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THE CONJECTURE ON DISTANCE-BALANCEDNESS OF
GENERALIZED PETERSEN GRAPHS HOLDS WHEN
INTERNAL EDGES HAVE JUMPS 3 OR 4

GANG MA, JIANFENG WANG, AND SANDI KLAVZAR

ABSTRACT. A connected graph G with diam(G) > £ is ¢-distance-balanced if
|[Way| = |Wya| for every z,y € V(GQ) with dg(z,y) = ¢, where Wy, is the set
of vertices of G that are closer to z than to y. Miklavié and Sparl (Discrete
Appl. Math. 244 (2018) 143-154) conjectured that if n > nj where np = 11
if k=2, n, = (k+1)2 if k is odd, and ny = k(k + 2) if k > 4 is even, then
the generalized Petersen graph GP(n,k) is not ¢-distance-balanced for any
1 < ¢ < diam(GP(n,k)). In the seminal paper, the conjecture was verified
for k = 2. In this paper we prove that the conjecture holds for kK = 3 and for
k=4.

1. INTRODUCTION

Let G = (V(G), E(Q)) be a connected graph and u,v € V(G). The set of vertices
that are closer to u than to v (with respect to the standard shortest-path distance
de(u,v)) is denoted by Wy,. When |Wy,| = |W,,| holds, the pair of vertices u
and v is called balanced, and when every pair of adjacent vertices is balanced, G
is called distance-balanced. Distance-balanced graphs were first considered in ,
the term “distance-balanced” was coined in . For a number of reasons, both
theoretical and applied, the distance-balanced graphs received a lot of attention,
see . We should also mention in passing that distance-
balanced graphs can be equivalently described as the graphs whose Mostar index
(see [2]) equals 0.

More generally, let £ € [diam(G)] = {1,2,...,diam(G)}, where diam(G) is the
diameter of G. Then G is called ¢-distance-balanced ﬂgﬂ if each pair of vertices
u,v € V(G) with dg(u,v) = ¢ is balanced. For a study of 2-distance-balanced
graphs see and for several results on (-distance-balanced graphs see [14}20].

This paper is about the distance-balancedeness of the generalized Petersen graphs.
The interest in these graphs was already shown in where it was conjectured that
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for any integer k > 2, there exists a positive integer ng such that GP(n, k) is not
distance-balanced for every n > ng. The validity of the conjecture has been demon-
strated in . Interest in the distance-balancedeness of the generalized Petersen
graphs continued in [18/[20]. In it was proved that GP(n, k) is diam(GP(n, k))-
distance-balanced as soon as n is large relative to k, more precisely, the following
theorem was proved.

Theorem 1.1. If n and k are integers, where 3 < k <n/2, and

8; k=3,
10; k=4,

M2 BED. ks odd and k> 5,
k2. k is even and k > 6,

2
then GP(n, k) is diam(GP(n, k))-distance-balanced.
On the other hand, Miklavié and Spar posed the following:
Conjecture 1.2. Let k > 2 be an integer and let

11; k=2
np=1< (k+1)?2 k& odd,
k(k+2); k>4 even.

Then for any n > ny, the graph GP(n, k) is not {-distance-balanced for any 1 <
¢ < diam(GP(n,k)). Moreover, ny is the smallest integer with this property.

In [20], Conjecture was verified for k = 2. In this paper, we prove that
Conjecture holds true for K = 3 and for kK = 4 by establishing the following
results.

Theorem 1.3. For any n > 16, the generalized Petersen graph GP(n,3) is not
C-distance-balanced for any 1 < ¢ < diam(GP(n,3)). Moreover, 16 is the smallest
integer with this property.

Theorem 1.4. For any n > 24, the generalized Petersen graph GP(n,4) is not
C-distance-balanced for any 1 < ¢ < diam(GP(n,4)). Moreover, 24 is the smallest
integer with this property.

To prove these two theorems, it suffices to prove the first assertion of each
of them. With these results in hand, the facts that 16 is the smallest integer in
Theorem [I.3]and that 24 is the smallest integer in Theorem [I.4] follow by computer
experiments presented in Table 1].

Full proofs of Theorems and are very long and repetitive. We therefore
present in the next two sections only selected, representative cases. The other cases
of the proofs however can be found in Appendix A and Appendix B. We conclude
the paper by suggesting a problem in Section [4}

To conclude the introduction recall that the generalized Petersen graph GP(n, k),
n>3,1<k<n/2 is defined by

V(GP(n, k) ={u;: i € Z,} U{v;: i € Zy},
E(GP(n,k)) = {utig1: 1 € Znt U{vjvigr: @ € Znt U{uv; 1 i € Zy}.
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2. SKETCH PROOF OF THEOREM [[.3|

As mentioned in the introduction, it suffices to prove that for any n > 16,
the generalized Petersen graph GP(n,3) is not ¢-distance-balanced for any 1 <
¢ < diam(GP(n,3)). We split the argument into the cases £ = 1, £ = 2, and
3 < ¢ < diam(GP(n, 3)) to be respectively covered by Propositions[2.1] [2.2] and[2.3]

Proposition 2.1. For any n > 16, the generalized Petersen graph GP(n,3) is not
1-distance-balanced.

Proof. Since dgp(n,3)(u0,v0) = 1, it suffices to prove that [Wy,v,| < [Wagu,|- We
divide the discussion into six cases based on n mod 6, and for transparency and
non-replication purposes, present only the first case in detail. Details for the other
five cases are given in Appendix A.

Let n = 6m, where m > 3. By symmetry, it suffices to consider vertices u; and
v; where 1 <4 < % Then the following holds.

o If 1 <t < m, then d(ug,us;) =2+t and d(vg,us;) =1+ ¢.

If 1 <t <m, then d(ug, vs;) =1+t and d(vo, v3:) = t.
If 1 <t < m, then d(ug, uzt+1) = 3+t and d(vg, uzt 1) = 2
If 0 <t < m, then d(ug, v3i+1) =2+t and d(vg, v3e11) = 3
If 1 <t < m, then d(ug, ust+2) = 4+t and d(vg, ust+2) = 3+ t.
If 0 <t < m, then d(ug,vsi+2) =3+t and d(vg, var42) =4
d(ug,u1) =1 and d(vg,u1) = 2.
d(ug,u2) = 2 and d(vg, ug) = 3.
In the above consideration, we have 2m+2 vertices from W,,,,, and 4m —2 vertices
from Wy,y,- Since we have considered only the vertices u; and v; with 1 <4 < 2,
there are in total twice as many vertices, except that us,, and vs,, are considered
twice (and they lie in Wy, ). Since clearly ug € W, and vg € W,
conclude that

we

0vo oUo

|Wuov0| = 2(2m+2) +1=4m+5,
|Wv0u0| :2(4m—2)+1—2:8m—5.

Because m > 3, we indeed have |Wqv,| < |Waguo |-
The conclusions in the remaining cases are as follows:

o If n=6m+1, m >3, then [Wyyu,| = 4m+ 3 and [W,yy,| = 8m — 3.

o If n=06m+2, m >3, then |Wy,| = 4m + 4 and |[W,yq,| = 8m.

o If n=6m+ 3, m >3, then |Wyy,| = 4m + 7 and |[Wyye,| = 8m — 1.

o If n=6m+4, m >3, then |Wyy,| =4m+ 6 and [Wyyy,| = 8m + 2.

o If n=6m+5, m > 2, then |Wy,| =4m + 5 and Wy, | = 8m + 3.
Note that in some cases there may be vertices which are of equal distance to ug
and vo. Anyhow, in each case we have |Wy, | < [Waygue |- O

Proposition 2.2. For any n > 16, the generalized Petersen graph GP(n,3) is not
2-distance-balanced.

Proof. Since dgp(n,3)(uo,v—3) = 2, it suffices to prove that [Wiy,_,| < [Wy_su,l-
We divide the discussion into the six cases based on n mod 6, and for transparency
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and non-replication purposes, present only the first case in detail. Details for the
other five cases are given in Appendix A.
Firstly we consider vertices v_1,v_o,u_1,U_o.

e d(ug,v_1) =2 and d(v_3,v_1) = 4.

(] d(’l_l,o,’l)_g) = d(v_g,v_g) =3.

e d(up,u_1) =1 and d(v_z,u_1) = 3.

o d(ug,u_9) =d(v_z,u_s) =2.

So u_1,v_1 € Wy,e_, and no vertex of {v_1,v_o,u_1,u_2} is in Wy,_4,-
Next we consider vertices v; where 0 <7 < n — 3 and u; where 1 < j <n — 3.
Let n = 6m where m > 3. Note that v_3 = v,_3 and n —3 = 6m —3 = 3(2m — 1).

e If 0 <t <m—1, then d(ug, v3:) = d(Vem—3,v3t) = 1 + .

If m <t < 2m—1, then d(vem—3,v3¢) = 2m — 1 — ¢ and d(ug,vs;) >
d(V6m—3,V3¢)-

o If0 <t <m—1, then d(ug,vsi+1) = 24+t and d(ug, v3i4+1) < d(Vem—3, V3t+1)-
If m <t<2m—1, then d(ug, v3t+1) = d(Vgm—3,V3t41) = 2m — t + 2.

o If0 <t <m—2, then d(ug, vst+2) = 3+t and d(ug, v3t+2) < d(Vem—3, Vst+2)-
If m—1<t<2m—1, then d(ug, v3t+2) = d(Vem—3,Vst+2) = 2m —t + 1.

o If 1 <t <m—1, then d(ug,us:) = d(vgm—3,ust) =2 +t.

If m <t < 2m — 1, then d(vem-3,us:) = 2m — t and d(ug,usgt) >
d(V6m—3, u3¢).

e [f1<t<m— 1, then d(uO,U3t+1) = d(UGm_g,, U3t+1) =3+t
Ifm <t <2m—1, then d(vgm—3,ust+1) = 2m — ¢t + 1 and d(ug, ugt1) >
d(Vem—3, Ust+1)-

[ ] If 1 S t S m — 2, then d(uo,u3t+2) = d(vﬁm_3,U3t+2) = 4 —+ t.
Ifm—1<t<2m—1, then d(vgm—3, ust+2) = 2m — t and d(ug, ugty2) >
d(V6m—3, Ust+2)-

. d(uo,ul) =1, d(vﬁm_g,ul) =2m+1, d(UQ,UQ) =2, d(?}6m_3,UQ) =2m.

Note that uwy € Wygug,, s and vgm—3 € Wiy, .u,- Combined with the above
discussion we get |[Wygve,, 5| = 2m +4 and |Wy,,, _,u,| = 4m — 1. Because m > 3,
we can conclude that [Wiy,ve, s < [Wogm _suol-

The conclusions in the remaining cases are as follows:

o If n=>6m+1, m >3, then [Wy,,_,| =2m+4 and |[W,_,,,| = 4m + 2.

o If n=6m+2, m>3, then [Wy,, | =2m+ 3 and W, .| =4m+ 1.

e If n=6m+3, m >3, then |Wy,_,| =2m+6 and |[W,_,,,| = 4m + 3.

o If n=6m+4, m >3, then [Wy,, ,| =2m+4 and |W,_,,,| =4m + 2.

o If n=6m+5, m > 2, then |Wyy_,| =2m+5 and [W,_,u,| = 4m + 5.

In each case we have |Wygop .| < [Wy_guel- O

Proposition 2.3. For any n > 16, the generalized Petersen graph GP(n,3) is not
C-distance-balanced for any 3 < ¢ < diam(GP(n, 3)).

Proof. For a given fixed n, we set D = diam(GP(n,3)).

For any 3 < ¢ < D, we first show that there exists v; such that d(ug,v;) = ¢,
where 6 < j <n/2. From we recall that there exists j* such that d(ug,uj+) =
D.
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Ifn=6m (m >3)orn=6m-+1 (m > 3), then we know from that
*=3(m—1)+2and D = d(ug,uj+) = m+ 3. Note that d(ug,vss12) = s+ 3,
where 2 < s <m — 1, and d(ug, v3s) = s+ 1, where 2 < s < m.

Ifn=6m+2(m>3)orn==6m+3(m > 3), then from we know that
j*=3m+1and D = d(ug,u;~) = m+ 3. Note that d(ug,vss+1) = s + 2, where
2 < s<m, and d(ug,v3s) = s+ 1, where 2 < s < m.

If n = 6m +4 (m > 3), then from we know that j* = 3m +2 and D =
d(ug,u;») = m + 4. Note that d(ug,vss12) = s+ 3, where 2 < s < m, and
d(ug,v3s) = s+ 1, where 2 < s < m.

If n = 6m +5 (m > 2), then (again by [18]) j* = 3m + 1 and D = d(ug, uj+) =
m + 3. Note that d(ug,vss11) = s+ 2, where 2 < s < m, and d(ug,vs3s) = s + 1,
where 2 < s <m.

From the above discussion, for any £ where 3 < £ < D, there exists a j such that
6 <j <n/2 and d(ug,v;) = {. Define the following sets of vertices:

Vi={u;: 1<i<j—1}U{v;: 1<i<j—1},
Vo=Au;: j+1<i<n—-1}U{v;: j+1<i<n-—-1}
wl = W, N (V1 U {uo, vo, uj,v5}),

UQV;

W’l}]uo - UJUO (Vl ) {u07U07u]7U]})7
Wgov = uov (‘/2 U {U(), Vo, Uj, ’U]}),
W3 uyg ijuo ( U {U(),’U(),u],’l)]}>
Because 6 < j < n/2, we have |W, ()U | = Wiy, ;| and W5 2l = WL Jul- So
|WUOUJ| | uo'u]| + | o'u | 2 = | gv | + | ugvn J| 2 and
|WUju0| | vJu0|+| vJu0|_2_ | v]u0|+| vn Ju0|_2‘
In the following we will compute |W, ov | and |W, v uo| where 6 < j < n — 6. The

computation is divided into six cases, and for transparency and non-replication
purposes, we present only the first case in detail. Details for the other five cases
are given in Appendix A.

The computation of |W,
follows.

e If0O<t < s, then d(ug,vs;) =1+t and d(vss,v3t) = s —t.
51, then d(ug,v3:) < d(vss, V3t).
If 55+ 1 <t < s, then d(ug, vst) > d(vss, v3t).
e If 0 S t < s, then d(ug,vst11) =2+t and d(vss,v3441) =8 —t + 3.
fo<t< 5-51, then d(uO,Ugt+1) < d(’t)gs,vgt+1).
If % <t < s, then d(ug, vst11) > d(vss, V3e41)-
e If0O<t < s, then d(ug, vst12) = 3+t and d(vss, v3e42) = s —t + 2.
1 , then d(ug, U3t+2) < d(Ugs, ’U3t+2)
If =1 < ¢ < s, then d(ug, v3ir2) > d(vss, Vsp42)-

aove.| and [Wo | where s is odd and s > 5, is as
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e If1<t<s, then d(ug,uss) =2+t and d(vss,ug) =s—t+ 1.

If 1 <t < 252, then d(ug, ust) < d(vss, ust).

If 52 <t S s, then d(ug, ust) > d(vss, ust).
e If1<¢ < s, then d(ug,usir1) = 3+t and d(vss, ugi41) =8 —t + 2.
1 then d(UO,U3t+1) < d(vgs,U3t+1).

If 52 <t < s, then d(ug, ust+1) > d(vss, Ust11)-
o If1<t < s, then d(ug, ugtr2) = 4+t and d(vss, use42) = s —t+ 1.
3 , then d(UQ,U3t+2) < d(’U3s,U3t+2).

If 523 <t < s, then d(ug, ust1+2) > d(vss, ust12).
o d(ug,ur) =1, d(vss,u1) = s+ 2, d(ug, uz) = 2, and d(vzs,uz) = s+ 1.

