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Abstract. A set of vertices X C V(G) is a d-distance dominating set if for every u € V(G)\ X
there exists z € X such that d(u,z) < d, and X is a p-packing if d(u,v) > p+ 1 for every
different u,v € X. The d-distance p-packing domination number 'yg(G) of GG is the minimum
size of a set of vertices of G which is both a d-distance dominating set and a p-packing. It is
proved that for every two fixed integers d and p with 2 < d and 0 < p < 2d — 1, the decision
problem whether 'yg (G) < k holds is NP-complete for bipartite planar graphs. A necessary
and sufficient condition for the existence of a d-distance p-packing dominating set in Cp
is obtained and 'yg(Cn) determined for every d, p, and n. For a tree T" on n vertices with

¢ leaves and s support vertices it is proved that (i) v9(T) > "7eg5+4, (ii) {"7635“1—‘ <

¥3(T) < L%J, and if d > 2, then (iii) v3(T) < % Inequality (i) improves
an earlier bound due to Meierling and Volkmann, and independently Raczek, Lemariska,
and Cyman, while (iii) extends an earlier result for ¥3(T) due to Henning. Sharpness of the
bounds is discussed and established in most cases. It is also proved that every connected
graph G contains a spanning tree T such that v3(T) < 73(G).
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1. Introduction

Let G = (V(G), E(G)) be a graph, and let d(u,v) denote the shortest-path
distance in G between vertices u,v € V(G). Let further d and p be nonnegative
integers and X C V(G). Then X is a d-distance dominating set of G if for every
vertex u € V(G) \ X there exists a vertex € X such that d(u,z) < d, and
X is a p-packing of G if d(u,v) > p+ 1 for every different vertices u,v € X.
(Note that the set X is a 1-packing if and only if X is an independent set.)
The d-distance p-packing domination number ~(G) of G is the minimum size
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of a set of vertices of G which is both d-distance dominating set and p-packing.
If d < p, such a set might not exist, in which case we set +}(G) = oc.

The d-distance p-packing domination number was introduced back in 1994
by Beineke and Henning [1] under the name (p, d)-domination number and with
the notation i, 4(G). However, as this, with the exception of [9], has not been
used subsequently, we have opted for the above terminology and notation with
the intention of placing this general concept within the trends of contemporary
graph domination theory. We now describe a number of important special
cases.

e 7(G) is the usual domination number v(G) of G. More generally, v%(G) is
studied in the literature under the name of d-distance domination number
of G, often denoted by v4(G), see the survey [12].

e 71(G) is the independent domination number i(G) of G, which is one of
the core concepts in domination theory [10]. More generally, v}(G), is
the d-distance independent domination number of G, denoted by id(d, G)
in [9,12].

e V3(G) is the lower packing number of G, which can be equivalently de-
scribed as the minimum cardinality of a maximal 2-packing of G, see [11],
where it is denoted by pr, (G). More generally, ’yg(G) has been investigated
for the first time by Henning, Oellermann, and Swart in [13] under the
name d-independent d-domination number and denoted by iq(G). In this
article, we will pay considerable attention to the d-distance 2-packing
domination number (of trees), hence we refer to the following selected
papers [2,6,16,22] that deal with different aspects of 2-packings.

Note that 4J(G) = |V (G)| and that if p > 1, and G is connected with at least
two vertices, then 7/ (G) = co. In general, for every d > 0 and p > 2d + 1,
if G is a connected graph with a radius rad(G) > d, then 7%(G) = oo. The
following result also follows from the definition.

Proposition 1.1. If0 < d' <d and 0 < p < p', then Vg,l(G) > H(G).

1.1. Notation

In this brief subsection, we collect additional definitions needed.

Let G = (V(G), E(G)) be a graph and k > 0 an integer. The neighborhood
N (v) of a vertex v € V(G) contains the neighbors of v. The closed neighborhood
N[v] of v contains v and its neighbors. We also define

Nilv] = {u € V(G) : d(u,v) < k}.
The eccentricity of a vertex v € V(G) is ecc(v) = max{d(v,z) : € V(G)}.
The radius rad(G) and the diameter diam(G) of G are, respectively, the min-

imum and the maximum eccentricity among vertices of G. If d > 1, then a
set X C V(G) is a d-perfect code if for every u € V(G) there exists a unique
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z € V(G) such that u € Ngy[z], cf. [21]. We say that a set D C V(G) is a +}-set
of G if D is a d-distance dominating set and a p-packing with |D| = v5(G).

Let T be a tree. A vertex of degree 1 in T is called a leaf and its neighbor
is called a support vertex; let S(T) denote the set of the support vertices of
T. If uwv € E(T), then T — uv has two components; the one containing u is
denoted with T, while the one containing v is T,,. When it will be clear from
the context, n,, ¢, and s, will denote the number of vertices, the number of
leaves, and the number of support vertices in T}, respectively.

1.2. Our results

In Section 2 we prove that for every two fixed integers d and p with 2 < d and
0 < p < 2d—1, the decision problem whether 7%(G) < k holds is NP-complete
over the class of bipartite planar graphs. Further, if p = 2d, then the problem
is NP-complete over the class of planar graphs. (For the remaining values of d
and p, the algorithmic time complexity is known.) The NP-hardness over the
class of bipartite graphs was already established in [7] for d = p > 3, but in
the case of d = p = 2 the proof contains a mistake that we correct here. The
main result of Section 3 establishes the exact value of +4(C,,) for every d, p,
and n. It includes a necessary and sufficient condition for the existence of a
d-distance p-packing dominating set in C,,. The exact value of ~4(P,) is also
determined in all cases.

