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1 Introduction

Two decades ago, van Benthem introduced sabotage games [4], which involve two
players named Runner and Blocker. The aim of Runner is to travel between two
given vertices in a network, while the goal of Blocker is to prevent Runner from
achieving her goal. The tool available to Blocker for this purpose is to remove (or
destroy) edges of the network. For more information on these games, see [5,/18,23,24]
and the references therein. It should be noted that the corresponding sabotage modal
logic was also introduced in the seminal article [4], which has led to numerous studies,
see, for example, [1},2].

Maker-Breaker games are the most studied representatives of positional games—
combinatorial games of complete information played by two players that cover a wide
range of games, ranging from popular games like Tic-Tac-Toe or Hex, to purely
abstract games played on various structures. In Maker-Breaker games, given a
finite board X and a family of winning sets F C 2%, the players, called Maker and
Breaker, take turns claiming the elements of X, one element per turn, until all of
them are claimed. Maker wins if, by the end of the game, she has claimed all the
elements of some f € F, and Breaker wins otherwise. No draw is possible. The
study of these games started with the seminal papers [7,|10] and has since attracted
great attention, motivating the study of Positional games as a whole with various
modifications of the rules. For a comprehensive overview, we refer the reader to
the books [3,/14]. Over time, many restrictions have been applied to how Maker
can play (see, e.g., [7,8,[11,20,26]) in order to give Breaker more power, since in
many standard graph games it is very easy for Maker to win the game. Also,
the quantitative version of Maker-Breaker games was introduced in [9], and further
studied in [6,25] where Maker, called Toucher, aims at touching as many vertices
as possible by claiming edges, while Breaker’s goal was opposite, i.e. to isolate as
many vertices possible.

In this paper, we introduce and study the following Maker-Breaker sabotage
game. We are given a connected graph G = (V(G), E(G)) with at least one edge,
whose edge set serves as the board of the game, and two players, Runner and Blocker,
with Runner taking the role of Maker and Blocker taking the role of Breaker. Runner
starts the game by moving along a selected edge. After that, the two players play in



turns. When it is Blocker’s turn, he removes (deletes) one edge of the graph. When
it is Runner’s turn, she moves along an available edge incident to her current vertex
that she has not traversed before. The goal of Runner is to visit as many vertices
of G as possible, while the goal of Blocker is opposite: to minimize the number of
vertices Runner visits. If both players play optimally, the number of vertices visited
by Runner is a graph invariant. We call it the sabotage number of G and denote it
by sab(G). As the Maker-Breaker sabotage game is the unique game studied here,
for this paper we simplify the terminology and briefly call it the sabotage game.

In the above-defined sabotage game, the goal of Runner is effectively to create
a trail (a walk in which no edge is repeated) that is as long as possible. Positional
games focusing on the step-by-step formation of trails have been studied previously
under different rule sets. For instance, our game shares underlying concepts with
Erdés’s Eulerian trail game [26]. Similarly, feedback games have recently garnered
attention, having been investigated on Eulerian graphs [21] and on 3-chromatic
Eulerian triangulations of surfaces [15]. While these games also involve navigating
a graph to create a walk where no edge is repeated, the unique mechanism of the
sabotage game—where Blocker actively deletes edges from the board rather than
moving a shared token—introduces a fundamentally different dynamic.

We proceed as follows. In the next section, we list some definitions, determine
the sabotage number for a few simple graph classes, characterize the triangle-free
graphs with the sabotage number three, and introduce the lower sabotage number
sab™. In Section 3, we give a formula for the sabotage number of an arbitrary tree,
which can be evaluated in polynomial time. We also prove that if GG is a unicyclic
graph, then sab(G) € {sab™(G),sab™ (G) + 1}. In Section [4] we bound from above
the sabotage number of a bridgeless subcubic graph by its maximum edge girth of
and demonstrate the sharpness of the bound. In Section [, we bound from above
sab( K, m), determine the sabotage number of classical Sierpinski graphs, and bound
it for generalized Sierpinski graphs.

2 Preliminaries

In this section, we first provide a few additional definitions that we need. After that,
we determine the sabotage number for some basic classes of graphs, characterize
triangle-free graphs with the sabotage number equal to 3, and introduce the lower
sabotage number. For any graph theoretic notions not explicitly defined here, see
[27].

If T is a tree and u € V(T'), then by T, we denote the tree T rooted at u. The
height of a rooted tree T,,, denoted h(7,,), is the length of the longest path from the



root u to a leaf of T;,. A binary tree is a rooted tree in which each vertex has at
most two children and each child of a vertex is designated as its left or right child.
A complete binary tree of height h is a binary tree in which all leaves are at distance
h from the root and every non-leaf vertex has exactly two children.

We will adopt the following convention. An edge {u,v} will be shortly written
as uv. Moreover, when such an edge represents an edge traversed by Runner in that
direction, the first vertex in uv is the first vertex traversed by Runner.

For a statement S, we will use the Iverson bracket [S], which has a value of 1 if S
is true and 0 otherwise. For a positive integer k, we use the notations [k] = {1,..., k}
and [k]o = {0,1,...,k—1}.

We next determine the sabotage number of the following standard graph classes.
Proposition 2.1. If G is a path, a cycle, or a complete graph, then

2; G is a path on n > 2 vertices,
sab(G) = < 2; G is a cycle on n > 3 vertices,

n—1; G is a complete graph on n > 2 vertices.

