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Abstract

For a simple graph I' and a real number A, the general reduced second Zagreb index
is defined by the formula

GRMy(I) =} [(degr(a) + A)(degp(b) + A)].
abe E(T")

A sharp lower bound for GRM), over all trees of given order and maximum degree under

the condition that A > —% is established. A parallel result is proved for unicyclic graphs
under the condition A > —%. The corresponding minimal trees and unicyclic graphs

are identified. These findings improve upon the lower bounds previously established by
Buyantogtokh, Horoldagva, and Das concerning GRM), of trees and unicyclic graphs of
given order.
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1 Introduction

Consider a simple graph I" where V(I") denotes its vertex set and E(I') denotes its edge set.
For a vertex a € V(I'), the open neighborhood Nr(a) of a in T is the set Np(a) = {b €
V(T') | ab € E(I')}. The degree of a in I', denoted as degp(a), is given by the order of its
open neighborhood. Additionally, the distance between two vertices a,b € V(I'), defined as
the length of any shortest path in I' that connects a and b, is denoted by dr(a,b).

Topological indices are numerical descriptors derived from the molecular graph of a chem-
ical compound, where atoms are represented as vertices and bonds as edges. These indices act
as graph invariants, remaining unchanged under structural isomorphisms. They are widely
used in chemical graph theory and quantitative structure-activity relationships (QSARs),
linking the biological activity or properties of molecules to their chemical structures. Vertex-
degree-based topological indices are a specific category of topological indices that evaluate
the characteristics of a graph by concentrating on the degrees of its vertices. These indices
are defined using a set of real numbers that correspond to pairs of vertex degrees.

The first Zagreb index [16] and the second Zagreb index [15] are foundational members of
the family of vertex-degree-based topological indices. These indices are defined for a graph
I" as follows:

My(T)= > degr(a)® and  My(I)= > degr(a)degr(b).
acV () abe E(T)

These indices have significant applications across multiple fields, such as chemistry and net-
work analysis, where they aid in characterizing molecular structures and network topol-
ogy. For a comprehensive and transparent overview of the Zagreb indices, see Ali et al. [3],
Boroviéanin et al. [6], and Gutman et al. [14]. However, research in this area remains ongoing,
with recent contributions from Ahmad et al. [1], Lin and Qian [20], Pirzada and Khan [24],
Taubig [26], Yuan [30], and Das et al. [9] providing new insights and advancements.

Alongside the Zagreb indices, various other vertex-degree-based indices have been pro-
posed. These include the atom-bond connectivity index [11], the sum connectivity index [31],
irregularity indices [2, 5], variable Zagreb indices [23, 22|, multiplicative Zagreb indices
[27, 28], the Lanzhou index [10, 29], and entire Zagreb indices [4, 21].

Furtula et al. [12] demonstrated that the difference My (T") — M;(T") is closely related to
the reduced second Zagreb index RMs(I"), which is defined as

RM(I) = Z [(degp(a) — 1)(degr(b) — 1)].

abe E(T")



This index has been studied in various contexts, including the works of Li et al. [19], Buyan-
togtokh et al. [7], Gao and Xu [13], and Shafique and Ali [25].

In 2019, Horoldagva et al. [17] extended the reduced second Zagreb index to the general
reduced second Zagreb index GRM)(T"), defined as

GRMy(L) = [(degp(a) +A)(degp(b) + A,
abeE(T")

where A is an arbitrary, fixed real number. This definition can also be expressed equivalently
as
GRM)\(T') = My(T) + AM;(T) + N*| E(T)|.

This general version of the index has garnered considerable interest in recent research [17, 8,
18], reflecting its significance in graph theory and its applications in chemical graph theory.
The exploration of GRM)(I') not only enhances our understanding of vertex-degree-based
indices but also opens new avenues for analyzing the structural properties of graphs.

1.1 Our primary motivation

Our primary motivation for this paper arises from the following two results presented in [8]
on the general reduced second Zagreb index of trees and unicyclic graphs.

Theorem A. If A > —% and T is a tree with n vertices, then

GRM\(T) > (2 + \)(n+2) — 1).