In the subsequent sections, we focus on trees. Let 73 be the set of trees in
which leaves are pairwise at distance 2d (mod 2d + 1), that is,

Ta={T: T tree, d(z,y) = 2d (mod 2d+1) for every different leaves x,y in T'}.

Meierling and Volkmann [19], and independently Raczek, Lemaniska, and Cy-
man [20] proved the following result, extending the earlier result for d = 1
from [18].

Theorem 1.2. [19,20] Ifd > 1 and T is a tree on n vertices and with ¢ leaves,
then
—dl+2d
o)y > 1T
) 2 =5
Moreover, equality holds if and only if T € 1y.
Setting

Fo=A{T: T tree, d(z,y) =2 (mod 5) for every z,y € S(T),z # y}
\N{K1n: n>2},

we improve Theorem 1.2 for the case d = 2 as follows.
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Theorem 1.3. If T is a tree on n vertices with £ leaves and s support vertices,

then p 4
n—t—s+
WS(T) > 5

Moreover, equality holds if and only if T € Fs.

We then bound the 2-distance 2-packing domination number of trees as
follows.

Theorem 1.4. If T is a tree on n > 2 wertices with ¢ leaves and s support
vertices, then

n—¥¢—s+4 n+3s—1
ot t] gy |21

Theorems 1.3 and 1.4 are respectively proved in Sections 4 and 5.

In [9], Gimbel and Henning proved that if G is a connected graph of order
n > d+1, then v}(G) < % and the bound is sharp. In [11], Henning
proved that v3(T) < %\W’ for all trees T" of order n > 3 and that the bound
is sharp. The following theorem generalizes Henning’s result to all d > 2, as
well as partially generalizes the result of [9].

Theorem 1.5. If d > 2 and T is a tree of order n, then
n—2yn—+d+1
7 .
Theorem 1.5 is proved in Section 6, where it is in addition demonstrated
that its bound is best possible.
Finally, in Section 7 we prove that every connected graph G contains a
spanning tree T such that 73 (T) < v3(G).

7a(T) <

2. Algorithmic time complexity

In this section, we prove the NP-completeness of the decision problem whether
7(G) < k holds. Our results show that the NP-hardness is true for every two
fixed integers d and p with 2 < d and 0 < p < 2d — 1 over the class of bipartite
planar graphs, and also if p = 2d and the problem is considered for planar
graphs. For the remaining values of d and p, the algorithmic time complexity
is known. If p > 2d + 1, a d-distance p-packing dominating set exists in G if
and only if its radius is at most d, and then v7(G) = 1 holds. The decision
problem, therefore, can be solved in polynomial time if p > 2d+ 1. If d = 1
and p € {0,1,2}, then the problem is known to be NP-complete as v5(G)
corresponds to the domination number, independent domination number, and
the minimum size of a 1-perfect code in G. We also note that the NP-hardness
over the class of bipartite graphs was already established in [7] for d = p > 3.
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However, the proof in [7] for d = p = 2 contains a mistake that we correct here
by applying a reduction from the 1-in-3-SAT problem in Case 2 when proving
Theorem 2.1. We first define the problems and present the constructions used
in the proofs.

Planar 3-SAT and Planar 1-in-3-SAT problems. A formula F' is an instance of
these problems if the following properties hold.

(i) F is a 3-SAT instance F = Cy A --- A Cy over the Boolean variables
x1,- ..,z and hence each clause C; is a disjunction of three literals.

(ii) Given a 3-SAT formula F', we consider the graph G*(F') associated with
F. The vertex set of G*(F) contains one vertex c¢; for each clause C;
(clause vertices) and two vertices z;” and z; for every variable z; (literal
vertices). We add the edge xja:; for every ¢ € [k]; an edge between c¢;
and xj if clause C; contains the positive literal z;; and an edge between
z; and ¢; if C; contains the negative literal ;. If F' is an instance of the
Planar 3-SAT or the Planar 1-in-3-SAT problem, then G*(F') is required
to be a planar graph.

We say that formula F' is 1-in-3-satisfiable if there is a truth assignment
¢:{x1,..., x5} — {true, false}

such that every clause is satisfied by exactly one literal. Further, formula F' is
satisfied by ¢ if every clause is satisfied by at least one literal.

Construction of G4(F). For every d > 2 and an instance F' of Planar 3-SAT,
we modify G*(F) to obtain G4(F) as follows. For every i € [k], we take 2d new
vertices y}, ... ,yzd, z},..., 23, such that x;ryzl ..yd and x;z. .. zf are paths
of length d, remove the edge z; z; , and add the edges x; 2} and z; y}. Let X;
denote the set of these 2d + 2 vertices, for i € [k]. Further, every edge z; ¢;
or x; ¢; between a clause and a literal vertex is subdivided by d — 2 vertices
to obtain the path P;rj or P, respectively. We note that G4(F) is a planar
bipartite graph when F is a Planar 3-SAT (or Planar 1-in-3-SAT) instance.
For an example see Fig. 1.

Construction of Hg(F'). To obtain Hy(F) we modify G4(F) by adding the
edge x x; for every i € [k]. Further, the paths P{S and P, of length d — 1
are removed and replaced, respectively, with paths R;fj and R; j of length d.
Observe that Hy(F) is a planar graph when F' is a Planar 3-SAT (or Planar

1-in-3-SAT) instance. For an example see Fig. 2.