Proof. The proofs for cycles and paths are trivial. For complete graphs, the cases
n = 2 and n = 3 correspond to P, and Cj, respectively, giving sab(K3) = 2 and
sab(K3) = 2. Assume n > 4.

We first prove the upper bound, sab(K,) < n—1. Blocker’s strategy is to choose
a specific vertex u distinct from the two vertices of Runner’s initial edge. In every
subsequent turn, whenever Runner moves to a vertex w, Blocker deletes the edge
wu, if it exists, or any other edge otherwise. Consequently, Runner can never visit
u.

To prove the lower bound, sab(K,) > n — 1, we provide a strategy for Runner:
at each step, if there is an available edge to an unvisited vertex, Runner traverses
it; otherwise, she traverses any available edge to a previously visited vertex (such a
move is called a backtracking move).

Suppose towards a contradiction that Runner follows this strategy and has no
available edges to move from a vertex v after visiting k& < n — 1 vertices (she is
trapped at v). Let U be the set of unvisited vertices (|[U| =n — k > 2).

Let us examine the very first time in the game Runner was forced to make a
backtracking move. Suppose this occurs at a vertex x after she had visited j distinct
vertices (j < k <mn —2). So far, Runner has traversed j — 1 edges (forming a path)
and Blocker has deleted j—1 edges. To force Runner to backtrack at x, Blocker must
have deleted all n — j edges connecting x to the n — j currently unvisited vertices.
From now on, every time Runner makes a backtracking move to a previously visited
vertex y and is forced to backtrack again (or gets permanently trapped), Blocker
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must have deleted all available edges from y to the set of unvisited vertices U.
Because |U| > 2, it costs Blocker at least 2 deletions strictly on edges incident to
Runner’s current vertex to prevent her from visiting an unvisited vertex. However,
each backtracking move Runner makes only grants Blocker 1 turn. Because Blocker
started with 7 —1 deletions at Runner’s first backtrack, he cannot have made enough
deletions on other visited vertices she can backtrack to, to prevent Runner from
visiting an unvisited vertex. Hence, Runner will eventually find an edge incident to
an unvisited vertex to traverse, a contradiction that she is trapped at £k < n — 2.
Thus, sab(K,) =n — 1. O

Lemma 2.2. If H is a connected subgraph of G, then sab(H) < sab(G).

Proof. Let Runner use an optimal strategy on H. We show that the same strategy
also guarantees that Runner visits at least sab(H) vertices when the game is played
on G.

Runner starts in G exactly as she would start in H, and as long as the game
involves only edges of H, she makes the same moves as prescribed by her optimal
strategy on H. Assume now that at some stage of the game Blocker removes an
edge from E(G) \ E(H). Such a move has no effect on the availability of edges of
H. From the point of view of Runner’s strategy on H, this is even better than an
arbitrary move of Blocker inside H, since no edge of H has been removed. Thus,
Runner pretends Blocker removed an arbitrary edge of H and can still make the
move prescribed by her strategy on H.

Consequently, regardless of how Blocker plays in (G, Runner can simulate her
optimal strategy from H inside the subgraph H. Therefore, she visits at least
sab(H) vertices of H, and hence at least sab(H) vertices of G. It follows that
sab(G) > sab(H) as claimed. O

Note that the only connected graphs G with sab(G) = 2 are paths with at
least two vertices and cycles. Indeed, if G contains a vertex w of degree at least
three, then traversing an edge from a neighbor of w to w as the start of the game
guarantees Runner to visit at least three vertices. Graphs G with sab(G) = 3 can
be characterized among triangle-free graphs as follows.

Proposition 2.3. Let G be a connected, triangle-free graph of order at least four.
Then sab(G) = 3 if and only if A(G) > 3 and G contains no subgraph isomorphic
to one of the graphs from Fig.[]]

Proof. Assume first that sab(G) = 3. Then, as already observed, A(G) > 3. More-
over, in each of the graphs from Fig. [, Runner has a strategy to visit four vertices



Figure 1: Forbidden subgraphs in Proposition

by first moving along the edge between the top vertex of a corresponding graph and
its (unique) neighbor. Hence, if G contained any of the three graphs from the figure
as a subgraph, Lemma [2.2] would imply that sab(G) > 4.

Assume now that A(G) > 3 and that G contains no subgraph isomorphic to
one of the graphs from Fig. Since A(G) > 3, we have sab(G) > 3. By way
of contradiction, suppose that sab(G) > 4. Let uv be the first edge traversed by
Runner which enables her to visit at least four vertices during the sabotage game.
Then deg,(v) > 3; otherwise, v has at most one other incident edge, which Blocker
immediately removes, trapping Runner at v. Let v; and vy be two neighbors of
v different from w. As we have supposed that sab(G) > 4, and since Blocker can
remove vv; or vvy in his first move, each of v; and vy must have two additional
neighbors different from v. Let v} and v{ be two such neighbors of vy, and v} and
v be two such neighbors of v,. Since G is triangle-free, {v],v]} N {ve,u} = 0 and
{vh, vi} N {vr,u} = 0. Setting t = |[{v], vy, vh, v5}|, we have 2 < t < 4. Depending
on the value of ¢, we find one of the graphs from Fig. [I] as a subgraph of G, a
contradiction. We can conclude that sab(G) = 3. O

To complete the section, we introduce the following relevant concept for the
sabotage game. Let G be a connected graph. The lower sabotage number of G is
defined by

sab™ (G) = max{sab(7T") : T is a spanning tree of G} .