Note that uo S Wl}ova and vz, € Wv3 uo- Combined with the above discussion we
obtain [Wy . | =3s—3 and |W, va. S owl =3s—1.
The conclusions in the remaining cases are as follows:
e If s >4 and s is even, then |W, uovs | = 3s and | vssm)| =3s+ 2.
o If s >3 and s is odd, then Wy, . |=3s+1Land [W; ., |=3s+3.
e If s >4 and s is even, then | u0U35+1| =3s—2and | U35+1UO| = 3s.
e If s > 5 and s is odd, then [W, . . |=3s—1and W, b3 roiauol = 35+ 1.
e If s >4 and s is even, then [W, . [=3s+2and [W, . |=3s+4.
o Wil =Tand W, , |=T1.
hd | 'LLO'U7| 6 and | U7U0| = 6'
b | u0v8| =9 and | vsuo| =9.
o | u0v9| =7and W, | =S8.
® | UOU11| 9 and | vllu()l = 10
When n > 17, from the above computation of |V, ov | and |W,. uo| where 6 <
j <mn—06, for any 3 < /¢ < D, we know that there exists j where d(uo,vj) = /{ and
6 < j <n/2such that Wy, | < Wy, ul- O

3. SKETCH PROOF OF THEOREM [I.4]

As mentioned in the introduction, it suffices to prove that for any n > 24,
the generalized Petersen graph GP(n,4) is not ¢-distance-balanced for any 1 <
¢ < diam(GP(n,4)). We split the argument into the cases £ = 1, £ = 2, and
3 < ¢ < diam(GP(n,4)) to be respectively covered by Propositions[3.1] [3.2] and[3.3]

Proposition 3.1. For any n > 24, the generalized Petersen graph GP(n,4) is not
1-distance-balanced.

Proof. Since dgp(n,a)(uo,v0) = 1, it suffices to prove that [Wiy,v,| < [Wagu,|- We
divide the discussion into eight cases based on n mod 8, and for transparency and
non-replication purposes, present only the first case in detail. Details for the other
seven cases are given in Appendix B.
Let n = 8m, where m > 4. By symmetry, it suffices to consider vertices u; and

v; where 1 < i < % Then the following holds.

o If 1 <t <m, then d(ug,vst) = 1+t and d(vg,vas) = t.

o If 0 <t < m, then d(ug,var+1) =2+t and d(vg, var+1) = 3+ ¢.
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If 0 <t < m, then d(ug,var+2) = 3+t and d(vg, var2) = 4+ t.
If 0 <t < m, then d(ug,vsr+3) = 3+t and d(vg, vary3) = 4+ t.
If 1 <t < m, then d(ug,uss) = 2+t and d(vg,ugt) = 1+ t¢.
If 1 <t < m, then d(ug, ugr+1) = 3+t and d(vg, ugr+1) = 2+ ¢.
If 1 <t < m, then d(ug, ugr42) = 4 +t and d(vg, ugr42) = 3+ t.
Ifi1<t< m, then d(UQ,U4t+3) =4+t and d(vo,U4t+3) =3+t
d(ug,u1) =1, d(vo, u1) = 2, d(uo, u2) = 2, d(vo, uz) = 3, d(uo, uz) = 3, and
d(’l)o, ’LL3) =3.
Note that up € Wygw, and vg € Wigw,. Combined with the above discussion we
arrive at [Wygu,| = 2(3m+2)+1 = 6m+5 and [Wyyy,| = 2(6m—5)+3 = 10m—7.
Because m > 4, we can conclude that |[Wgu,| < [Wagu |-
The conclusions in the remaining cases are as follows:

If n = 8m+1, where m > 3, then |Wy.,| = 6m+3 and [W,, 4, | = 10m —5.
If n = 8m+2, where m > 3, then |Wy,.,| = 6m+4 and |[Wy,y,| = 10m—2.
If n = 8m+3, where m > 3, then |Wy.,| = 6m+5 and [Wy,y,| = 10m—1.
If n = 8m+4, where m > 3, then |Wy ., | = 6m+8 and [Wy,y,| = 10m —2.
If n = 8m+5, where m > 3, then |Wy,u,| = 6m+7 and [Wy,y,| = 10m+1.
If n = 8m+6, where m > 3, then |Wy, ., | = 6m+6 and W, ., | = 10m+2.
e If n = 8m+7, where m > 3, then |Wy, 0| = 6m+7 and |Wygy,| = 10m+3.

In each case we have |Wyguo| < [Waguel- O

Proposition 3.2. For any n > 24, the generalized Petersen graph GP(n,4) is not
2-distance-balanced.

Proof. Since dgp(n,a(to,v—4) = 2, it suffices to prove that [Wy,o_,| < [Wo_,uol-
We divide the discussion into the eight cases based on n mod 8, and for trans-
parency and non-replication purposes, present only the first case in detail. Details
for the other seven cases are given in Appendix B.

Firstly we consider vertices v_1,v_o,v_3,U_1,%_2,%_3:

d(ug,v—1) =2 and d(v_g,v_1) = 4,
(ug,v—2) = 3 and d(v_q,v_2) = 4,
(uo, v-3) = d(v_4,v_3) =3,

(up,u—1) =1 and d(v_yq,u_1) = 3,
(ug,u—2) =2 and d(v_4,u_z) = 3,

d(uo,u 3) =3 and d(v_4,u_3) = 2.

Next we consider vertices v;, 0 < ¢ <n—4,and uj, 1 <j <n—4. Let n = 8m,

m > 4. Note that n —4 =8m — 4 =4(2m — 1).

o If 0 <t <m—1, then d(ug,vas) = d(vgm—a,v4) = 1+ t.
If m <t < 2m—1, then d(vgm_4,v4) = 2m —t — 1 and d(ug,vy) >
d(Vgm—a, Vat).

o If0 <t <m—1, then d(ug,vat+1) = 2+t and d(ug, var4+1) < d(Vsm—a, Vat+1)-
If m <t<2m—1, then d(ug, var+1) = d(Vgm—a,Var41) = 2m — t + 2.

o If0 <t <m—1, then d(ug, vart2) = 3+t and d(ug, varr2) < d(Vgm—a1, Var42)-
If m <t <2m—1, then d(ug, var+2) = d(Vgm—a, Vary2) = 2m —t + 2.

d
d
d
d
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o If0 <t < m—2, then d(ug, var+3) = 3+t and d(ug, vary3) < d(Vsm—a1, Var+3)-
If m—1<t<2m—1, then d(ug, var+3) = d(Vgm—a,vVa¢43) = 2m —t + 1.

o If 1 <t <m—1, then d(ug, usr) = d(vgm—a,ust) = 2+ t.

If m <t < 2m — 1, then d(vgm—4a,u4t) = 2m — t and d(ug, uq) >
d(vgm—a, Uat).

o If 1 <t <m—1, then d(ug, usr+1) = d(vsm—a, tar+1) = 3+ t.

If m <t<2m—1, then d(vgm—a,uar+1) = 2m —t + 1 and d(ug, ugry1) >
d(V8m—4, Uat41)-

o If 1 <t <m—2, then d(ug, uar42) = d(Vgm—4a,Usgt2) = 4+ t.
Ifm—1<t<2m-—1, then d(’Ugm_4,U4t+2) =2m—t+1 and d(UQ,U4t+2) >
d(vsm—a, Uat+2)-

o If 1 <t <m—2, then d(ug,usr+3) = d(vsm—a, tar+3) = 4+ t.

If m—1<t<2m—1, then d(vsm—a,tat+3) = 2m — t and d(ug, ugry3) >
d(Vgm—a, Usty3).

° d(uo,ul) =1, d(vgm_4,u1) =2m-+1, d(U,O,U,g> =2, d(’Ugm_4,UQ) =2m+1,
d(UQ,U3) = 3, and d(vgm_4,U3) =2m.

Note that uwg € Wiygug,,_s and vgm—a € Wy, .4, Combined with the above
discussion we arrive at Wy vs,, .| = 3m+7 and |Wy,, _,u,| = 5m. Because m > 4
we may conclude that |Wiygven o < [Wogm_auol-

The conclusions in the remaining cases are as follows:

o If n =8m+1, where m > 3, then |Wy,_,| = 3m~+7 and |W,_,4,| = 5m+3.
If n = 8m+2, where m > 3, then |[Wy.,_,| = 3m+6 and |W,_,u,| = bm+2.
If n = 8m+3 where m > 3, then |[Wy,,_,| = 3m+7 and |W,_,u,| = 5m+3.
If n = 8m+4, where m > 3, then [W,,,_,| = 3m+9 and |W,_,,,| = dm+4.
If n = 8m+5, where m > 3, then (W, _,| = 3m+7 and |W,_,,,| = bm+3.
If n = 8m+6, where m > 3, then |[W,,.,_,| = 3m+8 and |W,_,u,| = 5m+6.
o If n =8m+7, where m > 3, then |Wy,_,| = 3m+8 and |W,,_,4,| = 5m+6.

In each case we have |Wy_,| < |Wy_,u,| as required. O

Proposition 3.3. For any n > 24, the generalized Petersen graph GP(n,4) is not
C-distance-balanced for any 3 < £ < diam(GP(n,4)).

Proof. For a given fixed n, we set D = diam(GP(n,4)).

For any 3 < ¢ < D, we first show that there exists v; such that d(ug,v;) = ¢
where 8 < j < n/2. From we recall that there exists j* such that d(ug, uj) =
D.

If n = 8m, where m > 4, or n = 8m + 1, where m > 3, then from we know
that j* = 4(m—1)+2 and D = d(ug, uj+) = m+3. Note that d(ug, vas+2) = s+3,
where 2 < s <m — 1, and d(ug,v4s) = s+ 1, where 2 < s < m.

If n = 8m + 2, where m > 3, or n = 8m + 3, where m > 3, then from we
know that j* = 4m+1 and D = d(uo, uj+) = m+3. Note that d(uo, vast1) = s+2,
where 3 < s <m, and d(ug,v4s) = s + 1, where 2 < s < m.

If n = 8m + 4, where m > 3, or n = 8m + 5, where m > 3, then from we
know that j* = 4m+2 and D = d(ug, u;-) = m+4. Note that d(uo, vast2) = s+3,
where 2 < s <'m, and d(ug,v4s) = s+ 1, where 2 < s < m.
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If n = 8m + 6, where m > 3, then from we know that j* = 4m + 3 and
D = d(ugp,uj+) = m+ 4. Note that d(uo,vas+3) = s + 3, where 2 < s < m, and
d(ug,v4s) = s+ 1, where 2 < s < m.

If n = 8n + 7, where m > 3, then from we know that j* = 4m + 2 and
D = d(ugp,uj+) = m+ 4. Note that d(uo,vast2) = s + 3, where 2 < s < m, and
d(ug,v4s) = s+ 1, where 2 < s < m.

By the above discussion, there exists j, where 8 < j < n/2, such that d(ug, v;) =
¢ for any 3 < ¢ < D. Define the following sets of vertices:

Vi={u: 1<i<j—130{n: 1<i<j—1}
Vo={ui: j+1<i<n—1}Uf{u: j+1<i<n—1},
I/V1 ; :WuovjO(V1U{UO7U0aujvvj})7

wov
WvljuD = Wayjue N (Vi U {uo, vo, uj,v5}),
W0, = Wagw, 0 (Va U {uo, vo, uj,v5}),
ijuo =Wyuo N (V2 U {uo,vo,uj,vj}).

Because 8 < j < n/2, we have |W, ov | =W, uovn J| and |W; u0| = |W, vn Ju0| So
(Wago; | = Wago, | + Wiy, | =2 =Wy |+ Wy, | =2 and
(Wosuol = W ol + W5 gl = 2= W | + W3l = 2.

In the following we will compute |W, ov | and W, uo| where 8 < j <n —8. The

computation is divided into eight cases, and for transparency and non-replication
purposes, present only the first case in detail. Details for the other seven cases are
given in Appendix B.
The computation of |W, | and |[W;, |, where s > 5 is odd is as follows.
e If0<¢ < s, then d(ug,v4) =1+t and d(vys, var) = s — .
1 , then d(ug, vat) < d(vas, vaz).
If 321 <t < s, then d(ug, var) > d(v4s, Var).
o If 0 <t < s, then d(ug,vary1) =2+t and d(v4s, vary1) = s —t + 3.
fo<t< %7 then d(U()7’l)4t+1) < d(’l}45,1)4t+1).
If 5HL <t <s, then d(uo, vas41) > d(vas, Vags1)-
o If 0 <t < s, then d(ug, vary2) = 3+t and d(vys, Vazy2) = s —t + 3.
fo<e<s 1 then d(uo,v4t+2) < d(U4S,U4t+2).
If sgl <t < s, then d(ug, vat42) > d(Vas, Vart2).
e f0<t<s, then d(uo,v4t+3) =3+t and d(v4s,v4t+3) =s—t+2.
If 0 <t < %52 then d(ug, varts) < d(vas, Vap13)-
If 521 <t < s, then d(ug, vaz13) > d(vas, Vazt3)-
o If1<t < s, then d(ug,ust) = 2+t and d(vgs,ugr) = s —t + 1.
1 , then d(ug, ugr) < d(vas, ugg)-
If ST <t S s, then d(ug, ugt) > d(vas, uat).
o If1<t < s, then d(ug, ugt+1) = 3+t and d(vgs, ugr41) =S —t+ 2.
1 , then d(ug, U4t+1) < d(’U4S7 U4t+1)
If =1 < ¢ < s, then d(ug, uar41) > d(vVas, Uary1)-

UOU4
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o If 1 <t < s, then d(ug, uary2) = 4+t and d(vys, ugr2) = s —t + 2.
If1<e< 5;23, then d(ug, uart2) < d(vas, Ugrs2)-
If 351 <t < s, then d(ug, watr2) > d(vas, Ugri2).
o If 1 <t < s, then d(ug, uary3) = 4+t and d(vys, ugrers3) = s —t+ 1.
If1<t< 553, then d(ug, uarts) < d(vas, Uges3)-
If 553 <t < s, then d(ug, ugt43) > d(vas, Ugr13)-
o d(ug,ur) = 1, d(vgs,u1) = s+ 2, d(ug,uz) = 2, d(vgs,uz) = s+ 2,
d(ug,u3) = 3, and d(vys,us) = s+ 1.
Note that ug € W,}Ov .. and vgg € WJMUO. Combined with the above discussion we
arrive at [Wi | =4s—3and W}, , |=4s—1.

The conclusions in the remaining cases are as follows:

If s >4 and s is even, then |[W} , | =4s—1and [W}, , |=4s+1.

If s >3 and s is odd, then [Wy ,, . |=4s+1and [W,, | =4s+3.
If s > 4 and s is even, then [W, . |=4s—3and [W,, . |=45—1.
If s > 5 and s is odd, then [Wy . . | =4s—1and [W; . |=4s+1.

If s >4 and s is even, then |W.}
If s > 5 and s is odd, then |Wu10v45+3
If s > 4 and s is even, then |W}

01}48+2| =4s+1 and |V[/1U145+2u0| =4s+ 3.
| =4s+1and W, . |=4s+3.
| =4s+1and [W,, . |=4s+3.