Theorem 2.1. Let d and p be fized integers with 2 < d and 0 < p <2d—1. It
is NP-complete to decide whether v4(G) < k holds if G is a planar bipartite
graph and k is part of the input.

Proof. Let d and p be fixed integers complying with the conditions of the the-
orem. The decision problem clearly belongs to NP. To prove the NP-hardness
over the class of bipartite planar graphs, we show a polynomial-time reduction
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from the Planar 3-SAT problem if p < 2d — 3 and from the Planar 1-in-3-SAT
problem if p € {2d—2,2d—1}. Both problems are known to be NP-complete [5].
Let F' be a Planar 3-SAT instance over k variables.

Case 1:

Case 2:

p<2d-—3.

Assume first that 7% (Gq(F)) < k and that D is a vJ-set of G4(F).
For each ¢ € [k], set D must contain at least one vertex from X; to d-
distance dominate y¢ and 2. Therefore, |D| < k implies |[DN X;| = 1,
for i € [k], and D C Uie[k] X;. Let d; denote the vertex in D N X;.
Since both y¢ and z¢ are d-distance dominated by d;, this vertex is
either :Ej or x; . Further, every clause vertex c¢;, for j € [{], must be
d-distance dominated by a literal vertex. If a clause C; in the formula
F contains a positive literal z;, then d(c;, z;") = d — 1 in Gy4(F). If C;
does not contain x;, then

d(cj,2f) > min{(d — 1) +2,3(d— 1)} =d + 1. (1)
The same is true for negative literals and then, D contains a vertex

that represents a literal in Cj, for every j € [(]. Consequently, the
following truth assignment is well-defined and satisfies F":

true; gcj e D,
o) = {false; xz; €D. (2)
Assume now that F' is satisfiable and consider an assignment ¢ :

{xlv KRN
xr} — {true, false} that satisfies F'. Let us set

D = {xf : ¢(z;) = true, i € [k]} U {z] : ¢(x;) = false, i € [K]}. (3)

Hence, |D| = k. Since F is satisfied by ¢, every clause vertex c¢; is
incident to an xf,cj—path PZ’LJ of length d — 1 such that ZE;"_ €D or
to an z; , ¢j-path P of length d — 1 such that z;7 € D. Then every
clause vertex is d-distance dominated by D. Concerning the remaining
vertices in G4(F), we note that if ;7 € D, it d-distance dominates all
vertices from X;, all internal vertices from the existing paths Pfj and

P;; and the same is true for z; . Since |D N {z], 27 }| = 1 for each
i € [k], this proves that D is a d-distance dominating set. Further, since
d(u,v) >2(d—1) > p+1holdsifu € X;,v € Xy, and i # 4/, D is a p-
packing in Gq(F). Therefore, if p < 2d — 3, then 75 (Gq(F)) < |D| =k
if and only if F is satisfiable.

p € {2d—2,2d — 1}.

We will show that the formula F' is 1-in-3-satisfiable if and only
if v4(G4(F)) < k. The proof is mostly similar to the argument for
Case 1.

If Dis a~f-set in G4(F) and v4(G4(F)) = |D| < k, then D

contains exactly one vertex, namely xj' or z; from each X;, and
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D € U, Xi holds. As (1) remains true and each clause vertex c; is
d-distance dominated, the truth assignment ¢ in (2) satisfies F. More-
over, if v and v are two vertices representing literals from the same
clause Cj, then d(u,v) = 2d—2 < p+1 and hence, D contains at most
one of u and v. Consequently, each clause C} is satisfied by exactly one
literal in the truth assignment ¢. This proves the 1-in-3-satisfiability
of F.

Assume now that F is 1-in-3-satisfied by ¢ and define D C
V(Ga(F)) according to (3). Then |D| =k and D is a d-distance dom-
inating set in G4(F'). Moreover, any two elements of D are literal
vertices u € X;, v € X/, with ¢ # ¢/, Since F' is 1-in-3-satisfied by ¢,
the literals represented by uw and v do not occur in a common clause
in F. We infer that d(u,v) > min{2(d—1)+2,4(d—1)} =2d >p+1
holds when u,v € D. Set D is therefore a d-distance p-packing dom-
inating set in Gg(F) and 75 (Gq(F)) < k. This finishes the proof for

Case 2.
The polynomial-time reductions established for Cases 1 and 2 finish
the proof. O

The next proposition extends Theorem 2.1 to p = 2d, but here the NP-
hardness is proved over a wider class of graphs. The question of whether the
NP-completeness remains true over the class of planar bipartite graphs remains
open. The problem in Proposition 2.2 (%) is equivalent to the decision problem
of *ygd < oo and is known to be NP-complete for every fixed d > 1 over the
class of all graphs [17].

Proposition 2.2. For each fixed integer d > 2, the following problems are NP-
complete over the class of planar graphs:

(i) deciding whether v24(G) < k holds where integer k is part of the input;
(#9) deciding whether G admits a d-perfect code.

Proof. (i) Let F be an instance of the Planar 1-in-3-SAT problem. We are going
to prove that v2¢(Hy(F)) < k if and only if F is 1-in-3-satisfiable. Suppose first
that v24(Hy(F)) < k and D is a v3%-set in Hq(F). To d-distance dominate yg!
and z¢, set D contains a vertex from every X;, for i € [k]. As |D| < k, we infer
|[D N X;| =1 and that the common vertex is a literal vertex. To d-distance
dominate a clause vertex c;, at least one vertex representing a literal in C;
belongs to D. Finally, if v and v represent two literals from the same clause,
then d(u,v) = 2d < 2d 4+ 1 and hence, D contains at most one of them. This
proves that the following function 1-in-3-satisfies F':

true; xj' €D,
¢(:) = {false; z; €D. (4)
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If a truth assignment ¢ 1-in-3-satisfies a 3-SAT instance F', we define the
set

D = {xf : ¢(z;) = true, i € [k]} U {z; : ¢(x;) = false, i € [K]}, (5)

and observe that D is a 2d-packing d-distance dominating set in Hy(F') of
cardinality k. This proves v2¢(Hy(F)) = k.