The name of this concept is justified by the following immediate consequence of
Lemma 2.2

Corollary 2.4. If G is a connected graph, then sab™ (G) < sab(G).
Clearly, if T is a tree, then sab™ (7') = sab(7"). On the other hand, as will be
demonstrated in Proposition [3.2] sab™(G) can be arbitrarily smaller than sab(G).
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3 Trees and unicyclic graphs
Theorem 3.1. If T is a tree with at least three vertices, then
sab(T) = max{h(T,) + 1 + [degp(u) > 2] : T, complete binary subtree of T'}.
Proof. Set
M = max{h(T,) + 1 + [deg,(u) > 2] : T,, complete binary subtree of T'}.

We will first show sab(7) > M. To prove this, we must provide a strategy for
Runner which guarantees a path of at least M vertices.

Let u € V(T') and T, be a complete binary subtree rooted at u of height h = h(T},)
that achieves the maximum value M. We consider two cases based on the degree of
u.

Assume degy(u) < 2. In this case, the formula evaluates to h + 1, and Runner
uses the following strategy. Because T, is a complete binary subtree of height A > 1
(since T has at least three vertices) and deg,(u) < 2, u has exactly two children and
no other neighbors in 7. Runner starts the game by selecting and moving along an
edge from u to one of its children, say v. Runner has now visited two vertices (u
and v), and v is the root of a complete binary subtree of height h — 1.

Blocker then removes exactly one edge e. Hence, e can belong to at most one of
the two branches of T, containing the two complete binary subtrees of height h — 2.
Runner then moves to the root of the subtree to which e does not belong. If e is
not in any of them, she can arbitrarily choose a branch.

By repeating this process, namely always moving into the branch that does not
contain the edge chosen by Blocker, Runner can successfully make h total moves.
Including the starting vertex w, Runner visits h 4 1 vertices, satisfying the bound.

Next, assume that deg;(u) > 2. In this case, the formula evaluates to h + 2 and
Runner uses the following strategy. Since T, contains exactly two edges incident to
u, and degp(u) > 2, there exists a vertex w adjacent to u such that w ¢ V(Ty,).
Runner starts the game by moving along the edge wu.

Blocker then removes exactly one edge e. As in the previous case, e can belong
to at most one of the two branches containing the two complete binary subtrees of
height ~ — 1. Runner then moves to the root of a complete binary subtree of height
h — 1 to which e does not belong.

Following the same line of thought as in the previous case, Runner can now move
at least h — 1 more times following this strategy. Since the total number of edges
Runner traverses is at least 1 4+ 1+ (h — 1), she visits at least h + 2 vertices.

By the above, sab(T') > M.



Now, let us prove that sab(7") < M.

For any edge zy € E(T), let T,_,, denote the connected component of 7' — zy
containing y. Let g(y,T,—,) be the maximum number of additional edges Runner
can guarantee to traverse within 7),_,, starting from y. Because Runner maximizes
her path length and Blocker minimizes it by removing exactly one adjacent edge.
Let N*(y) be the set of neighbors of y in T,_,,. We define the multiset of available
subtree values:

Sy={1+9g(2Ty>.): z€ N*(y)}.

If |S,| < 1, Blocker removes the only available edge (if any), leaving Runner with no
moves. Thus, ¢(y,T,—,) = 0. If |S,| > 2, Blocker removes the edge corresponding
to the maximum of S,. Runner optimally chooses the edge corresponding to the
remaining maximum. Therefore, ¢(y,T,_,) is at most the second-largest value in
the multiset .S,,.

We claim that if g(y, T;—,) > d, then T,_,, contains a complete binary subtree
of height d rooted at y. We prove this by induction on d. The base case d = 0 holds
trivially, as y forms a complete binary subtree of height 0. Assume the claim holds
for d —1. If g(y,T,—,) > d > 1, then by definition, the second-largest value in S, is
at least d. This mathematically implies that there exist at least two distinct vertices
21, 22 € N*(y) such that 1+ g(2;, Ty—,) > d, which simplifies to g(z;, Ty—,,) > d —1
for all ¢ € {1,2}. By the inductive hypothesis, T,_,,, and T,_,,, contain complete
binary subtrees of height d — 1 rooted at z; and 25, respectively. Because 7' is a tree,
these subtrees are disjoint. Moreover, z; and 2, are both neighbors of y, hence y is
the root of a complete binary subtree of height d, proving the claim.

Let k = sab(T"). Since T has at least 3 vertices, it contains P3 as a subgraph.
The center of P; roots a complete binary subtree of height 1 and has degree at least
2. Thus, M > 14140 =2. If £ < 2, then sab(T) < M trivially holds. Assume
k > 3. Let Runner’s optimal first move be along the edge vv,. The remainder of the
game is confined to T3, _,,. To visit exactly k vertices, Runner traverses a total of
k —1 edges. After traversing v,vy, she must traverse exactly k — 2 additional edges.
Therefore: g(vy, Ty, —v,) > k — 2. As proven above, T, _,,, contains a complete
binary subtree of height at least & — 2 rooted at vy. Let this subtree be denoted B.
Thus, h(B) > k — 2. Because k > 3, we have k — 2 > 1. Consequently, vy connects
to at least two children within B C T}, _,,. Furthermore, in the original tree 7', v,
is also adjacent to vy ¢ V(T,,—.,), hence degp(vy) > 3. By the definition of M,
evaluating the specific complete binary subtree B yields:

M >h(B)+ 1+ [degp(v2) >2] > (k—2)+1+1> k.

