SOME COMMENTS ON CO GRAPHS AND CI INDEX

Sandi Klavžar^{a,b,∗}

aDepartment of Mathematics and Computer Science FNM, University of Maribor Gosposvetska cesta 160, SI–2000 Maribor, Slovenia

sandi.klavzar@uni-mb.si

bInstitute of Mathematics, Physics and Mechanics Jadranska 19, 1000 Ljubljana, Slovenia

(Received May 3, 2007)

Abstract

In [13] co graphs are introduced and a formula is given for the PI index of these graphs. Based on this formula a new topological CI index is proposed. In this note it is observed that co graphs are precisely isometric subgraphs of hypercubes alias partial cubes. Some fact about partial cubes and their uses in chemical graph theory are listed. A couple of comments on the CI index are also given. —————————————————

∗Supported in part by the Ministry of Science of Slovenia under the grant P1-0297.

1 Introduction

PI index is a topological index introduced in [14] that has received considerable attention in the last several years. In particular, its applications to QSRP/QSAR were studied and compared with the Wiener and the Szeged index [15, 16]. The PI index has similar discriminating power as the compared indices and in several cases it gives better result. Moreover, PI index is in principle easier to compute than the Wiener and the Szeged index.

The PI index has been computed for many classes of important molecular graphs, see [1, 2, 5, 6, 7, 17]. Very recently, John, Vizitiu, Cigher and Diudea obtained a formula for the computation of the PI index for the so-called co-graphs. In addition, motivated by the formula a new topological CI index was proposed and computed for armchair tubes, tori H[q, 2p] and V[q, 2p], and zig-zag tubes.

As it turns out, the co-graphs are precisely partial cubes, a class of graphs well-known and extensively studied in metric graph theory. These graphs were successfully applied in many areas of mathematics and elsewhere and were (independently) rediscovered several times. Since the paper [13] is another such case it seems appropriate to bring some fundamental facts about partial cubes to chemical graph theory. We do this in the subsequent section where it is in particular clarified that co-graphs are partial cubes. In the last section we give some comments on the CI index are suggest a possible extension of this index to non-bipartite graphs.

2 Co-graphs as partial cubes

Let us restate the definition of the co-graphs from [13]. Edges e = uv and f = xy of a bipartite graph are defined to be codistant, e cof, if for some k, d(u, x) = d(v, y) = k and d(u, y) = d(v, x) = k + 1 or vice. The relation co is reflexive and transitive yet need not be transitive. The latter is demonstrate in [13] with a graph on 10 vertices. Note that a smaller example demonstrating this fact is provided with the complete bipartite graph K_{2,3}. Now, a bipartite graph G is a co-graph if the relation co is transitive (equivalently, if co is an equivalence relation).

Let us now turn to partial cubes—isometric subgraphs of hypercubes. (A graph H is an isometric subgraph of a graph G if d_H (u, v) = d_G(u, v) for any vertices u, v ∈ H). The Djoković-Winkler relation Θ is defined on the edge set of a graph G in the following way. Let uv, xy ∈ E(G), then uvΘxy if

d(u, x) + d(v, y) ≠ d(u, y) + d(v, x) .

In 1984 Winkler proved the following beautiful result [22]:

Theorem 2.1 A connected graph is a partial cube if and only if it is bipartite and the relation Θ is transitive.

Hence in a partial cube G the relation Θ partitions the edge set of G into equivalence classes that are called the Θ-classes of G.

It is clear that if two edges are in relation co then they are in relation Θ. On the other hand, the following observation is straightforward, see, for instance, [12, Lemma 2.3]:

Lemma 2.2 Let G be a bipartite graph and uvΘxy. Then the notation can be chosen such that d(u, x) = d(v, y) = d(u, y) − 1 = d(v, x) − 1.

Putting the above considerations together we have the following key observation:

Proposition 2.3 A graph G is a co-graph if and only if G is a partial cube.

We conclude the section by some relevant remarks about partial cubes.

• This is not the first time that partial cubes are applied in chemical graph theory.

Probably the first such application goes back to [20] where it was observed that any benzenoid graph belongs to the class of partial cubes and consequently, the Wiener index of a benzenoid graph can be computed by a simple approach.

• The observation that benzenoid graphs are partial cubes let to the so-called “cutmethod” that gave several successfully applications, see [3, 8, 9, 11, 21].

• The graph of an arbitrary phenylene (a chemical compounds in which the carbon atoms form 6- and 4-membered cycles) is also a partial cube [19, 10].

3 On the CI index

Let G be a partial cube and E_1, . . . , E_k its Θ-classes. Then the PI index of G, P I(G), can be expressed as

P I(G) = ‖G‖^2 − k∑ i=1 |E_i|^2 , (1)

where ‖G‖ denoted the number of edges of G [13]. We note that (1) is a special case of the formula that gives the PI index for any graph that admits the so-called PI-partition, see [18] for details.

