Further results on local metric dimension of graphs
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Abstract

In this paper, for every integer k > 1, we construct a bridgeless graph containing an edge
whose deletion decreases the local metric dimension by k — 1, and a connected graph containing
a non-cut vertex of degree 2 whose deletion also decreases the local metric dimension by k£ — 1.
These two constructions disprove two conjectures of Okamoto, Phinezy, and Zhang from 2010. As
a complementary result, we show that every connected graph whose local metric dimension equals
its order minus its independence number is a split graph. We then give a direct characterization,
in terms of laminar families, of the connected split graphs whose local metric dimension equals
the size of the clique part.
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1 Introduction

The metric dimension [11, 21] serves as a core and fundamental concept within (metric) graph theory.
Since its introduction, scholars have explored it extensively from structural, extremal, and algorithmic
perspectives; see a selection of classical works [6, 7, 12, 13, 14], and a selection of recent papers [2, 5,
9, 19, 22, 24]. The state of the field through 2023 is summarized in an excellent overview article [23],
while the review [16] considers metric dimension related parameters.
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Okamoto, Phinezy, and Zhang [17] followed with the local version of the dimension like this. The
vertex w € V(G) distinguishes vertices © and y whenever dg(z, w) # dg(y, w), where dg(-,-) denotes
the shortest-path distance in G. A subset W C V(G) forms a local resolving set (LR-set for short) for
G when every pair of adjacent vertices in G can be distinguished by some vertex belonging to W. A
local resolving set with minimum cardinality is referred to as a local metric basis, and its cardinality
is the local metric dimension (LMD for short) of G, denoted by dim,(G).

Unless otherwise specified, all graphs G = (V(G), E(G)) discussed in this work are connected.
We will continue to use the standard symbols: n(G) for the order of G; Ng(v) and Ng[v] for the
open, resp. closed, neighborhood of v; and degq.(v) = |Ng(v)| for the degree of v. Two vertices
u,v € V(G) form a pair of adjacent twins provided Ng[u] = Ng[v], while they are called nonadjacent
twins whenever Ng(u) = Ng(v). Note that in either case, the equality dg(u,z) = dg(v, 2) holds for
every z € V(G) \ {u,v}. In particular, every LR-set contains at least one vertex from each pair of
adjacent twins. In the above notations, when no confusion can arise, we may omit the subscript G.
As is also well established, a(G) and w(G) are the independence number and the clique number of
G, respectively. A graph G is split if its vertex set admits a split partition V(G) = V4 U Va, where
V1 induces a clique and V5 an edgeless graph. We denote by Sp(m,n) a generic connected split graph
with m vertices in its clique part and n vertices in its independent part.

A family F consisting of subsets of X is referred to as a laminar family whenever for arbitrary
A, B € F, one of the three relations holds: AC B, BC A,or ANB =g.

Several fundamental bounds and extremal results for the LMD were established in [17]. Specifically,
if n(G) > 2, then 1 < dimy(G) < n(G) —a(G) and dim,(G) > [log, w(G)]. Additionally, dim,(G) =1
if and only if G is bipartite, whereas dim,(G) = n(G) — 1 if and only if G is complete. The bound
dimy(G) < n(G) — a(G) is sharp for every admissible value of the independence number. Further
investigations of the LMD have considered graph products, graphs with cut vertices, and several
special graph classes; see [1, 4, 10, 15, 16, 20].

One of the problems raised in the study of the LMD is the effect of vertex or edge deletion. In [18]
it was proved that if an edge e is a non-bridge in G, then dimy(G — e) < dim(G) + 2. In addition,
if z is a not a cut vertex of G, then dimy(G — z) < dimy(G) + degq(z). These two findings led the
authors to the following conjectures.

Conjecture 1.1. [18, Conjecture 4.8] If e is a non-bridge edge of G, then
dimy(GQ) — dimy(G —e) < 2.
Conjecture 1.2. [18, Conjecture 4.7] If v is a non-cut vertex of GG, then

dimy(G) — dimy(G — v) < degga(v) .

In this article, we focus on graphs G satisfying dim,(G) = n(G) — a(G), for which the following
problem was posed:

Problem 1.3. [16, Page 10] Characterize the graphs G for which dim,(G) = n(G) — a(G).