When n = 4 and A = —%, equality is achieved if and only if T = Py (a path graph with 4

vertices) or T'= K1 3 (a star graph with 4 vertices). For all other cases, equality is achieved
if and only if T = P, (a path graph with n vertices).
Theorem B. If A > —% and U 1is a unicyclic graph with n vertices, then

GRM,\(U) > n(2+ N2,

where equality holds if and only if T' = C,, (a cycle graph with n vertices).

1.2 Our results

In this paper, we extend and refine the bounds established in Theorem A and Theorem B by
proving the following two theorems. Denoting by 7, A the set of all trees with n vertices and
a maximum degree of A, the first results reads as follows.

Theorem 1. If A > —%, n >3, and T € Ty A, then

nA+2)?2 =30 +2)+ A+ 1)(A%2-3A-)); A<n-—1,
GRM\(T) >
n=1)(n—14+ X1+ N); A=n-1
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The equality holds if and only if T is a spider graph (a tree with at most one vertex of a
degree greater than two) with at most one leg of length more than one.

Let U, A denote the set of all unicyclic graphs with n vertices and maximum degree A.
Let L{f)A be a subset of U,, A which contains unicyclic graphs Us constructed as follows. Us is
obtained from the disjoint union of a cycle C' and a star K1 o—1 by adding a path of length

at least 2 between the center a of K1 a_1 and a vertex b of C, as shown in Fig. 1.

A-1

Figure 1: The construction of unicyclic graphs from U£L2)A.

Let further UT(L?’)A be a unicyclic graph from U, A obtained by identifying a vertex a of the

cycle Cy,_(a—2) and the center of a star K1 a—2, as shown in Fig. 2.

A-2

Figure 2: The unicyclic graph UT(S’)A

Our second main result reads as follows.
Theorem 2. If A > —%, A>3, and U € Uy A, then the following results hold:
(i) If 2A + 6 < A < n — 3, then
GRM\(U) > (A + N (A+ AN+ 1)+ (n— A) 2+ N2 +3(2+N),
with equality if and only if U € Zx[f)A.
(i) If3<A<2X\+6 orn—3<A<n-—1, then
GRM)(U) > (A + X (A +AXN+2) + (n— A)(2+ N,
with equality if and only if U = US’)A.
(iii) If A =2\ + 6, then

GRM\(U) > 6(2+ A)® + (n —2A — 6)(2 + \)?,

with equality if and only if either U € Z/{(z)A orU = U,(S’)A.

n,



2 Proof of Theorem 1

In this section we prove Theorem 1 and at the end of the section compare the bounds given
in the theorem with those in Theorem A.

A rooted tree is a tree in which one vertex is designated as the root. In this structure,
every other vertex is connected to the root either directly or through a sequence of edges,
creating a hierarchical organization among the vertices. A spider is a specific type of tree
that has at most one vertex with a degree greater than two, known as the center of the spider.
Each path extending from this center to a leaf vertex (vertex of degree one) is called a leg.
A staris a special case of a spider where all legs have a length of one. By convention, a path
graph can also be considered a spider, particularly when it is viewed as having either one leg
(a single path) or two legs (two paths extending from a common vertex).

The key lemma for establishing the announced inequality on trees reads as follows.

Lemma 3. Let \ > —% and A > 3. If T € T A contains two distinct vertices a and b such
that degr(a) = A and degp(b) > 3, then there exists T* € T, A such that GRM)(T*) <
GRM,\(T).

Proof. Let T be a rooted tree with root vertex a. Without loss of generality, assume b is the
vertex farthest from a among all non root vertices = (i.e., x # a) satisfying degp(z) > 3.
Let degp(b) = ¢, and denote the neighborhood of b as Np(b) = {b1,be,...,bs}, where by is
the unique neighbor of b lying on the path from b to a in T'. By our assumption about the
maximality of dr(a,b), every vertex b; (for 1 < i < ¢ — 1) satisfies degy(b;) € {1,2}. These
degree constraints lead to three distinct cases:

Case 1: b has at least two leaf neighbors.
Assume without loss of generality that the vertices by and by are two leaves adjacent to b.
We construct a modified tree T by removing the edge bb; and adding the edge b1bs. In T,
vertex by becomes the support vertex for leaf b; (see Fig. 3).