(ii) We prove that v3¢(H4(F)) < oo, that is Hy(F) has a d-perfect code, if
and only if F' is 1-in-3-satisfiable. Suppose that D’ is a d-distance 2d-packing
dominating set in Hy(F). Since it d-distance dominates y¢ and z¢, we have
|D'NX;| > 1 for every i € [k]. Further, since the subgraph induced by X; is of
diameter 2d, no 2d-packing contains more than one vertex from X;. Therefore,
|D' N X;| =1 for every i € [k], and the common vertex is either z; or z; . In
either case, no vertex from (R;fj UR;j)\{x;r, x; } belongs to D’ as the distance
to the vertex in D’ N X; would be at most d + 1 < 2d + 1. Consequently, D’
consists only of literal vertices. To d-distance dominate a clause vertex ¢;, D’
contains a vertex representing a literal in C;. On the other hand, D’ cannot
contain two such vertices because their distance is only 2d. After defining ¢
analogously to (4), we may infer that ¢ 1-in-3-satisfies F.

To establish the other direction, we suppose that a truth assignment ¢ 1-
in-3-satisfies F' and define D’ according to (5). It is easy to check that D’ is a
2d-packing and also a d-distance dominating set in Hy(F). O

To conclude the section, we mention that the decision problem of v4(G) < k
can be solved in linear time over the class of trees. It is true for every two
nonnegative integers d and p and follows directly from Courcelle’s theorem [3].

3. Cycles

For integers 0 < p < d, every graph has a d-distance p-packing dominating
set. Further, 74 (G) = 1 holds for any graph G with rad(G) < d, even if p > d.
On the other hand, 74(G) = oo whenever p > 2d and rad(G) > d. We have
also seen that deciding whether 42%(G) < oo holds is an NP-hard problem for
every d > 1.

For cycles, there are infinitely many examples with v5(C),) = oo and d <
p < 2d. For example, v3(C,,) = oo when n € {6,7,11}, and v3(C,,) = oo when
n > 6 and n # 0 (mod 5). In this section, we prove the exact value of 4 (C),)
for every p, d, and n. First, assume that p > 2d and observe that v5(C,) =1
holds when n < 2d + 1 and ~%(C),) = oo when n > 2d + 2. Further, for any d
and p, we have 75(Cy,) = 1 = [5755 ] when n < 2d 4 1. The remaining cases
are handled in the following theorem.
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Theorem 3.1. Ifd, p, and n > 3 are integers with 0 < p < 2d and n > 2d + 2,

then
s s> ot
,Yg(cn) — 2d+1 p+1 =— | 2d+1
o0; otherwise.

Proof. If D C V(C,,) and |D| =k > 1, we denote by 1, ...,z the distances
between the consecutive vertices of D along the cycle (i.e., the lengths of the
arcs defined by D). Clearly, Zle x; = n and further, D is a d-distance p-
packing dominating set if and only if p + 1 < a; < 2d + 1 for every i € [k].
Therefore, if D is a v5(C,,)-set, then |D| - (2d + 1) > n holds and +4(C),) >
[ 5457 | follows. O

In the next part, we assume that 7% (C,) < oo and prove that +%(C,) =
5471 |- Let D be an arbitrary subset of V(C,,) and let |D| = k > 2. For the
sequence ri, ..., of the lengths of the arcs defined by D, we say that it is
nearly balanced, if |x; — ;| < 1 for every 1 < i < j < k. The set D is nearly

balanced if so is the corresponding sequence 1, ..., x.

Claim A. If D is a d-distance p-packing dominating set in C),, then there
exists a nearly balanced d-distance p-packing dominating set D" in C,, with
|D"| = |D|.

Proof. If D is not nearly balanced, then there are two arcs with z; +2 < z;.
By replacing z; with z; + 1 and z; with ; — 1, we get a new sequence and
a corresponding vertex set D’ C V(C),). Since D was a d-distance p-packing
dominating set, we have

p+1§$i<$i—|—1§$]‘—l<l‘j§2d+1,

which proves that D’ is a d-distance p-packing dominating set in C,,. Repeating
this procedure if needed, we obtain a nearly balanced d-distance p-packing
dominating set D" with |D”| = |D| at the end. (@

If |D| = k and D is a nearly balanced d-distance p-packing dominating set,
then the lengths of the arcs are [ 7| and [#], and both lengths occur on some

arcs. Consequently, in this case, p+1 < [ 2] < [7] <2d+ 1.
Claim B. If 7%(C,) < 0o, then v5(C,,) = [Z;T]

