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Abstract

Let G be a graph and k < w(G). A set A C V(G) is a total k-clique
mutual-visibility set if for each two distinct k-cliques X and Y of G, there
exists a shortest X, Y-path P such that V(P)N A C (V(X)UV(Y)). The
order of a largest total k-clique mutual-visibility set of G is the total k-clique
mutual-visibility number u¥(G). In this paper, we propose this concept
as an extension of the total mutual-visibility number of G. The total k-
clique mutual-visibility number is determined for several families of graphs
including C,,, K,,, and I'(Z,,). This invariant is studied under the generalized
lexicographic product, the direct product and the corona product. Using
the results on uf of direct products, the invariant is determined for unitary
Cayley graph of Z,. Furthermore, results on uf of corona products are
applied to prove that the decision problem for u¥ is NP-complete.
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1. INTRODUCTION

In this paper, all graphs considered are undirected and simple. If u,v € V(G),
then d(u,v) denotes the number of edges on a shortest u, v-path in G. A clique
X of G is its complete subgraph, by abuse of language we may identify a clique
with its vertex set. The number of vertices in a largest clique of G is the clique
number w(G) of G. If |V (X)| = k, then we say that X is a k-clique. By Q(G) we
will denote the set of all cliques of G and by Q(G) the set of all k-cliques of G.

The distance d(X,Y) between X,Y € Q(G) is defined as d(X,Y) =
min{d(u,v) : u € V(X),v € V(Y)}. A path between z € V(X) and y € V(Y)
of length d(X,Y) is a shortest X,Y -path. Let A C V(G) and k € [w(G)] =
{1,...,w(@)}. Then X,Y € Qr(QG) are k-clique A-visible if there exists a short-
est X,Y-path P such that no inner vertex of P belongs to A. The set A is a
total k-clique mutual-visibility set if every X, Y € Qi(G) are k-clique A-visible.
The order of a largest total k-clique mutual-visibility set of G is the total k-clique
mutual-visibility number of G and it is denoted by ,u{?(G). Moreover, A is a ,u{?-set
if it is a total k-clique mutual-visibility set of order uf(G). The above definitions
can also be extended to k > w(G), in which case we have ¥ (G) = |V(G)|. Hence
unless stated otherwise, we will assume in the rest that k£ < w(G).

If k = 1, then u}(G) = u(G), where 1;(G) is the total mutual-visibility
number of G introduced in [11] as a tool to better understand the mutual-visibility
number of strong products of graphs. The latter concept was introduced by Di
Stefano in [14]. Soon after the concept was explored in several dozen articles,
see, for example, [12, 21, 23-25,30]. We would like to highlight the paper [8]
which extends the mutual-visibility in a different direction than we do in this
paper. In [8] the k-distance mutual-visibility problem was investigated, where for
a given threshold k we require that only pair of vertices of a given set are visible
if they are at distance less than k. The total mutual-visibility number has also
been the subject of wide interest, see [3-7,9,10, 24,26, 32].

Network robustness denotes the capacity of a network to preserve its oper-
ational integrity despite the removal or failure of certain nodes or edges. In the
context of social networks, this implies that individuals or groups can continue
to interact and share information, even in the event of a member’s departure or
the loss of a connection. Accordingly, identifying the largest subset of individuals
whose absence or reduced engagement causes minimal disruption to the overall
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structure equates to determining the maximum total mutual-visibility set within
the graph representing the social network. If, the emphasis is placed on interac-
tions between groups rather than individuals, the corresponding objective shifts
to finding the maximum total clique mutual-visibility set in the associated graph.

The article is organized as follows. At the end of this section, we provide ad-
ditional necessary definitions. In Section 2 we compute the total k-clique mutual-
visibility number i for several families of graphs. In Section 3 we determine
for generalized lexicographic products where the inserted graphs are edgeless,
and for the comaximal graph of Z,. In Section 4 we determine pf for the direct
products of complete multiparite graphs. Using these results, we investigate the
total 1-clique mutual-visibility number for the unitary Cayley graph of Z,. In
Section 5, we obtain the exact value of uf for the corona product of two graphs.
Using these results, we prove that the decision problem for uf is NP-complete.

As already indicated, for a positive integer ¢, the set {1,...,t} is denoted by
[t]. The complement of a graph G is denoted by G. K, . »,, is the complete mul-
tipartite graph with m parts of respective cardinalities n;, i € [m]. A dominating
set of G is a set of vertices S such that each vertex of V(G) \ S is adjacent to at
least one vertex from S. The minimum cardinality among dominating sets of G
is the dominating number of G and denoted by v(G). A vertex of G adjacent to
all the other vertices is a dominating vertex. We will also use the notation u ~g v
saying that v and v are adjacent vertices in G, and G = H saying that G and H
are isomorphic. An edgeless graph G is a graph with no edges; if its order is n,
then G = K,,.

2. SOME BAsic GRAPH CLASSES

In this section, we determine p¥ for several families of graphs. Before we move
on to standard graph classes, we have the following result.

