Two MBD critical predominated trees (above) and an atomic MBD critical pre-
dominated tree. The substructures F' and F’ as in Theorem 7] (i) are also marked. The
predominated vertices are marked with a square around them.

Remark 4.8 It is straightforward to convince oneself that Theorems [{.6 and[4.7] remain valid
over the class of predominated forests.
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From the algorithmic point of view, Theorem [4.7] leads to the the following result.

Theorem 4.9 [t can be checked in linear time whether a given predominated tree is MBD
critical.

Proof. Let us observe the procedure given in Algorithm [l

Input: Predominated tree (T, D)
Output: True if (7, D) is MBD critical, false otherwise

X = V(T)\ D;
T/ = T[Uex Nla]):
if T" is connected then
let (Vg, V) be the bipartition of 7”;
if X =V/, for some i€ {0,1}, and degy(y) = 2, for every y € V{_,, then
‘ return true;
else
‘ return false;
else
‘ return false;

Algorithm 1: Fast recognition of predominated MBD critical trees.

By Theorem [47, (T, D) is MBD critical if and only if there exists a substructure ' € S in T
such that D = V(T') \ X(F'). If so, then X = V(T') \ D must form the fixed-degree vertices
of the substructure F. Since F' is connected, the subtree 7" = T[Uyex N[z]] must also be
connected. If (V{, V) is the bipartition of 7", then all the vertices of X form one bipartition
set, say V/, as otherwise two vertices from X would be at an odd distance, but this cannot
happen in a substructure F' € S.

Moreover, the condition degz(y) = 2 for every y € V/_, implies that each vertex of V(F')\ X
is a subdivision vertex. It follows that F' € S and since D = V(T')\ X (F'), Theorem [£.7] implies
that (T, D) is MBD critical if and only if the conditions checked by the algorithm are fulfilled.

As for the time complexity, it is straightforward to see that all the tasks in Algorithm [ can
be performed in linear time. O

5 MBD critical cactus graphs

Definition 5.1 The double-odd replacement of an edge e = xy in a graph G means removing
the edge e and replacing it with two internally vertezx-disjoint x,y-paths both of odd length.

For an F € S, we say that the cactus graph H is an F-cactus if either H = F, or H can be
obtained from F by double-odd replacements of some edges of F.
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The set C of cactus-substructures is then defined as follows:

C={H : H is an F-cactus for some F € S}.

For an F-cactus H, the set of fixed-degree vertices is specified as X(H) corresponding to the
bipartition class of H that contains X (F).

We say that a cactus H € C is a substructure in a graph G if H is a subgraph of G and
degq(v) = degy (v) holds for every v € X(H).

We emphasize that in the above definition, a substructure is not necessarily an induced sub-
graph.

Note that a double-odd replacement of an edge e = zy in F' € S replaces e with an even
cycle C,. It might happen that C, is a 2-cycle; this case is equivalent to having only one edge
between x and y. As F'is a bipartite graph, vertices x and y belong to different classes in F.
The double-odd replacement of e keeps that property.

In particular, we have that an F-cactus is bipartite, for every F' € §. This further implies that
fized-degree vertices are well defined, as all the vertices in X (F') remain in the same bipartition
class after every double-odd replacement.

Let us say that the vertices in X (H) are black while the remaining vertices of H are white.
The color classes then correspond to the bipartition of H, see Fig. dl

Theorem 5.2 For every H € C, the predominated graph (H,V(H)\ X(H)) is an atomic MBD
critical graph.

Proof. The statement is true if H is an isolated vertex, so we may assume that H contains at
least two vertices. In (H,V(H)\ X (H)), a vertex is predominated if and only if it is white. By
Definitions [£.J]and [5.0], every leaf in H is black. Moreover, a cycle in H is either an “end-cycle”
and its only vertex having a degree higher than 2 is white, or the cycle has exactly two vertices
of degree higher than 2 and one of them is black, the other one is white.

Staller first claims a white cut-vertex u, breaking the graph into two components H; and Ho.
Once Dominator replies in the component H;, Staller’s next move is a white cut-vertex from
the unplayed component Hjs_;. She continues playing according to this strategy, that is, she
repeatedly plays a white cut-vertex in the component that remained unplayed so far. It is
always possible to do that, except when the unplayed component consists of a single black
vertex v. But in that case all (white) neighbors of v have already been played by Staller, and
she wins the game by playing v and, thus, claiming the closed neighborhood of an undominated
vertex. Note that the order of the considered component decreases with each move of Staller,
and therefore, after a finite number of moves, only one black vertex v remains.

We next show that Dominator wins on (H, D) if D is obtained by adding a vertex x € X(H)
to V(H) \ X(H). If there is a matching M in H that covers all vertices except xz, then

14
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Figure 4: Two atomic MBD critical cactus graphs H; and Hs, both obtained from the atomic
MBD critical tree depicted at the bottom of Fig. Bl

Dominator can play according to the pairing strategy. That is, when Staller claims a vertex u
and uwu’ € M, then Dominator’s reply is v/ (and if u’ is already claimed, or Staller just claimed
x, then Dominator claims an arbitrary vertex). This way, Dominator dominates every vertex,
except possibly the predominated vertex z, and wins.