Thus, sab(T") < M, completing the proof. O



Theorem allows us to prove the following result.
Proposition 3.2. If n > 2, then sab™ (K,,) = |logy(n)] + 1.

Proof. Let n > 2 and let k be the height of a largest complete binary subtree of K,
and fix 7" to be such a tree. Then T" is of order 2¥+! — 1, where clearly 2*+1 —1 < n.
Consider the following two cases.

Case 1: 281 — 1 =n,
In this case, T := T" is a spanning tree of K, and k = logy(n+1)—1. By Theorem3.1]
sab(T) =k + 1 = logy(n + 1).

Case 2: 21 — 1 < n.

In this case, we construct a spanning tree T' from 7”, which is a rooted subtree of
K,. Let u be its root. Because n > 281 — 1, there is at least one remaining vertex.
We connect exactly one of these remaining vertices to the root u of T". Any other
remaining vertices can be attached as leaves to this new vertex so they do not form
larger binary subtrees. Hence, by Theorem [3.1] sab(T") = k + 2 < logy(n + 1) + 2.
It follows that sab(7") = [logy(n+1)] + 1.

Combining the two cases, we have

logy(n + 1); n=2k1_1,
sab(T) = 2 )
|logy(n+1)] +1; otherwise.

From here we can conclude that sab™ (K,,) = [logy(n)]| + 1. O

Theorem 3.3. If G is a unicyclic graph, then sab™ (G) < sab(G) < sab™ (G) + 1.
Moreover, both bounds are sharp.

Proof. Let G be a unicyclic graph and C be the unique cycle in G. The lower bound
follows by Corollary [2.4]

To prove the upper bound, let u;us be Runner’s first move. Blocker then removes
an edge e € E(C) that Runner has not just traversed. Since C has at least 3 edges,
such an edge always exists. The graph G — e is a spanning tree, say T,.. No matter
how Runner plays from us, she is restricted to traversing the edges of T,. Therefore,
in the remainder of the game, she can visit at most sab(7.) additional vertices.
Together with her initial vertex u;, she visits at most sab(7.) + 1 vertices. By the
definition of the lower sabotage number, sab(7.) < sab™ (G). Therefore,

sab(G) <sab(T,) +1 <sab (G) + 1.

As already mentioned, sab(C,,) = 2 for any cycle C,, with n > 3. Also, the
highest complete binary tree a cycle C), contains is of height 1 and its root is always
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of degree 2. By Theorem , sab(T) = 2 for any spanning tree T of C,,. Hence,
sab™ (C},) = 2 = sab(C},) and therefore cycles achieve the lower bound.

For the upper bound sharpness, consider the following graph. Let H be a com-
plete binary tree of height h > 2 with the root r and an additional leaf v adjacent to
r. Construct G by identifying the right most leaf of the left subtree of r (ignoring u)
with the leftmost leaf of the right subtree of r (ignoring u). Clearly, G is a unicyclic
graph with a unique cycle C.

Let T be a spanning tree of G such that sab(T") = sab™ (G). T is obtained from
G by removing an edge e € E(C'). Then for any v € V(T') and any complete binary
subtree T, of T it holds that h(T;) < h — 1. By Theorem .1 sab(T) =h —1+2 =
h + 1. Hence, sab™ (G) = h + 1.

Consider the following strategy for Runner on G. She imagines playing the game
in the original H and responds by moving via the corresponding edge in GG. In her
first move she starts at u and moves to r. Next, Blocker removes some edge e of
GG. She imagines Blocker removing the corresponding edge in H, uses her optimal
strategy there, and moves via the corresponding available edges in G. It follows
that she can make h more moves, hence the total number of vertices she visits is
h+ 2 =sab™ (G) 4+ 1. This demonstrates that the upper bound is sharp. O

4 Subcubic graphs

The following concept from a very recent paper [19] will be extremely useful to us
in this section. Let G be a bridgeless, connected graph. Then every edge e lies in a
cycle. Let f5(e) be the length of a shortest cycle containing e. Then

g (G) =max{lg(e) : e€ E(G)}
is the maximum edge girth of G.

Theorem 4.1. If G is a connected, subcubic, bridgeless graph, then sab(G) < g*(G).
Moreover, the bound is sharp.

Proof. Let ujuy be Runner’s optimal first move, and let C' = wujus...ugu; be a
shortest cycle of G containing ujus. Since G is bridgeless, such a cycle exists. Note
that k < ¢*(G).

Assume first that every vertex of C is of degree 3, and let xq,...,z; be the
respective neighbors of uy, ..., u; which do not belong to C. Consider the following
strategy for Blocker. He first removes the edge usxy. After that, Runner is forced
to traverse wusuz. Next, Blocker removes the edge usxrs. Proceeding along these
lines, Blocker can achieve the goal that Runner can only traverse the edges of C.
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Moreover, if some of the vertices of C are of degree 2, Blocker can achieve the same
goal. Hence we can conclude that sab(G) < k < ¢*(G).