Proposition 1. For a connected graph G, the following statements hold.
(1) pF(G) = |V(@Q)] if and only if d(X,Y) < 1 for each X,Y € Qp(G).
(i) If v(G) = 1 and there exist X,Y € Qu(G) with d(X,Y) > 1, then uf(G) =

V(G)| - 1.

(iii) If uf(G) = |[V(G)| — 1, then d(X,Y) < 2 for each X,Y € Qi(G), and there

exist X', Y'" € Qr(Q) with d(X',Y') = 2.

Proof. (i) Obvious.

(ii) Since v(G) = 1, for each X,Y € Qi(G) we have d(X,Y) < 2. Let s
be a dominating vertex of G. Then A = G\ {s} is a total k-clique mutual-
visibility set for G. By assumption, there exist X,Y € Qx(G) with d(X,Y) > 1,
hence d(X,Y) = 2. Moreover, s is the inner vertex of some shortest X, Y -path.
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Therefore A is a uf-set, and uf (G) cannot be equal to the order of G because of
(). So uf(G) = [V(G)| - 1.

(iii) Let uf(G) = |[V(G)| — 1 and let A = V(G) \ {u} be a uf-set, where u
is a vertex of G. Let X,Y € Qi(G). Then d(X,Y) < 2, for otherwise we would
have (¥ (G) = |[V(G)| — 2. In addition, (i) implies that exist X', Y’ € Qx(G) with
d(X",Y') = 2. ]

By Proposition 1(i) we have uf(K,) = n. This is a special case of the
following result which can be deduced without difficulties from Proposition 1,
hence we omit its proof.

Proposition 2. Let 1 < n; < -+ < ny. If K > 1, then ,uf(Km,m’nm) =
ny+ - +ny,. If k=1, then
ny+ -+ N N, =1,
/“L%(Knlw-:”m) = n1++nm_17 Nm—1 :17nm> 17
ny+ -+ ny —2; otherwise.

By [11, Corollary 3.6] we know that if G is complete multipartite graph, then
1(G) = p(G). Hence Proposition 2 also reports the mutual-visibility number of
complete multipartite graphs. For k = 1, the total k-clique mutual-visibility of
some specific families of graphs is investigated in [10, 32].

The fan graph Fi,, n > 3, is the graph obtained from the disjoint union of
P, and K; by adding all the edges between the vertex of K; and every vertex
of P,. The wheel graph Wi, is obtained in an analogous way from the disjoint
union of C,, and K7. The proof of the next result is tedious but straightforward
and hence omitted.

Theorem 3. The following equalities hold.

(3; k=1,5=3,
¢ 2; k=1,s=4,
2, k=1,r>2,
k—99<r<3 0; k=1,5>4,
k r; =4,2%xTx 09, k
P = Cs)=1<(s; k=23<s<5,
pi (Pr) L k=27r>3, 1¢ (Cs)
3 k=2,s=6,
r; k> 3.
N 0; k=2,5>6,
(s; k=>3.
4 4
n; k=1, n; k=1,
k n; k=2,n2>=05, k n; k=2,n>6,
F,) = Wi.) =
i (Fin) n+1; k=2,n<5, i (Win) n+1; k=2n<6,
n+1; k>3. n+1; k>3.
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In the following example, the u?-sets of some graphs are determined.

Example 4. (1) Let v1 ~ vg ~ -+ ~ vg ~ vy be the cycle Cs. Then the set
{v1,v2,v3} is a p?-set for Cg, which implies that u?(Cs) = 3.

(2) Consider the fan graph Fi, with vertex set {ug,v1,v2,...,v,}, where
n > 5 and wy is adjacent to all v;’s, for ¢ € [n]. Then the set {vi,ve,...,v,} is a
p2-set for F ,,, which implies that p?(Fi,) = n.

(3) Assume that Wy, is the wheel graph with vertex set {ug,v1,v2,...,vn},
where n > 6 and ug is adjacent to all v;’s, for i € [n]. Then the set {v1,va,...,v,}
is a p?-set for Wy, which implies that u?(Wy,) = n.

The helm graph H,, n > 3, is the graph with 2n + 1 vertices obtained from
W1, by attaching a pendant edge to each vertex of the n-cycle of W1 .

Theorem 5. Ifn > 3, then

n+1l;, k=1,3<n<<5H,
n; k=1,n>6,
pf(Hy) =< 7; k=2mn=3,
2n; k=2,n>3,
2n+1; k>=3.
Proof. Let V(H,) = {uo,u1,,...,Un,V1,,...,0n}, Where ui, ..., u, are the con-
secutive vertices of the n-cycle of Wy ,, and vy, ..., v, are the corresponding pen-
dant vertices.
First assume that £ = 1 and 3 < n < 5. Then A = {ug,v1,...,v,} is a

total mutual-visibility set. Since for any ¢, at most two vertices among ug, u;, v;
lie in a total mutual-visibility set, A is a uj-set. Hence pi(H,) = n + 1 in this
situation. If £ =1 and n > 6, then we can similarly verify that A = {v1,...,v,}
is a pui-set. The cases k = 2 and n = 3, and k > 3 are covered by Proposition 1.
The last case to consider is k = 2 and n > 3, in which case we can verify that
{u1, ..., Un,v1,..., 0.} is a p-set. [