We denote by M (H,z) a matching in H that covers every vertex except x, see Fig.[Bl To prove
the existence of such a matching, we consider the following three cases.

(i) If H is a subdivided tree, i.e. H € S, we may get such a matching M (H,z) by rooting the
tree in x and pairing every black vertex with its (white) parent. As the white vertices are the
subdivision vertices, each of them has only one child. This way, the obtained matching that
covers all vertices except .

(i) If H is an F-cactus for an F' € S and = € X (F), we start with the matching M (F,x) in F.
Suppose now that, in the process of building H from F, an edge uv € E(F') receives a double-
odd replacement uw; ... wiv and uz; ... zpv. Note that both k and ¢ are even numbers (possibly
equal to zero). If uv € M(F,z), we take the edges uwq,wows, ..., wpv and 2129, ..., 212
instead of wv. If wv ¢ M(F,x), we add the edges wywa, ..., wp_jwy and z129,...,2_12¢ tO
the matching. This way, we iteratively obtain a matching M (H,z) in H that omits only the
vertex x. For an example of the described construction see the matching of H; in Fig. Bl
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Figure 5: Matchings M (Hy,x) and M (Hj,y), as defined in the proof of Theorem

(iii) If H is an F-cactus for an F' € S, but = € X(H) \ X(F), it is a black vertex from a
cycle C. Let u be the black vertex of degree at least 3 from C' (or any black vertex of C, if
C'is an end-cycle). We again start from the matching M (F,u) on the tree F. Using M (F,u),
analogously to the approach from case (ii), we can construct a matching covering all vertices
of H except u. Now it remains to locate a path between z and u with all internal vertices of
degree two and swap the matched vertices along that path, obtaining the matching M (H, z)
that covers all vertices of H except x. For an example of the described construction see the
matching of Hy in Fig. Bl

We have proved that (H,V(H)\ X(H)) is an MBD critical graph for every H € C. It is clear
that H is connected and, as V(H) \ X (H) is a partite class in H, there are no edges between
predominated vertices. Thus, (H,V(H) \ X(H)) is an atomic MBD critical graph. O

Theorem and Proposition readily imply the following statement.

Corollary 5.3 If H € C is a substructure in a graph G, then (G,V(G)\ X(H)) is an MBD
critical graph.

We conclude the section with the following.

Problem 5.4 Is it true that a predominated cactus graph (G, D) is MBD critical if and only
if it contains a cactus-substructure H € C and D =V (G) \ X(H)?
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We remark that this problem is equivalent to the question whether C contains all atomic MBD
critical cactus graphs.

6 Concluding discussions

In this section, we explore additional aspects of criticality that complement our previous inves-
tigations, draw conclusions from earlier results, and highlight promising directions for future
research.

6.1 More atomic MBD critical graphs

In Definition Bl we defined a double-odd replacement of an edge e. By this operator, we
obtained a set C of atomic MBD critical cactus graphs. In an analogous way, we define the
k-odd replacement of an edge e = xy of a graph G and obtain a wider class of atomic MBD
critical graphs.

Definition 6.1 For an integer k > 2, the k-odd replacement of an edge e = xy in a graph
G is the replacement of the edge e with k internally vertex-disjoint x,y-paths of arbitrary odd
lengths. The class A is the minimal family that satisfies conditions (i) and (i1):

(i) SC A.

(i) If A € A and A’ is obtained from A by a k-odd replacement of an edge e € E(A),
then A’ € A. The set X(A') is the partition class of the bipartite graph A’ such that
X(A) C X(A).

The following theorem can be proved along the lines of the proof of Theorem 5.2

Theorem 6.2 For every A € A, the predominated graph (A, V(A)\ X(A)) is an atomic MBD
critical graph.

We are curious whether the same approach could be extended further to cover wider families
of graphs.

6.2 Criticality for Dominator

The main part of this paper studies MBD critical predominated graphs from Staller’s point of
view. However, the analogous situation for Dominator’s win may also be interesting to explore.

Definition 6.3 A predominated graph (G, D) is MBD Dominator-critical, if D # (), Dom-
inator wins in the Staller-start game on (G, D), and Staller wins on (G,D \ {v}) for every
veD.
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For instance, take a star with four leaves £1, ..., ¢4 and subdivide each edge twice to obtain the
graph R. Let D = {{1,0s,¢3}. By Theorem [£.6] Dominator wins on (R, D), but every proper
subset D’ of D allows Staller to win on (R, D’). Hence, (R, D) is MBD Dominator-critical.

Another example is depicted in Fig. [6

(a) (b)

Figure 6: The tree T from Fig. 2l Picture (a) emphasizes the four substructures of T', while
(b) shows three vertices marked by squares such that their predomination results in an MBD
Dominator-critical tree.