An earlier characterization of this equality case was obtained by Barragidn-Ramirez [3] in terms
of clustered nested covers. Here we give a direct structural formulation in terms of split graphs and
laminar families. In this direction we add that Fitriani et al. [8] proved the sharp bounds [log, m] <
dimg(Sp(m,n)) < m.

The layout of this paper is outlined below. In Section 2 we disprove Conjecture 1.1, while in
Section 3 we disprove Conjecture 1.2. After that, we study graphs satisfying dim,(G) = n(G) — «(G)
and characterize the split graphs Sp(m, n) for which dim,(Sp(m,n)) = m.



2 LMD under edge deletion

In this section we disprove Conjecture 1.1. Consider the following family of bridgeless graphs. Suppose
k> 1 and m > 2 are integers. For each index ¢ € [k] = {1,...,k}, let D; be the graph with

V(D;) ={pi1;pi2,---pi7}
E(D;) = {pi1pi,2; Pi,1Di 3, Di,2Di 3, Di 2Di 4, Di,3Di,5, Pi, ADi,5 Di,4Pi.65 Pi.6Pi,7 }»
and let Q; be a complete graph with V(Q;) = {¢i1, @2, - -, ¢ m}- Then the graph Gy ., is defined by
k

V(Grom) = {2,y U V(D) UV(Q0),

i=1

E(Grm) = | J(E(D;) UE(Q;)) U{ap;1 i € [k} U{pirgij, yai; : i € [k], j € [m]} U {zy}.

-

i=1

Set also e = a2y, so that the graph Gy, ,, — e is constructed by removing the edge e = xy from Gy .
The graphs G 3 and Gy, 3 — e are illustrated in Figure 1.
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Figure 1: The graphs (i) Gy 3, and (ii) G 3 — e.
It follows by the construction that every edge of Gy ., lies on a cycle, hence G, is indeed
bridgeless. We first determine LMD of Gy, ,,.
Lemma 2.1. If k> 1 and m > 2, then dim¢(Gg ) = mk.

Proof. Since all vertices of @); are adjacent twins, every LR-set S of G, must include no fewer than
m — 1 vertices from Q;. Hence |SNV(Q;)| > m — 1 for every ¢ € [k].

We first show that SNV (D;) # @ for every ¢ € [k]. Indeed, p; 2 and p; 3 are adjacent, and every
vertex in V(Gg m) \ V(D;) has the same distance to p; 2 and p; 3. In particular,
de,m (pi,27x) = de‘m (pi,37x) = 27
da,.,.(Piz2,y) = da, . (Di3,y) =3,
de,m (pi,27 Q) = de,m (pi,37 Q) =4



for every ¢ € V(Q;). For every j # i, vertices in V(D) U V(Q,) also have equal distances to p; o
and p; 3, since these two vertices share equal distances to both x and y. Therefore, no vertex in
V(Gk,m)\ V(D;) distinguishes the adjacent vertices p; 2 and p; 3. Consequently, every LR-set S must
contain a vertex of V(D;), and hence S NV (D;) # & for every ¢ € [k]. Consequently,

dime(Ggm) > k(m — 1) + k = mk.

To establish the reverse inequality, set S = Ule ({pi2} U (V(Qi) \ {gi,m})) - Clearly, |S| = mk.
We demonstrate that S is an LR-set of Gi,,. Any pair of adjacent vertices containing at least one
element of S is immediately distinguished by the vertex in S. It suffices to examine adjacent vertex
pairs for which neither vertex belongs to S. For every i € [k], the vertex ¢;1 € V(Q;)N S distinguishes
the adjacent vertices p; 1 and p; 3, since

de,m (pi,lv %,1) =3#4= de,m (pi,37Qi,1)~

The vertex p; o € S distinguishes all the remaining adjacent pairs involving vertices of the ith copy.
In particular,
day,.,.(Di2,piy7) =3 # 4 =dg, , (Pi2,Gim),

so p;,2 distinguishes p; 7 and g; . Moreover, because
de,m (pi,27 y) = 3 7& 4= de,m (pi,27 qi,m)v

p;,2 distinguishes also y and ¢; . Finally, ¢; 1 distinguishes the adjacent vertices x and p; i, as well
as = and y. Accordingly, every pair of adjacent vertices in G, ,,, can be distinguished by at least one
vertex from S. This confirms that S is an LR-set of G, ,,. We therefore obtain dim,(Gy ) = mk. O

We next determine LMD after deleting the edge e = xy.
Lemma 2.2. If k> 1 and m > 2, then dim;(Ggm —€) = (m — 1)k + 1.