3. GENERALIZED LEXICOGRAPHIC PrRODUCTS OF EDGELESS GRAPHS

Let G be a (connected) graph with the vertex set V(G) = {v1,...,v,}, n > 2, and
let Hy,..., H, be pairwise disjoint graphs. The generalized lexicographic product
G[H1, ..., H,)] is the graph formed by replacing each vertex v; of G by the graph
H;, and then joining each vertex of H; to each vertex of H; whenever v; ~g v;.
Since G[K1,..., K] = G, we may assume in the rest of this section that at least
one H; is of order at least 2.
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We now determine the total k-clique mutual-visibility number for generalized
lexicographic products G[K,,, ..., Ka,|, where each K, is edgeless. We consider
two cases, first when pf(G) # |V(G)|, and second when puf(G) = |V(G).

Theorem 6. Let k > 1. If G is a connected graph of order n > 1 with (G # n,
and K, i € [n] are pairwise disjoint edgeless graphs, then

it (Gl oy Kao) = D IV(Ea)| = n+ uf (G).
=1

Proof. Set G = G[Ka,- - ,f@] for the rest of the proof. For i € [n], let h;
be an arbitrary fixed vertex of K,,. Then the subgraph G’ of G induced by the
vertices Ay, ..., hy is isomorphic to G. Let Ag be a uf-set of G’ and set

n

A=V (Ea) \ {hi}) UAcr.

i=1

We claim that A is a total k-clique mutual-visibility set for G.

Let X,Y € Qu(G). If V(X)UV(Y) C V(G), since Agy is a pF-set of G/, X
and Y are k-clique Aqv-visible, then clearly X and Y are k-clique A-visible. So
without loss of generality, we assume that V(X) ¢ V(G’). Note that since K, is
an edgeless graph, we have |V(X)NV(K,,)| <1 and also |V(Y)NV(K,,)| <1,
for each i € [n]. Let V(X) = {hi,...,h; } and V(Y) = {h ,...,h} }, where
hi, € Kq, and I € K,, , for 1 <7 < k. Consider X', Y’ € 01 (G) with vertex-
sets V(X') = {hi,..., hi,} and V(Y') = {hy,,..., hj, }, where h;, hj, € V(G),
[ € [k]. We distinguish the following two cases.

Case 1. V(X")NV(Y'") = (. Since X" and Y’ are k-clique Ag-visible, there
exists a shortest X, Y’-path P in G’ such that V(P)NAg C X'UY’. Assume that
P is of the form h;, ~ g1 ~ -+ ~ g, ~ hj,, where h;, € V(X'), h;, € V(Y’) and
g1,---,9r € G'. Since b € V(X) is adjacent to g1 and h;l, e V(Y) is adjacent
to gr, we see that hf ~ g ~ -+~ g, ~ h;l, is a path between X,Y € Qk(é) of
length, say . We claim that this is a shortest path between X and Y. Assume
on the contrary that there exists a path h;s N~ N Oy h;-sl of length less
than r between X and Y, where h; € V(X), h;-s/ € V(Y) and a; € G, for each
i € [m]. Now by replacing each a; € V(K,,) \ V(G’) with h;, we find the path
hi, ~ by ~ -+ ~ by ~ hj, of length less than 7 between X’ and Y’ in G’, such

that b; € V(G'), i € [m], and this is impossible. Therefore X and Y are k-clique
A-visible.

Case 2. V(X')NV(Y') # (0. Let h; € V(X')nV(Y’). Then there exist
h; and k! in V(K,,) such that h, € V(X) and b} € V(Y). If h; = h, = h,
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then d(X,Y) = 0, and so they are k-clique A-visible. Otherwise, we may assume
that hl # h;. Since h} is adjacent to any vertex that h; is adjacent to, we have
d(X, Y) < 1, and so they are k- chque A—VlSlble

We have thus proved that uf (G[Kq,, ..., Ka,]) > Soiy [V (Ka,)|—n+uf(G).
To prove the reverse inequality, _suppose on the contrary that there exists a k-
chque mutual-visibility set A of G of cardinality larger than 3" T V(Ke)|—n+
p¥(G). Then by the pigeonhole principle we infer that A NV (K,,) = V(K,,)
holds for more than ,uf(G) indices i. But then restricting to the subgraph G’ as
described at the beginning of the proof we would get a k-clique mutual-visibility
set of G strictly greater than ¥ (G), a contradiction. |

Theorem 7. Letk > 1. If G is a connected graph of order n > 1 with u¥(G) = n,
and K,,, i € [n], are pairwise disjoint edgeless graphs, then

> [V (K k>1,

1=

p(GKay, . Ko, ) =" [V(Ka)| —1; k=1,f=1,

(3

S V(Ee) -2 k=1,f>1,

where f is the number of subgraphs K, with |V (K,,)| > 1.