0V4s+3

Wi vl =8 and W7, | =8.
Wil =11 and W) . | =10.
(WL, | =10and W2 , | =10.
(Wil =10 and [W) | =11
1 _ 1 _
e
uUoV15 V15UQ0

When n > 26, from the above computation of |W1}Ovj| and |Wvlqu|, where 8 <
j <n-—38, for any 3 < ¢ < D we know that there exists j where d(ug,v;) = ¢ and
8 < j < n/2 such that [Wyy,,| < [Wyu|. When n = 25, we have d(uo,vs) = 3,

d(ug,v12) = 4, d(ug,v11) = 5, and D(GP(25,4)) = 6. From the above computation
of W} | and |Wvl]_u0|7 we know that [Wyge,| < [Woy,q,| for any j € {8,11,12}. 0O

0V

4. CONCLUDING REMARKS

In this paper, we prove that GP(n,3) is not ¢-distance-balanced for n > 16 and
1 < ¢ < diam(GP(n,3)). We also prove that GP(n,4) is not ¢-distance-balanced
forn > 24 and 1 < ¢ < diam(GP(n,4)). Earlier it was proved in that GP(n, 2)
is not ¢-distance-balanced for n > 11 and 1 < ¢ < diam(GP(n,2)).

From Proposition we know that |[Wiyyue| — [Waew,| is about & times of
|[V(GP(n,3))|. From Proposition we know that [Wy,u,| — [Wugw,| is about
1 times of |[V(GP(n,4))|. The above observations encourage us to try to consider
Conjecture for distance-balancedness of generalized Petersen graph GP(n, k)
for k > 5. The authors in proved that for any k > 2 and n > 6k? GP(n,k) is
not distance-balanced. If Conjecture is right, the “6k2” in can be greatly

improved.
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Similarly, From Proposition we know that [Wy_,u.| — [Wugu_,| is about &
times of |V (GP(n,3))|. From Proposition we know that [Wy,_,uo| — |Waugv_, | is
about & times of |V(GP(n,4))|. So we can consider Conjecture for 2-distance-
balancedness of generalized Petersen graph GP(n, k) for k > 5.

The discussions on distance-balancedness and 2-distance-balancedness of GP(n, k)
for k > 5 may be merged into fewer cases because |Wguo| — [Wugwe| @0d |Wo_uo| —
|[Wuov_,.| are big relative to |V (GP(n,k))|. This is the work we will do.

For 3 < ¢ < diam(GP(n,k)), the ¢-distance-balancedness of Conjecture for
k > 5 can not easily been investigated. A new approach may be needed.

Since Miklavic and Sparl proposed the two conjectures about the /-distance-
balancedness of GP(n,k) in 2018, there are few positive results appeared in the
past several years. Up to our knowledge, the discussion is complicated even for
some special pairs of (n,k). Up to now, there are only a few pairs of (n,k), for
which the ¢-distance-balancedness of GP(n, k) are studied completely. So there are
much many pairs of (n, k), for which the ¢-distance-balancedness of GP(n, k) will
be worth studying in the future.
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APPENDIX A

Proof of the remaining cases of Proposition [2.1} (2) When n = 6m+1 where
m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 <i < 3.

d(ug,v3s) =1+t and d(vg, vs:) =t where 1 <t < m. d(ug,vsi+1) = 2+t where
0 <t <m. d(vo,v3t4+1) = 3+t where 0 <t < m—2, and d(vo, V3(m—1)41) = m+ 1.
d(ug,v3e+2) = 3+t and d(vg, v3i42) = 4 + ¢ where 0 < ¢ < m.

d(ug,uzt) = 2+t and d(vg,uzt) = 1+t where 1 <t < m. d(ug,u;) =1 and
d(vo,u1) = 2. d(ug,uzty1) = 3+t and d(vg,ugey1) = 2+ ¢ where 1 < ¢ < m.
d(ug,us) = 2 and d(vg,u2) = 3. d(ug, uzir2) = 4+t and d(vg, uzir2) = 3+ where
1<t <m.

Note that ug € Wy, and vg € Wyyy,. Combined with the above discussion,
[Waigwel = 2(2m~+1)+1=4m+3 and |Wy,u,| = 2(4m —2) + 1 = 8m — 3. Because
m 2 3, [Wugue| < [Woguol-

(3) When n = 6m + 2 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 <i < 3.

d(ug,vst) = 1+t and d(vg,vst) =t where 1 <t < m. d(up,v3t+1) = 2+t and
d(vo,v3t41) = 3+t where 0 < ¢t < m. d(ug,vse42) = 3+t where 0 < ¢t < m.
d(vo, v3¢42) = 4+t where 0 <t < m — 2, and d(vo, V3(m—1)+2) = m + 1.

d(ug,uss) = 2+t and d(vp,ust) = 1+t where 1 < ¢ < m. d(ug,u;) = 1 and
d(vo,u1) = 2. d(ug,ugiy1) = 3+ ¢ and d(vo,ugiy1) = 2+ ¢ where 1 < ¢ < m.
d(ug,u2) = 2 and d(vo, uz2) = 3. d(ug, usi+2) = 4+t and d(vo, use+2) = 3+t where
1<t <m.

Note that ug € Wy, and vg € Wiy, Combined with the above discussion,
[Waowvo| =22m + 1) + 2 = 4m + 4 and |Wygy,| = 2(4dm — 1) + 2 = 8m. Because
m Z 3? |Wuovo| < |WU0U0|'

(4) When n = 6m + 3 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 <i < 3.
d(ug,v3s) = 1+t and d(vg,vs;) =t where 1 <t < m. d(ug,vst+1) =2+t and
d(vg,v3e41) = 3+t where 0 <t < m. d(ug,vst42) =3+t and d(vo,vgr40) =4+t

where 0 <t < m.

d(ug,ust) = 2+t and d(vg,uzt) = 1+t where 1 <t < m. d(ug,u;) =1 and
d(vg,u1) = 2. d(ug,uztr1) = 3+t and d(vo,ust+1) = 2+t where 1 < t < m.
d(ug,uz2) = 2 and d(vg,uz) = 3. d(ug, ugty2) = 4+t and d(vo, ugi+2) = 3+t where
1<t <m.

Submitted: May 29, 2024
Accepted: September 24, 202/
Published (early view): September 30, 202/


https://doi.org/10.33044/revuma.4824

Revista de la Unién Matematica Argentina Accepted article - Early view version

This peer-reviewed unedited article has been accepted for publication. The final copyedited version
may differ in some details. Volume, issue, and page numbers will be assigned at a later stage. Cite
using this DOI, which will not change in the final version: https://doi.org/10.33044/revuma.4824.

THE CONJECTURE ON DISTANCE-BALANCEDNESS 13

Note that ug € Wyge, and vg € Wiy,
[Waowo| =2(2m+3)+1=4m+7 and |W,
m > 3, [Wagwe| < [Waguel-

Combined with the above discussion,
| =2(4m—1)+1=8m—1. Because

oUo

(5) When n = 6m + 4 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 <i < 7.

d(ug,vst) = 1+t and d(vg,vst) =t where 1 <t < m. d(ug,vst+1) = 2+t where
0 <t<m. d(vy,vsey+1) =3+t where 0 < t < m — 1, and d(vg, v3m+1) = m + 1.
d(ug,v3e42) = 3+t and d(vg, v3442) = 4 + ¢t where 0 <t < m.

d(ug,uzs) = 2+t and d(vg,uz) = 1+t where 1 <t < m. d(ug,u;) =1 and
d(vo,u1) = 2. d(ug,usty1) = 3+t and d(vg,uger1) = 2+ ¢ where 1 < ¢ < m.
d(ug,uz2) =2 and d(vg,u2) = 3. d(ug, ugtr2) = 4+t and d(vg, ugrr2) = 3+t where
1<t <m.

Note that ug € W0, and vy € Wy,u,. Combined with the above discussion,
[Wigwel = 2(2m +2) +2 =4m + 6 and |Wyyy,| = 2 x 4m + 2 = 8m + 2. Because
m 2 3, [Wugue| < [Wogul-

(6) When n = 6m + 5 where m > 2.

By symmetry, we just need to consider vertices u; and v; where 1 <i < 7.

d(ug,vst) = 1+t and d(vg,vst) =t where 1 <t < m. d(ug,vst+1) = 2+t and
d(vg,vsey1) = 3+t where 0 <t < m. d(ug,v3s42) =3+t where 0 <t <m—1 and
d(uo, V3m42) = m+2. d(vo,v3s42) = 4+t where 0 <t <m—2, d(vo, V3(m—1)42) =
m+ 2 and d(vg, v3mi2) = m+ 1.

d(ug,ust) = 2+t and d(vg,ust) = 1 +t where 1 < ¢t < m. d(ug,u;) = 1 and
d(vo,u1) = 2. d(ug,usty1) = 3+t and d(vg,uger1) = 2+ ¢ where 1 < ¢ < m.
d(ug,u2) =2 and d(vg,u2) = 3. d(ug, ugty2) = 4+t and d(vg, ugrr2) = 3+t where
1<t<m-—1. d(ug, uzms2) = m+ 3 and d(vg, ugmr2) = m + 2.

Note that ug € W0, and vy € Wy,u,. Combined with the above discussion,
[Waowvo| =2(2m+2)+1=4m+5 and |Wyyy,| = 2(4dm+1) 4+ 1 = 8m + 3. Because
m Z 27 |WUO’UO| < |Wv0u0|' U

Proof of the remaining cases of Proposition (2) When n = 6m+1 where
m > 3.

Note that n —3 =6m — 2 =3(2m — 1) + 1.

d(ug,vs3t) = d(Vgm—2,v3:) = 1+t when 0 < ¢ < m. d(ug,vst) = d(Vem—2, V3t)
2m —t+2 when m+1 <t < 2m — 1. d(ug,vst+1) = 2 + ¢ and d(ug, V3¢4+1)
d(’UGm_Q, U3t+1) when 0 <t< m—2. d(vﬁm_g, ’U3t+1) =2m—t—1and d(UQ, U3t+1)
d(UGm_Q,U3t+1) when m —1<t<2m — 1. d(UQ,U3t+2) =3+t and d(UQ,U3t+2)
d(’l]ﬁm_g,’l)gt+2) when 0 S t S m — 1. d(uO,’Ug,H_Q) = d(vﬁm_g,’l}3t+2) =2m—t+2
when m <t < 2m — 1.

d(ug,uzt) = d(vVem—2,ust) = 2+ ¢ when 1 < ¢t < m — 1. d(vem—2,ust) =
2m —t + 1 and d(ug,us:) > d(vem—2,ust) when m < ¢ < 2m — 1. d(ug,uy) =
1 and d(U6m_2,U1) = 2m. d(uo,u3t+1) = d(vﬁm_Q,U3t+1) = 3+t when 1 <
t S m — 2. d(vﬁm_Q,U3t+1) = 2m — t and d(uO,U3t+1) > d(vﬁm_Q,U3t+1) when
m—1<t<2m—1. d(up,u2) = 2 and d(vgm-2,u2) = 2m + 1. d(ug, usi+2) =

<
>
<
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d(vgm—2,ust12) =4+t when 1 <t < m — 2. d(vem—2,ust+2) = 2m —t + 1 and
d(ug, ust2) > d(Vgm—2,Ust+2) when m — 1 <t < 2m — 1.

Note that ug € Wiygue,,_» and Vgm—2 € Wy, .4, Combined with the above
discussion, |Wygvg,_o| = 2m + 4 and Wy, _,u,| = 4m + 2. Because m > 3,
|Wu07}5m72| < |W'U6m72u0|'

(3) When n = 6m + 2 where m > 3.

Note that n —3 =6m —1=3(2m — 1) + 2.

d(ug,v3¢) = d(Vem—1,v3¢) = 1+t when 0 < ¢t < m+1. d(ug,vst) = d(Vem—1,V3t) =
2m —t+ 3 when m+2 <t < 2m — 1. d(ug,vst+1) = 2+t and d(ug, v3e41) <
d(Uﬁm_l,U3t+1) when 0 <t<m-— 1. d(UQ,Ugt+1) = d(vﬁm_l,v3t+1) =2m—t+2
when m <t < 2m—1. d(ug,v3+2) = 3+t and d(up, v3t12) < d(Vgm—1,V3t4+2) when
0 <t <m—3. d(uo, V3(m-2)+2) = d(V6m—1,V3(m-2)+2) = m+1. d(Vem—1,V3t42) =
2m —t — 1 and d(ug,v3¢42) > d(Vem—1,V3t+2) when m — 1 <t < 2m — 1.

d(ug, ust) = d(Vem—1,ust) =2+t when 1 <t < m. d(vgm—1,ust) =2m —t+2
and d(ug,ust) > d(Vgm—1,us3:) when m+1 <t < 2m — 1. d(up,u1) = 1 and
d(’()sm_l,ul) =2m+1. d(uO,U3t+1) = d(Uﬁm_l,u3t+1) =3+twhenl<t<m-—1.
d(vﬁm_l,u;3t+1) =2m —t+ 1 and d(UO,UgH_]) > d(UGm—lyu3t+1) when m <t <
2m—1. d(uo,u2) = 2 and d(Uﬁm_l,UQ) =2m. d(UO,U3t+2) = d(Uﬁm_l,U3t+2) =4+
t when 1 <t <m—2. d(vgm—1,ust+2) = 2m—t and d(ug, ugt2) > d(Vem—1, Ust+2)
when m —1<t<2m — 1.

Note that ug € Wygue,,_, and vem—1 € Wy, u,- Combined with the above
discussion, |Wygvgn_i| = 2m + 3 and [Wy,,,_u,| = 4m + 1. Because m > 3,
|Wuov6m—1| < |WU6m—1U0|'

(4) When n = 6m + 3 where m > 3.

Note that n — 3 = 6m = 3 x 2m.

d(ug,v3t) = d(vgm,vst) =1+t when 0 <t <m — 1. d(vem,vst) = 2m —t and
d(ug,vst) > d(vem,vs:) when m <t < 2m. d(ug,vsi+1) = 2+t and d(ug, v3i41) <
d(Vem, v3r41) when 0 < t < m. d(ug,vst+1) = d(Vem, V3t41) = 2m — t + 3 when
m+1 <t < 2m. d(ug,vsir2) = 3+t and d(ug, vst12) < d(Vem,V3tre) when
0<t<m-—1. d(ug,vst+2) = d(Vem, V3t+2) = 2m —t + 2 when m < t < 2m.

d(ug, ust) = d(Vem,ugt) = 2+t when 1 <t < m—1. d(vem,ust) = 2m—t+1 and
d(ug,ust) > d(vVgm, ust) when m < ¢ < 2m. d(ug,ur) =1 and d(vem,u1) = 2m+ 2.
d(UO,U3t+1) = d(v6m,u3t+1) =3+t when 1 S t S m — 1. d(v6m,U3t+1) =
2m —t + 2 and d(ug, uzt+1) > d(Vem, ust+1) when m <t < 2m. d(ug,uz) = 2 and
d(Vem,u2) = 2m + 1. d(ug, ust+2) = d(Vem,ust12) = 4+t when 1 <t < m — 2.
d(Vem, ugtr2) = 2m —t+1 and d(ug, ugt2) > d(Vem, Ust+2) when m—1 <t < 2m.

Note that ug € Wy, and vem € Wy, u,- Combined with the above discussion,
[Waoven | = 2m + 6 and |Wy,, .| = 4m + 3. Because m > 3, [Wygven | < [Wagmuol-

(5) When n = 6m + 4 where m > 3.

