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Abstract

An r-perfect code of a grapti = (V, E) is a setC C V such that the-balls centered at vertices 6fform a partition ofV'.
It is proved that the direct product 6%, andC,, (r > 1, m,n > 2r + 1) contains am-perfect code if and only if= andn are
each a multiple ofr + l)2 + 72 and that the direct product @f,,, C,, andCy (r > 1,m,n, £ > 2r 4+ 1) contains am-perfect
code if and only ifm, n, and¢ are each a multiple of + (r + 1)3. The corresponding-codes are essentially unique. Also,
r-perfect codes iy, x C,, (r > 2,n > 2r) are characterized.
0 2005 Elsevier B.V. All rights reserved.
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1. Introduction The problem has been considered in several network
topologies, for instance, in hypercubes [2] and in 3D

The problem of efficient resource placement in a torus [4]. In [21], the authors studied a new network,
computer network or in a communication network can the diagonal mesh network, and compared it with the
be naturally formulated as a search for a (perfect) Well-known toroidal mesh networks as models for par-
r-code in the corresponding underlying graph [13]. allel computations. Diagonal mesh networks corre-

spond to the direct product of cycles, while toroidal
mesh networks can be represented as the Cartesian
* Corresponding author. product of cycles. As it turns out, cf. [13,21], the di-
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Theorem 1. as the number of edges on a shortest-path. For
avertexve V let B.(v) ={ueV |du,v) <r} be
(i) [23] If r > 1 and m and n are each a multiple of the r-ball centered at v. In particular,N[v] = B1(v)
(r 4+ 1)2 + 2 then (each connected component of ) andN(v) = N[v] \ {v}. A setC C V is anr-code in
C,, x C, can be partitioned into r-perfect codes. G if B.(u) N B,(v) = @ for any two distinct vertices
(i) [12] If r > 1andm, n, and ¢ are each a multiple of u,v € C. In addition, arnv-codeC is called arnv-per-
(r +1)3 + 2 then (each connected component of ) fect code if {B,(u) | u € C} forms a partition ofV.
Cy, x C, x Cy can be partitioned into r-perfect For the results on codes in graphs up to 1991 see the
codes. monograph [18], while for some recent results see [3,

15]. Perfect codes in graphs arising from interconnec-

(Similar constructions as the one for proving The- tion networks were studied in [19]. Sing, x C,, is
orem 1 have been used elsewhere, for instance, in [5]a 4-regular graph an@,, x C,, x C, is 8-regular, it is
in the case of perfect codes in the Lee metric and in worth to add that the 1-perfect code problem remains
[6] for tilings of integer lattices with spheres defined NP-complete or-regular graphs (for any fixed> 3)
by the Manhattan metric.) [18, Theorem 7.2.2].

Here we complement Theorem 1 by showing that Throughout the paper we will s&t(C,) = {0, ...,
Cm x Cy (r 21,m,n > 2r + 1) contains am-perfect ~ , — 1}. Whenever applicable, the vertices of a cycle
code if and only ifm andn are each a multiple of  will be calculated modulo the number of its vertices.

(r + 12+ r? and thatG = Cp x Gy x Cy (r > 1, An explicit formula for the distance function in the di-
m,n, £ > 2r + 1) contains anr-perfect code if a3nd rect product was first given by Kim in [14], but for
only if m, n, and¢ are each a multiple of* + (r + 1)3. our purposes the following approach from [1] is more

Moreover, in these cases codes are essentially unique yseful.
In addition, we also characterizeperfect codes for