Proof. Suppose that D is a d-distance p-packing dominating set in C,,. By
Claim A, we may assume that D is nearly balanced. Let |D| = k and a =
[54:71- As we have already proved, v;(Cy) > a. It implies k > a. Consider
a nearly balanced set D, C V(C,,) such that |D,| = a. Note that such a set
exists and that the sequence 7, ..., x}, corresponding to D, consists of entries
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|2] and [2]. Since D is a d-distance p-packing dominating set and k& > a, we
infer
pr1< | <2 = [5] s 20+, (6)
k a a
where the last inequality follows from the fact that n < (2d + 1)[575] =
(2d + 1)a. As (6) implies, D, is a d-distance p-packing dominating set and
then v5(Cy) <[54 1. We may now conclude the equality v5(Cy) = 5757 |-
(=)
What remains to prove is that 77(Cp) < oo if and only if S75 > [5745 ]
By Claims A and B, we know that 7% (C),) < oo holds if and only if the nearly
balanced set D, with [Dy| = a = [3757] is a d-distance p-packing dominating
set in C),. The sequence corresponding to D, consists of entries 2] and [2].
Recall that n < (2d + 1)a is always true and implies [2] < 2d + 1. Thus, D,
is a d-distance p-packing dominating set if and only if p+1 < [2]. Since p+ 1
is an integer, it is equivalent to p +1 < 2, from which we get a < #. By
substituting a = fzd’LﬁL we obtain the desired condition which is equivalent
to 74(C,) < . O

Remark 3.2. Let n > 2d +2 and p < 2d. The property +4(C,,) < oo is equiva-
lent to the existence of an integer k& for which the diophantine equation
1 +To+ -+ T =n

has a solution such that p+1 < z; < 2d+1 for each ¢ € [k]. This problem can
be modeled by considering the numerical semigroup S = (p +1,...,2d + 1)
generated by consecutive integers. Then +%(C,,) < oo if and only if n € S. For
the latter, Garcia-Sanchez and Rosales [8, Corollary 2| proved the necessary
and sufficient condition n (mod p +1) < [#5](2d — p). Since the residue
n (mod p + 1) equals n — | %5 ](p + 1), the condition can be rewritten as
2 (5]

We close this section by determining v (P,) for every path P,. Unlike for
cycles, the solution for paths is straightforward. Note first that if p > 2d + 1,
then n > 2d + 2 implies 7% (P,) = oo, while n < 2d + 1 implies v5(P,) = 1. In
the other cases we have the following result.

Proposition 3.3. For every three integers d, p, and n with 0 < p < 2d, it holds
that 72(P,) = [T’H

Proof. Since every vertex of the path can d-distance dominate at most 2d + 1
vertices, we may infer v};(P,) > [5757 |- Let the vertices of P, be denoted by
the integers 1,2, ..., n in natural order, and write n in the form n = (2d+1)g—r
with 0 <7 < 2d. Hence, ¢ = [5745]. Let

D={2d+1)yi—-d:1<i<gq}
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if r < d, and set
D={2d+1)yi—-2d:1<i<gq}
if » > d. In both cases, |D| = ¢ and D is a d-distance 2d-packing dominating

set in P,. This proves v};(P,) = 575 | for every p < 2d. O

4. Proof of Theorem 1.3

Recall that
Fo=A{T: T tree, d(z,y) =2 (mod 5) for every z,y € S(T),z # y}
\{Kl,n - n Z 2}7

and that 75 is the set of trees in which every two different leaves are at distance
4 (mod 5). Thus, if T' € T3, then every two different support vertices are at
distance 2 (mod 5), that is, 7o C F». For the proof of Theorem 1.3 we need
the following specific version of [19, Lemma 2.1] which is analogous to [19,
Lemma 2.3]:

Lemma 4.1. If T € F» has s support vertices, { leaves, and v3(T) > 2, then
there exists uwv € E(T) such that T,, € Fa, T, € Fo, Y9(T) = v3(Tu) + 9 (L),
=0y, + L, —2 and s = sy + Sy, — 2, where £, and s, respectively denote the
number of leaves and support vertices in T, for x € {u,v}.

Proof. Let T be as in the assumptions of the lemma. Let P = vgv; ...v,, be
a diametrical path in T and let D be a v8(T)-set. Since vy can be 2-distance
dominated only by vertices which are also 2-distance dominated by vs, we
may without loss of generality assume that vy € D. As A49(T) > 2, we have
diam(7T") > 5, that is, m > 5. As T' € F5 and v1, v,,—1 are support vertices in
T, m—2=d(vi,vm—1) =2 (mod 5). Thus m =4 (mod 5) and m > 9.

We prove that deg(v;) = 2 for all ¢ € {3,4,5,6}. Suppose to the contrary
that for some i € {3,4,5,6} deg(v;) > 3. So there is a leaf x in T such that
d(z,v;) = d(z, P) > 1. Thus we have

d(x,vm) = d(z,v;) + d(vi, V)
= (d(z,v9) — 1) + (m — 1)
= d(z,vo) +m — 2i.
So 2i = m + d(x,vg) — d(x,v,) and as T € Fy and x, v, v, are leaves in T
with different support vertices, we get 2i = 4 +4 —4 = 4 (mod 5). But as
1€ {3,4,5,6}, 2i (mod 5) € {1, 3,0,2}, so we have a contradiction.

Hence we know that deg(v;) = 2 for all ¢ € {3,4,5,6} and so we choose D
such that v; € D. We now prove that v,vs is the edge we are looking for. Let
u=vqsand v =v5. Asm>9, =40, +F0,—2and s = s, + s, — 2. Clearly,
Y(T,) =1 and D\ {va} is a A9(T,)-set, so ¥3(T,) ++9(T,) = ~A9(T). It is also
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easy to see that T,, € F» as diam(T,) = 4. Let p, ¢ be support vertices in T,,. If
they are both also support vertices in T', then we have d(p,q) = 2 (mod 5). If
p = ve, then d(vs, q) = d(v1,q) —d(v1,v6) =2 —5=2 (mod 5). Thus T, € F>
as well as diam(7,,) > 4. O

We are now ready to prove Theorem 1.3. It asserts that if T" is a tree on n
vertices with ¢ leaves and s support vertices, then

n—¥0—s+4
’Yg(T) > 5

where the equality holds if and only if T' € F5.