Proof. Set G = G[K,,,...,Ka,]. Since u¥(G) = |V(G)|, by Proposition 1 we
have d(X,Y) < 1 for each X,Y € Qu(G).

Assume first that k > 1 and let X,Y € Qu(G). Let V(X) = (R, hi b
and V(Y) = {R},..., 1)}, where hj € K, and b, € K, , for r € [k]. Let
h;, i € [n], be an arbitrary fixed vertex of K,,, and let G’ be the subgraph of G
induced by the vertices hq,...,h,. Consider the k-cliques X’ and Y’ with vertex
sets V(X') = {hi,..., hi,} and V(Y') = {hy,, ..., hj, }, where h;, hj, € V(G),
lelk]. HV(X)NV(Y') =0, then since d(X',Y’) < 1, there exist h;, € V(X')
and hj, € V(Y') such that d(hi,hj,) < 1. Thus we have d(hj R} ) < 1 which
implies that d(X,Y) < 1. If V(X’) NV (Y') # 0, then again d(X Y) < 1. So for
k > 1, by Proposition 1, we have pf (G[Ka,,...,Ka,]) = >y |[V(Ka,)|-

Assume second that k& = 1. In the first subcase let f = 1 and let \V( Ka)| > 1.
For somej €n ] then (Ji) Ko, \ {h;}, where V(K,;) = {h;}, 1 <j #i<n,
is a pl-set for G. And if f > 1, then UL, Ka, \{hr,h }, where h, € V(K,,),
hs € V(K,,)and 1 <r # s < nlsautsetforG |

3.1. Comaximal graphs of Z,

Let Z,, be the ring of integers modulo n. As a consequence of the findings of
the first part of the section, we next compute the total k-clique mutual-visibility
number for the comaximal graph of Z,.
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Let R be a commutative ring with nonzero identity. We denote the set of all
unit elements and zero divisors of R by U(R) and Z(R), respectively. Also by
Z*(R) we denote the set Z(R) \ {0}. Sharma and Bhatwadekar [31] defined the
comazimal graph of a commutative ring R as a simple graph whose vertices are the
elements of R, and two distinct vertices a and b are adjacent if aR+bR = R, where
for an element ¢ of R, cR is the ideal generated by c. Let I'(R) be an induced
subgraph of the comaximal graph with nonunit elements of R as vertices. The
properties of the graph I'(R) were studied in [27,28,33].

For two integers r and s, the notation (r, s) stands for the greatest common
divisor of r and s. Also we denote the elements of the ring Z,, where n > 1,
by 0,1,2,...,n — 1. For every nonzero element a in Z,, if (a,n) = 1, then a
is a unit element; otherwise, (a,n) # 1, and so a is a zero divisor. Therefore,
|U(Zy)| = ¢(n) and |Z(Z,)| = n — ¢(n), where ¢ is the Euler’s totient function.

An integer d is said to be a proper divisor of n if 1 < d < n and d | n. Now
let dy,...,d, be the distinct proper divisors of n. For i € [r], set

Ay, ={x €Zy: (x,n) =d;}.

The sets Aq,,...,Aq, are pairwise disjoint. Further,

Z*(Zy) = Ag, U---U Ay,
and

V(INZ,)) ={0}UA4 U---UA,,.
Lemma 8 [34, Proposition 2.1]. Ifi € [r], then |Ag4,| = ¢(d%)'
In the rest, the induced subgraph of I'(Z,,) on the set Ag,, i € [r], is denoted

by I'(Ag,).
Lemma 9 [1, Lemma 3.2]. The following statements hold.

(i) Two distinct vertices x and y are adjacent in T'(Zy,) if and only if (z,y) €
U(Zy,).
(ii) Ifi € [r], then T'(Aq,) is isomorphic to FM%).

(i) For 1 <i# j <, avertex of Aq, is adjacent to a verter of Ay, if and only
if (d;, dj) = 1.

Now, we introduce a graph G, which plays an important role in the structure
of I'(Z,,). The graph Gy, has vertex set {dy,...,d,}, where d;, i € [r], is a proper
divisor of n, and two distinct vertices d; and d; are adjacent if (d;,d;) = 1.

Let n = p{*---p$ be the prime factorization of n, where s,aq,..., a5 are
positive integers and pq, ..., ps are distinct prime numbers. Every divisor of n is
of the form pfl -+ ps°, for some integers fBy,...,8s, where 0 < ; < «; for each
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i € [s]. Hence the number of proper divisors of n is equal to []7_;(c; + 1) — 2.
Therefore we have

S

(1) r=V(Gn)|=[[(ai+1) -2

=1

Let I'*(Zy,) = T'(Zy) \ {0}. Consider the graph G,, and replace each vertex d; of
Gy by I'[A4,]. In view of Lemma 8, we have

I'*(Zp) =G | K /N K 0]
@) =GRy o)
Theorem 10. Ifn > 1 and G,, is connected graph with uf(G,) # r, where r is
as in (1), then

pE (T (Zn)) = =1 =1 = d(n) + 1 (Gn).