As we already noted, in Maker-Breaker games adding new winning sets is not a disadvantage
for Maker, and removing winning sets is not a disadvantage for Breaker. Observation B.1]
and Definition then directly imply the following properties. For part (ii), we note that
Dominator always wins if all vertices are predominated.

Observation 6.4

(i) If a predominated graph (G, D) is MBD Dominator-critical and D' C V(G) is a proper
subset or a proper superset of D, then (G, D") is not MBD Dominator-critical.

(i) For a graph G, an MBD Dominator-critical predominated graph (G, D) ezists if and only
if Staller wins the MBD game on G.

Given a hypergraph H = (V, E), aset Y C V is a transversal if Y contains at least one vertex
from every hyperedge. A transversal Y is minimal if no proper subset of it is a transversal
in H. If T is a tree, we define the associated hypergraph Xp on the vertex set of T' with the
following edge set:

E(X7p) ={X(S) : S is a substructure in T'};
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that is, every hyperedge of X7 corresponds to the set of fixed-degree (black) vertices in a
substructure in 7. Any transversal in X7 contains a black vertex from each substructure in
T. Applying this concept and Theorem [£.6] we obtain a characterization for MBD Dominator-
critical trees.

Proposition 6.5 Let T be a tree, D C V(T), and Xp the hypergraph associated with T.
The predominated graph (T, D) is MBD Dominator-critical if and only if Xr is not an empty
hypergraph and D is a minimal transversal in Xp.

Proof. By Theorem [£3] Staller wins on a tree T' if and only if Xp is not an empty hypergraph.
Observation (ii) then gives the same condition for the existence of a set D such that the
predominated graph (7', D) is MBD Dominator-critical. So we may assume that 7" contains at
least one substructure and X7 is not empty.

If (T, D) is MBD Dominator-critical, Dominator wins on (7', D) and consequently, by Theo-
rem 6] D contains at least one black vertex from every substructure. Equivalently, D is a
transversal in X7. The criticality also implies that Staller wins on (7', D\ {v}) for every v € D.
Again, by Theorem [4.6] the latter is equivalent to the property that no proper subset of D is
a transversal in Xp. It proves that D is a minimal transversal.

The other direction of the statement can be proved similarly by referring to Theorem O

6.3 Families of Maker-Breaker critical hypergraphs

In Section 2] we defined (atomic) Maker-Breaker critical hypergraphs and made some basic
observations. Now, having our results on MBD critical graphs in hand, we can add some
further statements related to critical hypergraphs.

It is clear by definitions and Observation B.] that if (G, D) is an MBD critical (resp., atomic
MBD critical) graph, then N(G, D) is Maker-Breaker critical (resp., atomic Maker-Breaker
critical) hypergraph. This interplay and Theorem [£.7] give us a family of hypergraphs that
are atomic Maker-Breaker critical. To have a more transparent description of this family, we
rephrase [0, Definition 3.2] which defines the family S. (Recall that, by [6, Proposition 3.4],
our Definition Il and [6, Definition 3.2] give the same family S of substructures.)

Let G; and G be two disjoint graphs, and let z be a vertex not in V(G1) UV (Gz). Let further
x; € V(G;),1 € [2]. Then Z = (G1, 1)+ (G2, x2) is the graph with V(Z) = V(G1)UV (G2)U{z}
and E(Z) = E(G1) U E(Ge) U {zx1, zx2}.

Definition 6.6 S is the minimal family of graphs that satisfies the following conditions:
(’i) P, € S with X(Pl) = V(Pl)

(it) If S1,52 € S and z; € X(S;), i € [2], then Z = (S1,21) + (S2,22) € S with X(Z) =
X(Sl)UX(Sg)

19



Given two vertex disjoint hypergraphs H; and Ho with specified edges ey from H; and e from
Hsa, the hypergraph H = (Hi,e1) + (Ha, e2) is defined on the vertex set V(H1) UV (Ha) U {z}
(where z is a new vertex) and with the edge set

E(H)=EM1)UEMH)U{es U{z},ea U{z}} \ {e1,e2};

that is, the new vertex z is added to the specified edges to connect H; and Hs.

Further, #! denotes the 1-uniform hypergraph with exactly one vertex and exactly one (1-
element) edge.

Definition 6.7 Let L be the minimal family that satisfies the following conditions:
(i) H' e L.

(13) If Hy € L and Ha € L, and e; is an arbitrary edge in H;, for i € [2], then the hypergraph
(Hi,e1) + (Ha, ea) also belongs to L.

Theorem [4.7] then implies the following statement.
Proposition 6.8 Fvery hypergraph in L is an atomic Maker-Breaker critical hypergraph.

Theorem [6.2] generalizes Theorem [5.2 by stating that the predominated graph (A4, V(A)\ X (4))
is atomic MBD critical for all A € A. From this theorem and Observation B.1] we can derive
the following statement.

Proposition 6.9 For every A € A, the hypergraph N (A, V(A)\ X(A)) is an atomic Maker-
Breaker critical hypergraph.
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