Proof of Theorem 1.5. We prove the bound by induction on 73(7T). If v3(T) =
1, then diam(7T) < 4. By considering a central vertex of T' we infer that any
other vertex must be a leaf or a support vertex, hence £ + s > n — 1. So
1> n—£g3+4.

From now on, let 7' be a tree with 49(7") > 2. By [19, Lemma 2.1] there
exists uv € E(T) such that 18(T) = v9(T,) +~3(T,). By induction hypothesis,
we know that 79(T,) > w and 79(T,) > w where ng, £,
and s, denote the number of vertices, leaves and support vertices in T, for
x € {u,v}. By definition, n,+n, = n and it is not hard to see that £, +¢, < {+2
and s, + s, < s+ 2. Thus we have

VQ(T) = VS(TM) + ’Vg(Tv)
nufgufsu+4 n1,7£7,787)+4

2 5 + )
>n—(€+2)—(8+2)—|—8
- 5
n—Ll—s+4

—

For the equality part of the theorem, assume that T is a tree with v9(7) =
%. We prove that T' € F, by induction on 49(7T).

If 49(T) = 1, then diam(T) < 4 and n — 1 = £ + s. So there is exactly one
vertex v in 1" that is neither a leaf nor a support. If T' = K, then it belongs
to Fa. And if n > 2, then N(v) is exactly the set of support vertices of T' and
the remaining vertices are leaves, so T is not a star and d(z,y) = 2 for every
two support vertices x,y of T. Hence, T' € F.

Let v9(T) > 2 and assume that all trees with 2-distance domination number
smaller than 79(T) that attain the equality in Theorem 1.3 belong to F». As

Y(T) = #, reconsidering the proof of the inequality, we can conclude

that 79 (T,) = Ze=fe=setd for o € {u, v} and that £, +0, = (+2, s,+8, = 5+2.
By the induction hypothesis, this implies T,,, T, € F>. It also follows that u is a
leaf in T, and that its neighbor «’ has no other leaves in T},. Similarly, v is a leaf
in T, and its neighbor v’ has no other leaves in T;,. Let p, ¢ be support vertices
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of T.If p,q € V(T,) or p,q € V(T,), then d(p,q) =2 (mod 5) as Ty, T, € Fa.
IfpeV(T,) and ¢ € V(T,), then d(p,q) = d(p,v')+3+d(v',q) =2+3+2=2
(mod 5). Hence, T' € Fo.

Now let T' € F». By induction on 49(T') we prove that 79(T) = 2=t=st4,
If ¥9(T) = 1, then diam(7T') < 4. The only trees with diameter at most 4 that
are in F» are K and trees of diameter 4 in which the center is neither support
nor leaf. These trees attain equality in Theorem 1.3.

Let 49(T) > 2 and assume that trees in Fy with 2-distance domination
number smaller than 7" that are in > attain the equality. By Lemma 4.1 there
is an edge uv € E(T) such that T,,, T, € Fa, Y3(T) = v3(Tw) +3(T,), £ = L, +
0, —2 and s = s, + 8, — 2. By the induction hypothesis, v9(7},) = %
for x € {u,v}. Summing these two equalities and using the expressions for ¢
and s, we obtain 19(7T") = 2=+, O

5. Proof of Theorem 1.4

Recall that Theorem 1.4 asserts that if 7" is a tree on n > 2 vertices with ¢
leaves and s support vertices, then

n—~0—s+4 n+3s—1
EEEE PR TES ST

In the proof we will use the fact that D C V(G) is a 2-distance 2-dominating
set if and only if it is a maximal 2-packing in G.

Proof of Theorem 1.4. The lower bound follows by combining Theorem 1.3
with Proposition 1.1.

To prove the upper bound, consider a nontrivial tree T" with a diametrical
path vovy ... v4. Then diam(7T') = d. We root T in the leaf vg4. Let T'(v) be the
vertex set of the subtree rooted in the vertex v € V(T'); that is T'(v) contains
v and its descendants. Whenever we define a subtree T, its order and the
number of support vertices in 7" are denoted by n’ and s’, respectively, and
D’ denotes a v3-set in T".

If d < 4, then v3(T) = 1 and the statement holds because we either have
n=s=2orn >3 and s > 1. We now assume that d > 5 and proceed by
induction on n.

Case 1: deg(vz) > 3.
Let T =T — T(v1) and note that it is not a trivial tree. By our
degree condition, vy is not a leaf in 7" and hence, we have s’ = s — 1
and n’ < n —2. For a v3-set D’ in T, it is either a maximal 2-packing
D in T or a maximal 2-packing in T is obtained as D = D" U {vp}.
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Applying the induction hypothesis to T”, we obtain

/ /
A <Dl < D41 BER T g S NETT L
Case 2: deg(vz) = 2 and deg(vs) > 3.