Cr x Cy, Wherer > 2 andn > 2r. (For arelated | eyyma 2. Let (a, x) and (b, y) be vertices of the di-
problem of determining the-domination numbers of rect product X = G x H. Then dx((a, x), (b, y)) is

direct pr(_)ducts of two paths see [16,17].) the smallest d such that thereisan a, b-walk of length
The direct product G x H of graphsG and H d in G and an x, y-walk of length 4 in H. In partic-

is the graph defined on the Cartesian product of the ular, if such walks do not exist, then (a, x) and (b, y)
vertex sets of.the fagtors, with t.wo verticés,, 1) arein different connected components of X.
and (v1, v2) adjacent if and only ifi1v1 € E(G) and
uv2 € E(H). This product of graphs is commutative
and associative in a natural way. Moreover, the di-
rect product of two graphs is connected if and only
if both factors are connected and at least one of them
is not bipartite [22], cf. also [9]. If both factors are In this section we complement Theorem 1(i). For
connected and bipartite, then their direct product con- this sake, some preparation is needed.
sists of two connected components. In the special case
whenG = Ca,, x Cy, itis in addition well known that Lemma3.Letr >1andn >m > 2r+1landlet P be
the connected components Gfare isomorphic. The  an r-perfect code of a connected component of C,,, x
direct product of graphs is one of the four standard C,.Assumethat (i, j) € P. Lets =2r + 1 and set
graph products [9] and is known under many different
names, for instance as the cardinal product, the Kro- R1 = {(i +s5,j+D,G-1,j+s),
necker product and the categorical product. It is the . . .
product in the category of graphs [7] and has been con- (=5 j=D.G+ 1) =9}
sidered from several points of view, cf. McKenzie [20] R2={G +1,j+9).( —s,j+1),
and Imrich [8]. R : .

For a graphG = (V, E), thedistance dg (1, v), or (=L1j=9,G+sj-D}.
briefly d(u, v), between vertices and v, is defined IfPNR#W,thenR, C P (1<k<2).

2. Products of two cycles
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Fig. 1. Vertices fronfij]®, °[ij], «[ij], [ij]le and(i, j) are marked
black; R is denoted by circles anll, by squares.

Proof. (The setsk1 and R, are schematically shown
on Fig. 1 for the case = 2.) By symmetry it suffices
to prove the lemma foR;. Using symmetry again we
may assume that +s, j +1) € P. Let

(j1°={G+s,j+1+2k),G+s—2k, j+s);
0<k< (s —1)/2},
Lijl={G—1—=2k j+s).G—s.j+s—2k);
0<k<(s—1/2},
Jlijl={G—5,j—1=2k), (i —s+2k, j—s);
0<k< (s —1)/2},
lijle={G+1+2k, j—s),@(+s,j—s5+2k);
0<k<(s—1/2},

cf. Fig. 1. Since(i, j) € P, P does not contain any
vertex of By, (i, j), hence the vertice§ + (r + 1),

j £ (r + 1)) are not inP. As these vertices do not
belong toB, (i, j), P must contain exactly one vertex
of each of the setij]°, *[ij], .[ij] and[ij].. Since
(i +s,j+ 1) e[ij]*, P does not contain any other
vertex of[ij]°*. Consider now the verteg + r — 1,
j+r+1). Thisvertexcanonly lieiB, (i — 1, j +s),
where(i —1,j +s) € °[ij]. Hence(i — 1, j +s) €
P. If we repeat analogous arguments for the vertices
i—-r—1j+r—2Yandi@i—-r+1,j—r—1),weget
(i—s,j—DePand(i+1,j—s)e P.Weconclude
thatRy C P. O

Lemma 4. Under the assumptions of Lemma 3, either
RiCPandR;NP=@,or RoCPand R1NP =4¢.

Proof. Suppose thaRy N P # ¢ and R, N P # @.
Then by Lemma 3R1 € P and R, C P. But since
R1 U R» contains vertices at distance two, this in not
possible.