Proof. As established above, we have

dy

Since the vertex-set of I'*(Z,) consists of nonzero and nonunit elements of Z,,
we have |V(I'*(Z,))| = n — ¢(n) — 1. Now the result follows from Theorem 6. m

4. DirecT PropucT OF COMPLETE MULTIPARTITE GRAPHS

The direct product of G and H, denoted by G x H, is the graph with vertex
set V(G) x V(H) in which (uj,v1) and (ug,vs) are adjacent if u; and ug are
adjacent in G and v; and v are adjacent in H. Note that if at least one of the
graphs G or H has a cycle of odd length, then G x H is connected. See [17] for
more information on this product. This section initially focuses on analyzing the
total k-clique mutual-visibility number of direct products of complete multipartite
graphs. The findings are then employed to evaluate this parameter in specific
unitary Cayley graphs.

4.1. Total k-clique mutual-visibility number under direct products

In the below theorem, we determine the total 1-clique mutual-visibility number
for the direct product of a complete m-partite graph with m > 2 and a complete
bipartite graph.

Theorem 11. If G = Ky, . pn,,, m > 2, and H = K, ;,, 11,72 > 1, then

u (G x H) = |V(G)| - [V(H)]| - 6.
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Proof. Let G;, i € [m], be the multipartition part of G of order n;, and let Hj,
J € [2] be the bipartition part of H of order r;.

Let S be an arbitrary total 1-clique mutual-visibility set for G x H. We
claim that |S| < |V(G)|-|V(H)| —6. Consider three vertices u; € V(G;) x V(Hy),
i € [3]. Since S is total mutual-visibility set and d(u;,us) = 2, there exists a
vertex wiz € V(G) x V(Haz) such that wia ¢ S. Similarly, there exist vertices
wis, wa3 € V(G) x V(Hsz) which also do not lie in S. Observe that wia, w3,
and w3 are pairwise different. Analogously, by considering three vertices u; €
V(Gi) x V(Hz), i € [3], we find three vertices from V(G) x V(H;) which do
not belong to S. We can conclude that |S| < |[V(G)|-|V(H)| — 6 and hence
KNG x H) < |V(G)|- V()| - 6. -

Let V(G;) = {g},..., g0, }, i € [m], let V(H;) = {hi,...,hi,}, j € [2], and
set

A=V(Gx H)\{(91.1) . (g1, 11) . (7, 11) » (g1, h1) » (g7, Bi) » (7, B) } -

We claim that A is a total 1-clique mutual-visibility set for G x H. Let u,v be
arbitrary vertices of G x H. Since diam(G x H) = 3, there are three typical cases
to be considered. If d(u,v) = 1, there is nothing to be proved. If d(u,v) = 3,
then there exists ¢ € [m] such that, without loss of generality, u € V(G;) x V(H;)
and v € V(G;) x V(Hy). Then there exists two vertices (¢}, hl) and (¢*,h?) in

the set
{(g1, 1), (g, 1), (g0 1), (g1, 1), (g7 h) , (98, hD) }

where 1 <1 #1' #i < 3. Now u ~ (g}, h?) ~ (gll/,h%) ~ v is a shortest u, v-path,
hence u and v are 1-clique A-visible. It remains to consider the situation when
d(u,v) = 2, for which we distinguish the following two cases.

Case 1. u € V(G;) x V(H;), v € V(Gy) x V(Hj), i,i" € [m], i # 7, j € [2].
Then there exists a vertex (g4, hY) in the set

{(91.h1), (g1.h1), (g8, h1), (91, k1), (g1, h1), (g3, hD) }

where [ € {1,2,3}\ {i,'} and 1 <I' # j < 2. Now u ~ (g}, h¥) ~ v is a shortest
u, v-path.

Case 2. u,v € V(Gy) x V(H;), i € [m], j € [2]. Then u ~ (¢}, hY) ~ v is a
shortest u, v-path, where 1 <l #i<3and 1<’ #j <2

We can conclude that u} (G x H) > |V(G)|- |V(H)| — 6 and henceforth
pi(Gx H) =|V(G)]-|[V(H)| - 6. u

The smallest case covered by Theorem 11 is K711 x K11 = K3 x K9 = C.
It is know from earlier (cf. [32]) and also easy to verify that u(Cg) = 0 just as
claimed by the theorem.
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Theorem 12. If G = K, m > 2, and H = K, ;, r,, then

(G x H) = |V(G)||V(H)] - 6.

Proof. Let G, i € [m], be the multipartition part of G of order n;, and let Hj,
J € [3], be the multipartition part of H of order r;.