We now analyze how this modification affects the general reduced second Zagreb index.
Recall that A > —3 and ¢ > 3. We define X = GRM,(T) — GRM,(T*) and calculate it as
follows:

X = (degp(b) + A)(degp(b1) + A) + (degp(b) + A)(degy(b2) + A)
—1

+ (degy(b) + A)(degr(be) + A) + > (degy(b) + A)(degr(b;) + A)
1=3

— (degyp-(b1) + A)(degp-(b2) + A) — (degp-(b) + A)(degyp«(b2) + A)
-1

— (degyp+(b) + A)(degp-(be) + A) — Z(degT*(b) + A)(degp- (bi) + A)
=3
=2(1+ X)L+ X))+ (£+ N)(degp(be) + A)



™
ap: @
be
b —>

i 5 G

Figure 3: Transformation from Case 1 of Lemma 3.

/—1
+ ) (04 N)(degr(bi) + A)
=3
—(1+XN2+N) = 2+ Nl =14 X) — (£ — 1+ N)(degr(be) + )
/—1
=) (0 =1+ M) (degr(bi) + A)
=3
/—1
= M — X+ degp(be) + Y _(degp(bi) + \)
=3

>AMl—1)+2+ 1+ \)(—3)
=2M —4)\N+/0—1

=Nl —2)+(L—2)+1

— (1420 —2)+1>0.

Case 2: b has exactly one leaf neighbor.
Let by be the leaf adjacent to b. Consider the path bcics . .. ¢k, where ¢y = bo, ¢ is a leaf, and
k > 2. Construct a modified tree T™* by removing the leaf b1, detaching the subpath cycs ... cp
from b, and attaching the extended path cics...cpby to b. This reorganization creates a new
leaf by at the path’s terminus (see Fig. 4).

Using the fact that A\ > —% and ¢ > 3, and defining X = GRM)(T) — GRM(T*), we

have:

X = (degr(b) + A)(degr(br) + A) + (degr(cx) + A)(degr(cr-1) +A)
-1

+ (degp(b) + A)(degr(be) + A) + Z(degT(b) + A)(degr(bi) + A)
i—2
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Figure 4: The construction from Case 2 of Lemma 3.

— (degp«(br) + A)(degr- (cx) + A) — (degrp-(cx) + A)(degr-(cr-1) +A)
-1

— (degy- (b) + A)(degp-(be) + A) = > (degys (b) + A)(degq- (b;) + A)
=2

=1+NE+N)+D+N)2+X)+ 0+ X)(degp(be) + )

/-1
+Z 0+ N)(degp(bi) + )

s

—(14+N24+N) = (24+ X% = (£ =1+ N)(degp(be) + N
-1
(0 — 1+ X)(degp(b;) + N
=2

¢
=(1+N)({—2)— (24N + Z degyp(bi) + A)

>A+ANl—=2)— 2+ XN+ (L-1)(24+N)
=342\ —-2)>0.

Case 3: b has no leaf neighbors.

Consider two paths bcics ... c, and bdids . ..ds with ¢; = by and d; = b, where both paths
have length at lease two (i.e., k,s > 2) and terminal nodes ¢;, and ds are leaves. Construct a
modified tree T* by detaching the path cjcy. .. ¢, from b and attaching it to ds (see Fig. 5).
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Figure 5: Transformation from Case 3 of Lemma 3.