Suppose now thato NP =@. Then(i+s, j—1) ¢
P and the vertexi +r + 1, j +r — 1) must lie in one
ofther-ballsB, (i +s, j+1+2k),0< k < (s —3)/2.
If we consider the verte +r —1, j +r+1) asinthe
proof of Lemma 3, we getthat — 1, j +s) € P. By
the same lemmat; C P. The second assertion can be
shown analogously. O

Lemma 5. The assumptions of Lemma 3 together with
Ry C P imply that {(i + 2,j — 25), (i + 2s, j + 2),

Proof. Since(i +1,j —s) € R1 C P, Lemma 4 im-
plies thatP contains exactly one of the following sets

{(+1+sj—s+D,G ). (+1-5j—5-1),
(i+2,j—25)},

{(+2 ). G+1=s,j—s+1),G j—2s),
(i+1+4s.j—s—-D}

On the other hand, sinag, j) € P, Lemma 3 implies

that P contains the first set. Hence+ 2, j — 2s) € P.

For the other three vertices & we similarly get
that

{425 j+2).G—2j+25),6— 25 ] —2)
CcP. O

Let P be anr-perfect code of a connected compo-
nent of G = C,, x C, and (i, j) € P. By Lemma 4,
either R1 € P or R C P. SupposeR; C P. Con-
sider the set®o={(i —¢,j +ts) |t € N} and Qo =
{i +gs,j+q)|qeN} Let £y be the smallest inte-
ger such thati + £1s, j +£1) € Pp andé; the smallest
integer such thati — ¢2, j + ¢25) € Qp. Define P, =
{@G—t+ks,j+ts+k)|teNjfork=1,...,¢1—1
andQy ={(i —k+gqgs,j+q+ks)|teN}fork=
1,...,¢2— 1. By Lemma 5,P, € P and Q; C P.
Then

l1—1

P=]JP=
k=0

lr—1
U ox
k=0
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Since|P| = pm and|Qy| = gn we infer that|P| =
¢1pm = £agn. Onthe other handB, ()| = (r +1)%+
r?, cf. [13, Lemma 2.1], henc?| = mn/((r + 1) +
r?). We conclude that: andn are each a multiple of
(r + 1)2 + r2. Note that the above sdt is uniquely
determined by its vertice@, j) and(i +s, j +1). We
denote this set by;; (i + s, j +1).

In the case wheR, C P we argue analogously that
m andn are each a multiple of- + 1)2 + r2. In this
caseP is uniquely determined by the verticés j)
and (i + 1, j + 5). We denote this set by;; (i + 1,
Jts).

Suppose thaP = P;;(i +s, j+ 1) or P =P;;(i +
1, j+s). Thenitfollows from Lemma 2 that(x, y) >
2r + 1 for any vertices, y € Cp,, x C,,. We do not give
details as this also follows directly from Theorem 1.
The following result then follows immediately.

Theorem 6. Let r > 1, n>m>2r +1, and G =
C,, x C,. Then a connected component G contains
an r-perfect code P if and only if m and n are each a
multiple of (- + 1)2 + r2. Moreover, if (i, j) € P then
gither P=P;j(i +s,j+1or P=Pji+1j+s).

Combining Theorems 6 and 1(i) we also have:

Corollary 7. Let r 21, n>m>2r+1,and G =
Cyy x Cy,. Then (each connected component of ) G can
be partitioned into r-perfect codesif and only if m and
n are each a multiple of (» + 1)2 + r2.

Corollary 8. Letr > 1andn > 2r + 1. Then Cp, 41 X
C,, contains no r-perfect code.

Proof. By Theorem 6, 2+ 1 must be a multiple of
(r +1)%2+r?if Co41 x C,, would contain am-perfect
code. O

The conditions > 1 andn > m > 2r + 1 in the
above results assure that for any vertgx) of G =
C,n x C, we havel B, (i, j)| = (r +1)2+r2. Thisis no
longer true if eithern orm or both numbers are smaller
than 2 + 1 since then we have vertices B)-(i, j)
which can be reached by paths of length at molsy
moving in both directions around the “torus”. The first
such case is when> 2 andn > 2r. In this case we
have:

Proposition 9. Let » > 2 and n > 2r. Then Ca. x Cy,
contains an r-perfect code precisely in the following
two cases:

(i) n=2r,
(i) n>2randn=1+¢(2r + 1), for some ¢ € N.