Note that n —3=6m+1 =3 x2m + 1.

d(ug,v3t) = d(Vgm+1,v3¢) = 1+t when 0 < t < m+1. d(ug,vs:) = d(Vem+1,V3t) =
2m —t+ 3 when m + 2 < t < 2m. d(ug,vst+1) = 2+t and d(ug,vzi+1) <
d(V6m+1,v3¢41) when 0 <t < m — 2. d(uo, v3(m—1)+1) = d(V6m+1,V3(m-1)41) =
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m+ 1. d(vgm+t1,v3t41) = 2m — t and d(ug, v3e+1) > d(Vem+1, V3er1) when m <t <
2m. d(ug,vsir2) = 3+t and d(ug, vsir2) < d(Vem41, Vstr2) when 0 < ¢ < m — 1.
d(ug, v3t42) = d(Vem41,V3t42) = 2m — t + 3 when m < t < 2m.

d(ug,ust) = d(Vemy1,us3e) = 2+t when 1 < t < m. d(Vem1,ust) = 2m —
t + 2 and d(ug,ust) > d(Vem+1,us:) when m +1 < ¢t < 2m. d(ug,u;) = 1 and
d(Vgm+1,u1) = 2m~+1. d(ug, usir1) = d(Vem+1, user1) = 3+t when 1 <& <m—1.
d(Vgm+1,ust+1) = 2m—t+1 and d(ug, ugir1) > d(Vem+1, use+1) when m < t < 2m.
d(ug,us) = 2 and d(vem, uz) = 2m=+2. d(ug, ust1+2) = d(Vgm+t1, User2) = 4+t when
1<t<m-1. d(v6m+1,u3t+2) =2m —t+ 2 and d(uo,u3t+2) > d(v6m+1,u3t+2)
when m <t < 2m.

Note that ug € Wiygvg,ir and vema1 € Wegiiuo- Combined with the above
discussion, |Wygve, 1| = 2m + 4 and Wiy, 1u,| = 4m + 2. Because m > 3,
|Wu0v6m+1‘ < |anm+1uo |

(6) When n = 6m + 5 where m > 2.

Note that n —3=6m + 2 =3 x 2m + 2.

d(ug,vs3t) = d(Vem2,v3t) = 1+t when 0 < ¢ < m+1. d(ug,vst) = d(Vemt2, V3t) =
2m —t +4 when m + 2 < ¢t < 2m. d(ug,vser1) = 2+t and d(ug,v3i+1) <
d(Vem+2,v3t+1) when 0 < ¢t < m. d(ug, v3t41) = d(Vem—2,V3t+1) = 2m —t+3 when
m+1 <t <2m. dlug,vzie2) = 3+t and d(uo, vsrr2) < d(Vema2,Vstr2) when
0<t<m-—2 d(vemt2,Vst+2) = 2m — t and d(ug, v3t+2) > d(Vem+1, VU3t+2) Wwhen
m—1<t<2m.

d(ug,uszt) = d(Vgmy2,uze) = 2+t when 1 < t < m. d(vem2,ust) = 2m —
t + 3 and d(ug,ust) > d(Vgmt2,us:) when m +1 < ¢t < 2m. d(ug,u;) = 1 and
d(’Uﬁm+2,U1) =2m+2. d(UO,U3t+1) = d(U6m+27U3t+1) =3+twhenl1<t<m-—1.
d(U6m+2a U3t+1) =2m—t+2 and d(UO, U3t+1) > d(U6m+2, U3t+1) when m <t < 2m.
d(ug,us) = 2 and d(vem, uz) = 2m+1. d(ug, usi+2) = d(Vem—2, Ust+2) = 4+t when
1<t<m-—2. d(U6m+2,U3t+2) =2m —t+1 and d(uo,u3t+2) > d(v6m+2,U3t+2)
when m —1 <t < 2m.

Note that ug € Wiygvg,in and Vemi2 € Waeg,iouo- Combined with the above
discussion, |Wygvgn | = 2m + 5 and [Wig,  u,| = 4m + 5. Because m > 2,
|Wu0v6m+2‘ < |erm+2uo | U

Proof of the remaining cases of Proposition [2.3] (1a) The computation of
Wi, | and [W, | when s = 3.

d(ug,v9) = 1 and d(vg,v9) = 3. d(ug,v3) = d(vg,v3) = 2. d(ug,vs) = 3 and
d(vg,vg) = 1. d(ug,v1) = 2 and d(vg,v1) = 6. d(ug,v4) = 3 and d(vg,v4) = 5.
d(ug,v7) = 4 and d(vg,v7) = 4. d(ug,v2) = 3 and d(vg,v2) = 5. d(ug,vs) = 4
and d(vg,v5) = 4. d(ug,vs) = 5 and d(vg,vs) = 3. S0 vy, v1,v4,v2 € Wy, ,, and
Vg, Vg € Wvlguo'

d(ug,us) = 3 and d(vg,ug) = 3. d(ug,us) = 4 and d(vg, ug) = 2. d(ug,ug) =5
and d(vg,ug) = 1. d(ug,u1) =1 and d(vg,u1) = 5. d(ug,us) = 4 and d(vg, us) = 4.
d(ug,ur) = 5 and d(ve,ur) = 3. d(ug,uz) = 2 and d(vg,us) = 4. d(ug,us) =5
and d(vg,us) = 3. d(ug,us) = 6 and d(vg,ug) = 2. So uj,us € W&ng and
Ug, Ug, U7, Us, Ug € nguo.
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Note that ug € W, ,, and vg € W, . Combined with the above discussion,
| uo’U9| - 7 and | v9u0| = 8'

(Ib) Computation of |W,

When s = 2,

d(ug,v9) = 1 and d(ve,v9) = 2. d(ug,v3) = 2 and d(vs,v3) = 1. d(ug,v1) = 2
and d(ve,v1) = 5. d(ug,va) = 3 and d(ve,vs) = 4. d(ug,v2) = 3 and d(ve,v2) = 4.
d(ug,vs) =4 and d(ve,v5) = 3. So vg,v1, V2, V4 € W&ove and vs,v5 € Wz}e‘uo

d(ug,us3) = 3 and d(ve,uz) = 2. d(ug,us) = 4 and d(ve,ug) = 1. d(ug,u1) =1
and d(ve,u1) = 4. d(ug,us) =4 and d(ve, ug) = 3. d(ug, u2) = 2 and d(ve, uz) = 3.

d(ug,us) =5 and d(vg, us) = 2. So uy,us € T/Vuov6 and uz, ug, us, Ug € Wl}ﬁuo

tovs. | and [W | when s is even and s > 2.

Note that ug € W,}Ovﬁ and vg € W, ,,. Combined with the above discussion,
| uo’[)6| = 7 a’nd | v6u0| = 7’
When s > 4,

d(ug,vst) = 1+t and d(vss, v3:) = < <t<
d(uo,v3¢) < d(vss,v3t). When 5 <t < s, d(ug,v3t) > d(vss,v3t). d(uo,v3t41) =
2+t and d(vss, v3i41) = s —t+3 where 0 <t < 5. When 0 <t < 3, d(uo, v3141) <
d(’U357’U3t+1) When ﬁ <t<s, d(U0,1)3t+1) > d(’()gs,’l)3t+1) d(uO,U3t+2> =3+t
and d(vgs,U3t+2) 2 d(ug,v3t+2) <
d(v3s, v3i42). When § <t <s, d(u0703t+2) > d(v3sav3t+2)

d(ug, usg) =2+t and d(v3s, ust) = s— <t< <t<
d(uo,ust) < d(vss,uze). When 5 <t <'s, d(uo,uss) > d(vss, ust). d(uo,u1) =1
and d(vss,u1) = s + 2. d(ug,usi+1) = 3+ ¢ and d(vss, usgr1) = s — t + 2 where
1<t<s Whenl <t < 5;2, d(uo, uzi41) < d(vss,uszer1). When 5 <t < s,
d(uO7U3t+1) > d(vgs,U3t+1). d(uo,u2) = 2 and d(vgs,UQ) =s+1. d(uO,U3t+2) =
4+t and d(vss,ugtie) = s—t—|—1 Where 1 <t<s. Whenl <t < %‘,
d(uo, ugi42) < d(vss, uziy2). (uo, user2) > d(v3s, usit2)-

Note that ug € Wu0v3 and vz, € W'u3 uo- Combined with the above discussion,
= 3s and |WV, | =3s+2.

| 'U‘O'U3s 'UBS Uuo

(2a) Computation of [W; . | and (W s s1uo| When s is odd and s > 3.
d(ug,v3t) = 1+t and d(vss41,v3:) = s —t + 3 where 0 < ¢t < s. When 0 <
t < = d(ug,vs) < d(vssq1,v3). When 253 <t < s, d(ug, vs) > d(v35+1,?}3t)
d(ug Ust+1) = 2+t and d(v3s41,V3t41) =
d(uo, v3141) < d(v3st1,v341). When 551 <t < s, d(uo,v3t+1) > d(v35+1,?}3t+1)
(u07v3t+2) 34+t and d(v35+1,v3t+2) = s—1t+ 3 where 0 < ¢t < s. When
0<t< Sgl, d(U,o,’UgH_Q) < d(U35+1,1}3t+2). When %1 <t <s, d(uo,v3t+2) >
d(V3s+1,V3t+2)-

d(uo,U3t) =2+t and d(vsst1,ust) = s —t+ 2 where 1 <t < s. When 1 <
t < 551 d(ug, ust) < d(vssg1,use). When SH <t <5, d(ug, uz) > d(vssy1,use).
d(up,u1) =1 and d(vssy1,u1) = s + 1. d(ug, ust+1) = 3+t and d(vzsq1,uger1) =
S§— (’U,(),U3t+1) < d(’U35+1,U3t+1). When
=<t <, d(anU3t+1) > d(’03s+1, U3t+1) d(uo,uz) =2 and d(v3sy1,u2) = s+ 2.
d(ug,usi42) = 4+t and d(vssy1,usiy2) = s —t + 2 where 1 < ¢t < s. When
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1 S t < 553, d(UO,U3t+2) < d(1)35+1,U3t+2). When 851 S t < S, d(uO,U3t+2) >

d(v3s+17 U3t+2)
Note that uo e Wl

UOV3s+1

| =3s+1and |WV,

and v35+1 e Wl Combined with the above

V3s4+1U0 "

discussion, |W, | =3s+ 3.

uO'U33+1 'US +1Uo

(2b) Computation of |W,

When s = 2.

d(ug,v9) = 1 and d(v7,v9) = 5. d(ug,v3) = 2 and d(vy,v3) = 4. d(ug,ve) = 3
and d(vy,ve) = 3. d(ug,v1) = 2 and d(v7,v1) = 2. d(ug,vs) = 3 and d(v7,v4) = 1.
d(ug,v2) = 3 and d(vr,v2) = 5. d(up,v5) = 4 and d(vy,vs5) = 4. So vg,va,v3 €
Wi, andvge W}, .

d(ug,us) = 3 and d(vz,us) = 3. d(ug,us) = 4 and d(vr7,ug) = 2. d(ug,u1) =1
and d(v7,u1) = 3. d(ug,us) = 4 and d(v7,us) = 2. d(uo,ur) =5 and d(vz,ur) = 1.
d(ug,u2) =2 and d(w,uz) =4. d(ug,us) =5 and d(vy,us) = 4. So ug,us € Wiow
and wug, us, ug, uy € Wk

| and |W, | when s is even and s > 2.

uOU3s+1 'U3s+1'U40

v7u0
Note that ug € Wy,,. and v € W, . Combined with the above discussion,
| u0v7| = 6 and | ’U7u0| = 6
When s > 4.

d(ug,v3t) = 1+t and d(vss41,v3:) = s —t + 3 where 0 < t < s. When 0 <
t < S+2 d(ug, vs) < d(v3st1,v3:). When % <t < s, d(ug,vst) > d(vsst1,Vst).
d(uo, U3t+1) =2+t and d(vssq1, Usty1) =
)

)=

d(uo,v3111) < d(v3st1,vaiy1). When 552 <t <'s, d(ug,vsi11) > d(v3s11,V3141)-
d(uo, v3t42) = 3+t and d(vssy1,v3¢42) = s—t+3 where 0 <t < s. When0 <t < 3,
(UO,U?,tJrQ) < d(’l}35+1, ’U3t+2) When 2 < t<s, d(uO,’Ugt+2) > d(U3S+1,’03t+2>
d(ug,ust) =2+t and d(’l}38+1,U3t) =s—t+2wherel <t <s Whenl<t<3,
d(’UJo,u;;t) < d(1)33+1,U3t). When % <t < s, d(Uo,’u?,t) > d(U3s+1,U3t). d(ug,ul) =
1 and d(’U33+1,U1) = s+ 1. d(UQ,U3t+1) =3+t and d(’U33+1,U3t+1) =s—t+1
where 1 < ¢t < s. When1 <t < 3;22, d(ug,usi+1) < d(v3st1,usi+1). When
(Uo,U3t+1) > d(’l)33+1,’LL3t+1). d(UO,UQ) =2 and d(1)35+1,UQ) =s+2.
d(ug,ustr2) = 4+t and d(vsss1,useyr2) = s —t + 2 where 1 < t < s. When
1<t <252, d(ug,uss2) < d(vssi1,usisz). When 552 <t < s, d(ug, us42) >
d(v3s41, Ust42)-

Note that uy € Wu0v3 ., and vgeq1 € st +1uo- Combined with the above
discussion, |Wy .. . | =35 —2 and W, 1]?’S+1u()| = 3s.
(3a) Computation of |W, | and |WV, | when s is odd and s > 3.

UO'U3 +2 'U3 +2U0

When s = 3.

d(ug,v9) = 1 and d(v11,v9) = 7. d(ug,vs) = 2 and d(v11,v3) = 6. d(ugp,vs) =3
and d(’l)ll,’l}(;) = 5. d(uO,’Ug) = d(’l}ll,vg) = 4. d(UO,’Ul) = 2 and d(vll,vl) = 6.
d(uo,v4) = 3 and d(’UH,U4) = 5. d(uo,v7) = 4 and d(’UH,U7) =4, d(uO,’Ulo) =5
and d(vi1,v10) = 3. d(ug,v2) = 3 and d(vi1,v2) = 3. d(uo,v5) =4 and d(v11,v5) =
2. d(ug,vg) = 5 and d(v11,vs) = 1. So v, v1,v3, 04,06 € T/Vuov11 and vs, vg, 19 €
WUluuo

d(ug,us) = 3 and d(vi1,uz) = 5. d(ug,us) = 4 and d(vi1,ue) = 4. d(ug,ug) =
5 and d(vii,u9) = 3. d(ug,u1) = 1 and d(vi1,u1) = 5. d(ug,us) = 4 and
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d(’l)ll,U4) =4. d(UQ,’U,7) =5and d(’Ull,U7) =3. d(UO,ulg) =6 and d(’l)ll,ulo) = 2.
d(ug,us) = 2 and d(vi1,u2) = 4. d(ug,us) =5 and d(vi1,us) = 3. d(ug,us) =6
and d(vy1,ug) = 2. d(ug,u11) = 7 and d(vi1,u11) = 1. So uy,ug,uz € W} and

uUov11
Us, U7, U, Ug, U10, ULl € anuo

Note that ug € Wy, and vi; € W .. Combined with the above discussion,
| u0v11| = 9 and | v11u0| = ]'0’
When s > 5.

d(ug,vst) = 1+t and d(vssyo,vs:) = s —t + 4 where 0 < ¢t < s. When 0 <
t < S+3, d(’uO,’U3t) < d(U33+2,1}3t). When % <t < s, d(UQ,’Ugt) > d(U3s+2,’U3t).
d(U0,03t+1) = 2+t and d(vssy2,v3041) = s —t + 3 where 0 < t < s. When
0<t< 8—42'1, d(ug, vse+1) < d(vsst2,vsi+1). When % <t < s, d(ug,vst41) >
d(v3sy2,V3:41). d(ug,vse42) = 3+t and d(vssta,v3t42) = s — ¢ where 0 < ¢ <
s. When 0 < t < 553, d(uo,v3t+2) < d(’l}33+2,’l}3t+2). When % <t < s,
d(uo, v3142) > d(v3s12,V3142)-
d(ug,uss) = 2+t and d(vssyo,us) = s —t+ 3 where 1 < ¢ <s. When 1 <
t< %, d(ug, uss) < d(vssto,ust). When s;—l <t <s, d(ug,ust) > d(vssta, ust).
d(ug,u1) =1 and d(vssta,u1) = s+ 2. d(ug, ust+1) = 3+t and d(vzsq2,ugtr1) =
8— (UO,U3t+1) < d(U35+2,U3t+1). When
< t < S, d(UO,U3t+1) > d(U3$+2, U3t+1) d(UO,Ug) =2 and d(U33+2,U2) =s+1.
d(uo,U3t+2) = 4+t and d(vssyo,ugty2) = s —t+ 1 where 1 < ¢t < s. When
1<t < %7 d(UO,U3t+2) < d(’l)33+2,’u,3t+2). When % <t < s, d(u07u3t+2) >
d(v3s42, Ust42)-
Note that uo e Wt and 1133+2 c Wt Combined with the above

UQV3s+2 V3s4+2U0 "

3s —1 and |WV, | =3s+1.

discussion, |W, u0v35+2 | =

Ua +2U0
(3b) Computation of |W,
When s = 2.
d(ug,v9) = 1 and d(vg,v9) = 6. d(ug,v3) = 2 and d(vs,v3) = 5. d(ugp,ve) = 3

and d(vs,ve) = 4. d(ug,v1) = 2 and d(vs,v1) = 5. d(ug,vs) = 3 and d(vg,v4) = 4.

d(ug,v7) = 4 and d(vs,v7) = 3. d(ug,v2) = 3 and d(vs,v2) = 2. d(ug,v5) = 4 and

d(vs,vs) = 1. So vg,v1,v3, V4,06 € WUOU8 and v, vs,v7 € stuo
d(ug,us) = 3 and d(vs,us) = 4. d(ug,us) = 4 and d(vs,ug) = 3. d(ugp,ur) =1

and d(vs, u1) = 4. d(ug,us) = 4 and d(vs,us) = 3. d(uo,ur) =5 and d(vs,ur) = 2.

d(up,uz) = 2 and d(vs, uz) = 3. d(uO,U5) =5 and d(vs,us) = 2. d(ug,us) = 6 and

d(vs,ug) = 1. So uy,us,us € Wuovg and uy, us, ug, U7, Ug € Wvgu0

v .| and W +2u0| when s is even and s > 2.