For the sharpness, consider the grid graphs P, 0 P,,, n > 4. (For the definition of
the Cartesian product G [0 H of graphs G and H see |13].) Fixnandset G = P,O P,
for the rest of the proof. Note first that ¢*(G) = 4. Hence by the already proved
inequality, sab(G) < 4. On the other hand, G contains the middle graph from Fig.
as a subgraph, see Fig. 2 for the case when n = 4.

L]

Figure 2: A subgraph of P, Py

Oo—0
Oo—0

Proposition now implies that sab(G) > 4. We can conclude that sab(G) =
4 = g*(@Q). O

To complete the section we demonstrate that sab(G) can be arbitrarily smaller
than ¢*(G), that is, the bound in Theorem can be far from optimal. Let G,
m > 3, be the cubic graph depicted in Fig. [3] It is obtained from a cycle Csy,, =
UgUy - - - Ugm—1Ug, M > 3, by attaching, along alternating edges of the cycle, copies
of the gadget shown in the figure.

Proposition 4.2. If m > 4, then
g" (Gp,) —sab(G,,) > 2m — 6.

Proof. All indices in the proof will be considered modulo 2m. Denote three vertices
of the gadget corresponding to the edge u;u;41 by wj, w;, and u;,, as indicated in
Fig. Bl Set also e = u;_ju;.

We first determine ¢g*(G,,). The edge e lies on the large cycle Cy,,,. By construc-
tion, no shorter cycle contains e. Therefore (¢, (e) = 2m. On the other hand, every
edge different from e lies on a cycle of length at most 2m. Hence ¢*(G,,) = 2m. To
complete the argument, we need to demonstrate that sab(G,,) < 6.

Consider the following strategy of Blocker. Assume first that Runner starts
by traversing the edge u;_ju; of the cycle Cy,,. Then Blocker removes the edge
ujuj+1. Since Runner is not allowed to traverse an edge that has already been
used, she cannot return to u;_;. If Runner has no available move, then the game
ends immediately. Otherwise, in her next move she must enter one of the attached
gadgets. Without loss of generality, assume that Runner enters the gadget drawn
around the edge u;u;1, by traversing one of the edges w;u; or w;y uj, ;, which are
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Figure 3: The graph G,,, m > 3

both part of the 5-cycle wujw;u;, u;y1u;. Since the vertices forming this 5-cycle
have degree 3, Blocker can force Runner to visit only those five vertices. Together
with at most one other vertex visited outside of this 5-cycle by Runner, we have at
most six visited vertices by Runner. The same argument applies if Runner starts
inside a gadget. In that case, Blocker immediately uses the strategy from the proof
of Theorem [4.1} he chooses a shortest cycle in the gadget containing Runner’s first
edge and, whenever Runner reaches a vertex of that cycle, removes the unique edge
leaving the cycle, if such an edge exists. Therefore Runner remains trapped in a
cycle of length at most 5. It follows that in all cases Blocker can ensure that Runner
visits at most six vertices, and hence sab(G,,) < 6.
We can conclude that

9" (Gp,) —sab(G,,) = 2m — sab(G,,) > 2m — 6
as claimed. O

The aim of Proposition 4.2{ was to show that ¢*(G) — sab(G) can be arbitrarily
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large. We add that one could actually prove the equality in the proposition. Indeed,
the idea is to assume that Runner starts the game by traversing the edge uju;,

and then by case analysis conclude that she can visit six vertices of G,,, so that
sab(G,,) = 6.

5 Complete bipartite and Sierpinski graphs

5.1 Complete bipartite graphs

Theorem 5.1. If m > n > 2, then

sab(Kp, ) <m+n — [mn 1—‘ -1
Proof. Let A = {uy,...,uy} and B = {vy,...,v,} form the bipartition of K,,,,
where m > n > 2, and put ¢ = (’”T_lw

We prove that sab(K,,,) < m+n —q— 1. Without loss of generality, Runner’s
first move is along the edge u,vy, in either direction. Thus u; and v, are visited after
the Runner’s first move. Since n > 2, Blocker chooses the vertex v, € B\ {v}.
His first goal is to ensure that v, is never visited. Whenever Runner is at the
vertex u; € A, Blocker removes the edge u;v,, provided that it has not already
been removed. If the edge has already been removed, then Blocker can remove any
other edge. Since Runner can reach v,, only from a vertex of A, this guarantees that
Runner never visits v,,.

Blocker’s second goal is to also protect vertices of A if possible. Let X denote
the set of vertices in A that have not yet been visited by Runner and have not yet
been protected by Blocker. Initially, X = A\ {u;}, and therefore | X|=m — 1.

As long as | X| > n, Blocker proceeds as follows. He chooses an arbitrary vertex
u € X and protects it: whenever Runner is at a vertex v; € B, Blocker removes the
edge v;u, provided that it has not already been removed. After all edges incident
with u have been removed, the vertex u can no longer be visited by Runner, and
Blocker chooses a new vertex from X and repeats the procedure. Observe that
during the protection of a vertex u, Runner can visit at most n — 1 new vertices of
A. Indeed, the vertex v, is never visited, and hence Runner can enter A from at most
the remaining n — 1 vertices of B. Consequently, each protection phase accounts for
exactly one protected vertex of A by Blocker and at most n — 1 additional vertices
of A visited by Runner. Thus each completed protection phase accounts for at most
n vertices of X (note that in the very first protection phase, the number of newly
visited vertices by Runner is at most n — 2 because we already considered the vertex
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uq in her first move; and altogether this is again at most n — 1 visited vertices before
Blocker protects a vertex of A). Blocker repeats this process as long as | X| > n.
After that, we distinguish three cases.