Proof. Let n = 2r. ThenC», x Co, consists of two
isomorphic component#&/; and H». Select any ver-
ticesu1 € H1 anduo € Ho. Then, since B, (u;)| =
2r2 = |V (H;)|, C2 x Ca, contains am-perfect code.

Suppose: > 2r and letP be anr-perfect code of
C2 x Cp,. We first claim thak is a multiple of 2 + 1.
Let|P| =k and letB be a arbitrary--ball of G. Then
|B| =r(2r + 1) and hence 2 = kr(2r + 1). Since
n € N it follows that k is even, and hence it follows
thatn is a multiple of 2 + 1.

It remains to show thaX = Cy, x C, contains an
r-perfect code whenever= ¢(2r + 1) for somet
N. Set

-1
P=J{(r—-1t@ +1), (rnt@+D))}.

t=0
Lemma 2 implies that

dx((r =1 p@ +1). (rnq@ +1)) =@ +1)

wheneverp = g and at least 2+ 1 wheneverp # q.
Since|B,(x)| = r(2r + 1) for any vertexx of X, we
have

dIB )| =2tr@+D=[X|. O

xeP

We note that in the cask = Co x Cy2r41) it is
also easy to obtain a partition &f(X) into r-perfect
codes.

3. Products of three cycles

Similar arguments as for the product of two cycles
also work for the product of three cycles. However the
situation is a little bit more involved and the proof is
rather lengthy so we only sketch it, the details can be
found in [10].

To explain the ideas as briefly as possible, we in-
troduce the following notation. Let = (i, j, k) be an
arbitrary vertex ofC,, x C, x C¢, letr > 1 ands =
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2r +1.Foray, az, a3 € {®, ©, +, —} let x4192%3 pe the
vertex(i +1i’, j + j',k + k'), wherei’ =5, —s,1, —1
if a1 = ®, ©, +, —, respectively, and’, k" are defined
analogously. For instance,

T =G+, j+1k+1)
and

x Ot =3G-1j—-sk+1).
In addition, let

X0 = (BT (Bt Ot By

and define the setg©**, x*®* x*©* x*& and
X**© analogously. For instance,

X*O% = (xTO+ y+O— (—O+ (6}

With this notation we first have the following two lem-
mata.

Lemma 10. Let P be an r-perfect code of C,,, x C,, x
Cy(m,n,£>2r+1),andletx = (i, j, k) € P. Then
IX®** N P|=|X®™*NP|= X" NP
=|X** N P|=|X"PNP|
=|X"°NnpPl=1
Lemma 11. Let P be an r-perfect code of C,, x C,, x
Co(m,n,£>2r+1),letx=(,j,k)e P,andlet:
R1={x®++,x_®+},
Ry = {x®T7 x~%F),
R5={x®_+,x+®+},

R7 = {(x® x1®H),

Ry = {x®++’ x—@—}’
Ra=(x®F7,x7%7),
Re = (x®+ x+®-),
Rg={x® ", xT®7).

Thenthereisexactlyonei € {1, ..., 8} suchthat R; C
P. Inaddition, P isuniquely determined by R; U {x}.

The elements and the correspondingalls (for
r = 2) of the codeP are shown in Fig. 2. The third
component of the center of eackball is written in
the upper right corner of the corresponding ball.

The above two lemmata reflect the local structure
of anr-perfect code. In order to determine the lengths
of the cycles in mind, we next consider the code on a
larger scale and obtain the following lemma.
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Fig. 2. 2-balls of codeP.

Lemma 12. Let P be an r-perfect code of C,,, x C,, x
Cy (m,n, £ >2r+1)and R U{(i, j,k)} € P. Then
for somer € N we have

(i—21j+sk+1)
=@ —1+2(r+D3+7r%), j+s,k+1).

Finally, we also have the following lemma.