Proof. The vertices of ); are pairwise adjacent twins in Gy, ,,, —e. Accordingly, any LR-set of Gy, ., —e
includes no fewer than m — 1 vertices of V(Q;) for each i € [k]. Therefore, dim¢(G,m —e) > (m—1)k.
Assume for contradiction that dim¢(G,m —e) = (m—1)k. Then a minimum LR-set consists of exactly
m — 1 vertices from each V(Q;) and contains no other vertices. For every ¢ € V(Q;),

de,mfe(pi,h(I) = de‘m,e(pi’g, q) = 57

whereas for every j # i and every ¢ € V(Q;),

day p—c(Pi1,q) = day . —e(Pi3,9) = 7.

Thus no vertex in such an LR-set distinguishes the adjacent vertices p; 1 and p; 3, a contradiction.
Consequently,
dim;(Grm —€) > (m—1)k+ 1.

For the reverse inequality, let ' = {z} U Ule (V(Qi)\{¢i,m}). Then |S'| = (m — 1)k + 1. We
demonstrate that S’ is a LR-set of Gy, — e. For any pair of adjacent vertices with at least one
member lying in S’, the vertex contained in S’ distinguishes them directly. Thus we only need to
examine adjacent vertex pairs for which neither vertex lies in S’.

For each i € [k], the only adjacent pairs in V(D;) whose vertices have the same distance from z
are p; 2,pi,3 and p; 4, pi 5. Such vertex pairs are distinguished by ¢; 1 € V(Q;) N.S’, since

dGy pm—e(Pi2:0i1) =4 #5=dag, ,,—e(Pi3, 1),



dGy p—e(Pia; i) =3 #4=dg, ,,—e(Pi5: Qi)
The remaining adjacent pairs with neither vertex in S’ are p; 7, ¢;.m and y, ¢; . They are distinguished
by x, since
de,m*E(xﬂpiﬂ) =5 7é 6= de,m,*6($7qi7m)7

Ay, —e(® qim) =6 # T =dg, ,,—e(x,y).

Accordingly, every adjacent vertex pair of Gy ,, — e can be distinguished by at least one vertex
belonging to S’. Hence S’ is an LR-set of Gy, — e, and thus dim,(Gy, ., —e) < (m —1)k+ 1. Together
with the lower bound, we obtain dim¢(Ggm —e) = (m — 1)k + 1. O

Combining the preceding two lemmas leads us to the core theorem of this section which disproves
Conjecture 1.1.

Theorem 2.3. For every k > 1, there exists a connected bridgeless graph G containing an edge e
such that
dimy(G) — dimy(G —e) = k — 1.

In particular, the difference dimg(G) — dimy(G — e) is unbounded for non-bridge edges.

Proof. Let m > 2 and consider the graph Gy, defined above. It is clear from the construction
that every edge of Gy, lies on a cycle, and hence Gy, is bridgeless. By Lemmas 2.1 and 2.2,
dimy(Gr,m) — dimy(Grm —€) = mk — (m— 1)k +1) =k — 1. O

3 LMD under vertex deletion

In this section we disprove Conjecture 1.2, for which we define a family of graphs similar to that
introduced in the preceding section. Suppose k& > 1 and m > 2 are integers. For each i € [k], let D;
be the graph with

V(D;) = {pi1,is2s - Diyts Ti )
E(D;) = {pi, 10,2, Di, 10 3, Di,2Pi 3, Di,2Pi 4, D3 3Di,5, i ADi, 5 Pi, ADi 6> Pi, 675 TiDi, 7 -

Let Q; be a complete graph with V(Q;) = {gi1,¢i2,..-,¢im}- Let D1,..., Dy, Q1,...,Qx be pairwise
vertex-disjoint, and let =, y, v be three additional vertices. Now, the graph Hy, ,, is defined by

k

V(Hym) = {z,y,0} U (V(D:) UV(Q:)).

i=1

-

E(Hpm) = J(E(D;) U E(Q;)) U{apiy : i € [k} UL{pirgij, yai;: i € [K], j € [m]} U{zv,vy}.