Note that ug € Wuov8 and vg € VVvSu0 Combined with the above discussion,
| u0v3| = 9 and | v8u0| = 9'
When s > 4.

d(ug,vst) = 1+t and d(vssyo,vs:) = s —t+ 4 where 0 < ¢t < s. When 0 <

t < S+2 (’LLO,QJ3,5) < d(’l)33+2,’l)3t) When ﬂ <t<s, d(UQ,U;J,t) > d(’U3S+2,’U3t)

(uo,vgt+1) = 2+t and d(v3syo, V3t41) = S— t—|—3 where 0 <t <s. When0 <t < 3,

d(uo, v3141) < d(v3st2,v341). When 222 <t < s, d(ug,v341) > d(Vsst2, V3e41)-

d(ug,v3¢42) = 3+t and d(v35+2,v3t+2) = s twhere 0 <t <s. When(0 <t <?$ 4
d(ug, v342) < d(v3st2,v342). When 552 <t < s, d(ug, v3er2) > d(v35+27v3t+2)
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d(ug,uss) = 2+t and d(vssyo,us) = s —t + 3 where 1 < t < s. When
1<t <2, d(ug, ust) < d(vssy2, uz). When =2 <t <, d(ug, us;) > d(vssto, uzt).
d(ug,u1) =1 and d(v35+2,u1) =5+ 2. d(uO,U3t+1) =3+t and d(vsst2,Ustr1) =
S§— 2 d(UO,’U,3t+1) < d(’U35+2,’U,3t+1) When

S t <s, d(uo,u3t+1) > d(1)33+2,U3t+1) d(ug,u2) = 2 and d(U3s+2,’LL2) =s+ 1.
d(uo,u3t+2) = 4+t and d(vssyo,uzty2) = s —t+ 1 where 1 < ¢t < s. When
1<t <254 duo, ugey2) < d(vssqa, usio). When 552 <t < s, d(ug, ugps2) >
d(v3st2, Ust42)-

Note that uo e Wt

UOV3s+2

| =3s+2and |W,

and 1}35+2 c Wl Combined with the above

V3s42U0 "

discussion, |W, | =3s+4. O

u0v35+2 'US +2Uo

APPENDIX B

Proof of the remaining cases of Proposition (2) When n = 8m+1 where
m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 <4 < 3.

d(ug,vat) = 1+t and d(vg,vst) =t where 1 <t < m. d(ugp,var+1) = 2+t and
d(vo, vag1) = 3+t where 0 <t < m—2. d(uo, V4(m—1)+1) = d(V0, Va(m—1)41) = m+
1. d(ug,va¢42) = 3+t and d(vg, vary2) = 4+t where 0 < ¢t < m. d(ug, varr3) = 3+t
and d(vg, vai+3) = 4+t where 0 < ¢ < m.

d(ug,uqr) = 2+t and d(vg,ugy) = 1+t where 1 <t < m. d(ug,u;) =1 and
d(vo,u1) = 2. d(ug,usry1) = 3+t and d(vg,ugry1) = 2+ ¢ where 1 < ¢ < m.
d(ug,u2) = 2 and d(vo,u2) = 3. d(ug,ust+2) = 4 + ¢ and d(vo, ugr2) = 3+t
where 1 < t < m. d(ug,u3) = 3 and d(vg,u3) = 3. d(ug,ugs+3) = 4+t and
d(vg, uag+3) = 3+t where 1 <t < m.

Note that ug € Wy, and vg € Wyyy,. Combined with the above discussion,
[Wigwel =2(3m+1)+1 =6m+3 and Wy, | = 2(5m—3)+1 = 10m —5. Because
m = 3, [Wugue| < [Woguel-

(3) When n = 8m + 2 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 <i < 7.

d(ug,va) = 1+t and d(vg,vs) =t where 1 <t < m. d(ug,var+1) =2+t and
d(vg,vary1) = 3+t where 0 <t < m. d(ug,var42) =3+t and d(vo,vgr40) =4+t
where 0 <t < m — 2. d(ug, Va(m—1)+2) = m + 2 and d(vo, Va(m—1)+2) = m + 1.
d(ug,var43) = 3+t and d(vg, var+3) =4+t where 0 <t < m.

d(ug,uqr) = 2+t and d(vg,usr) = 1+t where 1 < ¢t < m. d(ug,u;) =1 and
d(vg,u1) = 2. d(ug,uss+1) = 3+t and d(vo,ugt+1) = 2+t where 1 < t < m.
d(’LLO,'LLQ) = 2 and d(”U(),'LLQ) = 3. d(UQ,U4t+2) = 4+t and d(’Uo,U4t+2) =3+t
where 1 < t < m. d(ug,us) = 3 and d(vo,u3) = 3. d(ug, ua+3) = 4+t and
d(vo, uarys) =3+t where 1 <t < m.

Note that ug € Wy, and vg € Wiyyy,- Combined with the above discussion,
[Waowvo| = 2(83m~+1)4+2 = 6m—+4 and Wy u,| = 2(5m—2)+2 = 10m — 2. Because
m 2 3? |Wuovo| < |Wv0u0|-

(4) When n = 8m + 3 where m > 3.
By symmetry, we just need to consider vertices u; and v; where 1 <7 < 3.
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d(ug,v4) = 1+t and d(vg,vy) =t where 1 <t < m. d(ug,var+1) =2+t and
d(vg, var+1) = 3+t where 0 <t < m. d(ug,varr2) =3+t and d(vo,varq2) =4+t
where 0 < ¢ < m. d(ug,vat43) = 3+t and d(vg, va413) = 4+¢ where 0 <t < m—2.
d(u0, Va(m—1)+3) = m + 2 and d(vo, Vym—1)43) = m + 1.

d(ug,uqr) = 2+t and d(vg,usr) = 1+t where 1 <t < m. d(ug,u;) =1 and
d(vo,u1) = 2. d(ug,usry1) = 3+t and d(vo,ugry1) = 2+ ¢ where 1 < ¢ < m.
d(uo,uQ) = 2 and d(Uo,’UQ) = 3. d(uo,u4t+2) =4+t and d(’Uo,U4t+2) =3+t
where 1 < t < m. d(ug,u3) = 3 and d(vo,uz) = 3. d(ug, uat+3) = 4+t and
d(vg, uar+3) = 3+t where 1 <t < m.

Note that ug € Wiy, and vg € Wiy, Combined with the above discussion,
[Wowo| = 2(3m+2)+1 =6m+5 and [Wy,u,| = 2(bm—1)+1 = 10m — 1. Because
m 2 3, [Wugue| < [Woguol-

(5) When n = 8m + 4 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 < i <

d(ug,v4t) = 1+t and d(vg,vst) =t where 1 < t < m. d(ugp,v4r+1) = 2+t and
d(vo,var41) = 3+t where 0 < ¢t < m. d(ug,vary2) = 3+t and d(vo, Varyo) =4+t
where 0 <t < m. d(ug,vary3) = 3+t and d(vg, var+3) =4+t where 0 < ¢t < m.

d(ug,ugr) = 2+t and d(vg, uar) = 1+t where 1 < ¢t < m. d(ug,u;) = 1 and
d(vo,u1) = 2. d(ug,usry1) = 3+t and d(vg,ugry1) = 2+ ¢ where 1 < ¢ < m.
d(ug,u2) = 2 and d(vog,u2) = 3. d(ug,ust+2) = 4 + ¢ and d(vo, ugr2) = 3+t
where 1 < t < m. d(ug,u3) = 3 and d(vo,u3) = 3. d(ug,ust+3) = 4 + t and
d(vo, wag+3) = 3+ ¢ where 1 <t < m.

Note that ug € Wy, and vg € Wyyy,. Combined with the above discussion,
[Wigwel = 2(3m+3)+2 = 6m+8 and |Wyyy,| = 2(5m —2)+2 = 10m — 2. Because
m 2 3, [Wugue| < [Woguol-

|3

(6) When n = 8m + 5 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 <7 < 3.

d(ug,v4) = 1+t and d(vg,vs) =t where 1 <t < m. d(ug,var+1) = 2+t and
d(vg,var41) = 3+t where 0 <t <m—1. d(ug, Vam+1) = m~+2 and d(vo, Vam41) =
m—+1. d(ug, varr2) = 3+t and d(vg, vat42) = 4+t where 0 < t < m. d(ug, Vary3) =
3+t and d(vg, varr3) =4+t where 0 <t < m.

d(ug,uqt) = 2+t and d(vg,usr) = 1+t where 1 < ¢t < m. d(ug,u1) =1 and
d(vg,u1) = 2. d(ug,ugr+1) = 3+t and d(vo,ugs+1) = 2+t where 1 < t < m.
d(ug,us) = 2 and d(vog,u2) = 3. d(ug,ust+2) = 4+t and d(vo, uge2) = 3+t
where 1 < t < m. d(up,u3) = 3 and d(vo,u3) = 3. d(ug,ust+3) = 4 + t and
d(vg, uggr3) = 3+t where 1 <t < m.

Note that ug € Wy,w, and vg € Wi,yy,. Combined with the above discussion,
[Waowvo| =2(8m +3) +1=6m+7 and |[Wy,u,| =2 % 5m + 1 = 10m + 1. Because
m 23, |Wuovo| < |Wvouo|'

(7) When n = 8m + 6 where m > 3.
By symmetry, we just need to consider vertices u; and v; where 1 <7 <
d(ug,v4s) = 1+t and d(vg,vs) =t where 1 < t < m. d(ug,vap41) = 2

%.
+t and
d(vg, var+1) = 3+t where 0 <t < m. d(ug, vart2) = 3+t and d(vo, Var42) =

4+t
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where 0 <t <m—2. d(uo, Va(m—1)+2) = d(Vo, Va(m—1)42) = m~+2. d(uo, Vam42) =
m+2 and d(vo, Vam12) = m+1. d(ug, varrs) = 3+t and d(vo, vary3) = 4+t where
0<t<<m.

d(ug,uqr) = 2+t and d(vg,ugr) = 1+t where 1 < ¢t < m. d(ug,u;) =1 and
d(vo,u1) = 2. d(ug,usty1) = 3+t and d(vg,ugry1) = 2+ ¢ where 1 < ¢ < m.
d(ug,u2) = 2 and d(vg,u2) = 3. d(ug, usty2) = 4+t and d(vg, ugri2) = 3+t where
1<t<m-—1. d(ug, ugms2) = m+3 and d(vg, Ugmi2) = m~+ 2. d(up,us) = 3 and
d(vg,ug) = 3. d(ug, usry+3) = 4+t and d(vo, uar+3) = 3+t where 1 <t < m.

Note that ug € Wy, and vg € Wyyy,. Combined with the above discussion,
[Wowve| =2(83m 4+ 2) +2 =6m+ 6 and |[W,u,| = 2 X 5m + 2 = 10m + 2. Because
m 2 3, [Wugue| < [Woguel-

(8) When n = 8m + 7 where m > 3.

By symmetry, we just need to consider vertices u; and v; where 1 <7 < 3.

d(ug,v4t) = 1+t and d(vg,ve) =t where 1 <t < m. d(ug,v4t41) =2+t and
d(vo,var41) = 3+t where 0 <t < m. d(ug,vari2) = 3+t and d(vo, vgr40) =4+t
where 0 < ¢t < m. d(ugp,var4+3) = 3+t and d(vg, var43) = 4 + ¢ where 0 < ¢t <
m — 2. d(uo, Va(m—1)+3) = d(Vo, Va(m-1)+3) = M + 2. d(uo,vam+3) = m + 2 and
d(’Uo, U4m+3) =m+ 1.

d(ug,us) = 2+t and d(vg,uqr) = 1+t where 1 < ¢t < m. d(ug,u;) = 1 and
d(vg,u1) = 2. d(ug,uss+1) = 3+t and d(vo,uge+1) = 2+t where 1 < t < m.
d(ug,us) = 2 and d(vg,ug) = 3. d(ug, ust2) = 4+t and d(vg, ugri2) = 3+t where
1<t <m. d(ug,us) =3 and d(vg, u3z) = 3. d(ug, ugr4+3) = 4+t and d(vg, uge43) =
3+t where 1 <t <m—1. d(ug, Ugm+3) = m + 3 and d(vg, Ugm+3) = m + 2.

Note that ug € Wy, and vg € W,yy,. Combined with the above discussion,
[Waowvo| =2(83m+3)+1 =6m+7 and |Wyu,| = 2(5m+1)+1 = 10m+3. Because
m 23, |Wu0vo| < |Wvouo|' U

Proof of the remaining cases of Proposition [3.2} (2) When n = 8m+1 where
m > 3.