Once again, let X = GRM(T) — GRM,(T*). We can estimate it as follows:

X = (degy(b) + A)(degy(b1) + A) + (degr(ds) + A)(degp(ds—1) + A)

+ (degr(b) + A)(degr(be) + A) + %(degT(b) + A)(degr(bi) +A)

— (degr+(b1) + A)(degr-(ds) + A)Ziz(degw (ds) + A)(degrs (ds—1) + A)

— (degr+(b) + A)(degr-(be) + A) — li(degw (b) + A)(degr- (bi) + )
=UL+N2+N+FA+FNE2+N+ (;:—i A)(degr(be) + N)

+ §(£ + A)(degr(b;) + )

—~ (Zir A)? = (2+A)? — (€ — 1+ N)(degp(be) + )

- 2(6 — 14+ X)(degp(b;) + A)
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= (24N —3)+ > (degr(b;) + A)
=2

>24Nl=3)+24+Nl-1)=22+N)(£—-2)>0.
This concludes the demonstration of Lemma 3. O

Our second lemma addresses spiders.

Lemma 4. If T is a spider graph in T, o with A > 3, and it has at least two legs of length
greater than one, then there exists another spider graph T in T, A such that GRM(T*) <
GRM,\(T).

Proof. Let a be the center of T', and consider two legs of length greater than one represented
by the paths abiby...b; and acicy...ci. Construct T by detaching the subpath bs ... b
from a and attaching it to the terminal vertex ¢j. Define X as X = GRM)\(T) — GRM(T™).
Then

X = (degp(a) + A)(degp(b1) + A) + (degp(br) + A)(degp(b2) + A)
+ (degr(ck) + A)(degr(ce-1) + A)
— (degg«(a) + N)(degp«(b1) + ) — (degp«(cx) + ) (degp«(crk—1) + )
— (degy«(b2) + A)(degr=(ck) + A)
=24+ M)A+ X))+ (2+N)(degp(b) + A) + (1 +N)(2+N)
— (L4+ X (A +A) — (degps(b2) + A)(2+A) — (2 + N)?
=A-2>0,

and we are done. O

We now proceed to establish the proof of Theorem 1.

Let T* be a tree in T, A such that GRM,(T*) < GRM,(T') for all T in T, A. Suppose
T* is rooted at a with degp.(a) = A. If A = 2, then T* is a path of order n > 3, and its
general reduced second Zagreb index is given by:

GRM,(T*) = GRM\(P,) = (n — 3)(2+ X\)?+2(1+ \)(2+ \).

Given A > 3, Lemma 3 ensures that 7™ is a spider graph centered at vertex a. Furthermore,
Lemma 4 guarantees that T has at most one leg of length exceeding one. If all legs of T*
have length one, then T* is a star, A = n — 1, and its general reduced second Zagreb index
is given by:

GRM)\(T*) = GRM(Sp) = (n—1)(n — 1+ X\)(1 + A).

Assume T* is not a star and has exactly one leg of length exceeding one. Then A < n — 1
and we have

GRM\(T*) =(n — A —2)2+A)? + (A = 1)(A+ X1+ \)



F(AFNCHN+F (T +N)(2+N)
=n(2+ N2 =32+ A) + (1 + ) (A% —3A — ),

from which the desired result follows.

To end the section, we compare the bounds given in Theorem A and Theorem 1. At first
consider the case when A > —% and A =n—1. If n =3, then T'= P53 and both bounds yield
the exact value of GRM)(Ps) that is 2(1 + A\)(2 + X). If n > 4, then

(m—1)n—1+XN)1+X)—2+Nn+22—1)
=n-3)(N+nA+1)+(\-1))
1 1 1

2(4—3)(0"'4(—5‘1'1)—5_1):§>0'

If)\z—% and A <n — 1, then n > 4 and we have:

n2+N2=32+N)+(1T+NA2=3A-X) -2+ N)n+21-1)

= N(A - 2P+ - Hr+2n -2
> (—%+1)((2—;)2—%(n—3)+2n—%)
:g(n—3)>0.

The calculations show that the lower bound established in Theorem 1 is stronger than the
one presented in Theorem A.

3 Proof of Theorem 2

In this section we prove Theorem 2 and provide a comparison between the bound of our
theorem with the bound of Theorem B.

Let Uy, A represent the set of all unicyclic graphs with n vertices and maximum degree A.
If U is a graph in U, 2, then U must be the cycle graph C,,, for which the general reduced
second Zagreb index is given by:

GRM\(U) = n(2 + \)>.