Case 1: | X|=1.

In this case, there is exactly one unvisited vertex left in A. Moreover, note that
m — 1 is divisible by n. Up until now Blocker has completed exactly mT_l protection
phases. When he deleted the last edge of his last protected vertex, Runner was at
a vertex v € B. Therefore, Runner will visit that last unvisited vertex in her next
move. Hence Blocker has protected exactly mT’l = (mT’lw vertices of A.

Case 2: 1 < |X| < n.
Now m—1 is not divisible by n. Before reaching this situation, Blocker has completed
Lm—_lj protection phases. Since |X| > 1, Blocker can choose one additional vertex

of X and protect it. Therefore the total number of protected vertices of A equals

=] 41 = =]

Case 3: | X| =n.

In this case, m is divisible by n, and hence m —1 is not divisible by n. Again Blocker
has already completed LmT’lj protection phases. Since | X| = n, he can protect one
additional vertex from X. Consequently, the total number of protected vertices of
Ais 2 = ’—m—_l-‘

n n

In all the three cases, Blocker ensures that at least ¢ = (mT_q vertices of A
remain unvisited by Runner. Together with the vertex v, € B, which is also never
visited, this yields at least ¢ + 1 = (mT’l] + 1 unvisited vertices. Therefore

-1
sab(Kpn) <m+n— [m —‘ -1,
n

which proves the bound. O

The bound in Theorem [5.1{is sharp, for instance, sab(Ks2) = sab(Cy) = 2, and
sab(K32) = 3, since K3, satisfies the conditions of Proposition Also, since K3
is a subgraph of Ky, it follows from Lemma[2.2 and Theorem [5.1|that sab(K2) = 3.
However, when m > 5 and n = 2, the upper bound from Theorem [5.1| yields

1
m+2—[mTW—1>3,

and therefore is not sharp, which can be seen from Theorem [5.2]
We next prove a different upper bound on sab(K,,,) and give an exact result

when n = 2.
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Theorem 5.2. If m > 2, then

sab(Kp, 2)

I
—N—
R

3
AV
OJ ~

and if m >n > 3, then

2 1
sab(Kpn) <m+n — { mT J

n+ 2

Proof. Let A ={uy,...,uy}and B = {vy,...,v,} be the bipartition of K, ,, where
m>n > 2.

We first consider the case n = 2. If m = 2, then sab(K55) = sab(Cy) = 2. On the
other hand, if m > 3, then K,, » contains K3, as a subgraph, and by Proposition
and Lemma [2.2] sab(K,,2) > sab(K32) = 3. For the reverse inequality, assume
without loss of generality that Runner first traverses the edge u;v;. Blocker removes
the edge ujvs. Since Runner is not allowed to traverse the edge wuiv; again, she
cannot move back to u;. Thus, she must move from v; to some unvisited vertex
u; € A. Blocker then removes the edge u;vy. Since the edge viu; has already been
traversed by Runner, she has no available edge left. Hence Runner visits at most
three vertices, and so sab(K,, ) = 3 for every m > 3.

Assume now that n > 3. Without loss of generality, Runner first traverses the
edge ujv; (in some direction). Blocker chooses an unvisited vertex u; € A\ {u;}
and starts to protect it. Whenever it is Blocker’s turn, he removes an edge incident
with w;. If Runner is currently at a vertex v, € B and the edge vj,u; is still present,
then Blocker removes precisely this edge. Thus Runner cannot enter u; in her next
move. Otherwise, Blocker removes an arbitrary remaining edge incident with w;.
Blocker continues until all edges incident with u; have been removed. Notice that
once Blocker starts protecting u;, Runner can never visit u;. After u; is isolated,
Blocker chooses another unvisited vertex of A and repeats the same strategy. In
addition, if Runner ever enters a vertex of degree at most 2, then Blocker removes
the remaining available edge from that vertex, if such an edge exists. Since Runner
is not allowed to traverse the edge by which she entered this vertex again, this ends
the game.

Let V' be the set of vertices from A\ {u;} visited by Runner before Blocker ever
starts protecting them, and let P be the set of vertices of A which Blocker starts
protecting before Runner visits them. By Blocker’s strategy described above, no
vertex of P is ever visited by Runner.

Suppose that |V| = r. Before Runner can add the first vertex to V, and since
n > 3, Blocker has already made one move towards protecting some vertex of A.
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Moreover, each time Runner visits a vertex of V' and later reaches a new vertex of
A again, Blocker gets two moves in between: one after Runner enters the vertex of
V', and one after Runner leaves it. Hence, by the time Runner has created r vertices
in V| Blocker has had at least 1 + 2r moves available for protecting vertices of A.
Since one protected vertex of A requires exactly n deleted incident edges, we have

1+27"J

n

|P|2L

Therefore, by accounting the vertex u; € A, which was visited at the very start of

the game,
14 2r

1+7"+{ J§1+!V!+!P!§m-

It remains to determine the largest integer r satisfying this inequality. The above
inequality is equivalent to

{1+2T

J <m-—-1-—r.
n
Since the right-hand side is an integer, it follows that

14 2r
n

<m-—r,
equivalently
nm — 1
n+2°
Consequently, the largest possible integer ry., satisfying this inequality is
[ —1
nm w .
n-+ 2
_ [mn+2) - (2m+ 1)—‘ )

r <

Tmax =

n+ 2
[ 2m+1—‘

= |m— -1
n+ 2

{Qm%—lJ
=m — —1.
n+ 2

Runner can visit at most the initial vertex wuy, the vertices of V', and all n vertices
of B. Hence