Let S be an arbitrary total 1-clique mutual-visibility set for G x H. We claim
that |S| < |V(G)| - |V(H)| — 6. Consider three vertices u; € V(G;) x V(H;),
i € [m], j € [3]. Since S is total mutual-visibility set and d(ui,u2) = 2, there
exists a vertex wia € V(Gy) x V(Hs) such that wia ¢ S. Similarly, there exist
vertices w1z € V(Gy) x V(Hz), wez € V(Gy) x V(Hi), which also do not lie in S.
Analogously, by considering three vertices u; € V(Gy) x V(Hj), k € [m],k # i,
J € [3] we find three vertices from V(G) x V(H;), j € [3] which do not belong
to S. We can conclude that |S| < |[V(G)|-|V(H)| — 6 and hence u} (G x H) <
V@)V -6 -

Let V(Gi) = {gi,-.., 95}, i € [m], let V(H;) = {h,...,h7,}, j € [3], and
set

A=V(Gx H)\{(91,h7) . (91, 17) - (97, 1) » (g7, 1Y) » (g7 ) » (g7 1) } -

We claim that A is a total 1-clique mutual-visibility set for G x H. Let u,v be
arbitrary vertices of G x H. Since diam(G x H) = 2, there are three typical cases
to be considered. If d(u,v) = 1, there is nothing to be proved. If d(u,v) = 2,
then we have the following three cases.

Case 1. u € V(G;) x V(Hj), v € V(Gy) x V(H;), where i € [m], i # ,
4 € [3]. In this case there exists a vertex (¢gi, h}) in the set

{(91,17) (91, 11) , (g7 ) - (7. 19) . (g1 1) (98, 1Y) }

where | € [3]\ {i,i'} and 1 < I’ # j < 3. Now u ~ (¢},h}) ~ v is a shortest
u, v-path.

Case 2. w € V(G;) x V(Hj), v € V(G;) x V(Hj), where i € [m], 4,7 € [3],
j # j'. Now there exists a vertex (g4, h}) in the set

{(91.h3), (91.h3), (g1, h1), (91, K1), (8. h1), (g8, hD) ),

where 1 <1 # i < 3and ' € [3]\ {4,7}. Now u ~ (g}, h) ~ v is a shortest
u, v-path.

Case 3. u,v € V(G;) x V(H;), where i € [m], j € [3]. Then u ~ (g}, hl) ~v
is a shortest u, v-path, where 1 <l #i<3and 1 <l' #j < 3.

We can conclude that u} (G x H) > |V(G)| - |V(H)| — 6 and henceforth
i (G x H) = |V(G)| - [V (H)| - 6. u
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Theorem 13. If G = K, m >3, and H = K, ., ,, m' >3, then

(G x H) = |V(G)| - [V(H)| - 4.

Proof. Let G;, i € [m], be the multipartition part of G of order n;, and let Hj,
J € [m/], be the multipartition part of H of order r;.

Let S be an arbitrary total 1-clique mutual-visibility set for G x H. We claim
that [S| < |[V(G)|-|V(H)| — 4. Consider two vertices u € V(G;) x V(H;) and
v € V(Gy) x V(Hj). Since S is total mutual-visibility set and d(u,v) = 2, there
exists a vertex wy € V(Gi») x V(H;/) on a shortest u,v-path, where i # i’ # i"
and j # j/, such that w; ¢ S. Now consider two vertices u € V(G;) x V(H,/) and
v € V(Gi») x V(Hj ). So there exists a vertex wo € V(Gy) x V(H;j) on a shortest
u, v-path, such that wy ¢ S. By considering two vertices in V(Gy) x V(H;)
and V(Gy) x V(Hj), we find w3 € V(G;) x V(H;») on a shortest u,v-path,
where j # 7' # 7", which is not in S. Also, by considering two vertices in
V(Gir) x V(Hjn) and V(G ) x V(Hjn), we find a vertex wy € V(G;) x V(H;) on
a shortest u, v-path that is not in S. We conclude that [S| < |[V(G)|- |V(H)| —4
and so pui (G x H) < |V(G)|-|V(H)| — 4. ‘ ‘

Let V(G;) ={gi,....gu,}, i € [m], and V(H;) = {hq,...,h,}, j € [m'], and
set

A=V(Gx H)\ {(9%7 h%)v (9%7 h%)v (9:1))7 h?)? (9%7 héll)}

We claim that A is a total 1-clique mutual-visibility set of G x H. Let u,v be
arbitrary vertices of V(G x H). If d(u,v) = 1, there is nothing to be proved. If
d(u,v) = 2, then we have the following three cases.

Case 1. v € V(G;) x V(Hj), v € V(Gy) x V(Hj), where 1 < i # ¢/ < m,

§ € [m']. In this case there exists a vertex (g4, h}) in the set

{(g1, 1), (g7, 1Y), (g1, ). (g1, P1)),
where [ € [4]\ {,7,j}. Now u ~ (g}, h}) ~ v is a shortest u, v-path.
Case 2. u € V(G;) x V(Hj), v € V(G;) x V(Hj), where i € [m], 1 < j #

4/ < m/. Then there exists a vertex (g}, h}) in the set

{(g1,h1), (g2, 13), (g3, h3), (g, n])},

where [ € [4]\ {4,7,5'}. Now u ~ (g}, h}) ~ v is a shortest path.