For the remainder of this section, we assume A > 3. To establish the announced inequality
for unicyclic graphs, we first need to prove several key lemmas.

Lemma 5. Assume A > —%, and let U be a unicyclic graph in U, A, where no vertex of
degree A lies on the cycle. Suppose degy(a) = A, and let b be a vertex on the cycle of U
that minimizes the distance dyr(a,b). If either degy(b) > 4 or there exists a vertex ¢ (distinct
from a and b) with degy(c) > 3, then Un a contains another unicyclic graph U’ such that
GRM\(U) > GRM,(U").

10



Proof. Let C denote the cycle of U, and let P be the path connecting a to b. Consider a
vertex ¢ in U, distinct from a and b, such that degy(c) > 3. Define T, as the rooted tree with
c as its root, which maximizes the number of vertices connected to c.

If ¢ is not a vertex of the cycle C and the path P, then by Lemma 3, we can transform
T, into a path P. with the same number of vertices, such that GRM)(T,) > GRM)(F,).
Construct U’ in U, o by removing T, from U and replacing it with P.. Consequently, it
follows that GRM,(U) > GRM,(U").

Now, let ¢ be a vertex lying either on the cycle C' or on the path P. We consider the
case where c is a vertex on the cycle C; the case in which c lies on the path P can be proved
analogously. Let ¢; and ¢y denote the neighbors of ¢ on C, excluding any vertices that belong
to T.. By Lemma 3, we can transform 7, into a path P, with the same number of vertices,
such that GRM(T.) > GRM)(P.). Let P. = y1y2 - - - Yk, where 73 = ¢. Construct the new
unicyclic graph U’ in U,, A by removing the rooted tree T, from U and replacing it with the
path P.. It follows that, GRM,(U) > GRM,(U") and degyy(c) = 3. Construct the unicyclic
graph U” € U, A by removing the vertices 72, -, from U’ and replacing the edge cc; by
the path ¢y - - - yrcr. Consequently, we have:

degyn(c1) = degyr(c1) = degy(ar),

degUu (02) = degU/ (02) = degU(CQ).

In the subsequent computations we set X = GRM,(U') — GRM,(U").
If the length of P, is greater than one, then

X = (degy(c1) + A)(degyr(c) + A) + (degy(e2) + A)(degy(c) + A)

+ (degyr (v2) + A)(degyr(c) + A) + (degy (yk—1) + A)(degr () + A)
— (degyr(c1) + A)(degyn () + A) — (degyn(c2) + A)(degyn(c) + A)
— (degyr (v2) + A)(degyn(c) + A) — (degyr (k1) + A)(degyn (1) + A)

= (degy(c1) + A)(3+A) + (degy(c2) +A)(3+A)
+2+N0)B+N+ 2+ +N)
— (degy(c1) + A (24 N) — (degyr(c2) + ) (2 + N) —2(2 4 N)?

= degy(c1) + degyr(ca) + 2A > 0.

If, however, the length of P, is one, then

X = (degyr(c1) + A)(degyr(c) + A) + (degy(e2) + A)(degy(c) + A)
+ (degyr (72) + A)(degyr(c) + A)
— (degyn(c1) + A)(degyn(12) + A) — (degyn (c2) + A)(degyn(c) + A)
— (degyr (y2) + A)(degyn () + A)
= (degy(c1) + A) (B + A) + (degy(c2) + A)B+A) + (1 +A)(B+A)
— (degy(c1) + A)(2+ A) — (degp(c2) + A)(2+A) — (2+ A)?

11



= degy(c1) + degy(c2) + 22 — 1 > 0.