2 1
sab(Kppn) <14+ rpax+n=m+n— { m J

n+2
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For the upper bounds of Theorems [5.1] and [5.2] computer calculations indicate
that the bound of Theorem is stronger when the two parts of the partition
are of similar size, i.e., when m is close to n. On the other hand, the bound of
Theorem becomes significantly stronger when m is substantially larger than n.
This is because the two bounds arise from different Blocker strategies, depending
on whether Blocker focuses on protecting a vertex of the partition part B or instead
only protects vertices of the partition part A. Since the two bounds are independent
of each other, we state the following combined upper bound.

Corollary 5.3. If m > n > 2, then

sab(Kmm)ngrn—mame_ﬂ 1, {2m+1”.

n n -+ 2

5.2 (Generalized) Sierpinski graphs

Let G be a connected graph of order n(G) = p with vertex set V(G) = [p|o. For a
positive integer k, the generalized Sierpiriski graph SE is the graph whose vertex set
is V(SE) = [p]k. Thus every vertex of S& is a k-tuple, where each element is from
[plo. Let s = sp,-+-s; and t = ;- - - t; be two distinct vertices of S&. Then s and ¢
are adjacent if there exists an index d € [k] such that

1. ss = ts for every 0 > d;
2. 84 # tg and sgty € E(G);
3. ss =ty and t5 = s4 for every § < d.

The edge set of S& can also be written in the following way:

E(Sg) = {{sij*", sji’ '} - delk], selpli™ {i,j} € E(G)}.

Observe that S% contains p*~! copies of G. More precisely, for every s € [p]i*,

the set {si : i € [plo} induces a subgraph of S& isomorphic to G. We will denote
this copy of G by sG. An edge of S& which does not lie in any G-copy will be called
a linking edge.

The Sierpinski graph Sjj is defined as the generalized Sierpinski graph whose base
graph is the complete graph K. That is, Sy = S} . The classical Sierpifiski graphs
were introduced in [17], see also the survey [16], and extended to the general case
in [12], see also [22] and references therein.
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Proposition 5.4. If G is a connected graph and k > 1, then
sab(G) < sab(SE) < n(G) +1,
and both bounds are sharp.

Proof. If k = 1, then S}, = G, and therefore sab(S(,) = sab(G). Hence the assertion
holds in this case.

Assume now that & > 2. The lower bound follows directly from Lemma [2.2]
since G is an induced connected subgraph of S&,.

We now prove the upper bound. Let V(G) = [p]o, where p = n(G). Recall that,
for every s € [p]s~*, the subgraph sG is an induced isomorphic copy of G in S&, and
we have p*~1 > 1 such copies. By the definition of S&, every vertex is incident with
at most one linking edge.

Blocker uses the following strategy. Whenever Runner is currently at a vertex
of some copy sG, Blocker removes the linking edge incident with Runner’s current
vertex, provided that such an edge exists. If no such edge exists, Blocker removes
an arbitrary edge.

Assume first that Runner’s first move is along an edge contained in some copy
sG. Then, after this move, Runner is in sG. By Blocker’s strategy, whenever Runner
is at a vertex of sGG, the only possible linking edge by which Runner could leave sG
is removed before she can use it. Hence Runner remains inside sG for the rest of
the game. Therefore Runner visits at most n(G) vertices in this case.

Assume next that Runner’s first move is along a linking edge. Then this edge
joins two distinct copies of G. After the first move, Runner is in one of these copies,
say sG, while the other endpoint of the first edge is the only vertex already visited
outside sG. From this point on, Blocker applies the same strategy and prevents
Runner from leaving sG. Hence Runner can visit at most all vertices of sG, together
with the one vertex visited before entering sG. Thus Runner visits at most n(G)+1
vertices.

Combining the two cases, Blocker can always ensure that Runner visits at most
n(G) + 1 vertices. Therefore sab(S%) < n(G) + 1, which proves the assertion.

The lower bound is sharp for k& = 1, since S}, = G. Moreover, we can also
find a family of graphs G such that the lower bound is sharp for all £ > 1. Let
G = K ,, where n > 3. Since G is a tree, also S is a tree, and every complete
binary subtree of SE has height 1. Namely, every vertex of Sf(l . which has degree
at least 3 corresponds to the center of one of the induced cobies of Ky,, all its
neighbors are leaves in their corresponding copies, and their degree outside of the
copy they belong to is either 0 or 1 if they are the endvertex of a linking edge. On
the other hand, S contains a complete binary subtree of height 1 rooted at a vertex

18



of degree at least 3. Thus, by Theorem , sab(SE) =1+ 1+ 1 = 3. Since also

sab((G) = 3, we obtain sab(SE) = sab(G), showing that the lower bound is sharp.
The upper bound is sharp, e.g. for Sierpinski graphs S;f, k,p > 3, as shown in

Theorem (.5 below. O

Theorem 5.5. If S}’;, k>1andp > 1, is a Sierpinski graph, then

p—1;, k=1andp>3,
sab(S;,f): p; (k>1andp<2)or(k=2andp=3),
p+1l; (k=2andp>4)or(k>3andp>3).