=1

The graphs Hy 3 and Hj 3 — v are illustrated in Figure 2.

By the construction, Hy,,, is connected and degy, =~ (v) = 2. Moreover, v is not a cut vertex since,
for every i € [k], xp; 1Di,2pi aDi6TiPi,7¢i 1Y is an , y-path in Hy ,, — v.

We first determine LMD of Hy, .

Lemma 3.1. Ifk > 1 and m > 2, then dimy(Hy ) = mk.
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Figure 2: The graphs (i) Hy 3 and (ii) Hg 3 — v.

Proof. Since the vertices of V(Q;) are adjacent twins, any LR-set S of Hy ,, must include no fewer
than m — 1 vertices from V(Q;). Hence |[SNV(Q;)| > m — 1 for every i € [k].

We next show that SNV (D;) # @ for every ¢ € [k]. The vertices p; 2 and p; 3 are adjacent, and
every vertex in V(Hy ) \ V(D;) has the same distance to p; 2 and p; 3. In particular,

—

Di2, T ) de m \Pi,3, T

dmy ., (pi3, @)
Di,2, v) = de m(pl737 v) =3,
(
(

7

de,m

o~ o~

Di2, Yy )—deszsa ):47
Di2,q )*dempziia ):5

de,m

—~

de,m

for every ¢ € V(Q;). For every j # 14, vertices in V(D) UV(Q;) also have equal distances to p; 2 and
Di,3, since p; o and p; 3 share equal distances to both « and y. Therefore no vertex in V(Hp, ) \ V(D;)
distinguishes the adjacent vertices p; 2 and p; 3. Consequently, every LR-set S includes no fewer than
one vertex of V(D;). It follows that

dimy(Hp,m) > k(m — 1) + k = mk.

To verify the opposite inequality, let S = U, ({pi2} U (V(Q:) \ {di,m})) - Then |S| = mk. We
demonstrate that S is an LR-set of Hy, ,,,. For any pair of adjacent vertices with at least one member
lying in S, the vertex contained in S distinguishes them directly. Thus we only need to examine
adjacent vertex pairs for which neither vertex lies in S.

For every i € [k], the vertex ¢;1 € V(Q;)N S distinguishes the adjacent vertices p; 1 and p; 3, since

dm, . (Pi1,q,1) =4 # 5 =dg, ,, (pi3,q1)-



The vertex p; o € S distinguishes all the remaining pairs of adjacent vertices in V(D;). Indeed,

)=1#2=dpu,,, (pis Di2),
du,, . (Piaspi2) =1# 2 =dn, . (D5, Pi2),
dm, . (Pia,pi2) =1 # 2 =dp, ,, (i, Pi2),
) (
) (

de,m (pi,37pi,2

dm, .. (pi6,pi2) =2 # 3 =dmg, (1, pi2),
dm,, . (ri,pi2) =3 # 4 =dp, ., (Di7,Di2)

Moreover,

dm, ., (Pi2,pi7) =4 # 5 =dm, . (Pi2,%.m),
de,m (pi,27 y) = 4 % 5 = de,’m (pi,27 Qi,m)v

so p; 2 distinguishes the adjacent vertices p; 7, ¢i,m and y, ¢; . Finally, ¢; 1 distinguishes the remaining
adjacent pairs x,p; 1; «,v; and v,y. Indeed,

dm,.,.(,qi1) =3 #4=dm,,, (Pi1,q.1),
dchmz (LC, qi,l) = 3 7& 2= de,m (U, qi,l);
de-,m (Ua Qi,l) =2 7é 1= de,m (ya q¢,1)~

Accordingly, every adjacent vertex pair of Hy, ,, can be distinguished by at least one vertex belonging
to S. Hence S is an LR-set of Hy, p,, and therefore dimg(Hy, ) = mk. O

We next determine LMD of Hy, ,,, — v.
Lemma 3.2. If k> 1 and m > 2, then dimy(Hy m —v) = (m — 1)k + 1.