Let T" =T — T(vy) and observe that 2 < n’ < n — 3. Vertex vy
is the only support vertex of T in T'(v2), and as deg(vs) > 3, no new
support vertex arises when we consider 7”. Hence, s’ = s — 1. The set
D = D' U{w} is always a maximal 2-packing in 7. Then, we deduce

/ /
n+3s =1 1< n—|—38—2-
5 5
Case 3: deg(vy) = deg(vs) = 2 and deg(vq) > 3.
Let 7" = T — T'(v3) and observe again that 2 < n’ <n —4 and
s’ = s — 1 hold under the present conditions. The set D = D" U {v;}
is a maximal 2-packing in T'. Therefore, we have

%(T) <|D|=|D'|+1<

!/ /
A@) <Dl = D41 BT g TS

Case 4: deg(ve) = deg(vs) = deg(vy) = 2.
If deg(vs) = 1, then vy is the root, n > 6, and s = 2. For this
case, we can easily determine v3(T) = 2 < 2E35=1 Tf deg(vs) > 2,
consider the nontrivial tree 77 = T — T'(vy4). Its order is n’ < n — 5.
The number of support vertices in 1" is either s — 1 or s depending
on whether deg(vs) > 3 or deg(vs) = 2. For a v3-set D" of T”, the
superset D = D' U{vy} is always a maximal 2-packing in 7. We then

conclude
n' 435 —1 n+3s—1
BT <D= [D|+1<———+1<———.
As the above cases cover all possibilities and v3(7T') is an integer, the upper
bound follows. O

The upper bound in Theorem 1.4 is sharp for all nontrivial paths except
those of order 5k. Further sharp examples are obtained by taking graphs G, —e;
as defined in Section 7 for p € {2,3,4}.

As already mentioned, in [11] Henning proved that v3(T) <

n+3s—1 n+3—2yn
5 < 2

n+3—2yn  Qq:
— Since

if and only if
n 5 17
S<§—§\/7;+F,

the bounds are independent and, moreover, the one of Theorem 1.4 is sharper
in most cases.
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6. Proof of Theorem 1.5

For this proof, we recall the following auxiliary result that will be useful to us.

Lemma 6.1. (Henning, Oellermann and Swart [14]) If G is a connected graph
with rad(G) > d > 1, then there exists a smallest d-distance dominating set D
of G such that for each v € D, there exists a vertexr w € V(G)\ D at distance
exactly d from v such that Ng[w] N D = {v}.

Recall that Theorem 1.5 asserts that if d > 2 and T is a tree of order n,
then 72(T) < %ﬁﬂlﬂl

Proof of Theorem 1.5. If T is a tree with rad(T) < d, then 73(T) = 1 =
1=2v1dd+] < ”_2‘/§+d+1. Hence assume in the rest that rad(T) > d + 1. Let

d —
D = {v1,v2,...,vp} be ay9(T)-set of T satisfying the statement of Lemma 6.1.
For each i € [b], let

W;={weV(T)\D: d(v;,w) =d and Nglw]ND = {v;}},

X;={x € V(T): x belongs to a v;, w-path of order d + 1 for some w € W;},
Ui={ueX;,: ue Nw)},

Zi={z€ X;: z€ Nafv;]\ Nvs]}.

By Lemma 6.1, W;, U;, Z; # (. Moreover, | X;| > d + 1.

Claim C. X;NX; =0for1<i<j<b.

Proof. Suppose that there exists a vertex x € X; N X; for some 7 and j. Then
there exist two vertices w; € W; and w; € W; such that the v;, w;-path and
the v, wj-path contain the vertex x. It is easy to see that {v;,v;} C Ng[w;]ND
or {v;,v;} € Ng[w;] N D, a contradiction. ©)

Since D d-distance dominates V(T'), and by Claim C, we can partition
V(T) into V4,...,V,, where each set V; induces a tree T; of radius at most d.
For each i € [b], X; C V; and v; d-distance dominates V;. Let n; = |V;|. Then
n; > d+1. By the pigeonhole principle, we may assume that n; > 7. For each
i € [b], we further let

W! ={w e V;: d(v;,w) =d},

X! ={x €V;: x belongs to a v;, w-path of order d + 1 for some w € W/},
U/'={ue X]: ue N(v)},

Z;={z€ X!: z € Nav;] \ N[vi]}.

For each 1 < i < j < b, T; joins T by at most one edge in 7. We can
regard each T; as a vertex y;, and then we get a tree T’ of order b. Then T;
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joins Tj if and only if y;y; € E(T”). We also relabel the vertices such that for
every i € [b] the vertices y1,...,y; induce a tree.

Consider the tree T; and root it at v;. For j € {0} U [d], let L be the set
of vertices of the j-th level of T;. Let U/ = {uf,ub,...,u’} where s > 1. For
each t € [s], let T,; be the tree induced from T; by the descendants of uj and
{uj, vi}. Let z{ € V(T,:) N Z] be a vertex.

Now we will construct a d-distance 2-packing dominating set S of T" in b
steps. First, let S; = {v;}. For the i-th step, suppose that we have got the
set S;_1 by the following procedure. Let v € V(T}/) for some ¢’ < i and v is
joined to some vertex v’ of L; Clearly, there is exactly one such vertex v for
T; and d(v,v") = 1. Let d(v’, S;—1) be the shortest distance between v" and the
vertices of S;_1 in T. We build S; form S;_; as follows:

(1) If =0, i.e. v' = v;, then let

Ute[s]{zz}' d(vi, Si—1) =1,
Si=q{ui}u Ute[s]\{l}{zt} d(vi, Si—1) = 2,
{UZ}v d(viaSi—l) > 3

(2) If j =1, then let

{ui} U Ute[é]\g}{zt}, d(v',Si-1) =1 and v" € Nr, (v;) \ Us;,
Si= 1 UlUieip oy tatls d(v',Sim1) = Land v/ = ui”,
{Ul}v (’U/,S, 1)