Proof. Assume first that £k = 1 and p > 3. Then 5’; = K, and by Proposition
we have sab(S}) = sab(K,) = p — 1.

Next we have the case £ > 1 and p < 2. Then S]’j is either an edge-less graph for
p =1 or a path for p = 2. Hence sab(S¥) = p.

Let now k£ = 2 and p = 3. We claim that sab(S%) = 3. Runner can clearly visit
at least three vertices, since she can start with a linking edge and then move inside
the copy of K3 she enters. For the reverse inequality, Blocker uses the following
strategy. If Runner starts inside some copy K3, then Blocker removes the linking
edge incident with Runner’s current vertex, if such an edge exists (otherwise he
removes an arbitrary edge). Continuing in this way, Runner cannot leave this copy
and hence visits at most three vertices. Assume now that Runner starts with a
linking edge, say from ij to ji, where i, j € [3]p with i # j. Let h be the remaining
element of [3]y. Blocker removes the edge {ji, jh} inside the copy jK3. Then Runner
has to move to jj and Blocker removes the edge {jj,jh}. Runner cannot visit a
fourth vertex, and hence sab(S%) = 3.

It remains to consider the cases k = 2, p > 4 and k > 3, p > 3. By Proposi-
tion , we already know that sab(S;f) < p+ 1. In the remainder of the proof we
show that Runner can visit at least p + 1 vertices.

First assume that £ = 2 and p > 4. Let K = 0K,. In this copy, every vertex
except 00 is incident with a linking edge. Runner starts by traversing a linking
edge towards K, say the edge {10,01}. Thus she has visited one vertex outside K
and one vertex of K. In her next move we can without loss of generality assume
she moves inside K to a vertex different from 00 and 01. This is possible because
p > 4 and Blocker has removed at most one edge up to this point. Thus Runner has
visited one vertex outside K and two vertices of K, both vertices of K being incident
with linking edges. From now on Runner proceeds as follows. Whenever she is at a
vertex of K incident with a linking edge, she checks whether Blocker has removed
this linking edge. If Blocker has removed it, then Runner stays inside K and moves
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to a new vertex of K, always leaving the vertex 00 for last. If Blocker has not
removed the linking edge, Runner traverses it and enters another copy K’ of K. If
Blocker always removes the linking edge incident with Runner’s current vertex, then
Runner remains inside K and visits all vertices of K, with 00 visited last. Together
with the first vertex outside K, this gives p + 1 visited vertices. Otherwise, Runner
traverses an unremoved linking edge and enters another copy K’. Before entering
K’ she has already visited at least three vertices. Up to this moment Blocker has
only removed linking edges incident with vertices of K, except possibly in his last
move. Hence, inside K’, at most one edge has been removed. Runner now stays
inside K’. Since K’ is a complete graph with at most one edge removed, Runner
can visit at least p — 2 vertices of K’ (K,_; is a connected subgraph of K, minus an
edge, so we can use Lemma . Therefore she visits at least 3+ (p —2) = p+ 1
vertices in total.

Finally assume that & > 3 and p > 3. Let K = 0¥ 21K,. Every vertex of K
is incident with a linking edge. Indeed, if i # 1, then 0*~21; is joined by a linking
edge to 0F72i1, while 0¥=211 is joined by a linking edge to 0¥=3100. Runner starts
by traversing a linking edge towards K. Then she makes one move inside K to a
new vertex of K, which is possible since p > 3 (and Blocker has only removed one
edge up to this point). From this point on she uses the same strategy as described
in the previous case: if Blocker removes the linking edge incident with her current
vertex, she stays inside K and visits a new vertex of K; if Blocker does not remove
this linking edge, she traverses it and enters another copy K’ of K,. If Blocker
always removes the relevant linking edge, then Runner visits all vertices of K, and
together with the first vertex outside K she visits p+ 1 vertices. Otherwise, Runner
enters another copy K’ after having already visited at least three vertices. As above,
at most one edge of K’ has been removed before Runner starts playing inside it,
and hence she can visit at least p — 2 vertices of K’. Thus she again visits at least
34 (p—2) =p—+1 vertices.

Consequently, sab(S]’;) > p + 1 holds in both cases, and together with Proposi-
tion , this yields sab(Sy) = p + 1. O

6 Concluding remarks

In this paper, we introduced a graph-based version of the sabotage game. The game
is generally very challenging, and many questions remain unanswered. Let us list a
few selected open problems.

For unicyclic graphs we have shown that the bounds in Theorem are sharp.
Since the difference between the bounds is exactly one, we pose:
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Problem 1. Characterize unicyclic graphs which achieve the lower (upper) bound

specified in Theorem[3.3.

To provide sharpness examples in Theorem [4.1, we have demonstrated that
sab(P, O P,) = 4 for n > 2. In this direction we pose:

Problem 2. Determine sab(FP,, 0 P,) for all m,n > 2. If that is too difficult, prove
a lower bound and an upper bound on sab(P, 0 P,,) that are close to each other.

The exact value of the sabotage number of complete bipartite graphs remains
unknown. Nevertheless, all smaller cases considered so far suggest that the upper
bound from Corollary may in fact be exact. This leads to the following problem.

Problem 3. Determine the exact value of the sabotage number of complete bipartite
graphs. In particular, is it true that for every m > n > 2,

sab(Kmn) = m + 1 — max { {m - 1} 4, Fm il 1J }?

n n+ 2
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