Proof. The vertices of V(Q;) remain adjacent twins in Hy, ., —v. Accordingly, every LR-set of Hy, , —v
must include no fewer than m — 1 vertices of V(Q;) for each i € [k], and hence dimy(Hy , — v) >
(m—1)k.

Assume for contradiction that dimg(Hy ,, — v) = (m — 1)k. Then a minimum LR-set consists of
exactly m — 1 vertices from each V(Q;) and contains no other vertices. For every i € [k] and every

qc V(QZ)7
de:nl—U(p’L'J?q) - deYm—U(pi,37q) = 6?

whereas for all 7,7 € [k] with i # j and every ¢ € V(Q;),

dm,, —o(Pi1,q) = dm, . —v(Pi3,q) = 8.

Therefore no vertex in such an LR-set distinguishes the adjacent vertices p;; and p;3. This is a
contradiction. Consequently,
dim(Hgm —v) > (m — 1)k + 1.

For the reverse inequality, let " = {z} U Ule (V(Qi) \ {¢i,m}). Then |S’| = (m — 1)k + 1. We
verify that S’ forms an LR-set of Hy, ,,, —v. For any pair of adjacent vertices with at least one member
lying in S’, the vertex in S’ distinguishes them directly. Thus we only need to examine adjacent vertex
pairs for which neither vertex belongs to S’.

For every i € [k], the only adjacent pairs in V(D;) whose vertices have the same distance from z
are p; 2,p;3 and p; 4, p; 5. They are distinguished by ¢;1 € V(Q;) N S’, since

dH,, —v(Pi2,¢,1) =5 # 6 =dm, ,,—v(Pi3,%,1)
duy m—v(Pia,¢i1) =4 #5=du, . —v(Pis: Gi1)-



The remaining adjacent pairs with neither vertex in S are p; 7, ¢;.m and y, ¢; . They are distinguished
by z, since

de’m—v(xapi,'?) =6 7é 7= deym—v(lH Qi,m)a
de,mfv(lﬁ qz,m) =7 7& 8= deymfv(xa y)

Accordingly, every adjacent vertex pair of Hy ,, —v can be distinguished by some vertex belonging to
S’. Hence S’ is an LR-set of Hy, ,,, — v, and thus dimg(Hy ,m —v) = (m — 1)k + 1. O

Combining the preceding two lemmas, we arrive at the following central finding of this section,
which disproves Conjecture 1.2.

Theorem 3.3. Given an integer k > 1, there exists a connected graph H containing a non-cut vertex
v of degree 2 such that
dimy(H) — dimy(H —v) = k — 1.

In particular, for all k > 4, dimg(H) — dimg(H — v) > degy (v).

Proof. Let m > 2, and let H = Hy ,,,. By Lemmas 3.1 and 3.2, dimy(Hy ) — dimg(Hy m — v) =
mk— ((m—1)k+1) = k—1. In addition, since degy, (v) =2, for every k > 4 we have dimy(Hj ) —
dime(Hy,m —v) =k —1>2=degy,  (v). O

4 Graphs with dim/(G) = n(G) — a(G)

Within this section, we provide a characterization for graphs that attain the equality dim,(G) =
n(G) — a(G) using split graphs and laminar families. We first recall:

Lemma 4.1. [17, Observation 1.1] If G is a connected graph, then dim,(G) < n(G) — a(G).

We now determine a necessary structural condition for a graph satisfying equality in Lemma 4.1.

Lemma 4.2. Let G be a connected graph with n(G) > 2. If dim¢(G) = n(G) — a(G), then G is a
split graph and w(G) = n(G) — a(G) + 1.

Proof. Suppose I is an independent set of G satisfying |I| = a(G). Set S = V(G) \ I. Clearly, if
wv € E(QG), then SN{u,v} # 0. Hence S is an LR-set of G. As |S| = n(G) — a(G) = dim(G), S is a
local metric basis.

We first demonstrate that if z,y € S are nonadjacent vertices, then no vertex in I is adjacent
simultaneously to x and y. Suppose for contradiction, there exists v € I adjacent to both = and y.
Let W = (S\ {z,y}) U{u}. It follows that |[W|=1|S| -1 =n(G) — a(G) — 1. We verify that W is an
LR-set.