Case 3. u,v € V(G;) x V(H,), where i € [m], j € [m']. Now u ~ (¢}, h}) ~v
is a shortest path, where [ € [4] \ {i,j}.

Therefore, we conclude that u} (G x H) > |[V(G)|- |V (H)| — 4 and so u} (G x
H) = [V(G)]-[V(H)| - 4. u
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4.2. Total k-clique mutual-visibility in unitary Cayley graphs

By using the above results for the total 1-clique mutual-visibility of direct prod-
ucts of complete multipartite graphs we now determine the 1-clique mutual-
visibility number of unitary Cayley graphs of Z,, for some values of n.

Let R be a finite commutative ring with nonzero identity and R* denote the
set of all unit elements of R. The unitary Cayley graph of R, which is denoted
by Gr = Cay(R, R*), is a (simple) graph whose vertex set is R and two distinct
vertices z and y are adjacent if and only if z—y € R*. We refer to [2,18,19,22,29]
for studies about the unitary Cayley graph of a commutative ring.

Notation 14. Let R be a finite commutative ring. Then, by [15, p. 752], we can
write R = Ry X --- X Ry, where R; is a finite local ring with maximal ideal m; for
i € [t]. This decomposition is unique up to permutation of factors. We denote
the (finite) residue field 1% by K; and f; = |K;| = l\iﬁl‘ We also assume (after
appropriate permutation of factors) that f; < --- < fi.

The following proposition is a basic consequence of the definition of the uni-
tary Cayley graphs and it was illustrated in [2, Proposition 2.2].

Proposition 15. Let R be a finite commutative ring. We have the following
statements.

(a) The graph Gg is a |R*|-regular graph.

(b) If R is a local ring with maximal ideal m, then Gg is a complete multipartite
graph whose partite sets are the cosets of m in R. In particular, Gr is a
complete graph if and only if R is a field.

(c) Let R= Ry x---Xx Ry be a product of local rings, then Gg = x!_Gr,. Hence,
GR is a direct product of complete multipartite graphs.

We use the below natation in the rest of this section.

Notation 16. Let Z, be the ring of integers modulo n. By the prime fac-
torization theorem, we have n = pi'...p;*, where p;’s are prime numbers with
p1 < --- < p¢ and this factorization is unique up to the order of the factors. It is
easy to see that Z,, =2 Z 71 X ‘X7 Tt which is the direct product of the rings Z Pl

1<i<t Also Z o is a local ring w1th the maximal ideal m; = {7"]9Z |reZ m}

with ]ml| =p; and the number of cosets of m; in Z Wi is equal to p;, for each
i€ lt].

Theorem 17. Let n = pi*...p;", where p;’s are prime numbers with py < --- <
Dt- Then GZ = Xz 1K r,—1 r;—1.

[RARR) 23

pi
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Proof. By Proposition 15 and Notation 16, Gz , = Kpri—l i for each
p; i [RERS) 2%

i € [t]. Now since Z,, = Zpgl X +ee X Zp:t, by the third part of Proposition 15, the
result holds. ™

Using Proposition 2 and Theorems 11, 12 and 13, we can compute u}(Gz, )
when n = p|'ph*.

Theorem 18. If n = pi'py?, where p1 and py are primes with p1 < p2, then
b1; T1:15T2:Ou
Pyt —2; r1 > 1,79 =0,

pqulp? - 6) P1 S {2,3},7‘1,7”2 2 1,
PPy —4; p1 = 5,r1,1m9 = 1.

1t (Gz,) =

5. CoroNA ProbpucT AND COMPUTATIONAL COMPLEXITY

This section first addresses the computation of the total k-clique mutual-visibility
number in corona product graphs. These results are then used to explore the
complexity of the associated computational problem involving uf.

Let G be a graph with V(G) = {v1,...,v,} and let H be a graph. The
corona product G o H was defined in [16] as the graph obtained from G and H
by taking one copy of G and n copies of H and the edge set of G o H is the union
of the edge set of G, the edges of H; (the i-th copy of H) and the edges which
joining each vertex of V(H;) to v;, for all i € [n], cf. [20].

Theorem 19. If G is a connected graph of order at least two, and w(H) > k > 1,
then
pf(GoH) = |V(G)|-|V(H)|.

Proof. Let V(G) = {v1,...,v,} and let H;, i € [n], be the i-th copy of H in
GoH. Let A=V(GoH)\V(G). We claim that A is a total k-clique mutual-
visibility set for G o H. To prove it, consider arbitrary distinct k-cliques X and
Y inGoH.

Case 1. V(X)UV(Y) C V(H;) for some i € [n]. In this case we have
d(X,Y) < 2. There is nothing to prove if d(X,Y) < 1. If d(X,Y) = 2, then
there exists a shortest X, Y -path of the form = ~ v; ~ y, where x € V(X) and
y € V(Y). Since v; ¢ A, the cliques X and Y are A-visible.