Finally, suppose deg;;(b) > 4, with by, be, and b3 as neighbors of b in U, where b; and bo
are on the cycle C, and b3 is on the path P. Define T} as the rooted tree with the maximum
number of vertices connected to b, excluding b1, b2, and b3. By Lemma 3, we can transform
Ty into a path P, with the same number of vertices, such that GRM)(Ty) > GRM)(F).
Let P, = [B1f2--- B, where 81 = b. Construct the new unicyclic graph U’ in U, A by
removing the rooted tree T} from U and replacing it with the path P,. It follows that
GRM\(U) > GRM(U’) and degy/(b) = 4. Construct the unicyclic graph U” in U, o by
removing the vertices g, --- , 3 from U’ and replacing the edge bb; with the path b3y - - - 3;b;.
Consequently, we have:

deggw (b1) = degyy(b1) = d
degyn (b2) = degy (b2) = degy (b2),
degyw (bs) = degy (bs) = d

If the length of P, is at least two, then

X = (degy(b1) + A)(degy(b) + A) + (degyr (b2) + A)(degyr (b) + A)

+ (degy(b3) + A)(degyr (b) + A) + (degyr (B2) + A)(degy (b) + A)
+ (degy (Bi—1) + A)(degy (Be) + A)
— (degyn (b1) + A)(degyn (B) + A) — (degyn (b2) + A)(degyn () + A)
— (degyn (b3) + A)(degyn (b) + A) — (degyn (B2) + A)(degyn (b) + A)
— (degyn (Bi—1) + A)(degyn (Bt) + A)

= (degy(b1) + A)(4 + A) + (degy(b2) + A)(4+ A)
+ (degrr(bs) + M)A +N)+2+N)A+AN)+2+N)(1+N)
— (degy(b1) + A)(2+ A) — (degy(b2) + A)(3+ A)
— (degy(b3) + )B4+ —2+XN)B+A) —(2+ 2)?

= 2degy;(b1) + degyr(b2) + degy(bs) +4A > 0.

If, however, the length of P, is one, then

X = (degyr(b1) + A)(degy (b) + A) + (degyr (b2) + A)(degy (b) + A)
+ (degyr(bs) + A)(degy (b) + A) + (degyr (B2) + A)(degy (b) + A)
— (degyn (b1) + A)(degyn (B2) + A) — (degyn (b2) + A)(degyw (b) + A)
— (degyn(bs) + A)(degyn(b) + A) — (degyn(B2) + A)(degyn (b) + A)

= (degy(b1) + A)(4 + A) + (degy(b2) + A)(4+ A)

+ (degy(bs) + M)A+ XN+ (1 + A4+ )
— (degy(b1) + A)(2+ A) — (degy(b2) + A)(3+ A)
— (degyr(b3) + N)B4+AN) —(2+N)B+A)

12



= 2degy(b1) + degyr(b2) + degyr(b3) +4X —2 > 0.
This concludes the proof of Lemma 5. O

As the proof of the next lemma closely resembles the one presented in Lemma 5, it is
omitted for brevity.

Lemma 6. Assuming A > —%, consider a graph U in U, A with a vertex a of degree A on
its cycle. If U contains another vertex b (excluding a) of a degree of at least 3, then there

ezists a unicyclic graph U’ in Up a where GRM)(U) > GRM(U").

Lemma 7. Let A > —% and let U € Uy A have the vertex a of degree A that is not on its

cycle. If a is adjacent to at least two vertices of degree more than one, then U, A contains a
unicyclic graph U’ such that GRM)(U) > GRM\(U'").

Proof. Let b be a vertex on the cycle of U minimizing the distance dy(a,b) and let P be the
unique path connecting a and b. Assume that T, is the tree rooted at a with the maximum
possible number of vertices that are connected to a by paths, and it satisfies degr, (a) = A—1
and V(T,) N V(P) = {a}. According to the transformations described in Lemma 3, we can
transform the tree T, into a spider tree T/, with the same number of vertices, the same root a,
and A — 1 legs, such that V(7)) NV (P) = {a} and GRM\(T,) > GRM(T). Now, consider
the unicyclic graph U’ in U, A obtained by replacing T, with 7},. Consequently, it holds that
GRM\(U) > GRMy(U").