Any pair of adjacent vertices containing a vertex of W is immediately distinguished by that vertex.
Thus, it remains only to consider adjacent vertex pairs contained in V(G)\ W = (I \ {u}) U {z,y}.
As T forms an independent set and zy ¢ E(G), every adjacent pair containing x or y is of the form
xz or yz, where z € I \ {u}. Since u is adjacent simultaneously to  and y, this yields

da(z,u) =1 # dg(z,u),

da(y,u) =1 # da(z,u).



Thus wu distinguishes all these adjacent pairs. Consequently, the set W is an LR-set of G, which
contradicts the minimality of S. So, Ng(x) N Ng(y) NI = &, whenever z,y € S are nonadjacent.

We proceed to prove that each connected component of G[S] is a complete graph. Let « € S. As
S coustitutes a local metric basis, S\ {«} fails to be an LR-set. Accordingly, there exists an adjacent
vertex pair that is not distinguished by S\ {z}.

Neither vertex of this pair can belong to S\ {z}, since a vertex belonging to the set distinguishes
itself from each of its neighbors. Therefore the pair must be z, u, for some u, € I. That is, dg(z, 2) =
da(ug, 2) for every z € S\ {z}. If 2 € Ngs)(z), then dg(z, 2) = 1 = dg(us, 2) and u,z € E(G). Thus
u, is adjacent to every vertex of Ngg)(z).

Suppose that two vertices y, z € Ngg)(z) are nonadjacent. Then u, € I is a common neighbor of
y and z, contradicting Ng(y) N Ng(z) N1 = @. Thus, Ngg(x) forms a clique for each x € S. This
implies that G[S] contains no induced path of order three, and therefore every component of G[S] is
a complete graph.

We now prove that G[S] has only one component. Suppose that it has at least two components.
Note that no vertex of I can have neighbors in two distinct components of G[S]; otherwise, two
nonadjacent vertices of S would have a common neighbor in I, which is impossible. Moreover, since
I is independent, two distinct components of G[S] cannot be connected through vertices of I. This
contradicts the connectivity of G. Therefore G[S] is connected, and hence S is a clique. Since I is
independent, the decomposition V(G) = S U I partitions V(G) into a clique and an independent set.
Thus G is a split graph.

Finally, let € S and u, € I. Since S is a clique, dg(z,2) = 1 for every z € S\ {z}. By the
choice of u,, dg(x,z) = dg(uz, 2), and hence u, is adjacent to every vertex of S\ {z}. Since u, is
also adjacent to x, the set SU {u,} is a clique. Therefore, w(G) > |S|+1 = n(G) — a(G) + 1. Since T
is independent, any clique contains at most one vertex of I. Thus, w(G) < [S|+1 =n(G) —a(G) + 1.
Consequently, w(G) = n(G) — a(G) + 1. O

By Lemma 4.2, it suffices to study the equality case of Lemma 4.1 within the class of split graphs.

Recall that a family F consisting of subsets of X is laminar when for any A, B € F, one of A C B,
B C A, or AN B = @ holds. We further say that F separates two distinct elements x,y € X if there
exists F' € F containing precisely one of these two elements. Now we have:

Lemma 4.3. If F is a laminar family of subsets of X with t members that separates every pair of
distinct elements of X, then these properties hold.

(i) |X|<t+1.
(i) If every element of X belongs to some member of F, then | X| < t.

Proof. Let X' ={z € X : 2 € F for some F € F}. For every x € X', let F,, be a minimal member of
F containing z. Since F is laminar, such a minimal member is unique.

We first show that distinct elements of X’ have distinct minimal members. Suppose that z,y € X’
are distinct and F, = Fy. Since F separates x and y, there exists F' € F containing exactly one of
them, say x € F and y ¢ F. Because x € F'N F, and F is laminar, either F' C F, or F, C F. The
latter is impossible, since y € F, but y ¢ F. Hence F' C F,,, which contradicts the minimality of F.
Therefore, distinct elements of X’ have distinct minimal members, and hence | X'| < t.

For (i), at most one element of X belongs to no member of F; otherwise, two such elements could
not be separated by F. Thus, |X| < |X'|+1<¢t+1.