Suppose G is a plane bipartite graph with isometric faces. An edge f of a face F is in relation Θ to its antipodal edge f^′ on F . Then a quasi-orthogonal cut with respect to a given edge is the smallest subset of edges closed under this operation. (Note that in a partial cube, quasi-orthogonal cuts are precisely the Θ-classes of G.) Motivated by formula (1), the CI index was introduced in [13] for plane bipartite graphs with isometric faces using the same formula, expect that the edge sets E_1, . . . , E_k are now quasi-orthogonal cuts.

Note that CI(G) = 0 provided that G contains a single quasi-orthogonal cut. A sporadic example of such a graph is shown in Fig. 1.

Figure 1: Graph G with CI(G) = 0

An infinite series of such examples is provided by complete bipartite graphs K_{2,2k+1}, k ≥ 1, that is, CI(K_{2,2k+1}) = 0 for any k ≥ 1. On the other hand, CI(K_{2,2k}) = (4k)^2 − 2 · (2k)^2 = 8k^2. This shows that similar graphs can have arbitrarily different CI indices. Of course, the complete bipartite graphs K_{2,n} are not chemical graphs and it could be that such situations do not happen (or are rare) for chemical graphs. The examples computed in [13] indicate that this might indeed be the case. In any case, possible applications of the CI index to QSRP/QSAR still need to be explored.

Finally, it would certainly be desirable to expend the CI index to (plane) graphs that are not bipartite. In this respect the approach from [4] using the so-called alternating cuts seems to be a natural option.

References

[1] A. R. Ashrafi and A. Loghman, PI index of armchair polyhex nanotubes, Ars Combin.

80 (2006) 193–199.

[2] A. R. Ashrafi and A. Loghman, PI index of zig-zag polyhex nanotubes, MATCH Commun. Math. Comput. Chem. 55 (2006) 447–452.

[3] G. Cash, S. Klavžar and M. Petkovšek, Three methods for calculation of the hyper- Wiener index of molecular graphs, J. Chem. Inf. Comp. Sci. 42 (2002) 571–576.

[4] V. Chepoi, M. Deza and V. Grishukhin, Clin d’oeil on L_1-embeddable planar graphs, Discrete Appl. Math. 80 (1997) 3–19.

[5] H. Deng, Extremal catacondensed hexagonal systems with respect to the PI index, MATCH Commun. Math. Comput. Chem. 55 (2006) 453–460.

[6] H. Deng, The PI index of T UV C_6[2p, q], MATCH Commun. Math. Comput. Chem.

55 (2006) 461–476.

[7] H. Deng, S. Chen and J. Zhang, The PI index of phenylenes, J. Math. Chem. 41 (2007) 63–69.

[8] I. Gutman and S. Klavžar, A method for calculationg Wiener numbers of benzenoid hydrocarbons and phenylenes, ACH Models Chem. 133 (1996) 389–399.

[9] I. Gutman and S. Klavžar, Relations between Wiener numbers of benzenoid hydrocarbons and phenylenes, ACH Models Chem. 135 (1998) 45–55.

[10] I. Gutman and S. Klavžar, Chemical graph theory of fibonacenes, MATCH Commun.

Math. Comput. Chem. 55 (2006) 39–54.

[11] I. Gutman, L. Popović, and L. Pavlović, Elementary edge-cuts in the theory of benzenoid hydrocarbons—an application, MATCH Commun. Math. Comput. Chem. 36 (1997) 217–229.

[12] W. Imrich and S. Klavžar, Product Graphs: Structure and Recognition, Wiley- Interscience, New York, 2000.

[13] P. E. John, A. E. Vizitiu, S. Cigher and M. V. Diudea, CI index in tubular nanostructures, MATCH Commun. Math. Comput. Chem. 57 (2007) 479–484.

[14] P. V. Khadikar, On a novel structural descriptor PI, Nat. Acad. Sci. Lett. 23 (2000) 113–118.

[15] P. V. Khadikar, S. Karmarkar and V. K. Agrawal, Relationships and relative correlation potential of the Wiener, Szeged and PI indices, Nat. Acad. Sci. Lett. 23 (2000) 165–170.

[16] P. V. Khadikar, S. Karmarkar and V. K. Agrawal, A novel PI index and its applications to QSPR/QSAR studies, J. Chem. Inf. Comput. Sci. 41 (2001) 934–949.

[17] P. V. Khadikar, S. Karmarkar and R. G. Varma, The estimation of PI index of polyacenes, Acta Chim. Slov. 49 (2002) 755–771.

[18] S. Klavžar, On the PI index: PI-partitions and Cartesian product graphs, MATCH Commun. Math. Comput. Chem. 57 (2007) 573–586.

[19] S. Klavžar and I. Gutman, Wiener number of vertex-weighted graphs and a chemical application, Discrete Appl. Math. 80 (1997) 73–81.

[20] S. Klavžar, I. Gutman and B. Mohar, Labeling of benzenoid systems which reflects the vertex–distance relations, J. Chem. Inf. Comput. Sci. 35 (1995) 590–593.

[21] S. Klavžar, P. Žigert and I. Gutman, An algorithm for the calculation of the hyper- Wiener index of benzenoid hydrocarbons, Comput. Chem. 24 (2000) 229–233.

[22] P. Winkler, Isometric embeddings in products of complete graphs, Discrete Appl.

Math. 7 (1984) 221–225.