Suppose a is adjacent to at least two vertices of degree greater than one. By Theorem 1,
T takes the form of a spider graph with one leg longer than one, such as P’ = ¢y ¢ ... ck.
Let ¢1 be a vertex in Ny (a) N V(P'), and select d € Nyr(a) \ {c1} so that d is on the path
P. Now, derive a new unicyclic graph U” in U,, o by removing ca, ..., ¢ from U’ and adding
the path dcg ... cpa. According to Lemma 5, we can assume that degg(d) = degy(d) = 2
when d # b and degy(d) = degy(d) = 3 when d = b. If degyn(d) = degy(d) = 2, then
recalling that X = GRM,(U’) — GRM(U"), we have

X=22+NA+N+2+N1+XN)
—2+FNA+N-T+NA+N)-2+N)2+ N
=A-2>0,

and if degg(d) = degy(d) = 3, then

X=CB+NA+NMN+2+NA+N+2+N)(1+N)
—2+NA+N-T+NA+N)=CB+N2+N
=2A—-4>0,

which proves Lemma 7. O

The proof of the next lemma closely resembles the one presented in Lemma 7, so it will
be omitted.
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Lemma 8. Let A > —% and let U € Up A have the vertex a of degree A on its cycle. If a is
adjacent to at least three vertices of degree greater than one, then U, o contains a unicyclic
graph U" such that GRM,(U) > GRM,(U").

From Lemmas 5-8, we verify that within the set i, A, the minimal unicyclic graphs with

respect to GRM) must either belong to the subset U/, ( )A, or coincide with one of the graphs

U (1)A or U, (3) . These structures are formally defined as follows:

o Let Ur(z)A be a unicyclic graph from U, A with a vertex a of degree A, where a is
adjacent to A — 1 leaves and a is not on the cycle of Uy(Ll)A. Additionally, let b be a

vertex on the cycle of U(l)A such that dU(l) (a,b) =1, degU(l) (b) = 3, and for every
n,A n,A

vertex ¢ € V(U A) \ {a,b}, it holds that 1 < degU(1) (¢) <2 (see Fig. 6). Then

GRM(USN) =2(3 + A2+ A) + (A = 1)(1+A)(A +A) + (3+A)(A+ 1))
+(n—A—=2)(2+))?
=(A+NA+AN+2)+(n—A)2+ N2 +2(2+N). (1)

Figure 6: The unicyclic graph UTS,l)A'

o Let U, (2 ) be a subset of U, A such that every unicyclic graph U € U, (2 ) has a vertex a of
degree A where a is adjacent to A — 1 leaves and is not part of the cycle Additionally,
assume b is a vertex on the cycle of Us such that the distance dy,(a,b) is minimized,
specifically with dy,(a,b) > 2, degy;, (b) = 3, and for every vertex ¢ € V(Uz) \ {a, b}, it

holds that 1 < deg, (c) < 2 (see Fig. 1). Therefore, for every unicyclic graph Us € U,, (2)
we have

GRM\(Us) =3(3 + N)(2+ A) + (A — 1)L+ \)(A+A) + (24 A)(A +))
+(n—A—=3)(24\)?
=(A+NA+A+1)+(n—A)2+N?+3(2+N). (2)

o Let U (8 ) be a unicyclic graph from U, A with a vertex a on its cycle, where a has degree

A and is adjacent to A — 2 leaves. Additionally, for every vertex b € V(U A) \ {a}, it
holds that 1 < deg, (s (b) < 2 (see Fig. 2). Then
n,A
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GRM,(US))

(A+N(A+AN+2)+ (n—A)(2+ N2

Now, we compare GRM) values across these subsets.

Lemma 9. For each unicyclic graph Uy € Z/{r(Lz)A, we have

GRM)\(UL'L) > GRM,(Ug).

Proof. By subtracting Eq. (2) from Eq. (1), we obtain

GRM)(UL'X) — GRMy(Uz) = A — 2 > 0,

from which the result follows.

Lemma 10. The following inequality holds:
GRM,\(U.')) > GRM(U)).

Proof. By subtracting Eq. (3) from Eq. (1), we obtain

GRM\(US')) — GRMA(US)) = 2(2+ X) > 0,

from which the result follows.
Lemma 11. For each unicyclic graph Us € U," 5,

If A > 2\ +6, then GRMy(U')) > GRM,(Uz).