Note that n —4 =8m —3=4(2m — 1) + 1.

d(ug,vat) = d(Vgm—3,v4t) = 1+t when 0 < ¢ < m. d(ug,v4t) = d(Vgm—3, Vazr)
2m —t+2 when m+1 <t < 2m — 1. d(up,varr1) = 2+t and d(ug, vas+1)
d(’USm_g, U4t+l) when 0 S t S m—2. d(vgm_g, ’U4t+1) =2m—t—1and d(uo, U4t+l)
d(vgm—3,V4¢4+1) when m — 1 <t < 2m — 1. d(ug,v44+2) = 3+t and d(ug, var12) <
d(vgm,3,1}4t+2) when 0 <t<m-— 1. d(uo,v4t+2) = d(Ugm,3,1)4t+2) =2m —t+2
when m <t < 2m—1. d(ug, var43) = 3+t and d(ug, vaz1+3) < d(Vgm—3, Var+3) When
0<t<m-—1. d(ug,vatt+3) = d(Vgm—3,Vat13) = 2m —t+2 when m < t < 2m — 1.

d(uO,U4t) = d(l]sm_g,U4t) = 2+t when 1 <t<m-— 1. d(vgm_g,U4t)
2m —t + 1 and d(ug, uar) > d(vgm—3,usr) when m < ¢t < 2m — 1. d(up,u1) =
1 and d(vgm—3,u1) = 2m. d(ug,ust+1) = d(Vsm—3,uae41) = 3+t when 1 <
t < m—2. d(vgm—3,usr+1) = 2m — t and d(ug,ugr+1) > d(Vgm—3, Use+1) When
m—1<t<2m—1. d(ug,ug) = 2 and d(vgm—3,u2) = 2m + 1. d(ug, uar+2) =
d(vgm—3,ust12) =4+t when 1 <t < m — 2. d(vgm—3,usrt2) = 2m —t + 1 and
d(ug, uarr2) > d(vgm—3,uarre) when m — 1 < t < 2m — 1. d(up,u3) = 3 and
d(vgm_g,’u'g,) =2m+1. d(uo,u4t+3) = d(vgm_g,U4t+3) =4+twhenl <t<m-—2.

<
>
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d(vgm—3,ust+3) = 2m—t+1 and d(ug, uar+3) > d(Vgm—3,Ust+3) when m—1 <t <
2m — 1.

Note that ug € Wiygus,, s and vgm—3 € Wy .u,. Combined with the above
discussion, |Wygvs,_s| = 3m + 7 and W, _.uo| = 5m + 3. Because m > 3,
|Wu07}8m73| < |W'U8m73u0|'

(3) When n = 8m + 2 where m > 3.

Note that n —4 =8m — 2 =4(2m — 1) + 2.

d(ug, var) = d(vgm—2,v4:) = 1+t when 0 < t < m+1. d(ug, var) = d(Vgm—2,vat) =
2m —t+3 when m+2 <t < 2m — 1. d(ugp,var+1) = 2 + ¢ and d(ug, var+1) <
d(vgm_g,v4t+1) when 0 <t <m — 1. d(uo,v4t+1) = d(vgm_g,v4t+1) =2m —t+2
when m <t <2m—1. d(ug, var+2) = 3+t and d(ug, vaz1+2) < d(Vgm—2, Var+2) When
0 <t <m—2. d(uo, Va(m—2)+2) = d(Vsm—2, Va(m—2)4+2) = m~+1. d(vgm—2,Vat42) =
2m — t — 1 and d(ug, vat+2) > d(Vsm—2,Vat42) When m — 2 < t < 2m — 1.
d(ug,varr3) = 3+t and d(ug, varrs) < d(Vsm—2,Var+3) when 0 < t < m — 1.
d(ug, var+3) = d(Vgm—2,Vart3) = 2m —t + 2 when m <t < 2m — 1.

d(ug, ugr) = d(vgm—2,us) =2+t when 1 <t < m. d(vgm—o,uss) =2m —t+ 2
and d(ug,usr) > d(Vgm—2,u4t) when m+1 < t < 2m — 1. d(up,u1) = 1 and
d(’()gm_g,ul) =2m+1. d(uO,U4t+1) = d(Ugm_Q,U4t+1) =3+twhenl <t<m-—1.
d(vgm_Q,U4t+1) =2m —t+ 1 and d(UO,U4t+1) > d(’USm_Q,U4t+1) when m <t <
2m—1. d(ug,us) = 2 and d(vgm—2, uz) = 2m. d(ug, tart2) = d(Vgm—2, Usrr2) = 4+
t when 1 <t <m—2. d(vgm—2, ust+2) = 2m—t and d(ug, ugry2) > d(Vgm—2, Ustt2)
when m—1 <t <2m—1. d(ug,u3) = 3 and d(vgm—2,u3) = 2m~+1. d(ug, ugry3) =
d(vgm—2,ust4+3) =4+t when 1 <t < m —2. d(vgm—2,usr+3) = 2m —t + 1 and
d(uO,U4t+3) > d(Usm_Q,U4t+3) when m — 1<t <2m — 1.

Note that ug € Wygus,,_» and vgm—2 € Wy, .u,. Combined with the above
discussion, |Wygvs,,_»| = 3m + 6 and |W,, | = 5m + 2. Because m > 3,
|Wu0v8m72| < |WU8m72uO|.

(4) When n = 8m + 3 where m > 3.

Note that n —4 =8m — 1 =4(2m — 1) 4+ 3.

d(uo,v4t) = d(l]sm_l,v4t) = 1+t when O <t< m+1. d(UQ,’U4t) = d(l}gm_l,’l}4t) =
2m —t+ 3 when m +2 <t < 2m — 1. d(ug,vart+1) = 2+t and d(ug, vary1) <
d(vgm—1,v4¢4+1) when 0 <t < m. d(ug,vat4+1) = d(Vsm—1,vat+1) = 2m —t+ 3 when
m+1<t<2m—1. d(ug, vart2) = 3+t and d(ug, var42) < d(Vgm—1,Vat4+2) When
0<t<m-—1. d(ug,var+2) = d(Vgm—1,V4t42) = 2m —t+2 when m <t < 2m — 1.
d(uo,v4t+3) =3+t and d(uo,v4t+3) < d(’Ugm_l,’U4t+3) when 0 < t < m — 2.
d(uo, Va(m—2)+3) = d(Vsm—1,Va(m—2)+3) = M+ 1. d(vsm—1,0a43) = 2m —t—1 and
d(ug, vagr3) > d(Vgm—1,Var+3) when m — 2 <t < 2m — 1.

d(ug, ugr) = d(Vgm—1,uas) =2+t when 1 <t < m. d(vgm—1,ust) =2m —t + 2
and d(ug,ust) > d(vgm—1,u4t) when m+1 <t < 2m — 1. d(up,u1) = 1 and
d(’Ugm_l,ul) = 2m + 2. d(uO,U4t+1) = d(i)gm_l,’u,4t+1) =3+twhenl <t <
m — 1. d(Ugm_l,U4t+1) =2m —t+ 2 and d(UQ,U4t+1) > d(’l}gm_l,U4t+1) when
m <t < 2m—1. d(ug,uz) = 2 and d(vgm—1,u2) = 2m + 1. d(ug, uggs2) =
d(vgm—1,ust42) =4+t when 1 <t < m — 2. d(vgm-1,Ustt2) = 2m —t + 1 and
d(ug, uars2) > d(vgm—1,Usrr2) when m — 1 < t < 2m — 1. d(up,us) = 3 and

8m —2U0
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d(vgm—1,u3) = 2m. d(ug,ust+3) = d(Vgm—1,Usr4+3) =4+t when 1 <t < m — 2.
d(vgm—1,uat1+3) = 2m — t and d(ug, uar+3) > d(vgm—1,Uarts) when m — 1 < ¢ <
2m — 1.

Note that ug € Wygug,, ; and vgm—1 € Wiy, 4, Combined with the above
discussion, |Wygvan_i| = 3m + 7 and [Wy,. _u,| = 5m + 3. Because m > 3,
|W'U«0'USm—1| < ‘WUSm—1u0|'

(5) When n = 8m + 4 where m > 3.

Note that n — 4 = 8m =4 x 2m.

d(ug,va) = d(vgm,var) = 1+t when 0 < ¢t < m — 1. d(vgm,vat) = 2m — ¢
and d(ug,v4r) > d(vgm,vst) when m < t < 2m — 1. d(ug,v4e41) = 2+t and
d(U,O,’U4t+1) < d(’Ugm,U4t+1) when 0 < t < m. d(ug,v4t+1) = d(’Ugm,’U4t+1) =
2m —t+3 when m+ 1 <t < 2m — 1. d(ug,var+2) = 3+t and d(ug, var+2) <
d(vgm, vary2) when 0 < ¢ < m — 1. d(uo, varr2) = d(Vsm,Vat+2) = 2m —t + 3
when m <t < 2m — 1. d(ug,var4+3) = 3+t and d(ug, var+3) < d(Vgm, Var+3) when
0<t<m—1. d(ug,vaty3) = d(vgm,Var3) =2m —t+2 when m <t < 2m — 1.

d(ug, tat) = d(vgm,ugr) = 2+t when 1 <t <m—1. d(vgm,ust) = 2m—t+1 and
d(ug, uar) > d(vsm, uar) when m < ¢ < 2m. d(up,ur) = 1 and d(vgm,, u1) = 2m + 2.
d(UO,U4t+1) = d('USmau4t+l) =3+t when 1 S t S m—1. d(Ugm, ’U,4t+1) =2m—t+2
and d(ug, uary1) > d(Vsm,uae41) when m < ¢t < 2m — 1. d(ug,u2) = 2 and
d(vgm,u2) = 2m + 2. d(ug, ugt2) = d(Vgm,Ugt12) =4+t when 1 <t <m— 1.
d(Vgm, Ugtry2) = 2m —t+ 2 and d(ug, ugry2) > d(Vsm, Uar+2) when m <t < 2m—1.
d(ug,us3) = 3 and d(vgm,us) = 2m + 1. d(ug,usry3) = d(Vsm, Uar+3) = 4+t when
1<t<m-—2. d(Ugm, U4t+3) =2m —t+1 and d(UQ,U4t+3) > d(’()gm,U4t+3) when
m—1<t<2m—1.

Note that ug € Wygvg,,, and vy, € Wi, 4,. Combined with the above discussion,
[Weovs,, | =3m+9 and |Wy, .| = 5m + 4. Because m > 3, [Woven | < [Wae,,uol-

(6) When n = 8m + 5 where m > 3.

Note that n —4=8m+1=4 x 2m + 1.

d(ug,vas) = d(vsm+1,v4¢) = 1+t when 0 < t < m+1. d(ug,va) = d(Vsm+1,Vat)
2m —t+ 3 when m 4+ 2 < t < 2m. d(ug,va41) = 2+t and d(ug, var+1)
d(V8m+1,Vas41) When 0 <t < m — 2. d(uo, Vam—1)+1) = d(V8m+1,Va(m—1)+1)
m—+ 1. d(vgmt1,var+1) = 2m — t and d(ug, var41) > d(Vgmt1, Varr1) when m
t < 2m — 1. d(ug,vaer2) = 3+t and d(ug,var2) < d(Vsm+1,Varr2) when 0
t <m—1. d(ug,vat+2) = d(Vgm+1,Varr2) = 2m —t + 3 when m < ¢t < 2m —
d(uo,v4t+3) =3+t and d(UQ,U4t+3) < d(’Ugm+1,’U4t+3) when 0 < t < m —
d(UQ,U4t+3) = d(U8m+1,U4t+3) =2m —t+ 3 when m <t <2m — 1.

d(ug,ugr) = d(vgms1,uar) = 2+t when 1 < ¢ < m. d(vgmy1,usr) = 2m —
t+ 2 and d(ug, uss) > d(Vsmi1,usr) when m +1 < ¢ < 2m. d(ug,u;) = 1 and
d(vgm41,u1) = 2m~+1. d(ug, ugt+1) = d(Vsmt1, Uar+1) =3+t when 1 <t <m—1.
d(’Ugm+1,U4t+1) =2m —t+ 1 and d(uO,U4t+1) > d(vgm+1,U4t+1) when m <t <
2m. d(’U,O,Ug) = 2 and d(U8m+1,UQ) = 2m + 2. d(uO,U4t+2) = d(U8m+1,U4t+2) =
44+t when 1 <t <m—1. dvgms1,tarr2) = 2m —t + 2 and d(ug, ugrr2) >
d(Vsm+1, Uar42) when m <t < 2m — 1. d(ug, us) = 3 and d(vgm+1,us) = 2m + 2.

<
<
<
1.
1.
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d(ug, usae43) = d(Vsm1,Usey3) = 4+t when 1 <t < m — 1. d(vsms1,Uar43) =
2m —t+ 2 and d(ug, vat13) > d(Vsmt1, Uae+3) when m <t < 2m — 1.

Note that ug € Wiygvg,.n and vgmi1 € W, 1uo- Combined with the above
discussion, |Wygvs, 1| = 3m + 7 and |W, | = 5m + 3. Because m > 3,
|Wu0718m+1| < |W'U8m+1u0 .

8m+1U0

(7) When n = 8m + 6 where m > 3.

Note that n —4 =8m +2 =4 x 2m + 2.

d(ug,var) = d(vsmy2,v4¢) = 1+t when 0 < t < m+1. d(ug,va) = d(Vsm2,var) =
2m —t+ 4 when m 4+ 2 < t < 2m. d(ug,vee41) = 2+t and d(ug,varr1) <
d(Vgm42,Vat+1) when 0 <t < m. d(ug, Var41) = d(Vgm2,Vazr1) = 2m —t+3 when
m+1 <t <2m. d(ug,var2) = 3+t and d(ug, var42) < d(Vgm42, Vaz+2) When
0<t<m-—2. d(Ugm+2,U4t+2) =2m —t and d(uo,v4t+2) > d(’l}gm+2,1}4t+2) when
m—1<t<2m—1. d(UQ,’U4t+3) =3+tand d(UQ,U4t+3) < d(U8m+2, ’U4t+3) when
0<t<m-—1. d(ug,var+3) = d(Vgm+2,Var+3) = 2m —t+ 3 when m <t < 2m — 1.

d(ug, ugt) = d(Vgmya,uar) = 2+t when 1 < t < m. d(vgmi2,ust) = 2m —
t+ 3 and d(ug,uss) > d(Vgmyo,usr) when m +1 < ¢t < 2m. d(ug,u;) = 1 and
d(vgm+2,u1) =2m+2. d(UQ,U4t+1) = d(vgm+2, U4t+1) =3+twhenl1l<t<m-—1.
d(’()gm+2,U4t+1) =2m —t+ 2 and d(ug,u4t+1) > d(U8m+2,U4t+1) when m <t <
2m. d(ug,uz) = 2 and d(vgmia,u2) = 2m + 1. d(uo, arr2) = d(Vsmt2, Uat+2) =
44+t when 1 <t < m—2. dvgmsa,Uarr2) = 2m —t + 1 and d(ug, uaz+2) >
d(Vgm42, Uarr2) when m —1 <t < 2m. d(ug,us) = 3 and d(vgmy2,us) = 2m + 2.
d(ug, uar+3) = d(Vsmio, Uar+3) = 4+t when 1 <t < m — 1. d(vgmt2,Uat+3) =
2m —t+ 2 and d(ug, ugt+3) > d(Vsmr2, tger3) when m <t < 2m — 1.

Note that ug € Waygug,,, and vgmi2 € Wig,  ou,- Combined with the above
discussion, |Wygvg,ial = 3m + 8 and |W, = 5m + 6. Because m > 3,
|Wuov8m+2| < |Wv8m+2uo :

sm+2uo|

(8) When n = 8m + 7 where m > 3.