Lemma 13. Let P bean r-perfect code of C,,, x C,, x
Co(m,n,£>2r+1)and R1U{(i, j,k)} C P.Let 1o
be the smallest integer such that

(i—1,j+sk+1)
= (i —14+20(r +D3+73), j +5,k+1).
Then 2t0((r + 1)° + %) < 2m.

Lemmas 12 and 13 are formulated and proved for
the case whe®, U {(i, j, k)} € P. By symmetry both
results also hold for all caseég U {(i, j, k) C P (i =
2, ...,8). Therefore, combining these two lemmas we
get:

Corollary 14. Letr > 1, m,n, £ > 2r + 1, and let P
be an r-perfect code of C,, x C, x Cy. Then m isa
multiple of 3 + (r 4+ 1)3.

By the commutativity of the direct product the re-
sult of Corollary 14 can also be applied to the other
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two cycles of the product. We thus have as the main [2] H. Chen, N. Tzeng, Efficient resource placement in hypercubes

result of this section:

Theorem 15. Letr > 1, m,n, £ > 2r +1, and G =
C,u x C, x Cy. Then each connected component of G
contains an r-perfect code if and only if m, n, and ¢
are each a multiple of 3 + (+ + 1)3.

Finally, combining Theorem 15 with Theorem 1(ii)
we can also state:

Corollary 16. Letr > 1, m,n, £ >2r +1,and G =
C,, x C, x Cy. Then each connected component of G
can be partitioned into r-perfect codes if and only if
m, n, and ¢ are each a multiple of 3 + (r + 1)3.

4. Concluding remarks

The direct product of graphs has found several ap-
plications in computer science, engineering and re-

using multiple-adjacency codes, Ill, Trans. Comput. 43 (1994)
23-33.

[3] P. Cull, I. Nelson, Error-correcting codes on the Towers of
Hanoi graphs, Discrete Math. 208—-209 (1999) 157-175.

[4] H. Choo, S.-M. Yoo, H.Y. Youn, Processor scheduling and
allocation for 3D torus multicomputer systems, IEEE Trans.
Parallel Distrib. Systems 11 (2000) 475-484.

[5] S.W. Golomb, L.R. Welch, Perfect codes in the Lee metric and
the packing of polyominoes, SIAM J. Appl. Math. 18 (1970)
302-317.

[6] S. Gravier, M. Mollard, C. Payan, Variations on tilings in the
Manhattan metric, Geom. Dedicata 76 (1999) 265-273.

[7] P. Hell, An introduction to the category of graphs, Topics
in Graph Theory (New York, 1977), Ann. New York Acad.
Sci. 328 (1979) 120-136.

[8] W. Imrich, Factoring cardinal product graphs in polynomial
time, Discrete Math. 192 (1998) 119-144.

[9] W. Imrich, S. KlavZzar, Product Graphs: Structure and Recog-
nition, J. Wiley & Sons, New York, 2000.

[10] J. Jerebic, S. Klavzar, S. Spacapan, Characterizipgrfect
codes in direct products of cycles, Preprint Ser. Univ. Ljubl-
jana, IMFM 42 (919) (2004) 1-15.

[11] P.K. Jha, Kronecker products of paths and cycles: Decompo-
sition, factorization and bi-pancyclicity, Discrete Math. 182
(1998) 153-167.

lated areas. In particular, direct products of cycles have [12] P.K. Jha, Perfect-domination in the Kronecker product of

been proposed as a network model for parallel com-

putations. The applicability of these graphs is in par-
ticular imposed by their rich cycle structure, cf. [11].

Recent developments from [1] also enable us to tackle

location type problems in direct products of graph
more efficiently than before.
The problem of efficient resource placement in a

computer/communication network can be modeled as 14
a search for (perfect) codes in the corresponding un-

derlying graphs. The major contribution of our paper
is an explicit characterization of perfect codes in di-
rect products of two and three cycles. It is therefore
hoped that our results will have an impact on efficient
resource placement in diagonal meshes.
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