If A < 2\ + 6, then GRM)(Uz) > GRMy(UL)).
If A =2\ +6, then GRM)(U\"\) = GRM)(Ug).

Proof. By subtracting Eq. (2) from Eq. (3), we obtain:

GRM\(US)

It can now be easily verified that, if A > 2\ 4+ 6, then GRM)(
), and if A = 2\ + 6, then GRM,(

A < 2\ + 6, then GRMy\(Us) > GRM(UL\
GRM\(Us).

15

(A=2)A+N(A+N)+22+N(A+N) + (n—A)2+N)?

@) the following inequalities hold:

) = GRMy(Uz) = A — 2) — 6.

3)

'\) > GRM,\(Ua), if
U b}

Ol



With all the prerequisites in place, we can now proceed to establish the proof of Theorem 2.
Assume that U’ € U, o with GRM(U) > GRM(U’) for every U € U, a. By Lemmas
5-11, U’ satisfies one of the following cases:
Case 1. If 2A + 6 < A <n — 3, then U’ € Z/IT(L?)A, and from Eq. (2), we obtain:

GRM)(U') = (A+N)(A+ AN+ 1)+ (n— A)(2+N)? +3(2+ N).

So the inequality in Theorem 2 (i) holds with equality if and only if U € U ( )A-

n,

Case 2. If3< A <2 \+6orn—3<A<n-—1,thenU' = U(?)A, and from Eq. (3), we have:

GRM\(U") = (A + X (A +AXN+2) + (n— A)(2+ N2

3)
n,A"

Case 3. If A =2\ + 6, then U’ € L{ff)A or U' = US’)A, and from Eq. (2) or Eq. (3), we get:

Hence the inequality in Theorem 2 (ii) holds with equality if and only if U =

GRM)\(U') = 6(2+ N + (n — 2\ — 6)(2 + \)*.

Then the inequality in Theorem 2 (iii) holds with equality if and only if either U € L{S)A or
U= UT(L?)A. This completes the proof of Theorem 2.

We end this section with providing a comparison between the bound of Theorem B and
that of Theorem 2.
If20+6 < A <n—3, then

A+N)A+AM+1)+n—A) 2+ N2 +3(24+ ) —n(2+ N>
= (1+\)(A? =3A +4) +2>0.

If3<A<22 4+6o0rn—3<A<n-—1, then

(A+N(A+AN+2)+(n—A)2+ N2 —n(2+))?
= (14+N)(A*=3)+2XA+ A > 0.

The above comparison shows that the lower bound of Theorem 2 is stronger than that of
Theorem B, where A > —%.
4 Concluding remarks

In this paper, we have extended and refined the bounds established in Theorem A and
Theorem B by deriving sharp lower bounds for the general reduced second Zagreb index of
trees and unicyclic graphs with a specified order and maximum degree. Furthermore, we
recall the following result.
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Theorem C. [17] If " is a connected graph and X > —%, then for every e ¢ E(T),
GRMA(F + 6) > GRM)\(F).

This result thus asserts that adding an edge to a connected graph increases the value of
the general reduced second Zagreb index. By combining Theorem C with Theorem 1, we can
formulate the following additional result.

Theorem 12. If A > —% and I' is a connected graph of order n > 3 and maximum degree
A, then

n2+A)?=32+N)+(1+N)(A%2-3A-)); A<n-—1,
GRM,(T) >
AA+ N1+ N); A=n-1

The equality condition is met if and only if the graph I' is a spider graph with at most one
leg of length exceeding one.

We have also identified the minimal trees and unicyclic graphs that achieve these lower
bounds in our main two theorems. The identification of minimal trees and unicyclic graphs
provides a framework for future research and applications in mathematical chemistry and
network theory. Future research may explore further generalizations of our findings, as well
as their implications for other classes of graphs. Additionally, investigating the behavior of
the general reduced second Zagreb index under various graph operations could yield new
avenues for understanding the structural properties of graphs.
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