Note that n —4 =8m +3 =4 x 2m + 3.

d(ug, vat) = d(Vgm+3,v4¢) = 1+t when 0 < ¢ < m+1. d(ug,vat) = d(Vsm+3, Var) =
2m —t + 4 when m + 2 < t < 2m. d(ug,vger1) = 2+t and d(ug,vaer1) <
d(V8m+3,Var+1) when 0 <t < m. d(ug, Var+1) = d(Vgm+3,Varr1) = 2m —t+4 when
m+1<t<2m. d(ug,vas2) = 3+t and d(ug, varr2) < d(Vsm43, Varr2) when
0<t<m-—1. d(ug,vat+2) = d(Vgm+3,Vat42) = 2m —t + 3 when m < t < 2m.
d(ug,vary3) = 3+t and d(ug,var43) < d(Vsm3,Var+3) when 0 < t < m — 2.
d(’Ugm+3,’U4t+3) = 2m —t and d(uo,v4t+3) > d(U8m+3aU4t+3) when m —1 <t <
2m — 1.

d(ug, usr) = d(Vgm+s,uar) = 2+t when 1 <t < m. d(vgm+3, usr) = 2m—t+3 and
d(u, uat) > d(vgm3,uar) when m+1 <t < 2m. d(ug,u1) = 1 and d(vgmi3, u1) =
2m+ 3. d(’uO,U4t+1) = d(vgm+3,U4t+1) =3+twhenl <t<m. d(’l)gm+3,’u,4t+1) =
2m —t+3 and d(ug, uar+1) > d(Vgm3, Usry1) when m+1 <t < 2m. d(ug,u2) =2
and d(U8m+3,UQ) = 2m + 2. d(’lLo,U4t+2) = d(U8m+3,’lL4t+2) =4+t when 1 <
t < m—1. d(vgm4s, tar2) = 2m —t + 2 and d(ug, usr42) > d(Vgm3, Usry2)
when m < ¢t < 2m. d(ug,us) = 3 and d(vgm+s,us) = 2m + 1. d(ug, Uarys) =
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d(vgm+t3,Usrq3) = 4+t when 1 <t < m — 2. d(vgmas,uarrs) = 2m —t + 1 and
d(ug, tatt3) > d(Vsm+3, Uar+s) when m — 1 <t < 2m.

Note that up € Wygug,. s and vgmis € Wy
discussion, |Wygvs,. 5| = 3m + 8 and |W,
|Wu07)8m+3‘ < |WU8m+3u0 .

emisuo- Combined with the above
| = 5m + 6. Because m > 3,
O

8m+3U0

Proof of the remaining cases of Proposition [3.3] (1a) The computation of
Wiy, | and [W,, | when s = 3.

d(uO,Uo) =1 and d(’l}lg,vo) =3. d(UQ,U4) = d(l}lg,’l}4) = 2. d(’uO,’Ug) = 3 and
d(vi2,v8) = 1. d(ug,v1) = 2 and d(vi2,v1) = 6. d(ug,vs) = 3 and d(vi2,v5) = 5.
d(ug,v9) =4 and d(v12,v9) = 4. d(ug, v2) = 3 and d(v12,v2) = 6. d(ug,ve) = 4 and
d(U127’U6) = 5. d(uO,’Ulo) =5 and d(v127v10) = 4. d(uo,v3) = 3 and d(’l)lg,’vg,) =
5. d(ug,v7) = 4 and d(vi2,v7) = 4. d(ug,v11) = 5 and d(vi2,v11) = 3. So
V9, V1, V2, V3, V5, Vg € Wv%ovm and vg, v1g, V11 € Wvllzuo'

d(uO,U4) =3 and d(’U12,U4) =3. d(uo,u8) =4 and d(’Uu,Ug) = 2. d(uo,ulg) =
5 and d(viz,u12) = 1. d(ug,u1) = 1 and d(viz,u1) = 5. d(ug,us) = 4 and
d(vi2,u5) = 4. d(ug,ug) =5 and d(via,ug) = 3. d(ug,us) = 2 and d(vi2,us) = 5.
d(uo,u6) =5 and d(’UlQ,UG) = 4. d(uo,ulo) = 6 and d(’l)12,ul()) = 3. d(uO,U3) =
3 and d(’Ulg,u?,) = 4. d(uO,U,7) = 5 and d(Ulg,U7) = 3. d(uo,ull) = 6 and
d(vlg,un) =2. So Uy, Uz, U3 € Wiovw and Ug, U7, U, Ug, U10, U1, U2 € Wb}lzuo'

Note that ug € Wy, , and vi; € W, . Combined with the above discussion,
Wl =10 and [W,) | =11

(1b) Computation of |[W.}

When s = 2,

d(up,v9) = 1 and d(vg,v9) = 2. d(ug,v4) = 2 and d(vs,vs) = 1. d(ug,v1) = 2
and d(vs,v1) = 5. d(ug,vs) = 3 and d(vs,vs) = 4. d(ug,v2) = 3 and d(vg,ve) = 5.
d(ug,vs) = 4 and d(vs,vs) = 4. d(ug,v3) = 3 and d(vs,v3) = 4. d(ug,v7) = 4 and
d(’Us,U7) = 3. So vg, vy, V2, V3, V5 € W"}O'UB and v4,v7 € WUlsu()'

d(ug,uq) = 3 and d(vs,us) = 2. d(ug,ug) = 4 and d(vs,ug) = 1. d(ug,u1) =1
and d(vs, u1) = 4. d(ug,us) = 4 and d(vs,us) = 3. d(ug, uz) = 2 and d(vs,us) = 4.
d(ug,ug) =5 and d(vs, ug) = 3. d(ug,us) =3 and d(vs, u3z) = 3. d(ug,ur) =5 and

_ 1 1
d(vs,ur) = 2. So uy,uz € W, and ug, us, ue, ur,ug € W, .

| and |W}

L.uo| When s is even and s > 2.

0V4s

Note that ug € W,}Ovs and vg € Wvlsuo. Combined with the above discussion,
|W7}01)8| = 8 a’nd |W1113u0| = 8
When s > 4,

d(ug,v4r) = 1+t and d(vgs,v4t) = s —t where 0 <t < s. When 0 <t < 352,
d(uo,vas) < d(vas,vas). When 5 <t < s, d(ug,vas) > d(vas,var). d(uo,Vasy1) =
2+t and d(v4s, varq1) = s —t+3 where 0 <t < 5. When 0 <t < 5, d(uo, var41) <
d(vas,Vag41). When =52 <t <5, d(ug, var1) > d(vas, vags1). d(uo, varo) =3 +1
and d(vys,varq2) = 8§ —t 4+ 3 where 0 <t < 5. When 0 < t < 3, d(ug,var42) <
d(U4S,’U4t+2>. ‘When % <t <s, d(UQ,’U4t+2) > d(’l}45,1}4t+2). d(UQ,’U4t+3) =3+t
and d(vgs,vagr3) = s —t+ 2 where 0 <t <s. When 0 <t < 5;2, d(ug, vary3) <
d(vas, vag43). When 5 <t <s, d(ug,var13) > d(vas, Vary3)-
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d(ug, usr) = 2+t and d(vas, ugr) = s—t+1 where 1 <t < s. When 1 <t < 552
d(uo, usr) < d(vas,uge). When § <t <'s, d(ug, usar) > d(vas,uat). dug,ur) =1
and d(vgs,u1) = s+ 2. d(ug,uge+1) = 3+t and d(vas, ugry1) = $ —t + 2 where
1<t<s. Whenl<t< 352, d(uO,U4t+1) < d(’l}45,U4t+1). When % <t <s,
d(uO,U4t+1) > d(U4S,U4t+1). d(uo,u2) = 2 and d(’U4s,’LL2) =54+ 2. d(Uo,U4t+2) =
4+t and d(l]4s, U4t+2) = < 552, d(U(), U4t+2) <
d(v4s, Ugzt2). When % <t < s, d(ug,ugtr2) > d(vgs, ugrq2). d(ug,uz) = 3 and
d(vgs,uz) = s+ 1. d(ug,users) = 4+t and d(vygs, ugr43) = s —t + 1 where

< < 5;4, d(UO,U4t+3) < d(’U4s,U4t+3). When 552 <t <s,
d(uo, tar+3) > d(vas, Uar+3)-

Note that uy € Wl and vy, € Wl Combined with the above discussion,

UQV4s Vasuo*
Wil =4s—1and [Wy, | =4s+1.
(2a) Computation of [W; . - .| and [Wy, +1U0| when s is odd and s > 3.

d(ug,v4e) = 1+t and d(v4s41,v4e) = s —t + 3 where 0 < t < s. When 0 <
t < 5+1 d(ug,var) < d(vast1,v4:). When ﬁ <t < s, d(ug,va) > d(v4s+1,v4t)
d(uo, U4t+1) =2+t and d(v4si1,Var41) =
d(uo, var+1) < d(Vgsq1,vae41). When % <t <s, d(uo,v4t+1) > d(v4s+17v4t+1)'
d(ug,var42) = 3+t and d(vgst1,vae12) = s —t + 3 where 0 < t < s. When
0<t< 5517 d(’u,(),’l)4t+2> < d(U45+1,U4t+2). When %1 <t <s, d(’ILQ,’U4t+2) >
d(’U4s+1,U4t+2). d(UQ,U4t+3) =3+t and d(’U4s+1,’U4t+3) = s—t+ 3 where 0 <
t <s. When 0 <t < 551’ d(UQ,’U4t+3) < d(v43+1,1}4t+3). When %1 <t<s,
d(uo, Var43) > d(Vass1,Va43)-
d(uo,u4t) =2+t and d(v4st1,u4t) = s —t+ 2 where 1 <t < 5. When 1 <
t < 551 d(ug, uar) < d(vasy1,use). When S <t <5, d(ug, ua) > d(vasy1, uar).
d(uo,ul) =1 and d(’U4S+1,U1) =s+1. d(UO, U4t+1) =3+¢tand d(’l}45+1, U4t+1) =
s—t+1wherel <t<s. Whenl <t (ug, Uary1) < d(Vast1,Uar+1). When
521 <t< S, d(uO,U4t+1) > d(v4s+1,U4t+1). d(uo,u2) =2 and d(’U4S+1,UQ) =s5+2.
d(ug, ugrr2) = 4+t and d(vgsy1, Uar42) = s —t + 2 where 1 < ¢t < s. When
1<t <53 dug,usea) < d(vVasir, tagy2). When 551 <t < s, d(ug, ugsy2) >
d(U4s+1,U4t+2). d(UQ,Ug) = 3 and d(U4s+1,U3) =s+2. d(UQ,U4t+3) =4+t and
d(Vasq1, Usty3) = < =3 d(uo, tapy3) <
d(Vgs41, Ugrt3). When 551 <t < s, d(U07U4t+3> > d(Vgs41, Uar43)-
Note that uo e Wl and v45+1 e Wl Combined with the above

UOV4s+1 V4s41U0 "

| =4s+1 and |WV, | =4s + 3.

A

discussion, |W,

u0v45+1 'U45+1'Uf0

(2b) Computation of |W,
When s > 4,
d(ug,v4s) = 1+t and d(vgss1,v4e) = s —t + 3 where 0 < t < s. When 0 <
t < S+2 (Ug,l]4t) < d(’U43+1,U4t). When % <t<s, d(UQ,’U4t) > d(’U45+1,’U4t).
(u07v4t+1) =24+t and d(vgsy1,V4041) = s—t where 0 <t < s. When 0 <t < 8;22,
(UO,U4t+1) < d(U4s+1,’U4t+1). When <t<s, d(UQ,U4t+1) > d(’U4s+1,’U4t+1).
d(uo, vary2) = 3+t and d(vgsq1,Va42) = s—t+3 where 0 <t < 5. When0 <t < 3,
d(uo, vary2) < d(Vast1,vae42). When 5 < t < s, d(ug, vagy2) > d(Vast1, Vasy2).

Waosain | and W, | when s is even and s > 4.

s—2
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d(uo, var43) = 3+t and d(vgsq1,va13) = s—t+3 where 0 <t < s. When0 <t < 3,
d(uo,v4t43) < d(Vas11,vae43). When § <t <s, d(uo, var43) > d(Vasy1,Va643)-

d(uo, ust) = 2+t and d(vast1,use) = s—t+2 where 1 <t <s. When1 <t < 3,
d(uo, ust) < d(vasy1,usae). When 5 <t <'s, d(ug, uat) > d(vast1,uar). d(uo,u1) =
1 and d(’U4s+1,U1) =s+ 1. d(UQ,U4t+1) =3+t and d(U45+1,U4t+1) =s—t+1
where 1 <t < s. Whenl <t < 552, d(ug, ugrr1) < d(vast1,uarr1). When
% <t<s, d(uo,u4t+1) > d(’l)45+1,’LL4t+1>. d(uO7’LL2) =2 and d(v4s+17’U,2) =s+2.
d(ug, ugr+2) = 4+t and d(vgsy1, Uarr2) = s —t + 2 where 1 < ¢t < s. When
1<t < 552, d(’U,Q,U4t+2) < d(U4S+1,U4t+2). When % <t <s, d(uO,U4t+2) >
d(vast1,uars2). d(ug,uz) = 3 and d(vssi1,uz) = s + 2. d(uo, uary3) = 4+t and
d(Vgst1,Uarr3) = s —t+ 2 where 1 <t <s. When 1 <t < 352, d(ug, ugess) <
d(U4S+1,’U,4t+3). When % <t<s, d(ug, U4t+3) > d(’U4S+1,U4t+3).

Note that uy € W}l and vgsy1 € Wl Combined with the above

UOVas+1 V4s41U0 "

| =4s — 3 and |W.} | =4s—1.

V4as+1U0

. . 1
discussion, [Wy,,, .,

(3a) Computation of W}

When s = 3,

d(ug,v9) = 1 and d(v14,v0) = 7. d(ug,vs) = 2 and d(vi4,v4) = 6. d(ug,vs) =
3 and d(vig,vs) = 5. d(ug,vi2) = 4 and d(vi4,v12) = 4. d(ug,v1) = 2 and
d(’U14,’01) = 6. d(UQ,U5) = 3 and d(’U14,’U5) = b. d(UQ,’Ug) = 4 and d(U14,’09) = 4.
d(UQ,Ulg) =5 and d(’U14,1}13) = 3. d(uo,vz) = 3 and d(1)14,112) = 3. d(U(),’UG) =
4 and d(vi4,v6) = 2. d(ug,v10) = 5 and d(via,v10) = 1. d(ug,v3) = 3 and
d(v14,v3) = 6. d(ug,v7) =4 and d(vi4,v7) = 5. d(ug,v11) = 5 and d(vi4,v11) = 4.
So V0, V1, V3,Vq,Vs5,V7,V8 € Wioﬂm and Vg, V10, V11, V13 € Wl}muo'

d(U,o,U4) =3 and d(’U14,U4) = 5. d(uo,u8) =4 and d(v14,ug) =4. d(uo,ulg) =
5 and d(U14,U12) = 3. d(UQ,U1) = 1 and d(’Ul4,U1) = 5. d(’uO,U5) = 4 and
d(vi4,us5) = 4. d(ug,ug) =5 and d(vi4, ug) = 3. d(ug,u13) = 6 and d(v14,u13) = 2.
d(ug,u2) = 2 and d(vig,u2) = 4. d(ug,us) = 5 and d(via,us) = 3. d(ug, u10) =
6 and d(vig,u10) = 2. d(ug,u14) = 7 and d(vig,u14) = 1. d(ug,u3) = 3 and
d(Ul4,U3) = 5. d(’LL(), U7) =5 and d(U14,U7) =4. d(uO,U,n) =6 and d(Ul4,U11) =3.
So wuy, uz, uz, ug € wl and ug, U7, Ug, U1g, U1, U12, U13, Ul4 € w}l

ovass| and |Wl}4s+2u0| when s is odd and s > 3.

UoV14 V14Uo "

Note that ug € Wuloy .. and vy € WI}MuO. Combined with the above discussion,
|W1}0U14| =12 and |W1}14u0| =13.