For (ii), if every element of X belongs to some member of F, then X’ = X. Hence, |X| = |X'| <
O

We now apply the preceding lemma to LMD of split graphs. Let Sp(m,n) be a generic connected
split graph with V(Sp(m,n)) = Vi U V,, where Vi = {a1,...,a,} induces a complete graph and
Vo ={b1,...,b,} is an independent set. For every b € Vs, let S(b) = N(b) N Vy, and put

U={beVy:5(0) =V}
The lemma below provides a sufficient condition ensuring dim,(Sp(m,n)) = m.

Lemma 4.4. Let Sp(m,n) be a connected split graph with V(Sp(m,n)) = V4 U Va, where Vi is the
clique part and Vs is the independent part. If U # @ and S = {S(b) : b € Vo \ U} is a laminar family,
then

dimy(Sp(m, n)) = m.

Proof. Let W be an LR-set of Sp(m,n), and let R = V; \ W and B = WnN (V2 \U). Then W =
(WnW)uBUWNU).

Any two distinct vertices a;,a; € R are adjacent since V) induces a complete graph, and some
vertex in W must distinguish them. No vertex of W N V; distinguishes a; and a;, since its distance
from both vertices is 1. Also, no vertex of W NU distinguishes them, as every vertex of U is adjacent
to all vertices belonging to V. Thus, a vertex distinguishing a; and a; must belong to B.

For every b € V5, its distance from a vertex of V7 is 1 or 2 according as they are adjacent or not.
Therefore, there exists b € B adjacent to precisely one of a; and a;.

Let £L={S(b)NR:be B}. We now show that £ is laminar. Let L,L' € £, where L = S(b)N R
and L’ = S(V') N R. Since S is laminar, one of the following three conditions holds: S(b) C S(¥V'),
S(') C S(b), or S(b)NS(V') = @. This implies that at least one of the three possibilities holds:

(S(b)NR) C (SW') N R), (SH')NR) C (S(b)NR), or (S(b) N R) N (SH')NR) = 2.

Equivalently, L C L', L' C L, or LN L' = @. Thus, L is also laminar. Moreover, for any two distinct
vertices a;,a; € R, some member from £ contains exactly one of them. That is, £ separates every
pair of distinct vertices of R.

Suppose first that W N U # @. By Lemma 4.3(i), |£]| > |R| — 1. Since |£]| < |B] and W NU # &,
we obtain
[W|>WnVi|+|B|+1>m—|R|+ (R - 1) +1=m.

Suppose now that W NU = @. Choose any u € U. For every a; € R, the vertices a; and u
are adjacent, and they must be distinguished by some vertex of W. No vertex within W N V; can
distinguish them, because its distance to both a; and u equals 1. Thus, we can find a vertex b € B
satisfying d(b, a;) # d(b,u). Since b,u € V, and V4 is independent, while u is adjacent to every vertex
of V4, we derive d(b,u) = 2. Hence, d(b,a;) = 1, and so b is adjacent to a;. Therefore, a; € S(b).
Since a; € R, we have a; € S(b) N R. Thus, every vertex of R belongs to some member of £. By
Lemma 4.3(ii), |£] > |R)|. Since |£| < |B|, we have |B| > |R|. Hence,

[W| > |WnW|+|B|] >m—|R|+|R| =m.

Therefore, in either case, |[W| > m, and hence dim,(Sp(m,n)) > m. As V5 forms an independent
set, a(Sp(m,n)) > n. By Lemma 4.1, dim;(Sp(m,n)) < m +n — a(Sp(m,n)) < m. Combining these
inequalities, we conclude that dim,(Sp(m,n)) = m. O
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We next show that the condition in Lemma 4.4 is also necessary.

Theorem 4.5. Let Sp(m,n) be a connected split graph with V (Sp(m,n)) = Vi U Vs, where Vi is the
clique part and Va is the independent part. Then dimy(Sp(m,n)) = m if and only if U # & and
S={S(b):be Vo \U} is a laminar family.

Proof. Assume first that U # @ and S is a laminar family. By Lemma 4.4, we have dim,(Sp(m,n)) =
m.