Case 2. V(X) CV(H;) and V(Y) C V(H; ), where ¢ # j. Since any shortest
X,Y-path is of the form z ~ v; ~ g1 ~ -+ ~ g, ~ vj ~ y, where z € V(X),
y e V(Y), and g; € V(G), i € [r], the cliques X and Y are A-visible.
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Case 3. V(X) C V(H;) for some i € [n], and V(Y) C V(G). In this
case the inner vertices of any shortest X, Y-path lie in V(G), hence the required
conclusion.

Case 4. V(X)UV(Y) C V(G). The argument is the same as in Case 3.

Case 5. V(X) C V(H;)U{v;}, V(Y) CV(H;)U{v;}, v; € V(X), v; € V(Y).
If i = 7, then d(X,Y) = 0 and we are done. If i # j, then any shortest X, Y-path
is of the form v; ~ g1 ~ --- ~ g, ~ vj, where g; € G. Hence the conclusion.

Case 6. V(X) CV(G),V(Y) C V(H;)U{v;} and vj € V(Y). The argument
is parallel to the one of Case 5.

By the above, uf (G o H) > |V(G)|- |V (H)|. To prove the reverse inequality
it suffices to prove that no total k-clique mutual-visibility set of G o H contains a
vertex of G. Note that w(H) > k. To do this, let A’ be an arbitrary total k-clique
mutual-visibility set of G o H and suppose that v; € A’ for some i € [n]. Now
consider a k-clique X with V(X) C V(H;) and a k-clique Y with V(YY) C V(H;),
where i # j, to reach a contradiction. [

Theorem 20. If k > 3, G is a connected graph of order at least two, and H is
a graph, then the following hold.

(1) Ifw(H) = k—1, then uf(G o H) = |V(G)] - V(H)| + u}(G).

(2) Ifw(H) < k—2, then (G o H) = |V(G)| - |V(H)| + p (G).

Proof. (1) Let V(G) = {v1,...,v,}, and let H;, i € [n], be the i-th copy of H in
Go H. Let Ag be a puj-set for G and set A = JI_; V(H;) U Ag. We claim that
A is a total k-clique mutual-visibility set for G o H. Consider arbitrary distinct
k-cliques X and Y in G o H and distinguish the following cases.

Case 1. V(X) C V(H;) U{v;} and V(Y) C V(H;) U {v;}, where i,j € [n].
If i = j, then d(X,Y) = 0 and there is nothing to show. So let i # j. Since

w(H) =k — 1, we have v; € X and v; € Y. Since v; and v; are Ag-visible in G,
it follows that X and Y are A-visible in Go H.

Case 2. V(X) C V(H;) U {v;} for some ¢ € [n], and V(Y) C V(G). Let y be

a vertex of Y closest to v;. Then, since v; and y are Ag-visible in G, the cliques
X and Y are A-visible in Go H.

Case 3. V(X)UV(Y) C V(G). Let d(X,Y) = d(v;,vj), where v; € X and
v; € Y. Since v; and v; are Ag-visible, we again can conclude that X and Y are
A-visible.

We have thus proved that uf(G o H) > |V(G)| - |V(H)| + pi (G). To prove
the reverse inequality, suppose for a contradiction that there exists a k-clique
mutual-visibility set S of G o H with |S| > |V(G)| - |[V(H)| + u}(G). Tt follows
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that |Sg| > ut(G), where Sg = SNV (G). Hence Sg cannot be a k-clique mutual-
visibility set of G. Let v; and v; be two vertices of G which are not Sg-visible.
But then a k-clique from V(H;) U {v;} which contains v; and a k-clique from
V(H;) U {v;} which contains v;, are not S-visible, a contradiction.

(2) By assumption and by the definition of the corona product, every k-clique
of G o H lies completely in G. Hence if Ag is a puf-set for G, then we infer that
UL, V(H;) U Ag is a pf-set for G o H. |

In the rest of the section we apply the results obtained for the corona product
to study the complexity of the uf problem.

The problem of enumerating all k-cliques in a general graph is known to be
NP-hard [13], but it can be solved in polynomial time for many well-structured
graphs such as complete and bipartite graphs. Anyhow, for our purposes we will
assume that the set of all k-cliques of a given graph is part of the input.

NP-hardness of problem of computing p; was proven in [10]. Hence it remains
to address the cases when k& > 1, for which we have the following decision s
PROBLEM.

— INSTANCE: A positive integer & > 2, a connected graph G, the set of all
k-cliques of G, and a positive integer r < |V (G)|.

— QUESTION: Is it satisfied that pf(G) > r?
Theorem 21. For a given k > 2, the uf PROBLEM s NP-complete.

Proof. First we observe the uf problem is in NP. To show NP-hardness of this
problem, consider an arbitrary connected graph G and set G’ = G o Kj_;. Then
by Theorem 20, uf(G") = (k — 1)|V(G)| + p} (G). Clearly, constructing G’ from
G can be done in polynomial time. Therefore, if there would exist a polynomial-
time algorithm for computing p¥(G), then there would exist a polynomial-time
algorithm for finding pf (G), but the latter problem was proved to be NP-complete
in [10]. |
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