When s > 5,

d(ug,vgt) = 1+t and d(vgsyo,v4e) = s —t+ 4 where 0 < ¢t < s. When 0 <
t < 5‘53, d(ug,vat) < d(vgst2,va:). When % <t < s, dug,var) > d(vasy2,Vat).
d(ug,var41) = 2+t and d(vgst2,vat41) = s —t + 3 where 0 < t < s. When
0<t< 3-517 d(ug, var+1) < d(vVast2,Varr1). When % <t < s, d(ug,vags1) >
d(Vast2,Var+1). d(ug,varr2) = 3+t and d(vasto,Varr2) = s —t where 0 < t <
s. When 0 < ¢t < 353, d(ug,vapy2) < d(vgsyo,Varr2). When % <t < s,
d(uo,v4t+2) > d(’l)4s+2,1)4t+2>. d(uo,v4t+3) =3+tand d(’U4s+2,’U4t+3) =s—t+3
where 0 < ¢t < s. When 0 < ¢ < 551, d(ug, varr3) < d(vgsto,Varr3). When

% <t<s, d(uo,v4t+3) > d(v4s+2,v4t+3).
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d(ug,ugr) = 2+t and d(vgsyo,usr) = s —t+ 3 where 1 < ¢ < s. When 1 <
t< %, d(ug, ugr) < d(vgsto,usr). When s;—l <t <s, d(ug, usr) > d(vast2, Uat).
d(up,u1) = 1 and d(vgst2,u1) = s + 2. d(ug, ugpr1) = 3+t and d(vgsq2, Ugry1) =
8— (’U,O,U4t+1) < d(’U4S+2,U4t+1). When
s=l ot <, d(uO,U4t+1) > d(v45+2, U4t+1) d(UO,UQ) =2 and d(vgst2,u2) = s+ 1.
d(uo,U4t+2) = 4+t and d(vgsto,Uary2) = s —t+ 1 where 1 < ¢t < s. When
1<t < %7 d(UO,U4t+2) < d(’l)4s+2,’u,4t+2). When % <t<s, d(UQ7U4t+2) >
d(vgsy2, Uarr2). d(ug,uz) = 3 and d(vgsta,us) = s+ 2. d(ug, usry3) = 4+t and
d(’U4s+2,U4t+3) =s—t+4+2 < 553, d(uO,U4t+3) <
d(vVasta, uarrs). When 551 <t <5, d(ug, usps3) > d(vasto, waris).
Note that uo S I/V1 and v4s+2 e Wl Combined with the above

UQV4s+2 Vgs2UQ "
discussion, |W, | =4s—1 and |W, | =4s+ 1.

uov4s+2 1)4 +2Uo
(3b) Computation of |
When s = 2,
d(uo,v9) = 1 and d(v1g,v0) = 6. d(ug,vs) = 2 and d(vig,v4) = 5. d(ug,vs) =3
and d(vig,vs) = 4. d(ug,v1) = 2 and d(vig,v1) = 5. d(ug,vs) = 3 and d(v1g,vs) =
4. d(ug,v9) = 4 and d(vig,v9) = 3. d(ug,v2) = 3 and d(vig,v2) = 2. d(ug,vs) = 4
and d(Ulo,UG) =1. d(UQ,U3) =3 and d(U10,’03) =35. d(UO,U7) =4 and d(’Ulo,’U7) =
4. So vg,v1,v3, V4, V5, Vg € W&ovm and vg, vg, Vg € VVquouO
d(ug,us) = 3 and d(vig, us) = 4. d(uo, us) = 4 and d(vig,ug) = 3. d(ug,u1) =1
and d(v1g, u1) = 4. d(ug,us) = 4 and d(vig,us) = 3. d(ug, ug) = 5 and d(vig, ug) =
2. d(up,uz) = 2 and d(v1g,uz) = 3. d(ug,us) = 5 and d(vig,us) = 2. d(ug,u19) =
6 and d(’Ulo,ulo) = 1. d(UO,U3) = 3 and d(vlo,’u?,) = 4. d(UQ,U7) 5 and
d(’Ulo,U7) = 3. So u,us, uz, Uy € wl and us, ug, U7, U, Ug, U1 € w}l

Waooisro| and W5 | when s is even and s > 2.

uovlo Viouo”
Note that ug € VVUOU10 and vs € Wy, ,,,- Combined with the above discussion,
| uov10| =11 and | U10u0| =10.
When s > 4,

d(ug,vat) = 1+t and d(vgsyo,v4t) = s —t + 4 where 0 < ¢t < s. When 0 <
t < S+2 (Uo,’l}4t) < d(v43+2,v4t) When ﬂ <t<s, d(UQ,U4t) > d(l}4s+2,’l}4t)
(uo,v4t+1) = 2+t and d(vgsto, Vap41) = S— t+3 where 0 <t <s. When0 <t < 3,
(w0, Var41) < d(vast2,var41). When 252 <t < s, d(ug,var41) > d(v4s+2,v4t+1)
(u U4t+2) 3+t and d(U4s+2, U4t+2)
(10, Var42) < d(Vast2,Vart2)- <t<s, d(uo,v4t+2) > d(v4s+2,v4t+2)-
(ug,vary3) = 3+t and d(vast2, Varr3) = s—t—|—3 where 0 <t <s. When0 <t < 3,
(10, vat43) < d(vast2,varys). When § <t < s, d(ug,vat3) > d(vVast2, Vast3)-
d(ug,ugr) = 2+t and d(vgsqo,uqr) = s —t + 3 where 1 < t < s. When
1<t <2, d(ug, ug) < d(vass2, uag). When =2 <t <5, d(ug, ugt) > d(vasto, tar).
d(ug,u1) = 1 and d(vgst2,u1) = s+ 2. d(ug, uarr1) = 3+t and d(vgst2, Ugtr1) =
s—t+2wherel <t<s. Whenl<t< 552, d(ug, ugr+1) < d(vgsy2,Uae41). When
5 <t < s, d(uo,uars1) > d(Vasyo, Uary1). d(uo,u) = 2 and d(vasyo,uz) = 5+ 1.
d(ug,ugrr2) = 4+t and d(vgsso, tugry2) = s —t+ 1 where 1 < t < s. When
=4 d(uo, wary2) < d(vVasta, ugrro). When 552 <t < s, d(ug, usps2) >
d(V4st2, Usrro). d(ug,us) = 3 and d(vist2,us) = s + 2. d(ug, uarts) = 4 + t and

Q.

d

S

2

d
d
d
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—2
d(vasy2, Uaty3) = < : < 55=, d(uo, ugry3) <
2
d(’U4S+2,U4t+3). When 2= <t < S, d(uo, U4t+3) > d(’l}45+2,U4t+3).
1 1 . .
Note that ug € Wuov4s+z and v4s+2 € Wy, 0u,- Combined with the above
discussion, Wy . .| =4s+1and W, ., |=4s+3.

(4a) Computation of |W,

When s = 3,

d(ug,v0) = 1 and d(v15,v0) = 7. d(ug,vs) = 2 and d(vis,v4)
3 and d(vis,vs) = 5. d(ug,vi2) = 4 and d(v15,v12) = 4. d(ug,v1) = 2 and
d(’U15,1)1) =1. d(UQ,U5) = 3 and d( 15, ) = 6. d(UQ,’Ug) = 4 and d(U15,1)9) = 5.
d(UQ,’Ulg) = 5 and d(U15,U13) = 4. ( ) = 3 and d(’()15,1}2) = 6. d(U(),’U6) =
4 and d(vis,v6) = 5. d(ug,vi0) = 5 nd d(vis,v10) = 4. d(ug,v14) = 6 and
d(v1s,v14) = 3. d(ug,vs) = 3 and d(vi5,v3) = 3. d(ug,v7) = 4 and d(v15,v7) = 2.

| and |W, | when s is odd and s > 3.

u0v4 +3 U4 +3Uo

= 6. d(uO,’l}g) =

1
d(up,v11) = 5 and d(vis,v11) = 1. So wg,v1,v2,v4, V5,06, V8,09 € W, . and
1
V7,010, V11, V13, V14 € Wy o0

d(ug,uq) = 3 and d(v1s,us) = 5. d(ug,us) = 4 and d(vis,us) = 4. d(ug,u12) =
5 and d(vis,u12) = 3. d(ug,u1) = 1 and d(vis,u1) = 6. d(ug,us) = 4 and
d(’U15,U5) = 5. d(ug, UQ) =5 and d(’l)15,UQ) =4. d(uO,’U,lg) =6 and d(’U15,U13) =3.
d(uo,uQ) = 2 and d(U15,’LL2) = 5. d(UQ,UG) = 5 and d(v15,u6) = 4. d(Uo,ulo) =
6 and d(vis,u10) = 3. d(up,u14) = 7 and d(vis,u14) = 2. d(ug,uz) = 3 and
d(vis,u3) = 4. d(ug,u7) =5 and d(vis,u7) = 3. d(ug,u11) = 6 and d(v1s,u11) = 2.
d(ug,u1s) = 7 and d(vis,u1s) = 1. So wuy,us,uz, us, us € W} and ug, u7, ug,

1 UuUQvV15
U10, U1, U12, U13, U14, Urs are in W

Note that ug € Wy, . and vi5 € W, . Combined with the above discussion,
| u0v15| =14 and | v15uo| =15.
When s > 5,

d(ug,vat) = 1+t and d(vgsysz,vae) = s —t+ 4 where 0 < ¢t < s. When 0 <
t < S+3, d(UO,’U4t) < d(’U4s+3,U4t). When % <t< s, d(uo,ut) > d(U43+3,U4t).
d(uo,v4t+1) = 2+t and d(v4sy3,va041) = s —t + 4 where 0 < t < s. When
0 <t <= d(ug,vat1) < d(vasys,va1). When 253 <t < s, d(ug,vagy1) >
d(U45+3,’U4t+1). d(uo,v4t+2) =34+t and d(U45+37U4t+2) =s—t+4+ 3 where 0 <
t <s. When 0 <t < 551, d(ug, Vary2) < d(Vast3,Vary2). When %1 <t<s,
d(ug, var+2) > d(Vast3,Vart2). d(uo,vary3) = 3+t and d(vaeq3,Vap43) = 5 — ¢

where 0 < t < s. When 0 < ¢t < 253, d(ug,var43) < d(vasts,vaers). When

53 <t < s, d(ug, vart3) > d(Vas3, Varys)-
d(ug,uqt) = 2+t and d(vgst3,ust) = s —t+ 3 where 1 <t < s. When 1 <
t < S+1, d(UO,U4t) < d(U4s+3,U4t). When % <t<s, d(uo,u4t) > d(U4s+3,U4t).
d(uo,ul) =1 and d(vgsys,u1) = s+ 3. d(ug, uary1) = 3+t and d(vgsys, Uarr1) =
s—t+3wherel <t <s. Whenl<t< 3;21, d(ug, tar41) < d(Vasts, uar41). When
% <t<s, d(uO,’U,4t+1) > d(U45+3,U4t+1). d(ug, UQ) =2and d(’U4S+3,UQ) =s+2.
d(ug, ugsr2) = 4+t and d(vgsss, ugry2) = s —t + 2 where 1 < t < s. When
=3 d(uo, wars2) < d(Vasts, usrro). When 552 <t < s, d(ug, usps2) >
d(V4st3, Uarro). d(ug,us) = 3 and d(vgsts3,u3) = s + 1. d(ug, uarrs) = 4+t and
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d(V4st3,use43) = s —t+ 1 where 1 <t <s. When1l <t < 853, d(ug, uges3) <

d(Vast3, Uart3). When 552 <t <5, d(ug, usr+3) > d(vasts, warrs).
Note that ug € W} and vye13 € W) Combined with the above

UQV4s+3 V4s43U0 "

| =4s+1 and |W.} | =4s+ 3.

V4s+3U0

. . 1
discussion, [Wy,, .,

(4b) Computation of |W.}

When s = 2.

d(ug,v9) = 1 and d(v11,v0) = 6. d(ug,vs) = 2 and d(v11,v4) = 5. d(ug,vs) =3
and d(v11,vs) = 4. d(up,v1) = 2 and d(vi1,v1) = 6. d(uo,vs) = 3 and d(v11,v5) =
5. d(ug,v9) = 4 and d(v11,v9) = 4. d(ug,v2) = 3 and d(v11,v2) = 5. d(ug,vs) =
4 and d(vi1,v6) = 4. d(ug,v10) = 5 and d(vi1,v10) = 3. d(ug,v3) = 3 and
d(Ull,’Ug) = 2. d(uo,v7) = 4 and d(vll,w) =1. So Vo, V1, V2, V4, V5,08 € W&D'Ull
and vs, v7, V19 € Wq}qu.

d(ug,uq) = 3 and d(v11,us) = 4. d(ug,us) = 4 and d(vi1,ug) = 3. d(ug,u1) =1
and d(vn,ul) =35. d(ug, U5) =4 and d(Ull,U5) =4. d(UO, UQ) =5 and d(’Ull,’LLg) =
3. d(uo,uQ) =2 and d(’Ull,UQ) =4. d(uo,uﬁ) =5 and d(’Ull,UG) = 3. d(uO,Ulo) =
6 and d(vii,u19) = 2. d(ug,uz) = 3 and d(vi1,us) = 3. d(ug,u7) = 5 and
d(vii,u7) = 2. d(ug,u11) = 6 and d(vi,u11) = 1. So ui,ug,ugy € W} and

1 Uov11
Ug, U7, U, Ug, U10, U11 € Wvuuo .

| and |[W}

o rauo| When s is even.

0V4s+3

Note that ug € Wy, and vi; € W, .. Combined with the above discussion,
[Wtoor, | = 10 and [W, ., | = 10.
When s > 4.

d(ug,vat) = 1+t and d(vgsys,vae) = s —t + 4 where 0 < ¢t < s. When 0 <
t < =52 d(ug,vay) < d(vasss, var). When 2 <t <, d(ug,var) > d(vast3,va¢)-
d(ug,vaer1) = 2+t and d(vast3,Vae41) = s —t + 4 where 0 < ¢t < s. When
0<t< 3—42'2, d(ug, var+1) < d(Vasts,Var+1). When # <t < s, d(ug,vag1) >
d(U4S+3,’U4t+1). d(UO,U4t+2> =3+t and d(U4S+3,’U4t+2> =s—t+ 3 where 0 <
t < s. When 0 <t < 5, d(ug,vat42) < d(vast3,Vary2). When § < t < s,
d(uo, Vary2) > d(Vasy3, Varye). d(ug,varq3) = 3+t and d(vaeqs,vaq3) = s —t
where 0 < t < s. When 0 < t < %‘, d(ug, varrs) < d(vas+s,Vars3). When
52 <t < s, d(ug, Varg3) > d(Vasis, Varys)-

d(ug,ugr) = 2+t and d(vgsys,uar) = s —t + 3 where 1 < ¢t < 5. When
1<t <%, d(ug, ug) < d(vasis, ugg). When 532 <t <5, d(ug, ug) > d(Vasi3, Uar).
d(uo,ul) =1 and d(U45+3,U1) =54+ 3. d(uo, U4t+1) =3+t and d(l}4s+3,U4t+1) =
s—t+3 where 1 <t <s. When 1 <t < 3, d(ug,usrs1) < d(vasys, taer1). When
5 <t <s, d(uo,uars1) > d(Vasy3, useq1). d(uo,u2) = 2 and d(vasy3, up) = s + 2.
d(ug, ugrr2) = 4+t and d(vgsys, Uari2) = s —t + 2 where 1 < ¢t < 5. When
1<t < 552, d(UQ,U4t+2) < d(v4s+3,U4t+2). When % <t < s, d(uO,U4t+2) >
d(’U4s+3,U4t+2). d(UQ,Ug) = 3 and d(U4s+3,U3) =s4 1. d(UQ,U4t+3) =4+t and
d(V4st3,Use43) = s —t+ 1 where 1 <t <s. When 1 <t < %‘, d(ug, uges3) <
d(Vas43, Uart3). When 552 <t <'s, d(uo, usr+3) > d(vasts, uarrs).

Note that uy € W50v45+3 and v4543 € W1}4S+3UO. Combined with the above
discussion, [Wy . .| =4s+1and W), . |=4s+3. O
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