(3) If j > 2, then let S} = {v;}.
(4) For each j € {0} U[d], let S; = S;—1 U S..
By the procedure, we know that S = 5, is a d-distance 2-packing domi-
nating set, and |S]| < it for i € [b] \ {1}. Since S = {v;} U Uiepp 13 55>
ny zg,andb—l—%z\/ﬁ—l—%:%f we have

(T <IS| <1+ Y
i€[b]\{1}
1 n
<14+ =(n—=—-b+1
Sito(n—7—b+1)
<n—2\/ﬁ+d—|—1
P d .

m—l

O

The upper bound in Theorem 1.5 is best possible as demonstrated by the
following example. Let T' be the tree obtained from a star K; 45 (s > 0) by

*If v/ € U;, we may without loss of generality assume that v/ = ul. Note that S = 0 is
possible in this case.

@ Springer



25 Page 18 of 22 C. BUJTAS ET AL. AEM

— oo

FIGURE 3. An example where s =2 and d = 3

attaching s copies of P, to each vertex of the star. One can see Fig. 3 for an
illustration for this construction.
Note that

n=|V(T)| =ds+1+ds(ds+1) = (ds + 1),
7a(T) =1+ ds?,
and

1)2 -2 1 1 —2 1
7g(T)ZHdSQZ(dH ) (ds+1)+d+1 n—2n+d+ .

d B d
Inspired by the result from [9] asserting that v}(G) < %, and by

Theorem 1.5, we propose the following conjecture.

Conjecture 6.2. If 3 < p < d and T is a tree of order n, then v4(T) <
n—2v/n+d+1
- )

Note that if Conjecture 6.2 is true, then the above example can be used to
show that the bound is sharp.

7. Spanning trees

Let e be an edge of a graph G. Since dg_.(u,v) > d(u,v) for every u,v € V(G),
a packing of G remains a packing in G — e. On the other hand, this property
in general does not extend to 73(G). To see it, consider the graphs G, and G;,
(p > 2) as shown in Fig. 4, where deg(u;) = deg(v;) = p+ 2 for i € [2].

Note that ecce, (u1) = 2, hence 73(Gp) = 1. Since 73 (G, —€1) = 1+p, this
example shows that 45 can increase arbitrary by removing an edge. On the
other hand, {us, v} is a v3-set of G}, —e, s0 73 (G}, —e2) = 2, but 3 (G},) = 1+p,
hence 73 can also decrease arbitrary by removing an edge.
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FIGURE 4. The graphs G, (left) and G}, (right)

The sequential removal of edges can therefore give rise to a non-monotonic
sequence of 75 of associated graphs. Nevertheless, we have the following mono-
tonicity result.

Proposition 7.1. Every connected graph G contains a spanning tree T' such that
H(T) <13(G).

Proof. Let S = {s1,...,8,2(¢)} be a v3-set of G. Let S =
S: Nw)nS # 0}, and let S = {v € V(G)\ S: N(v)N
V(G)=SusS us”.

We are going to construct a required spanning tree 7" as follows. First add all
the vertices of S to T. Consider next the vertices from S’. Then, by definition,
each v € S’ is adjacent to some vertex s; € S, and, moreover, since S is a 2-
packing, N(v)NS = {s;}. We now add the edge vs; to T. After this is done for
all the vertices of S’, the so far constructed T is a disjoint union of stars with
the vertices of S being the centers of the stars. Consider finally the vertices
from S”.If v € S”, then since S is a maximal 2-packing, there exists a vertex s;
such that d(v, s;) = 2. There could be more vertices in S at distance two from
v, but we select and fix s;. Let v,u, s; be a shortest v, s;-path and note that
u has already been added to T while considering the set S’. We now add the
edge vu to T. We do this procedure for each of the vertices of S” one by one.

After the above described procedure is finished, the so far constructed T'
forms a spanning forest of G consisting of 2 () components (where each com-
ponent contains exactly one vertex from S). We complete the construction of
T by adding v3(G) — 1 additional edges of G to obtain the final spanning tree
T. Note that in this way, having in mind that S is a 2-packing in G, the set S is
also a 2-packing in T. Moreover, by the construction, for each vertex v € V(7))
there exists a vertex s; € S such that dr(v,s;) < 2. We can conclude that S
is a maximal 2-packing of T and thus v3(T) < |S| = v3(G). O

{v e V(G)\
S = (}. Then

Related to Proposition 7.1, we recall that every connected graph contains a
spanning tree with the same domination number, see [15, Exercise 10.14], and
that the same holds for the total domination number, see [10, Lemma 4.41]
and, more generally, for the d-distance domination number 79(G) for every
d > 1, see [4, Lemma 2.1]. To see that we cannot derive this conclusion for 3
consider the graph H,, p > 2, as shown in Fig. 5, where deg(v;) = p + 2 for
i€ 3]
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12

FIGURE 5. The graph H,, with v3(T") < v3(H,,) for each span-
ning tree T' of H,

If a maximal packing S of H, contains a vertex v;, then S N {v1,ve,v3} =
{v;}. From this fact we can deduce that v3(H,) = 1 + 2p. The graph H,
contains exactly six spanning trees, by the symmetry we may consider the
spanning tree H, — e, where e is the edge as in Fig. 5. Then dg, _.(v1,v2) = 4
and the set containing vy, v2, and the leaves that are at distance two from vs,
is a v3-set of H, — e, so that 73(G — e) = p + 2. Hence, since p > 2, we can
conclude that v3(T) < v3(H,) for every spanning tree T of H,,.
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