Conversely, assume that dim,(Sp(m,n)) = m. We first show that U # &. Suppose that U = &.
Choose any a; € V4 and let W = V; \ {a;}. We verify that W is an LR-set. Let x,y denote two
adjacent vertices. If at least one of z and y lies in W, then that vertex distinguishes x and y. Thus,
it remains to consider two vertices a; and b, where b € V5. Since U = &, the vertex b is not adjacent
to every vertex of V7. Because ba; € E(Sp(m,n)), there exists some vertex a; € V4 \ {a;} = W which
is not adjacent to b. Since V; induces a complete graph,

d(a;,aj) =1%#2=d(b,a;).
Thus, a; distinguishes a; and b. Hence W is an LR-set, and therefore
dim,(Sp(m,n)) < |W|=m —1,
a contradiction. Thus, U # @.

It remains to verify that S forms a laminar family. Assume, for contradiction, that this property
fails for S. Then there exist b,b" € V5 \ U such that

Sb)\ S) # @, SH')\ S(b) # @, S(b) NSO # 2.
Hence, there exist three distinct vertices a;, a;,ar € Vi satisfying
a; € S(b)\ SV, aj € SH')\ S(b), ar € S(b) NS®').

Let W = (Vi \ {ai,a;j,ar}) U{b,b'}. Then |IW| =m — 1. Our goal is to verify that W constitutes an
LR-set.

Consider a pair of adjacent vertices z,y in Sp(m,n). Whenever either = or y belongs to W, that
vertex distinguishes the pair. Hence, we assume z,y ¢ W.

If 2,y € {a, aj, ay }, then b distinguishes a; and aj, b’ distinguishes a; and ay, and b distinguishes
a; and ag, since

d(a;,b) =1# 2 =d(a;,b), d(a;,b') =2 #1=d(ay,b'), d(a;,b) =2 # 1 = d(ag,b).
The last case is when one of x and y belongs to {a;, a;,a;} and the other belongs to V5 \ {b,V'}.
We may assume, without loss of generality, that = a, € {a;,a;j,a;} and y = c € V2 \ {b,V'}. By the

choice of a;,a;, ay, at least one of b and V' is adjacent to a,. Let z € {b,b'} be such a vertex. Since a,
and c are adjacent and z,c € V5 are distinct, we have

dlar,z) =1#2=d(c,2).
Thus, z distinguishes a, and c.

Therefore, all adjacent vertex pairs are distinguished by some vertex of W, and hence W is an
LR-set. Consequently,
dim(Sp(m,n)) < |W|=m -1,

which contradicts dimg(Sp(m, n)) = m. Therefore, S forms a laminar family.

Hence, dim¢(Sp(m,n)) = m if and only if U # @ and S is a laminar family. O
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From Lemma 4.2 together with Theorem 4.5, we conclude:

Corollary 4.6. If G has n(G) > 2, then dim(G) = n(G) —a(QG) if and only if G is a split graph with
V(G) = V1 U Va, where Vi induces a complete graph and V3 is an independent set, such that U # &
and S = {S() : b€ Vo \ U} is a laminar family.

Proof. Assume the equality dimy(G) = n(G) — a(G) holds. By Lemma 4.2, G is a split graph. Choose
a split partition V(G) = V4 UV, with V5 a maximum independent set, and let |V3| = m. Then
m =n(G) — a(G) = dimy(G). From Theorem 4.5, U # @ and S is a laminar family.

Conversely, assume that G is a split graph whose vertex set satisfies V(G) = V3 U Vo, for which
U # @ and S is a laminar family. Let |V;| = m. By Theorem 4.5, dim,;(G) = m. Since U # &,
V5 is a maximum independent set, and hence a(G) = |Va|. Therefore, n(G) — a(G) = |V1] = m =
dimy(G). O

Corollary 4.6 thus gives the announced direct characterization of the graphs attaining the bound
dimy(G) = n(G) — a(G) in terms of split graphs and laminar families.

5 Conclusion

In this paper, we investigated the effects of edge deletion and vertex deletion on LMD. We constructed
families of graphs showing that dim,(G) — dim,(G — e) and dim(G) — dim¢(G — v) are unbounded for
non-bridge edges e and non-cut vertices v, respectively. These constructions disprove two conjectures
of Okamoto, Phinezy, and Zhang. Using split graphs and laminar families, we also studied connected
graphs satisfying dimy(G) = n(G) — «(G) and characterized the connected split graphs Sp(m,n)
satisfying dim,(Sp(m,n)) = m.
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